
 
LectureIT Homotopyof curses Fundamentalgroup

In thesenotes we review basics pointset topology that we'll need tobuild new

emannsurfaces fromoldones

53.1Curves homologiesofcurses

Throughout we fix a topologicalspace X and denotethe interval o i by I

Def A cure on X is a continuousmap u o i X

Vanes Uco startingpt ofthe cure uh endingpt of the cure

Curses can be multiplied and reversed

Def Given a o i X with all vlog then
v fo D X

1 The product are u v o I X from u to to ring is definedby

la u
it

Rt In often
viet il la Este

a v FIX
We call this operation concatenation

2 The inverse curve a nor o i X from all to u lo is defined by
a ti all t t te I

f b vs b 9 4to
b 4111

b The constant are associated to a ex is defined as

Hatt a Atf lo D
Note fu T u tu v7 to u



Definition Fix X topspace a seX and twocurses yr 0,17 X with

4101 010 a an evil b A homotopy between uan is a continuous

function H to 1 x fo i X with

lil Hit o uh f te 0,1

Iii Hit il Vit Htt 10,1

Hii H 0 s a Hiss b t se lol

In short thevalues are

s

t

By construction breach se to 1 weget a cure us Iti Hit s The

family ofcurses susttilosse is called a deformation tohomotopy of a mtor

Definition Two curves u u are homotopic if 4101 Vio 8 Unit vill

F H o x o X homotopy between u do We wut una

emma 1 Homotopy determines an equivalence relation in the spaceofpathswi

fixed starting and ending points

PG una via H It s act itsecon a b

o If un v via th then una via H it si Hit i s Vs

H a b H É
If u no via H rn w via B then unw via

C oil Co X with C it s
H Itis it Est's
Blt 2s 1 it Yasss I



ans K

C is continuous by construction D

Lemma Fix a curse a fo1 X 4 0,1 10,1 is continuous

with 4101 0 Yin l then u n u ol

Proof By construction no 4 0,1 X is a curse 404101 4 to

404117 4111

Define A o i x Co i X via Alt s all sit 15414
Then A is continuous and a Alto UH

Alt 1 40414

A19s 4156 a lo
St

All s all sits 1 411

So A is the desired homotopy

Lemmas Concatenation opposite operation factorthrough homotopyequis
Moreprecisely if a n uz v nor with u th ri lo then

111 Up V N 42 V2
12 u P N u P

Proof Exercise

Lemma4 It a o 1 X is a cure with a atoy b un

then u UP n Ita Uop u n 1lb



Proof By symmetry it's enough to build a homotopy H foDalai X
between a UP Ia
Recall u n't it

lat if of tsk
u Plat i if Esten

Notice u Plat 1 all kt i u iz at

Now define H fo i x to i y by H it s
a 12th s if Ost

41211 f 11si itElte
Idea keep slopping half waythrough a a catenate with the correspondent

reverse curse

Lemmas u v1 w n u vow whenever the curse can be

concatenated

Proof It is easyto see that a v w tu now of where

4 o D o i is the piecewise affine linear function definedby

In 12

Then u row of n u vow by Lemmon2

Lemma6 If u is a cure onX then Ha u n u n U Hun

Proof
19,4 U 04 when 4 is the piecewise affine linear function



givenby Sima no In a by Lemma3 the

result holds

Similarly a Ha a 04 when 4 is givenby
so U Ha U by Lemma 3

is

3.2 Pathconnected Locally pathconnected connected spaces

Def We say X is pathwise or are wise connected if K x y EX wehave a

curse u o i X with ano x a lil y

We say X is locally pathwise connected if Axe X F a neighborhood

basis Bix of pathwise connected open sets antaining x This meansthat

for any neighborhood U of x F V open pathwise connected with xEV ell

We say X is connected it andonly if 0 X are theonly subsetsofX

that are both open closed

LemmaI Path wise connectedsets are connected

BYWeargueby contradiction write X X WXz with both X X open

non empty Pick X E Xi k e xze Xix
Since X is globally pathconnected then I a 0,1 Xantwith a lo ex

4111 X2
Since u is continuous a X a Xc an bothopen in Lo i um empty

o E E

and disjoint sets coming fo 1 Thus o i a lx W u lXo which

cannot happen because o I is amucted



Lemme2 A connected locally pathwiseconnectedspace is pathwise annected

PH Fix x e X H 3ye X xay canbejoined by a cure in X

Since X is locally path connected H is open

x
em ye vex on

Wehave yeV E V pathconnected

anycurse joining y to apoint ve V canbe
concatenated to a wire joining x u

Similarly we canshow that X H is open

But X EH X is connected so H X thus X is globallypathconnected
D

A 7 spacesthat an pathwise connected bat na locally pathwise annected
Example x

0
No neighborhoodU offo i

o g g g y
s has a pathwise connected open

Vwith lo 1 E V E U

3.3 Loops Fundamental groups

Definition A loop m X is a cure a o it x with Ho u in

Definition A loop u is null homotopic if u n da homotopyequivalent

Definition Given a ex we define IT IX a as the setofequivalenceclasses
of loops based at a modulo homotopy

Theorem Fr each a ex the set tix a is a group under an catenation wit

mutual element Ia inverse operation givenbyreversing a curse riau

If X is path connected wecall R lx a the fundamental group of X



Furthermore it is independentofthe chosen basepenta More precisely if

a o D X is a curse with 4107 9 un b then I IX a It IX s

via T lx a Is T lx s
8 to d u

Roof Lemma3 in Ss4 I ensure ancatenation a inverse operations arecompatible

with the equivalence relations Associativity holdsby Lemmon5 1a is the
neutral element byLemma6 Lemma9 ensures the inversepath operation is the
inverse in T lx a

Y is well defined by Lemmas 3 5 from 54.1 Y is invertible via

I lx b K lx a
D

L U L V

Definition We say X is simply connected if X is path connected I lx a 31

the fundamental group istrivial usually denoted additivelyby 0

Proposition1 If X is simply connected any causes withthesame starting

ending points are homotopic

Proof Pick u u 0,1 X cures with 4101 Vios a un ti b

Then u V E T lx a 3Hat so U U n da
Thus U v u n u f v r u Ilaria so u u an homolog

sea u n v

Examples 117Star shaped subsetsof IR I ie t a ex sit Axe X the
segment a x 3 a th X x o e tell lies in X are simplyconnected

Why By construction it's pathconnected fisen u o i x loopwith



base a we hate a homotopy between u Ha via

H Co x 10,1 X H it s s ath s uit
Ia

ad inure along segments

s

f n

4 A every disc in Q is simplyawaited theyare star shaped

Propositions Pick Ui Uz EX open with X U UV2 Assume Ui Uz are

open simply connected subsets U MU is path annected Then X is

simply connected

Proof Proposition 3.2.1 in Aguitar bitter Prieto AlgebraicTopology from a Homological

viewpoint

Pick x EU nva a loop u for X based atxp

If im u EU or in 1a Eva we conclude a nasty in Tlv K or

an Axe in IT Va xo so u is null homologic inX

Onthecontrary assume in u 40 in la U2 Byconstruction

3 a Ui a IU 6 is an opencorer of10,1 It is non trinal by construction

Thereexists a number 8so IcalledtheLebesguenumber ofthis com such that it

Ost se S then 1st Emily or Cst e u guy
Hint Useco i isampact

Hence we can partition o i by a tactic etat so that

u to t Eli ult ta E Uz ult t EVs Ltu i tu E U

In particular a Lti EU Nz
t it b k



We can realize u as a concatenationofpaths via homotopy

u n you a uk with it
Iftistiti

j
since ulti EU Muz t it she

we can find a curse fi CoD U no

joining Xo U Iti

Set to Awo Ok Iwo

Then Oionly ftp.tif is a loop in eitherU orUa basedat w

Since both IT U xo I IWa xo are trivial weget Oi 41 fitting
In addition Haiti n Oi fit since both Oi fit an curses in V Nz

the homotopy canbe performed in either U or V2
Theis U N 8 no Happ ie Hult 42 o Huta K i OK

ITO u 051 u 0 02 o 4u z.tito u i

4a.idNHwo.Hwo14ygf.wtwo

So K lx x lol D

Corollary P is simplyannected

Pf Cree P with Vo P 304 Yo Piloted
Z ZVa P lol Yo p soy A
Z Yz

V0Emel VanTong are simply connected byExample 14 3.3

U no A ispath annected n'a circular arcs segments through o

Eg hot ByProposition 2 3.3 P is simply connected



Proposition Functrial Behavior
Fix X Y top spaces t X Y continuous If u lo 1 x is a curve

then fo u o i Y is a cure Moreover if an it as cures inX then

to u n too as curses in Y I take foH whereH is the homotopy

between u u Thus we get a map

fx I X xo I l Y tix
This map is a group homomorphism since to u v foul Ifor
Furthermore if g Y Z is continuous then gof a gao fa

4.4 Free homologies

Fix a top space X cures a r on X whichdo notnecessarily

have the same initialpoint

Def Wesay u ar are freehomotopic if thereexists a continuous map

H Lo i x fo i X with

M Alt o hit t te for

4 Alt i r it f te lo i

Remarks inUSA Alt s is a cure tsel D
Then

wog Alo s
o 1 X definesa curse joining Uno Vio

Wi s All s fo I X alt Vii

Lemma U N W V oWT

121 If u u are loops then we Also require A 10 s All s FSE oD
us is a loop based at Alo s t se fo i Wo w

3 Intheloop setting w is is the basepointof the loop us


