

























































































LectureV Gun LiftingProperty Corers Degreeofproperholomorphicmaps

Lasttime Topology interlude

z
p

x Y Hausdorff
plocal home
ZoeZ X E X withpayoffx

Q1 I 8 Z X at with pot f withFiz x

lifting off relative to p initialconditions

Q2 Uniqueness

THMI Local lifting exist and an unique as germs at Zo I pilot m
Sme Z E WopeninZ X EU Plo U IV

TH172 It Z is connected wechaseat most I global lift with prescribedinitial
conditions

TH173 It f H Io Dxfo i Y is a homotopy eachusH H It s

has a lift with the same initial audition is o a twith Pia a H as E
then F H o xCo 1 Y lift with H lo s an till s Hyo t
Mowrer H is a homotopy between Io i

55.1 Curse LiftingProperty

Fix X Y top spaces

Def A continuousmap p X Y has the curse lifting property if the

following conditionholds For every curve a o D Y everypoint X EY

with pix u lo 7 a o 1 X liftof a relative top with a iosexo
Obs I will beunique if p is a localhomomorphism by Thuram259.3

Q Why this property

I It ensures lifting ofHIIant function t EY exist it Z is nice














































harem 1 Assume X Y an Hausdorff top spaces pix Y is abadhome

with the our lifting property Fix a top space Z which is simply connected

locally path connected Then forevery f Z Y ant envy z EZ X of X

with fi z pix 7 lift Fiz x of treatise ti p with Rizo Xo

Proof SinceZ is annected locallypath connected then Z is pathwiseconnected by

emme253.3Pick ZEZ a curse u o I Z on Z joiningZo Z Then the

cure Us Lou Co i X joins 112 yo Liz y

By hypothesis u can be lifted uniquely relativeto p to a allure J Cai X

with Flo X since Pixel V10 Yo

Define F Z X by Fiz Jul
Claim1 The definition of f is independentofthechoice of aurea US I 121 30

plocal home

Pf Pick a different curse u on Z joining z to z Then u n u

because IT IZ z 7 304

Fix H 0,13 10,1 Z homotopy between u u

Pick u's fo u its unique lift to 5 fo i X with it Xo

Then Un v via the homotopy A fo H o 1 xCo D Z

to Ttt
f

yo Z

Bythe cure lifting property each cure us it A 1st m 4 lifts relate

to p to a unique cure Is with us o Go Xo Note To it view

Thuram I say ensures the whole homotopy lifts relative to p toA o 1 xfo.MX
In local homo

with A it s is it In particular All s A11,07 Join hi
In all s so I Ii All it Gall Conclusion F is independentof u



Claim2 F is continuous Use Z is locallypathwiseconnected p local how

PH Pick ZEZ X 812 Fix a neighborhood U of x in X

Wewanttofind W E Z open with z.tw so that FIN Evo flu
would be open in Z

Since p is a local homo we can find U E Vo
p g y

with X EV pix Liz
EV

with Plo U V home

Next W f V open in Z Z EW Since Z is locallypathwise

connected F W E W open pathwise connected with ZE W

We needto show Ftw E Vo ie fall EU t Z'EW

W Pick a path u in W joining Z Z

Then a u is a path in Z joining Zo to Z The curse

v Lou lies entirely in V with u lo fiz

The curve lifting property localhome audition ensures v lifts uniquely

wit p to a curse is with Flo Fiz I Pluto v

Then i i can be concatenated to a curve Frio a i'lifting
vav tofu a relative to p with Fat o Glo Xo

Thus Fiz Ev il Fin E V E Uo D

Remark Counterexample if Z is not locally path connected

Q2 Which continuous functions have the cure lifting property

A Comings



Def A ant mop p X Y is a coming if HyeY 7 VEY open

with yeV a collection 30 Eyes ofpairwisedisjoint opens ofX with

D P V ft Uj J Jin
4 Plug Uj

V is a homeomorphism

J coverings are surjective
Examples it pi Q at

Z zn
is s cking map f n

Piz 32 wz w t where w is an wt primitive rootof

p is a id homomorphism so 70 opennbhdof z in Q with

Plo Vo Vo local homes

I P Vo Uo U w Uo u u w U

Then we can replaceVo V accordingly by a dissDier with r o small enough

to ensure U A wi U of f j in 31 w if

i

0
u e

Thus I The collection I Vo woo wn Vo is pairwisedisjoint and

partitions P Vo

4 Plwju w Uo Vo

2 ID A is not a coming it's not surjective

3 exp A E is a coming map use a local branchoflog
fiber exp exp z Z t ziti 2 Zt r k i discrete lattice

9 A X is a covering map 1 same argument as 131



LemmaI Cosering maps are local homomorphisms

Pt Pick X E X pix y Then F yEVEYopen 3051 ans in the

definition By17 7 j ith x eUj By 121 Plog Vj Vj home

Turin 2 Every comingmap p X Y of topological spaces hasthe curse

lifting property Furthermore lifting are uniquewhen initialauditions are prescribe

roof Uniqueness follows by Lemma I 54.5
Theorem 259.3 uniquenessof

lifts relative to local homomorphisms

Existence Fix a curse a o Y with u lo y EY pick xox withpixelyo

Glue local liftingofuon a convenient partition ofCon with prescribed initial
concatenate

auditions to ensure theconcatenation can happen The partition willbe

constructed usingthefactthat p is a coming map

i t

ÉÉÉ

For each te Co i we can find V E Y open with att EV

30 lift tens in X with

P II It V5 14 Ploy
U V t home Fj

Since u Co i is ampact 3Vt It comes aco F ti ta th with

416,1 V til Relabel Vi Vtil

Next Write Wi a Vi for it in

Witit is a finite open cover of o i which is compact This cover has a



a Lebesgue member 820 ie whenever t.SE o i satisfy Ost SES

then Fist in with Lt s E Wi see Proofof Prop 253.3

Conclusion Fix of s as a s s partition of on of rat'tlengths

By allowing repetitions of Vi ulateling if necessary we chase

1
si sit

E Vi 17 all i o k i

4 P Ni jÉ Uj Uj US Ji Ja
4 Ploy Uj Is Vi local homomorphism

White Ui 41cg i o ok t ant a Yok Up

Claim We can find lifts Ii of u with appropriate initial conditions

with do 1507 Xp Ii sit hit sit ti Q K2

The concatenation Ito die will be the lift of u with prescribed

initial value Xo

Pff we proceed inductively
Since Uco E Vo yo E p Vo we can find jet with

evi no plugin is

the desired lift

Assume we have constructed do Ii frisk2 sit y Ui sit E Vilbit
Since di sit Xi with pix y we can find je Jit with

if Y't Then dit Plugin
o hit lifts hit withditisial Y

D



Q What happens to lifting of loops if
I We need not get a loop u

Eg p A a

z z z
o Yo 1 U o i f y y eliti

Then I o Q is top semicircle i it e
it

so 41 1

However this will not be the case if u is well homotofic Precisely

because homologies ALWAYS lift relatise T coverings wt just localhemos
Furthermore lifts will alsobe null homologic

Proposition Let X Y be Hausdorff top spaces p X Y a localhome

withthe curse lifting property leg a coming Fix youY ix ex wit

Pixel Yo let a o Y bea loopbased at yo If u is well homologic

then any lift a 0,1 Y of a relative top with Igo exo is
also a loop Furthermore I is well homotopic

Pff Fix H fo 7x to i Y a homology between
Sly u

Write Us H I s Note us to yo ts

By the cure lifting property we have is to i X lifting us
relative top with is o Xo Furthermore Yo I 11

Ax

Thus the hypothesisofThem I 59.4 apply I it s is Itt is a homotopy

do Ix I In particular I do in Xo So I is a

loop based at xo it is null homotopic in X D

This result has a direct consequence fibers ofcoverings are in bijectivewith
each other if Y is pathwise connected to k In R S



Corollary Let X Y be Hausdorff top spaces p X Y a localhome

withthe curse lifting property leg a coming If Y is pathwise connected

then p tiyo g p y t yo g EX The bijection if given

by lifting a path from yo to y withprescribedinitial condition inpity

Let a 0,1 Y be the uniquelifting of a relative to p with Rio Xo

We define 4 p is I P is

Y is well defined defends m a p Iso P ly
Y is injective if i is an the lifting Fathi x

M lo Xodm Xo Xo E p lyo a lip d ly then

it i ar two distinct lifting of u with the same

initial conditions This cannot happen by the uniqueness property
o i is connected

Similar reasoning blows as to build 4 p ly p ly
by working with u antiming 404 Yo 4 id so 4 is

a bijection D

Corollary2 If Y is pathwiseconnected p X Y is a local home

with the curse lilting property then p is surjective

Corollary3 If pix Y is a coming Y is pathwiseannected we conclude all

fibers has the same size We call it the number of sheets of thecoming



5.2 Comings

Q Howto check if p X Y is a coming
Necessaryconditions l surjection automaticfrom 8131 if Y is connected

4local homomorphisms
131 cure lifting property

If we restrict our hypothesis in X Y we getsufficientconditions

Theorem1 Assume X is Hausdorff Y is amanifold pick p X Y art say
TF AE 111 p is a coming

a p is a localhomeomorphism withthe curse lifting profuty
Note If Y is connected surgofP followsby Corollary2 55.1 becauseYwillbepath ann

PH is a P is a local home by Lemuria is s 1 Thepath liftingproperty

holds byTheorem2 55.1

lil We know that p is surjective Fix ye Ye labelthe fiber

by J ie P ly ly jet SinceY is a manifold wehave a chart144
around

y with 4 V01 WoE IR Wooten ShrinkWoto a ball aroundday
considerthe inclusion Wo Is Y set k ftw WethinkofWo asU far the indu

Now Wo is locallypathconnected simply connected sobyTheorem sss f has a

unique lift f wit p with I ly x j

St Vj Ej v t je J

Claiml Uj is open Dj EJ Uj E P IV
Pf Pick x EUj y pix EV sofly x Pickofen ubhds V EX V of x e y

resp with Pio U I V homme Then Ij agreeswiththe unique lift of f wit
nitial value x at y But locally this map is givenby plus of which areboth

open so x E U E Uj This confirmsthat Ij is open Vj E P IV



I

Claim2 1Uj jeg are pairwise disjoint
Pf Pick x E Uj nUk to jfk sety pix Then I fu agree
locally with the liftoff with value x at y Since V is annected we conclude

I fu so xj fj ly tu ly Xu Contradiction

Claim3 P 111 G Uj
Pf Inclusion F followby Claim1 Similarly if x'e p u set y pix
Since V is humo to a ball it is locallypathwiseconnected simplyconnected.Then

wecan pick a curve a 10,1 Y joining y to y Wecan lift this path

to a fo i X with a lo x In particular in Xi fr smej
since I E P ly Then I Fj ou so x EFjfuggy E Uj

x of X X jClaim9
Plug Uj TV is a home Kj y t y

JH we know plug is a local homeomorphism by construction combined withChaim3

plug is surjective
Usethe same proof technique of Claim3 Indeed pickye VI

a path u fo i Y joining y to y Pickthe unique lift a'jof a relativeto

pwith djlol Xj Then if Fj o u by uniqueness so y Uj it
satisfies p x y

p is injective say x x EUj satisfy pix p x f y Pick a path u

joining y to y We lift it to paths a e a with a so x lilo x

But then I'll Iti E p ly MUj 2x So I i agreewith

Ej o u We get X L no X

Since
phis bijective

a local homomorphism it is a homomorphism

Conclusion By Claims 1 through a p is a covering D



5.3 ProperMaps

In thesection we give a second sufficientauditionforbeinga covering when X Y
an locally compact Throughout we assume X Y are Hausdorff

Def Fix X a top space We sayX is locally ampactuc if X is Hausdorff

encrypt has an open neighborhood U with Jampact I a relativelycompact ubud

Equivalently H xx X U openubhdofx F Vopen ubhdof x with
E V E U

14 TE U R VisampaObs Riemann surfaces are L C fseeLemme1 5 5.4
Def Fix X Y ballycompact spaces p X Y Wesay p is proper

if p Ik is impart in X for all KEY compact

Remark In AlgGeom h X Y is proper it it'suniversally closed separated

ie it pyt y p is closed f f Z Y ant

Z I Y
21 D E xxxx is closed

It x y are locally compact theseauditions willbesatisfied if p Ik is compactwhen

KEY is See StacksProjects5.17

Lemma I If X is impact Y is locallycompact thenany pix Ycant isprefer

Pt SinceY isHausdorff any KEY ampact is closed So p I K EX is

closed in a compactspace hence it is compact

imma 2 Propermaps areclosed

Pf Pick Z x closed Wewantto show Plz EY is closed By Lemma3
below it's it to show plz n k is ampact for all Kc Y ampact
But plank plz n p ik so it is impactbecause p is ant

ampaffsed
in a compactsett D



emma 3 Assume X is locallycompact slit Vax Then

V is closed KK EX compact Vink is compact

Pf G V is closed K is ampact soclosedbyHausdorff audition ThenVnk is

closed in K compact hence compact

I Pick x EJ fix Wopennbhdof x in X st I is impact xEX
ax is L C Then WAV is ampact

Sima X EV F net xxxx with xx EV ta But eWater so

I subnet xp E W which awnings to x bythe Hausdorff condition

Now xx e WMV e WAV ampact so xx x et AV

Weconclude that x EV so V is closed D

Theorem 1 If X Y an L C f X Y is proper discretelie fibers

an discrete then

11 f ly is finite byEY
e Fr each yet VEX open neihborhood of fly F VEY open

nbhdof y with F IVI EU

Pff 11 is easy f ly is compact discrete so it mustbe finite

R f x V is closedby LemmaZ 55.3 Since y fix u becauseU2fly
we can find VE

Iffy open with yet Then VA f x ul d

and so F V EV D

Thenext result givesanother criteria forbeing a comingmap if X Y p are special

Theorem2 Fix P x y a propermapwith X Y L C Assume pis surjective

Then p is a local homomorphism G p is a coveringmap



f is Lemma I 55.1

F Fix y EY By Theorem15.5.3 p ly is finite say p ly 3 xis xn

Furthermore since p is a localhomo 7 xjeWj open yeVj open with

Ptuj Wj F Uj home

Since p ly is discrete wemay assume Nj AVie 0 if Jfk
Reason Wecan shrinkWj so that WjAp ly Xj xn 4 the j

Idi'scutefiber use K is Lc

Then replaceWjbyEj Wj YWI ofen

Next UW V UW n is an open ushd of p ly so byThen I 2 55.3 F VEY

open with p V E W By shrinkingV further if necessary we may
assume V E I Plug ping Vj is open tie ye I Plw
Set Uj Wj n f V fo j t in

Then111Uj are open pairwisedisjoint plug V by H

in p NI YIUj
I
Plug Uj I 11 home because UjEWj

Conclude
p is a coming D

emark2 Surjectivity is necessary in Theorem2 hypotheses ismissing in Theorem54.22
ofForster

Oneway to ensure it is to have Y connected since then pix willbe closed

becauseof Lemma 2 open bythe localhomomorphism hence Pext P

5.3Degreeofprefermaps on R S

Our next goal is to show that non instant holomorphicmops L X Y
have a well defined duper if f is proper



Lemma I Riemann surfaces are locally compact

Pf Pick x EX RS x EV open ubhd Pick aword chart 10,4
at x with UE Va set W 4 Bigg if 4 U ID

Then I a BiH is impact xe Well X is Hausdorff bydefMR

Stp f X Y proper nm constant holomorphic map discrete

Recall A lx I t innot locally ingtxt setofbranchpts of t

B f A setof critical values off
Conclude A is discrete closed p holomorphicConsequence5.4.11

B is closed discrete becausep is proper fuseTheorem 1 x 55.2

set X X F B EX A
fly X Y

Y Y B

Lemma 2 A f B is closed and discrete

14 X e Y an R S

131 fix is a surjective proper unbranched holomorphic map

We know f b is a safe y beg
thx is a comingmap

Pick c e f 1B write befac Pick Vab open with VAB45
1B isdiscrete

If cat A then f is a local homo war c so we can shrink V to

V Fb find U's a open with flu V V homed

Now F I B A U f lb n U he

doing VIV
If e A F U open with cell UAA see IA isdiscrete

Wnt W f IV AU F B AW F'b AW



Since f lb is finite Hisaeterampact X is Hausdorff wecanshrink
W to W se so that f Ib AW had Conclude f l B AW del
4 It's enoughto show that if Z is a R S FEZ is discrete closed

then Z F is a R S It's open in aHausdorff space so Z FisHausa

Similarly the restriction ofthe mxl atlas E t F is an atlas IsZ F
To show that Z Fis annected we prose it's pathwise connected

Fix z EZ F let Z E Z F Since Z is pathwiseconnected Lemma 253.3

ich u fo i Z wire joining Zo Z

Now aKo M F is discrete dosed in thecompact set u can
o it's finite Write it as bait g i u its y s E E Z

We can modify a by picking a word chart U SID withVineby
y i too

going around y instead of through y i Ivi is well homologs

u

7
m i

The new wire a lies in Z if so Z it is path connected

By construction his unbranched holomorphic un austant FB X

In particular fix is a local homeomorphism

If we show fly is proper surjectivity will follow fromtheconnectednessof

seeRemark2 55.2

Pick K E Y ampact Then KEY is impact I Y's Y is ant

ButFIKI Fil k M X f k by construction so it's ampact
Tract open
in X

Corollary I n E 21 st U x e Y i 191s I n usecorollary355.1 theming



Name n dug Ifly degreeof f generically fibersoft hatesizen

To finish we'll show that If ly en for all yet ifwe count fibers on
B appropriately The branching members will do the trick

For be B write t b 3 a cat We have a notionof localmelt

or branching near each Ci Write mi V f Ci As i t ok

I Locally around ci f behaves as z z

Definition m V b Ei mi degree at be B

Thant Ii fix is a un constant proper holomorphic function

and deg f n then Hye Y V ly n fibershave exactly apt
counted with melt I

Pff It's enough toprom this fo yl EB Pick a word chart V Y V5 ID

forbwithUAB 3bI ByTheorem111155.2 5lb is limit say f I 3 air cut

We know fly is discrete compact so finite la Cky

After shrinking V if necessary pick Uk wordchart fossa in X so that

flu Oj V behaves like z z
mi UkA fig mi VyEVSH

ke't
ByThem I 12 55.2 U UUn is a mbhd of f s we can find

V nthd ofb with f V e Vo Wlog we assume VIV

Pick y eVisby Then f ly m t me by I

But yetB so I fly I n deg18 byCorollary I 55.3

Corollary2 If X is a compact R S L X P is mm anstant hole then
I f to I I f no I I zeroes of a polesof h counted withmalt


