
 
Lecture Il Holomorphic Meromorphicmaps onR S

Recall A Riemann surface is a pain lx E where

X is a 2D realmanifold that is Hausdorff connected

E is a complex structure n X ie a mel collectionof holmorphically
ampatible complexcharts 3 Ui Ui Vi Vi EA ie

with X Eliofen homo ofen

4 e4 are hold compatible if 4204 4 10 nVa Y IU Nc

is biholomorphic

Y
a Ked

Nit Can take Yi D a disc centered at o chart is a coordinate ubhd

Examples A G P E A Rw 21oz with Jw was R basisfora

Q Which lattices give the same R.S

Answer involves anformally equivalent lattices later in the course

ODAY Holomorphic meromorphic on R S holomorphicfunctionsbetweenR S

2.1 Holomorphic Meromorphic functions m d

Model f U A hold meromorphic function on UEA open connect

f is A differentiable a texting 4 ix y ti Vix y
with

u r differentiable satisfyingthe CauchyRiemannEquations

27 E 2g 2g
U ran harmonic ie u xx ayy 0

it te r are C functions



KeyProperty Holomorphic functions are analytic near each Z.EU

f can be expressed as a power series in 12 Z with a positive
121
radius of antergence 31120,22

IdentityTheorem Fix Usd open connected let f g U d

betwoholomorphic functions Suppose 7 A EU infinite set with a limit

pt in U with Lia gia tacit Then f g

Open MappingTheorem If I U d is holomorphic then flu Ed is

open In particular h is an openmap

Say U Diz D Zo R 3204 fill I hohnophi

Def Zo is an isolated singularity off

Q What is the behavior of f marzo

4 Removable Singularity at Zo algin 12 Z Fiz o

Equivalently if f is bounded m U IF most Ifa If M Att

In particular I can be extended holomorphicallyto Zo naff.biz
4 Poleat zo

lim IFiz I a t has a pole at Zo ie Fh o

2 Zo

with S iz 12 Zo Liz holomorphic at Zo
So f can be expressed as a Laurent power series in 12 Zo is

421

Liz Elk an H Zo
l with geo

k adz f orderof z as a pole of f



Equivalently Fez It pet tyg t fi la
G iz is holomorphic m Diz R Auto

3 Essential singularityat zo

ta n.EE an 12 Zo an to for infinitelymany neo

Casati WeierstrassThem If f has an isolatedessential singularityat Zo

then 4870 f I as
A

Note Non isolated singularities satisfy A Liz ILiz I we can thinkof
non isolated as also essential singularities

Def f is meromorphic it all its singularities arepoles bydef isolated

Note Polesofanamorphic function can accumulate at alum isolated essentialsing

Jef f U V U VE A opens is biholomorphi if f bijective with

h f both holomorphic

s 2.2 Holomorphic Meromorphic functions m RS Fix X R S

Def Fix Y CX open Afunction I is holomorphic meromorphic

it fiery chart file Ved m X the map
f 4 1 4 WAY Q is holomorphic meromorphic

Y If
fittest l live.tt hole new



Exercise Show thisdefn is atlasindependent neg by working with my charts

Alternative definition f Y A is meromorphic if F P CYdiscrete

st f Yip I is holomorphic

UpA lying Ifly I equis4 UMP has ambled along which

yeYe

fol admits a Laurent series expansion at p

Notation OH ringof holomorphic functions onY m sheaf 6 onX

de Y meromorphic me sheafMemX
Remark 614 E B Y is a subring Both are C algebras

Me Y is a field G Y is connected

Reason Zeroes Poles of nm constant meromorphic functions areisolated

Removable Singularity Theorem Fix X a R S Y EX open AEY

Pick FE 0 Y say assume f is bounded near a lie

7 VEY open with a EV MER st If K M V XEV i lay
Then t extends to a holomorphic function on Y

PY Let 16,4 be a chart with a cue Y write D YMMV

with Zo Ya Then go to f D 3204 I is a

bounded holomorphic function

By the Removable SingThin for A WElgin gaz exists

this is the value assigned to fia Moorer g is holomorphiion D
U

Hyung
8 has a removablesingata

2 D



2.3 Holomorphic functionsbetweenR S

Fix Xi Xe R S

Definition A continuous function F X Xz is holomorphic it for

every pair of open charts Ui 4 b Vi Uz Ya Uz Uz inmud

atlases for Xi Xc with flu EU we have Lot Y Vi Vz ishold

at the

QF O
Observations NThis definition extends f X A holomorphic

2 Compositions of holomorphic functions between RS an holomorphic

Proposition f X x2 antenuous is holomorphic itf forevery Yee X

open g E OH got f Yz Q is holomorphic

If Exercise

This result allows us to define the notionof pullbacks of holomorphic
functions between RS

f X X holo n ft 6142 0181k
Yz EX ofen 8 gof

Vote ft is a ring homomorphism

hof ft ht



Definition A map f X X is biholomorphic if it is bijective

and both 8 f are holomorphic

Two R S X Xz are isomorphic if Ff X X biholomorphism

IdentityTheorem Fix X Xc R S e f g X X holomorphic

Assume 7 A C X infinite with an accumulatept flag flag
HaeA Then G g

Pff Fix a a limit pt of A takecharts around a flag
use the Q analytic result

Alternatively define G 3 x ex I openset U EX with xell
flu Slu

G is Gen by construction

G is closed Pick XE 26 a sequence Hal E G with xx

Since fix gun In fig are cut them fix Six

Let 4,4 be a coordinate nbhd in X with XE U

14,42 Xz with flu EU
910 E Uz

U DEE

tuk ya Ifl Kosala by
IdThemin A appliedto Ahxnl.sn

In particular flu glu x EU open so X EG

Same logic says all accumulationpts ofA are in G so G 01

Since X is connected G 0 is open closed weget G X D



Example Fix n 1 Fiz 2 t c Zn it co E GEz
Then F defines a holomorphic function f A A

Since zheng Itcz l o then we have f E V6 Pt

Next we reinterpret 061 7 as 31 X P holomorphic

How Fix X fed x Let P bethe setof polesof f
Define I X P n'a fix tix if x P

x if XEP

Theorem If Le Mex then F X M is holomorphic

Conversely if h X M is holomorphic the h Axe X or

kid is discrete 7 Felix with Fh

PH F is antinous by construction
F is holomorphic on X P

Pick pEP awordinate chart V Y UF ID with PEU Ypyo
p is a poleof f so wecan assume IN EU 1130
Then U Is ID

ft
4 Diff g w a

memorable singularity at zoo Yip

because it is bounded near 0

Yoo F 4 e 01 ID ie F is ohmorphic
In

Assume h is not constantly o



Flo is closed so X's X h lo is open hly is
holo

holomorphic map on each connected componentof x

Pts in h is are isolated by theIdentityTheorem on holomorphic

maps between R S

Set f hi wig X
h lo Q It's holomorphicbyconstruction

Since his continuous we get
lying
tix l o fr eachpetition

so f is meromorphic h go polesof f D

Exercise Show BIP A z

Thefollowing results follow fromthe definition of holomorphic functions between
R S t results from E analysis from 52.1

Corollary OpenMappingThat fix Xz holomorphic is open

Corollary2 MaximumPrinciple
If f X A is un instant holomorphic then I fix I cannotattain its

maximum value on X G is

PEI fix is open so it thia I gyp If nil
F E o s t

DIGia E E f txt so tha I was not me Contr

Corollary 3 Suppose X Y an R S X is impact L X Y is

holomorphicThen either11 his constant r 4 his surjective Y is compact

PH If tis mm anstant then f is often So fix is often

But fix is ampact inY so its closed Y is Hausdorff
Since Y is connected fix t d is open closed in Y weget



fix Y Y is compact D

Corollary4 If X is R S F X Q is holmophit then his

constant

24 Local behaviorofholomorphicmaps
We'll need the following two results from G analysis
InverseFunctionTheorem Assume U E A open connected fix aell

Let f U d be holomorphic with t la o Then thereexists f reso

withDca ri EU st fly Dear Ditial re is biholomorphic

Pf idea After translation dilationbythat we assume a o f la O flat
Pick a power series expansion of f around 0 so f iz Z tazz't
We propose a formal power series g z t be z't with fog id

Hard part Show rosig o D

Moregenerally

Localbehan's If UEA open annected with ache f U A holomorphic

and fia f if o but f Ya to Then Fri ra o withDia U

sit fly D la ri DIhas ra is N to i on thepunctureddiscs

Mrerer we can reparameterize things so that f locallylooks like z z

Prod Assume a ha 0 fast take Taylorseriesexpansionof f around o

f Zn t int Ent t
GOAL

Write f as gn fr some power series g with gio 0 glo O

S iz b Z be 2 t b f lo bin I



Wehave n solutions for b nthrootof 1 Once b is fixed therestof
he bi's are uniquely determined

Why I Zn Il tent z t Éf bit it z t

Canal Z on both sides toget

itent z t it Zt s lithiz I

Take log In it any z t I n log lithia
P holomorphicaroundo

the series for log lithia is uniquely determinebythe series on the LHS

which has roc r o

Take exponential to get the series for I th iz hence for hies

Liz z lithia S Z 11th iz utricts to a

biholomorphism St Dion Die ra bythe inverse function
Them

Locally f looks like Z Z which satisfies the n to I audition D

This local behavior extendsto non constant holomorphic maps between R S

Theorem Fix X X R.S f X X a non constant holomorphicmap

Fix a EX az flan Then 7 N I integer coordinate nbhds

Ui 4 4 ID 142 42 U2 ID of a az respectively

st 11 flu Uz

R 4 la 421927 0

3 U f Az
Yi
g Me

with f 420804 Z zk

so t 4 say Uz 394 is n to I



Furthermore N is independent of the choice of charts

Pff conditions 11 12 are easyto achieve since t is open
Pick azell's Ve with U2 Hx TakeD D in r EVa Ua45 ID
Then h U

I
D Diary 14 siresthechart

Dothe same with a chart 01,41 around a with U e f ill's

For 3 consider g ID ID Note gio to and g is notanstant

Pick N 0 withSio g io gmo 0 ginto to

Bythe classical result 7 discs Diary Dier

g Dte Dte z is N to 1 Moreover

8 Zha S hazy Die ri Dio ring is biholomorphic

We shrink Ui Uz so that 4,10 ED lari 42102 eDiary
610 EUz U Dior A Dior ID

i
D

Corollary1 t a E X af Voy I UE U ubhdof a Wof

aztlan sit If ly n U I has precisely n elements for all y EN lazy
N branching numberof f near a multiplicity of f at a

Exercise If tf ants zn it co then f P P ishold

8107 a Show malt fo N



Corollary2 If I X X is holomorphic and injective then

f X fix is biholomorphic

Pf Branching number is t by injecting fix is open f is

locally ofthe form Z z so its inverse is also holomorphic


