
 
LectureV1DelleTransformations Galois correspondence

Lasttime We defined universal coverings P Y Y covering s t V7 Z Y

coming 5 ET ZoÉZ with P15 9 to conning JoeY É z z z
wehave a f F z liftingofprelto f with t joy Zo Pf coming

Remark UC are unique up to unique is o fit 1 to
THMI Ifp X Y coming X Y annected manifolds X simplyannected p is
theuniversalcoverofY

THM2 Universal armings ofconnectedmanifolds exist theyare Hausdorff amected
simply connected

GeneralizationsofTHAI 2 Can weakenthehypotheses on X Y

THR1 Enough to require Y connected Hausdorff top space
X simplyconnected locally pathconnected

e p X Y coming
Sameproof as Thuram1 56.1

THR2 Enough to required Y Hausdorff annected witha basisofsimplyannected
pathconnected opens

Reason Theopensinthebasis u u y a guyif y are pathconnected

x B E UCU y x s ax o v y x in U a L can bejoined to 9,4

via W Co i NIU y X EY a t rit Cavs
Ilo rio u Ily y a 19 x it rel u v3 x B

I Plup
o v so it's continuous

Corollary Riemann surfaces admituniversalcomings Furthermore Y is a RS pit Y is
holomorphic

Definition A Deck or coveringtransformation ofacoveringP X Y is a fiber

preservinghomeomorphism f X X ie ptix pix again f pig ply X X

ply t
We writethis group underamp asDeck X Y orDeck X E Y itp isnotcharfromcontext



Remark i f permutes pancakes over a connectedopenin Y X TheDeckIx ly
Since X isconnected siren XoX E X with Pix pix

Fatmustme GEDeckXM withfixo X

Nextgoals O ComputeDeck Y Y m Galois covering
Build quotients X of F identify DeckXIX with subgroupsofDeckit

Galois correspondence

57.1 GaloisCoverings

Weare interested inspecial coveringswhere pointsmanygiven fiber can be related via a

Decktransf

Definition Assume X Y areconnected HausdorffWesay a coveringp X Y is Galois

alt regularornormal it given x x with pix pix F LeDeckXM
with fix

Remark2 Since X is annected f is a lift of p relativetopwithfixed initial value

f must be unique by Theorem2 54.3

Examples i p Cl Q Piz Z is a comingmap

p is Galois If z 2 k then z wz for some wet with wks
Then f E Q z to wz is the corresponding elementin DeckCAFÉ

2 P the ex's D where 1141 32 Retz cos is aGalois Costing
DecksHe He 4 Eatin 127 ztatin for NEZ I 21

Thechoice of terminology is not a coincidence
theorem1 Assume Y is a unveiled manifold let p F Y be itsuniversal

cover GF is a connectedmfldThen p is Galois Deck Y147 IT Y

Ioof We showbothclaims separated build an explicit group isomorphism
Claim1 p is Galois

84Fix Xo X E Y with P Xo P x Fix f liftingofprelativeto pwithfix x

We need to show that f is a homomorphism Wedothisby explicitly building
f showing it's continuous



Similar nasoning builds g Y Y liftingofp relative É
to p with six Xo

Thus fog got Y Y lift p reltop
withsof Xo Xo tofix x

We conclude tog Sof idy by uniquenessof lifts Y is annected

Pick To yo 2 E p ly e.g yo Cay We build an explicit map
Yi raysI Deck Y Y IT Y Y

or I poor
where Or o i Y is any cure with 8g o Jo g Tito

iswelldefinedsince Or is uniquelydeterminedbytheendpoints Y issimplyconnected

Pou pool if v o if u nu via H then por n por n'a poll

Claim2 I is a group homomorphism
Pf Let G re Deck Ily pick aims to joiningJo oily mY

to joining Jo 62150 MT
Then J 8oz joins 0,150 J 002150 so 0044,8oz jeans go Toretto

Then I 10 oral poor or polo rfra poorIÉÉg Éj
poor poor 0 ri AO Ta D

Claim 3 OI is injective

PH Fix r with 0 o Ay Then Poor Ily
But u poor is well homotopic my it has a unique lift to F with

I yo Yo Iyo Jo Byconstruction I is a loopbyprop155.1 it lifts a

nullhomotopicloop Uniqueness of lifts gives I Op and F K i Joey soOris

a looparoundJo We get 5150 To The uniqueness inRemark 2 fires Tidy
Claims I is surjective



PH Fix LE I ly y v loop in Y bandatyo with Cr L Pick the

unique lift J of v relative to p with 110 Jo writeJi ICD so P15 yep5
Then since p is Galois we have re Deck Y14 with TITo 5
We can takeOff so 0 T poor poi v d D

Examples i exp A G is the universal coveringoff because I is singlyam
exp is a cohering TheoremI 56.1

fish n EZ write bn E E 6h12 7 2IT in home exp14,1 exp Z s

G EDeck9145

Forany TE Deck Alf exp Rio exp o 1 so Tco 215in Galo

T Gn by uniqueness
Conclusion IT F Desk A 9 3En int 24 2

i l exp Hl It is theuniversal comingof a as well

R P Uw Hwa discrete rank z lattice int Then I QI is the
universal covering of Xp
firm OER pick 68 A A 68 2 2 8home I 6gl z Riz t

so 6g E Deck ALM
firm TE Derk 914m we get I 10101 Io o E P

T107 0 byofM so 5 68
Conclusion I Yp Deck A 1 air 368 OEME e R e 2 2

Consistent with Xp Emo xis

7 2 Galois correspondence

Ournextgoal is to build comingmaps fun subgroupofDeak Y14 This isthe

content ofthe Galois correspondence In orderto do this we'll needthenotionofa proper
discontinuous actiononlocally compact spaces legmanifolds



Definition Fix X Y topspaces p X Y acovering H Deck X14 subgroup

Wesay X x are equivalent moduloH if 7 TEH with six x Thisdefines

an equivalencerelation We write xxx
m X

HX isatopspacewithquot
top

I f
X ThenTheorem X Y connected manifolds

winningPly coming
i f is a covering map
e H Deck X Deck TN H e IT X
3 Given a a in we have fie Flat E a Ha

Proof We prove i by showing f is a localhome withthe aura lifting property
UsingTheorem I 55.2 f is surjectivebecause X is connected

Claim 1 f is a local homeomorphism

atty
x ray

Pfl We do so by f is locally a ampof homomorphisms

Pick act x tea ex y peas six since both pEglinton
homomorphism we can find UEF bhdof a so that pl u U V hmmU V EY abhdofy Alvi W IVWE X ubhdof x

Then WE g VNV s X is open EW fly W es Vnv home

U p vav s y is oh a EU ply U VAV ishow

Conclude Fly fly o pyo U't W is home holdsby uniqueness
oflifts giventea xClaim 2 f has the aure lifting property

PFI given a path u in Y a point a e f tuco we want to lift u to

a cure i ndto f with Ico a

aEY t X 4 91 We use ago a o i Y path
P

v you y 9 uco a E P y



Since p is a coming we can lift u to Teluniquely relativetopwith I o a

We needto check that tote u

Now Liu u both lift a relative to g fo fo I pole v goa

satisfy foie o t a Uco By uniquenessof lifts we set to I a D

Forall By construction any h Y Y homo with Foh L satisfies

gotoh got so poh p ie h eDeck Y Y

Claim3 L Y X is theuniversal coveringofX IT X DeckTIX
because X is connectedMH

I By 1 LY X is a coming In additionF is simplyamuctedbecause

p.MY is theuniversal cover Y is a connected manifold useTheorem256

Since X is a connectedmanifold h Y X is theuniversal coming of X useThem2Ss

Ps4 Use win prop for p to prose universalpropfor f

a e Y 11 Z z z Since fog is a cohering Campsites ofcomings

The min propof P gives as a unique gF Z

É flat f'sZI with Sca Z gift of p
Pla fog z But fog a 9 z f a both

fog f satisfythe win propof p applied to the covering f Uniquenessgins

f flog as we wanted D

For G E It has a Is some rest then gastritis Fiat

By Claim3 Theorem157.1 we have that f Y X is Galois Thees
t a a et with fear fear 7 re Deck TIX H with Taj al ie area
This correspondenceextends further
Theorem 2 Ginn H Deck Y 14 there exists a connected Hausdorff

manifold X coms F Y X F X Y with p got H Deck FIX



Toprovethis we need an interlude T fixedpthee properdiscontinuousactions

Recall G group X atop space Agrayactin GOX is an action

ofG ontheset XI stg X X is a continuousmap.freachSEG
Def We say GOX is properlydiscontinuous it for each KCXampad

the set 3g EG g k nk 0 is finite
Equivalently t ki Keampact 3SEG g Ki Aka 0E is finite Pick K KUKa

Examples 112 OR by translation
I 5L 2 G IH 3 In Z of by linin fractional transf

Another importantexample is the following

lemmaI Deak Y14 G Y is properlydiscontinuous Same istrueforanysubgroup

Lemma2 If X is Hausdorfflocallycompact GOX is properly discontinuous
tenX G Xl with the quotient top is Hausdorff

We discusstheirproofs in579 below Usingthese tworesults wegetThem2

ProofofTheorem 2 H EFisproperly discontinuous by lemma l

So we can construct X F A Lt F X thequotient map
Since f is continuous and F is connected then so is X

By LemmaZ X is Hausdorff

Next we define q X Y via q x p a if fca X

Claim 1 g is well def

PH Pick X ET H a a EF with tea X feat This means

7 JE H E Deck Y Y with T a a Then Play p orca Pla

so f is well defined

Am 2 f is continuous



Pff Pick UE Y open Then g U E X is open I g us EY is
open

f v 3 x EX with fix EU 3 a aft with Pea EU
It f u 3 a EY with p la su p u this set is open in I

Claim3 q is a covering

PH Y
P

dentedbyH

It E
given yet pick yeVEY open 3Uj.gg opens in Y with

1 P V JfUj
R
Plug Uj U homieKj

Take Wj f Uj Uj remote repetitions to setaelection Wjgey
for some J's J By construction Wj is open since I Wj Yes.gs where

Sj 3 ke J I 7 TEH with TCU Uj
In addition Gfw Wj V is home tj since fi to pUj is

continuous D

Claim4 X is a manifold f is a coming

PH Pullbackthe manifold structure ofY via the loved homomorphism g to turnX
into amanifold Then wecan use Theorem 111 57.2 Claim T concludethathis a

coming

UsingThem1 127,13 57.2 Claims I through4 weconclude that H DeckY X
s 7.3 ProofofLemmas 1 2 57 2

LemmaI Deak Y14 BY is properlydiscontinuous

Proof We know G Deck Y14 BY bydefinition To checkit'sproperlydisc
wewantto show that 13SEG Sknk 091 o for each KEY ampact
Take K p K CY impact Fr each y Ek pick Vyetofen

Nj joy
himthedefinition of coming Since K is compact we can pick






