
 
Lecture XLI Blow upsofaffinevarieties

Recall affine variety over K K fi it c 01 1
x ̅ Blow upofX at h fr EX xp

E IT IV IL hr X is closed Name exceptional locus

Proposition If Y X subvariety then I Blow up ofY at Lily tryEdly
satisfies C x ̅ is closed

Y IT Y V15 fr Name strict transformofYalong't

Lemma If X V18 fr X is ineducible then x ̅ is ineducible
If X X U UX inducibledecomposition then x ̅ x ̅ U UX is

ineducibledeamp after removing Xi correspondingto X EVIL f

Proposition x ̅ V1 IN Kex y yixj gjxiii.jo xp

1 In general inclusion is strict

Example with 4h his 1 1 us

Propertiesofblowups
Theorem I Dimensionof the exceptional set Fix A attim inducible III
f she 01 1with V14 gl Lett x ̅ bethe blow up of att it

Then every ineducible component of theexceptional set E T Ux16 _t.lt has
codimension im x ̅ Name Exceptional hypersurface of the blowup
Proof Enough to show esayampment of EMU has codementini where

Vi 31 101 C x ̅ y 0 since x ̅ oui
Note UT x ̅ it Ui Ui is open x ̅ is inducible
Claim EA 4 V1 fi
Pf If 19g x ̅ fila to then at V so la g Pg But Ents
Then Envi V Ifi

By Propositin I 540.1 if la y EU satisfies filx o then fj a to

Hit lay 9 fila so at Vlf fr 19g EE

Conclude Vlfi AU Vuitti EE



Claim 2 If Ui then filu 0 on Olu so fi is a nonzerodevisor
m Vi inducible

Pf Otherwise Ui E by claims so I x ̅ E Therefore we set

0 0 ie X V18 fr which is a contradiction

By Corollary 3 34.1 for every ineducibleampment Z of E we have Zhui

forsome i Then Zhui is an ined ampmentofVuitti fi is a non zero
divisor inOluit Thus coding Z 1

By Lemma 4 531.2 codingZ coding Zhui U x ̅ Men ZnUi Zimed

Our next goal is to prove the following throum
harem 2 The blow up of an affineKriety omK.tl at hi f E 01 7 depends

only on the ideal Chi str 61 7 More precisely if Chi f's It oh
A x ̅ X it are the corresponding blowup maps then

there is an isomorphism F x ̅ x ̅ giving x ̅ x ̅
F A

Proof Sima Chi t Cf t's we can find gijElkfx
him Kfx a with i hell srs jf 31 s st

r

ti Sijff Sj EE hijk tie

By instruction Sig thjk Id E Matar 01 1
XS SXr

hjkl Isij It Rats 101 11
If CV18 fit then I x ̅ there is nothing to do Otherwise we

build F x ̅ x ̅ explicitly as the restriction ofthe national map

XP XP g I É hi 9 Ehs 41
Badlikes EX YEP with him1 1 In here111 Te o



On U X V18 f whose In Nxp ix fit FED EU
Then fly fi also on x ̅ ie gify gratin for ix g EX

If hjk1 1 In o then multiplying this by in we get

I hj.ch be fix y hjikfun Li ffix
Since YEP we know gito fs sure i so ffix to m X ie

f'j o IX
Thus 4 not defined at ix g C x ̅ forces fit t's to 61 7
The relations then give 4 it cOxy sou x ̅ xt̅
So F

y is well defined

Image of F E x ̅
Pick 14g E R v1 so gi 1ham

Fix.gl I Erhi 9 i Ehs 9,1

hi n fuk hs nix frix

I flix f's x I V1

So FIx ̅ FIT in E F I u x ̅ x ̅

F is an isomorphism 4 X XP P

1 91 1448in
is well defined m x ̅ In Y x ̅
Then I 4 x ̅
I'OF It Obvious by instruction

Remark By blow up of X along J 01 1 ideal we refer to the blowupof
along any fix set of generators at it of J



Special case J ILY fr Y X subvariety We call it the blowup
of at Y Eg X J x Xu then 4 394 Wewrite it
as Blyx
Anotheruse of blowups is to extendmorphisms
Proposition 1 Fix A affine fi fr 0 X Themorphism

f X P is defined outside Vtf tn However we can extend t to

a regular morphism I x ̅ P st x ̅ I

E
A

Proof x ̅ EX XP so we define f x ̅ P as I_paly
By construction I

ago Palp flu

2Blowups ofabstractvarieties

Working with_openaffine corers we canextend the constructionof blowupsto arbitrary
algebraic varieties More precisely

Fix an algebraic vanity on KIK Y EX a subvariety

Set U U U U affine open cover define Ji Bly
Proposition 2 The blowups I canbe glued togetherTavariety x ̅ Furthermore
Y x ̅ open

Proof We glue Ui's along binuj to get
V Ui Y E U is then Vi Ii is open dense

We glue Vi's along VinVj to get X Y
This translates to a gluing of Vi's along vinujcsuiofeus.to

set a new space x ̅
Themap X Y x ̅ is obtained by gluing Vic V along

Vinu Ji Vinu Jj



Definition We call x ̅ the blowup of at Y

1 This construction onlyworks forsubvarieties For blow ups at ideals we need

a modified versionto beableto ghee leadingto the notion of sheafof ideals

For projective subvarieties we can do this directly working with hi shr ES X
homogenous of the samedegree Assume EP

Set U X XIV If y.fr E P
then Ps 3 Ix Chin trix EU xp U xp P xp
sima

it
is a variety Pr is closed

in Intra
is a projectiveUsingthe Segre embedding we see XP 11

variety

Definition x ̅ Fg 3 Ix Chix trix EU XP xp

By construction x ̅ is a projective variety

3 Tangent comes

In example we saw that E parameterizes tangent linesof A through
This has a natural analog for x ̅ and any Y Sas through tangentcones
Fix an algebraicvariety PEX a point Set x ̅ Blp T x ̅
Then E Ipt canbe built fun Blp W where W E X is an open affine

containing p If WE Kfx then EE 3ps xp e P

Definition The affine core or E Tfp EP is called the tangent one

of at p Notation Cp
Remark Cpx A is an affine variety with defining ideal ICE Efx xn

Lemma 1 CpX is welldefined it is independent of the choiceof
affine ofen of X containing p up to ismorphism
Proof Use Theorem 2 the fact that E TfwIp w̅ fr anyaffine
open W EX with PEW



Special case If X EA is affim p E we view p x CIP A

As a corollary to Thrown 1 we get

Corollary 1 dim Cp X coding PI

Proof Replacing with an open affineW containing P wehave

11 Cpx E PW by Lemma 1
12 coding p codim

W
PE Iby Lemma4 531.2

Furthermore wecan assume every ineducible imprint of W meets p otherwise take
W W pyw.fi E W Every component ofW is a componentof W containing

p since

Case If W 3p A then Cpw A coding a

Case2 If W ECA WISPE then dim W 31 WriteW.tw U UW

ined decomposition Then w̅ Blpw w̅ U UÑ w̅ BlpWi
Since danW 1 2 with dim Wi 1 Fix such a compment

Note W V x pi Xn pm since Wi spit E K

By Theorem1 eney ined ampment Z of E Ti 3ps Ñi has codimension
one in w̅ WixPh Thees

Claim dim Z dim Ñi I dimWi I W w̅ are birational

PH A 1A 1A is catenary everymxlchainof ineducibles haslength an 1
dim 2 dim Zn1 Ui if Z

illimitable decompositionof Cp WiSince CpÑi C E
Yup42

then every imprintof CpÑi has dimension dimWi Idim 17 din Z 1

Conclude dim CpÑi may dim pt may dimwi denWi coding

If dimWi o then Wi SPE Wi so E 1314

doesnotcontribute to the tangentime construction



It follows that Cpw my pwi has dimension

dimGW mexscodemwl.pt Withe
yghey

3wwwPl4 wdemwlr

Examples Set it 1A ansider 3 plane curves through p 10,0

V x XP EA EVIE XP 3 012
x2

αMx
x ̅ I Xp X TIX 3 1 53

Weget x ̅ X X by lifting insee along I addingthemissingpts

Thr added points correspond to E exceptional divisorof theblowup of Xiat 10,0

1A e A

Conclude Cox is a line conspending to the tangent line to at

Co c is the unim of z lines lines to the 2 branchesof zate

CoX is 1 line
Sanity check codempX I him C Xi 1

Q How do we compute C Xi

Example V x y Xzy by Example 2 540.2
34 1 x2 y 231 Huxal EX 304 X y Xzy of A'XP



Then xz 13 0 172 27 o

In particular it _x2 EX2 304 then 3Hi 17,42 are d i
We can wait 4 Y XXz for Elk

Then 621 xz xp XP yz y Y so im Pg
Then x ̅ V Yi Yi Yi Xi X Y 27 e A XP

On E I 10 we ban 2 0 so x ̅ ME V YE y EP

But y Y 14 7,1 qty so RE lit I B EM
Thees Cox V X tx tx is the um'm ofthe 2

diagonal lines inthe picture

Recipe Start with the equation for 2in toss out the
higher orderterms

G X VIX A Cox x2 VIX

Theorem3 Computation of tangent cues

Fix J Elkex Xn ideal let X V J C A be the associated

variety Assume EX ansides the blowup x ̅ A xD at

x n Write the homogeneous coordinates of P as y yn Then
111 In Y Vi where Vi A MIA Ui vi fly 705 P
vi 3 Ixiy ixi iXiYn 19 Yz if ign

yn evi

MBlolxtnk VKflxyyikg.fi Y 7 A

where mindegf smallest degreeof a minimal in f

E 3o V fin FET Sos XP

when initial term int sumof all monomialsof lowest degree in t
Then Cox V18 FEJ 1A

Cox V fjin jet ms if J Chi fm


