
 
Lecture L Blow upsofaffinevarieties I

Recall A affinevariety on KIK hi fr 11 then

U X'V14 Irl P is a regular morphism

If 3 111 EU is closed in U XP
Definition x ̅ XP is the blow up of along his fr
I ames will a natural may I X Name Blowupmap

xp
p

I re is an iso between Pe U so we have U x ̅

PE U under It is dense in x ̅ if nm empty This happen if is ineducib

X V14 Fr

1 Are basics on blow ups

Set E x ̅ U IT IVIL hr X is closed

Definition E is called theexceptional setofthe blowup

Usually It is not an isomorphism on E

If X is ineducible U then U x ̅ is open dense

Q1 What happens if X is reducible

Q2 What wetake YEX subvariety How are x ̅ x ̅ related

AnsweringQ2 will help us withQ1 because Y inedampofX X is asubranety

Lemma 1 Fix Y X a subvariety fi if Ellix We view hi _t E lyl

setV Y V14 fr Then the blowups x ̅ of X Y at f it

satisfy 111 I x ̅ is closed

12 x ̅ MYXP Y E U MYXI I IT Y V15 fr
Definition Y is called the strict or proper transform of Y in the blow upofX

ILY total transform Y I ly iff V Y



Proof By construction EY
XP we xD

Ely Pantyxp y x ̅

11 Since Y isclosed in then Y XP is closed in XP
Since I PET then Y is closed in xp FIT GET

Conclude Y is used in x ̅
14 I Pg nY T I YAU x ̅ simu E TITU x ̅

Corollary 1 If X X U UX ined hump then x ̅ x ̅ U x ̅
roof Takingclosure commutes with taking finite mins so

u WE I inV1 U V T K AU

IT inV1 U V T K AU T.tl X nu o UlXrnul
I l Ix u Ux nut I l nut I V1 x ̅

Corollary dim x ̅ dimX X

Proof dim max dinx may dimx ̅ x ̅ 41 Ii X Xi is
binational

Weknow thatx ̅ XP is closed

Q Whatare thedefiningequations A Hard but we get an easy partial list

Proposition I The blowup of X A affine at fi t E IX satisfies

x ̅ 41 19 e XP gifjixy yjfilytiij li.ir

Then x ̅ E V IN IKE I yifjzyjfiixii.se r

I I canbereplaced by polynomials inthis ideal homogeneous in 4variables

Proof Any 171 EU XP satisfies ly yr Ifiix it 1 1

Equivalently yitjixy yjt.in so EU

Since U X V If fr is open onX Pg U underthe projecting

here equations will holdautomatically on x ̅ Pg XP



2 Examples

Example1 Take r t Then Pf 3H 6,1 1 EX VIG X VIG
I

So x ̅ Xiv is JX
Assuming is ineducible there are 2 options

f m 01 1 so U X'V16 Thus x ̅
f 0 in 01 1 so U is dense Hena x ̅ X

Our nextexample gives an instance where equality inProposition holds

Example2 Take A x Xn

U 1A 310,0 0 Prop

A 3 I EYA 302 P 311,4 xigj xjyc.fi j
Claim 3 II y E xD iyj Yi Ki j Y

PH Y 3 x 1041XP E U 304 XP

Fix it 1 in insider Y 1A Ix of A open V irreducible
quasi affine

Theequations inY yield YM V XP EYX U Y

Yi Vi demvish

qq.ge Y is an ineducible varietyof demn
Yi 311 I

By Corollary 2 dim n

Conclusion ahhyay
I Y is inducible

Exceptional locus E 10 30 P P
E

WrongPicture

1A 104 U This picture looks reducible

n

but is ineducible



For a betterdrawing weneedto see how E U sit inside IT For this we use
blowups ofsubvarieties of A meeting 10 01

Tick Y L A line through 10 o L Kco r o

Then I IT LY Vix Xn IT 141310 014 4 ly g ye file

YAE 410 v3
L

Conclusion E parameterize the directions in 1A at 0

If L L an 2 different lines through then In
CorrectPicture

e sereneML

A

Ñ helix winding aroundthecentral line I to P exactly me so the top
bottomofthehelix are identified


