

























































































LectureV Universal covers DelleTransformations

Lasttime i Discussed curseliftingproperty mapswith thisproperty coming

Why

THAI If XY Hausdorff p X Y is a coming t Z Y isant with Z

loudlypathconnected simplyanucted then f can belifted ul topwithany initial

collage Homologies list'itative iris condition

tan xitiiits.T.it tiiitistmiii It p
by lifting a path going with fixed inco X eply Ip se sheetsofthecoming
Corollary p is surjective

Nicecases forlisting comings

THM X Hausdorff y connected manifold P X Y Then

p coming a pis local to with wire lifting property

OTHM4 If XY an LC soHausdorff p X Y is properleg ifXiscompact Ifp is surjectiveleg if
isconnected then P covering a pis local to

key proper maps are closed

THUG If XY an LC p X Y is proper discrete then

i p ly is limit KyEY
z t yEY V open with p ly EV F Uopen it with p u ell
Ex photo un constantmapon RS X ampact

m Used to deck fibers ofproper non constant hold functions hX 4 between R S arewellde

I fly E V x 8 where xr n it f around X

behaveslocallylike ZAZ
key Branchpts criticalvalues É f aitvalues are dosed discute Ibnp

NextGoal 111Construct new RS fromoldones na universal corers quotient.IEIYtby
12 Characterize these quotients via Desktransformations Galois conespnden














































56.1 ViversalComings

Idea Universal coveringsare the largestcovering maps to a fixedspace.Y It willbe unique

upto unique iso Its groupof Decktransformations will capture it 14 Universal
coverings ofR.S will always exist

Def Fix X Y connected topspace p X Ya coming

We say p is the universal coming off if it satisfiesthe followinguniversalproperty
In every q Z Y coming with Z annected every yo EX Zo EZ with

9 zo pix F exactlyoneantenuous lift F X Z relativetog withp z

x
Yetis
91Zo Pixel

Lemma Given Y F atmist one win covering upto uniqueisomorphism

Pf Saywe have a min covers p X Y P X Y Fix yo EY

x EX xfex with pix yo pix

By UnionProp appliedto p x

p
with fix pix

Reversingthe order we find p with P ix l Xo

Note pop works for Pdf p
arering

PoPix Pix Xo

But id alsoworks sofof tidy Similar reasoning gives pof tidy D

Q Howto know if a covering of amanifold Y byamanifoldX is universal
I Check if themanifold X is simplyconnected



Theorem1 Assume X Yanconnected manifold X is simplyconnected p X Y
s a covering Then p is the universal com of Y

Pf Since X is locallypathconnected simply connected then given any covering

q z y we can find a unique lift p X Z rel ti g givenany initial
conditions This followsbyTheorem 1 55.1 Theorem2 55.1 wring are localhomeswit

the cure liftingproperty D

Theorem2 Suppose Y is Hausdorffconnected topspacewith abasisofpathconnected simp
connectedopens leg a connected manifold Then F Y Hausdorffconnected simplyconnected
topspace a coming mapp Y Y

CombiningThemI 22 weget

Corollary Universal coms of connectedmanifolds exist

Corollary2 Universalcorersof R S exists are RS p Y is holomorphic h
any R S Y

Pf Use Corollary I Theorem259.1

ProofofTheorem2 Webuild a Hausdorfftopspace Y by constructing a basis a natural

projection mop p F Y Thenwe show a p is a local home

p has the curselifting property
Y is simply connected

Fix yo EY Given y E Y write IT yo y 3 humilityclassesof u foD Y
I 19 y 0 because Y is pathconnected with a ios so uup y y

Define Y 3 14,2 y EY Le t yo y PPi F Y
ly a y

STEP 1 Build a basis for a topology on Y

Ginn 1g a E Y U EY open nbhd of y which is pathconnected

simplyannited define a set W.LU y D E Y



NIU y 2 3 x B xe V B u v with a L aft yoy
v fo U Vio hi X

Note S onlydependson u because I 10,47 39
7 homotopyclass

Set B 3WU D ly a EY yes Y open simplyconnected

Claim1 B is abasis to a topology onY

Bf 117 B corns Y ly 27 E b 9,2

4 Finite intersections axim Fix lx B ENLU 9,4 Malu y a

so B war B u v

in a case

w

v e U v e u

BythehypothesisMY 7 W E Uno pathcom simply anucted open
with xew

Wh x B EWW g a not y xp
Fb has 6 w w w B u v um U w inWEU

B fu o vinu W'inWsu

w n u tr w w n a Ir w so 12,0 ECU y a
2 azz Y EY 12,2 Elvis L

STEP 2 CheckT is Hausdorff path connected

Chainz Y is Hausdorff

Pf Weanalyze 2 cases
4,2 y 2 y y can be separated by U U disjoint simplyconnectedin

NIV 9,4 ANU Ya 0 5 8 fathoms

y 2 Ly L 242 Pick U simplyconnected openabledofyinY

We show W U y 2 AWW y 21 D arguingbycontradiction



Pick x B END9,4 nah 9,27 g U

so B u v u v fr a L u 2 riled U

joining Y X
L u i r v u v.v u L ant

Claim3 Y is path connected hence connected

Pick yo 11g as our base pointin Y Fix 15 2 EY with u d

u 0,1 Y joining yo y We define a path in Y joining yo Ky 4,2

I o i Y with t t ult at where Utes 41st As

Note at joins Yo Ult

Start Endpointof it I o yo Ily I i un u 5,2

I is continuous givenWN x 8 nbhdof Tyto we wantto find 8 o

st alt EMU x y t te to S tots

Picks staItos.totsjeU.tiItti XIYty.won Y 117,1 w 0

Since Tito ENIU x 8 F v o U with Vio X via htt

Ut wow

at at uit.to w.tÉÉ Ate It s tots
so tilt E NIU x O V te ft S tots

Claims 4 Play etX y 4 U is a homomorphism p is

ant a local homomorphism

itBY we build Y U Why a
x x a a v where u is a pathfumy tox



Themap is well defined 404 Yo Y id

Y is open anyWN X B ENT y 4 maps to V open

Y is cont given W E U open we can cover it with Vi lie open simply

connected so it's enoughto show 4 Vi is open inW U ya Wehaveto analyze

two cases

e If ye Vi then 4 Ivi hi g a emu y a

g

E

Why 4 Vi 3 X B x e Vinu Vi BE IT Yo x
Be Curr with a L

big x in U
New Ui is U is path arm simply annected so we can find V'in Vie U

joining y X Then v o Go EV so xs is in Nl Vi y 2
Thus 4 Vi Vi y 2 z is trueby construction

2 If y Vi thenpickany y evi a path or doD U viol y via y

Then 4 Vi W Vi y aw É
Why Y Vi 3 x B X EV i nu bi BET yo x with

R uav with a L v y x inUY

B u v3 u v W fr anypath win Vi joining y tox

because U is simplyconnected So x B E N Vi y u v

Y Ivi N Vi y Curvy e is immediate

Claims Y has the curse liftingproperty
Pf We break theargument into 3 cases
O Lifting ofa aurea with uco yo with initial condition I o yo111g

This is the contentofClaim4 I I

This ship is a special case of so technically is notneeded However I
include it because it's enlightening



Liftingoh a curse u with Uco yo with a o yo O Is OEI Y y
loop

Say D v for a loop o basedat yo

Take E ult Aut

Initial condition Rio Uco v Ily yo v3 yo 0
I is continuous Use the same argument as in Claim3

Siren alto e NU X B pick 8 with altoS tots E U

Set w o Y W o yo we s X with w B

Bydef r Ut War with o o D U riot x vis ult

rant u ut
Iggy waffle

shows it st.lt

Litting curseswitharbitrary startandendingpoints

Pick a o i Y with arbitrary initial point y w.io

Pick any BEIT Yo y fix v on 4 with11951g F ty
GOAL lift u to I o i Y with Glo ya B

We lift a u using To a anti 0,17T with Rio yo Ily

U Ya y I Ya ally U'y y v3

Then if I
tty is ant lifts a relative top withthegisen initialconditions

Claim6 T is simply connected

Pt Pick a loop w on Y basedat yo 11g then u pow is a loop

atY based at yo
Now take yo Hy using Claims lift a relative top to the



uniquepath I o i Y with I o yo Ay The uniqueness H

ensuresthatwe I alt Cut Thus 11g u Lu I take ten

So u is null homolofic

Since p is a coming homotopies lift byProposition 155.1 weget d w

s will homologic D

6.2 DeckTransformations

Fix X Y top spaces p X Y a coseringmap

Definition A Deck or caringtransformation is a fiberpreservinghomomorphis

f X X ie ptix pix again f pig p ly YFYp
Remark Thisset is a group under compositionWedenote it byDeck x

P Y on

Deck X Y if thechoiceofp is clear fromcontext

Our main case of interest Y connected wfld eg R S p Y Yumicon

Q1 Deck Y I 4

Q2 Pick any othercoming g X Y Then 555
piggyXHausdorff P Y F

connected
Then f Y X is acovering

Deck I X Deck Y Y
subgroup

Given He Deck Y141 can we find X Hausdorff a coming f X Y
with Deck Y IX H
This will lead to the notionof Galois comings Nexttime


