
 
Lecture IV BranchPts littings relativeto localhomomorphism

Recall Lasttime wediscussed local behaviorofinurphis functionsbetween Rs
OpenMappingThem f X Y nonconstant holomorphicmap

between R S is open

IdentityTheorem It f g X Y holomorphic maps agree on an infinite setwit
a limit point then L 8

LocalBehan's if X Yumunst holomorphic mop betweenR S a ex b hat
Yu

Then I N coordinate charts Y É Ii with a e Uy
be VEY st

ofen

1 Yr lay 0 Yu b o 12 flu V
U I V

R Locally Yuo to Yj ID ID is Z Z

turalently t Vo ushdof a F Wey mishdof b as u ÉÉg st

f ly AU has N elements t y b I wordfreecharacterizationof N

Name N branching numberof f near a multiplicity of f at a

59.1 Branch points

Fix f X Y mm constant holomorphicmap betweenR S

Proposition For each yet the fiber f ly is discute

Pff If not by the Identity Theorem f is instant Ey D

Def ApeintreX is a branchpoint or ramificationpt off if there is
no openset VEX with x.EU s.tt uisinjectise

Det We say his unbranched if it is nm instant has nd branchpts
107unnamifiedl

Consequence1 A set of branch points is discrete closed

Pfl X A is open I z EA flu to is injective fr sme Zoey



Examples Ht A A
z en

h N O is theonly branchpt

2 flex Q Q fez z n is unbranched

I exp A E is unbranched pix y zitiZ for y login localbranchoflognor
4 A Gyp fr P Zw Zwa discreteroute2 lattice is unbranched

Thumma Fix f X Y um instant holomorphin function TFA E

it f is unbranched locally injective

12 f is a local imeomorphism ie f Xt X F U EX open with XEU

VEY open with tax EV flu U V is homeomorphism

B f is a local biholmorphism

Prod 11 12 f has branchingnumber I so f is open locallyinjective

local homomorphism I t is on a locally intestine locally home

R 137 Local homomorphisms are non instant locally injective so

flu U V flu is bijedise holomorphic By Hwi Problem8 flu is
biholomorphic Alternatively UseInverseFunctionThem Corollary2 52.9

13 111 Local biholinurphism are locally injectise hence unbranched D

Theorem 2 Fix Ya RS X a Hausdorff connected topspaceand p X Y

a local homomorphism Then there is a unique complex structure on X making p

holomorphic

Proof Idea Pullbackthe complexstructurefromY to X viathelocal homeomorphisms

A charts Pick x X Since p is a local humid I opens U V with

IE VoEnt Yo Pix YoEY st Plo b U is a homomorphism



Pick yeV EV
coordinate chat with 4 Ves IDEA home Then

U PIV p IV AU satisfies it x.EU
4 U EX is open

13 Y Yop u
U VE ID ishoned

Compatibility We need to check it Y 112,4 an word charts

then Y Yoplu Ya Ya Plo with P Vi home

Pick x.EU nUz Then 4,04 Yalu nu Yalunus equals4,4
Y plu.nu Y plooval

which is abiholomorphism between opens in A

Etat 1 d
alone

6317 EIDER on
1 Ya plgofio.joYi

p is holomorphic Pick x.EU EX open it with Plo U Plus V

homo U Y Yop V5 IDEK Then x.tv Vapixo

I Hid is holomorphic

Uniqueness Assume X admits two complex structures E E making p intoa

holomorphicmap
Consider thediagram XEl I IXE

hike
p is holomorphic local homo locally biholomorphic byThem 54.1



id is a local biholomorphism hence a biholmorphism Thus XElFAE
hows E E

NextGoal Count points in fibers of um constant holomorphic maps
L X Y with multiplicities show it's the same for all fibers

Idea If his locally injective at x et ish we count itwith multi

It xo is a branchpt then we count xo with mult branchingmember

of fat xo
We'll see that it X is compact for t is proper then all fibers are finite

have the sizes accented with multiplicities

Eg X OEIL 3 branch pts Imultzeach

Y o o

Weget a notion of degree for proper holomorphic un constant maps

nexttime b primagesofcompact setsan compact

Et X f P hole um instant Xampact then

I 8 107 of zeroes Icountedwithmalt
414

is in ofpoles wantedwithwut

Todefinehighwe'll need an interlude on coveringmaps between top spaces

lifting cont maps through local homomorphisms 1TODAY Nexttime

These topological tools will be used to build new Riemann surfaces as quotients

of universal corers of R S



4.2 Lifting orFactoring maps via local homomorphisms

GeneralSelling X Y Z topological spaces
z I p local hero

With ZoeZ X E X St P lx fro

Q1 Can we factor f through X with value x at z

with I ant

z
pot fIP loulomo

fizo Xo is initial audition
Zoe fat f iz Pxd

Det It I exists we call it a lifting offwithrespectto p

Q2 Are littings unique
t SummaryofResults

Local lifting always exist will be unique under connectedness assumptions

on Z t Hausdorff assumptions on X Y
If curses u Io i Y can be lifted wit p Z is nice simply

connected locallypathconnected thenany f Z X contcan be lifted w r t p

Thisaurelitting property holds for topological coming
Def A ant mop p X Y is a coming if KyeY 7 VEY open

with yeV a collection 3UjEyes ofpairwisedisjointopens ofX with

D P V ft Uj
4 Plug Uj V is a homeomorphism

LemmaI Cosering maps are local homomorphisms

Pt Pick X E X pix y Then F yEVEYopen 3051 as in the

definition By17 7 j ith x EUj By 121 Plog Vj Vj home



4 3 Local lifting wit local homomorphisms Uniqueness

Setting X Y Hausdorff top spaces p X Y local homomorphism

Theorem Finn L Z X Z EZ x exo with Pix tito
7 WgnZ with x E W F W Xantliftingof flww.it PwithFiz exo

Furthermore I is unique to local lifts will agree on w open with ZoeW EWnwz

Roof Ginn TIE y p ix EY pick U V opuswith Xoevex
SoEVEY

Pio U V home Take W f 110 Then

Zo EW

W is open It is continuous

I Pto of
w
W X is ant pot t

I is unique because p is a local homeomorphism anyother lift hasthisformula
after restricting itsdomain to a smaller neighborhoodofZo D

Theorem2 UniquenessofGlobalListings
Assume Z is anected lets gz Z X be two global lifting off

relative to p If g iz faiz for some Zoe Z then 91 92

Pf Let T SZE Z J iz Saiz

T 0 since Zo ET

T is closed since T gig 2 IA where D 34 yet

is thediagonal closedset

T isopen since I admits local lifts around to with value g it at

bythwuml 7 WE Z open with Z E W F g p on W

Since Z is connected wehave T Z so f gz D



Theorem 3 Lifting for R S holomorphicmaps

Assume X Y are R S P X Y is unbranched holomorphic
localhomed

If Z is a RS L Z Y is holomorphic then every lifting
f Z X of f relative to p is holomorphic

PH Unbranched holomorphicmaps are locally biholomorphic byThem 154

Pick Zoe Z x Fez Then by Them2 54.3 I agrees with

plot o f where Pyu U U is bihold X.EU yopix.EU

Since fatplot an holo so is I D

54.4 Lifting cures homologies

Setting X Y Hausdorff top spaces p X Y local homomorphism

Thrown1 lifting homolog's curves Assume a be Y at X withPiaf
Assume H Co 1 x fo D Y is continuous with Hilo s en

Hills sb Astle i Considerthe collection of paths Ushl Hits
joining a e b in Y

If every path us lifts to a curse is relativetopwith is to a then
I o x o i X with It s Bit

is aantinous liftingof H relative top Furthermore I is a homotopy

between to die In particular to I have the same end point

IoofWe need to show continuity til I is constant If so theconstruction

yieldspot it s Po is It Us t tilt s ti lo sp na so Tontin'at



We showcontinuity byworking on a grid in Io 1 x 0,1

Fix a EU guy as Vgn's with ply U V local homo

oxfilew tilv.gg
His continuous H lo s a EV G I v

Thus WEH V E 10,13 191 is Gen go CoD EW

Claim1 F E o s t 6,41 10,1 EW I go e y co
is continuous

Bfm each Selo i 7 Ss 0 with Ws 0 Ss x s2s Stds
his s

The collection 3ns see comes the impactset 301 10,1 so we havea

finite subcorer Sws Wsnl Take Eo min 381 Sal 0

CoE x o I E W
connected

Byuniquenessof lifting frannectidt since is 101 2 Ks weget is plot o us

by Theorem I 54 3Thusweget ti I 7togjxc5 Hi p
thence therestrictor

DI
o E x g

is continuous

Claim2 H is antinous

Pf We argueby contradiction Assume Fito Sol with ti dis i at it s
Write 6 int St H is not ant at It so

By claim I 63

Write I I 12 so C H i s so pic c Sincep is

local homomorphism pick de U'EX Ce V'et with

ply O V local hound Pick WE H v1 E Z ofen
Note 12 s EW 7 e o with

LEIGH EW
S o



By construction I
UniquenessofLocalLifts 6 E 6 87 150 5 sots o

t
16 E6telxls.gs

so I is antnuous on 8,6 8 x Sol contradicting the def off

Claim3 I 11 s do i Fs

Pf H is a homotopy so Hit s loll b t s

Since p is local home then p b is discrete

Now Hi o D Z is a lifting of H 1 b

with till o dont so till s e p Il t Selo I

But I
s saggy

damnected in adiscreteset so it is unstan

Hiss till ol holy tsin lo D

Nexttime Curse Lifting Property

Remark Covering Surjective Local Homomorphism t CureLiftingProperty

Is the curse lifting property canbe tested on the cases wecare about


