

























































































LectureV11 Pre Shares a topology on setofstalks

So far we've seen oneofthe constructions of R S fromold ones I useuniversalcores

Subgroups of Deck F Y fr Y R S This was construction onlecture

Next 2 constructions involve shears on Y holomorphic fines i forms analytic

continuation of holomorphic genus along paths Theformeristhetopic oftoday's lecture

Recall Lasttime wediscussed DeckTransformations Galois correspondence

Theorem1 Assume Y is a unveiled manifold let p F Y be itsuniverse

cover Then p is Galois Deck Y147 I Y

Ha a'et withPla pea are Deck Ily with rca eat

y f
X ThenTheorem Fix X Y connected manifolds

thanking
Ply coming

i f is a covering map
e H Deck X Deck F Y H e IT x
3 Given a a in we have s f a flat e a Ny a 70th with Taj

Theorems Ginn H Deck Y 14 there exists a connected Hausdorff

manifold X coms A Y X F X Y with p got H Deck FIX
Idea X UH h I 9 ex play if I la X

xercise Thecovering f X Y isGalois G DeckTIX ADeckTN
If so Deck X Y Deck514 G

s8.1 Application Comingsof D

Next we classify coveringsof IDE 115301 3Z E Q 0421 1 Thesecoveringswill
unbranchedholomorphicmapsby Corollary 2 56.1 Since ID is pathwiseconnected

a h bus of f X Dt unbranchedcoming will havethe same size
by Corollary 35 5 1 The classification depends onthenumberofsheetsofthecoming




























































































Theorem1 Suppose f X ID is an nbranched holomorphic covering

Then it is either isomorphic to thecoveringgivenby exp is bythenthpour
Moreprecisely

1 If f has infinitelymany sheets then7 Y X HISZ Re 2 of
biholomorphic st x 4 He

II
exp

2 It t has n sheets then 74 X Abiholomorphic st X
where p z ZN f

pl
PN

Proof We are theuniversalcovering the exp D Since h is a covering we

have HL x

exp I s
is a holomorphicmap by construction

Deck the I D't e Z byExample 57.1

Now by Irem 157.2 Y is acoming G Deck Ht X Z

G IT x We have 2 cases to analyze

1 If G So then X is simplyamucted so f X ID is also the

universalcoverof ID Byuniqueness uptoiso 4 is biholomorphic

e If C k2 for her then by Theorem2 57.2 XI Hg 4 isthe
quotientmap

Consider g the ID
Sez exp za

then 8 is theuniversal clotting and

8 Z S Zz a Z ngZz

4 He
Deck He D't G The war isGalois

byTheoremI 57 I
74 d exp so 74 X ID

x ga
h a with Y la X

s y 404 9




























































































By construction prolix pno g a exp a if Yea x f pplfoY a f x

TheproofofThin 257.2 shows Y is a covering so holomorphic Now 4 is a bijection

byconstruction use it AA and it is a local bibolomorphismThus it is

a biholmorphism K N sheetsof

Theorem2 Fix X a R S L X ID a proper un constantholomorphicmap

which is unbranched on ID Then F Y X ID biholomophism sit

X Y D
o

fo Sme N 71

f
s y Pn

Proof Consider X X 843061 FY DD fly X ID

Then fly is a proper discretemap so it has finite fibers byThem155.27

Since IIs aproper local homeomorphismsID is connected weseethattip is acoming
useThem 2 55.2 with finitelymanysheets sayN

WeuseThem I 57.3 to build U r Xt D filling Xt ID

biholo p KPN

To extend 4 toY X ID we declare 4 b to the t ly Pro l f
So 4 is bounded on X theextension is holomorphic If we show 4 is bijectese

we get4 is biholomorphic Thisboilsdownto thefollowing

Claim If o a I

84 We use the tact that fly is a coming is
If t's o 3bi boy pick disjoint neighborhoodsVi Vr ofbi ihr

resp ID s EID o sci st F IDs E U W WU YA
This is done byusingthedefof ramificationindex thepropernessoff Then I 2 Sss




























































































But F Dt Y SN which is connected

Note each big is an accumulation ptof F ID's so FTD F D's

is also connected By 1 weget F IDs E Vi for a single j
which means it each by EF IDs AUj by construction

81 Basics on Sheaves

Fix X a topological space Y categoryof vectorspaces abgroups rings
etc

Definition A preshraf on X withvalues inE is a pain Je p where

i F is an assignment U EX open to 5143 Obj E sectionsm

4 For each pair VEUEX ofopens we have 5 U F V EHoms

irestrictionmapsatisfyingthefollowing properties
i Pu u id go t Qe X ofen

ii For eachtriple W E V Ell ofopens in X wehave

Flu Tv 5 V P W F w

x
Pu w Pr w Pyu

We omitpwhenunderstoodfrom context and write five Puult lo teJely

Example 1 Je u 3 h U E F is ant Po u usualrestrictions

pushrafofvector spaces
e G al gp mo g u 3 fi v G constant so usualrestriction

m pushedof abelian sups

Definition A preshraf EP is a sheaf it thefollowing local gluingaxiomhold

For esery open U ofX everyopen corn 3Vili of U II ÉÉ with

fi e Je Ui ti satisfying Pui vinu fi fu Vinu Lj His










































fi luinu hit u inus ie agreement m theoverlays we have a unique LEF

with Pu u f fi ti EI

Examples X RS

4 Pushingof constantfunctions is nota sheaf U n uz 0 with a different
constant functions f b I haUz I cannotbeglued to a constant

function on U nu z To get a sheaf weneed to workwith locallyconstant

complex valued functions Write it as g
We have a shares of commutative algebras

k O sheafofholomorphic hunters p usualrest Ux
U 3 f U A hole functionE

3 MeMy sheaf of meromorphic functionsmX V6 U 3h U A mere function

4 O sheafof non ravishing holomorphic unctions

6 u I h U Q holofunction

This is a sheafof multiplicative ab groups

c It sheaf of not locally vanishing meromorphic functions

06 U t U A new function i t is not vanishing identicallyona connect
ampmentof UAgain this is a sheafof malt ab gps

There is a wayto build a sheaf froma fresheaf called sheafification The

idea is to formally add sections that will allowto glue theold sections nthepresshey

The construction involvesdirectlimits Wewillnotneed it in this course

Our next notion leads to considering germsof functions It is thestalkof
a preshat at a point It is defined via an equivalence ulation



Fix a pusheaf F on a topologicalspaceX

Definition Given xeX wedefine the stalk of fate as a diet limit

Jex him Je u HueyJe u where n isdefined

as follows if G e Flu Fae F uz we say G Y ta if I Vegf Nz
with x EV st f

u
f ly This is an equivalence relation

Note The construction ames with a natural map FLU Fx
G E sequinclassof

It is a morphism inthecategory whereJelies

Examples StalksbyGpsMex germsof hold new functions war a

Ox x G xx Pt XEX
If X I Da I convergent power series in Z a with psitise Roc

Meat unregent Laurentpowerseries in Z a on anannulus
withcenter a

Remark We have a natural evaluation mop Ox x d
f to fix

We can test for trivialityof a section on a sheaf ofab groups via stalks

LemmaI SupposeJe is a sheafofsetson X Pick VEX open then the map
FLU In Jex is injective

Pay ist stigmatism ext pls 7 xeveu with first
8 2 The topological spaceof a presheaf

given a pristual Je ma top spaceX we build a space 1Fl usingthestat
anatural map p 181 X calledtheprojection may

Definition F1 U Fx p IF l X 12 x2
XEX ZEFx1 with P Fx Px



We endow 151 with a topology by fixing a basis
Definition Gisen U EX open LE Fu we set

UF 3 Px L EFX XEV

Theorem1 B 3NCU t Uopen FfJe U is a subbasisfor atopologyon 151

Furthermore this topology makes P 151 X into a localhomomorphism

Proof We need to verify the twoaxioms for a basis

i R E F E I FI then pick U open with XEU f eFlu
st px f 2 Then 2 E NIU f

e R E NI U fi M N U2 ta with 2Efx so x EV nu

Px fi Px ta 2 Then 7 x EV EU nu open ge F v with

til g Felv This means z E NIV g
Furthermore Py g Pyle fy ta Kyevso NIV g eN Us 4 MN Va Ga

To finish we show p is a local home This follows fromtheassertion

Claim Y P
no

NIU t U is a homomorphism took test

PH Y is a bijection 9 U Mu G
K Px f

Y is often 4 Nev g V fr NIU g E NLU f

Y is continuous If VIV is gen then YTV 3 x t fixer NIVG

Q Howgood is thistopology

A It depends on thetopology ofX how can we equatesections of F fromtheir

equivclassonsomestalkThis last audition is known astheIdentityThin whichwehave
for sheavesUx My LemmaI 58.1 is weaker thanwhatweneed



Definition A prishraf Je on atop SpaceX satisfiestheIdentityThuram

if the following condition holds AYE X open connected wehave if LifeFlu
satisfy Patt Saly fr sme a then L g

Remark This will hold fr U of shares m X bytheIdentityThis52
The identityThu fails for Y sheafof auto valuedfunctions on X

Notethat we are onlyrequiring 5 5 on some Fa notforalla EY

Theorem2 Assume X is aHausdorfflocallyannelidtopspace Je is a presheaf onX
es X a Rs

distying theIdentity Theorem Then the topspace IJet is Hausdorff

Proof Pick R E IFI with 24 We need to analyze two cases

CASE I R E Fx EFy with x y
The Hausdorff audition on X gives U U opens separating x y
Pick JensV V2 with X EV E U ye V2 EU f e Flu

Fz E FlVa
with Px ti 2 Px he

Then ZE NC V fi BE W VaGa NIVG ANNE 0
CASE 2 R B E Fx

By construction I opens Vi Va with xevinve and fifty with

Px h 2 Px ta
Since X is locallyconnected we can pick W open annected with XE WEVink
Claim N W Pu w ti A WCW Puwth P
PH If YeFylies inthe intersection then Pj Pu w h Y Py Pvcw ta



The IdentityTheorem says Pr w fi Pus w ta This contradicts 243
since Px Pr w fi Px fi Px Pre w ta p ta D

Corollary Given a R S X thetop space 10.1 isHausdorff Furthermore

usingthelocalhomo 101 f X we can makeeach connected ampment Zof101 int

a RS by pulling backthe structureof X via plz AndPiz Z X bea.us
Next we'lldiscuss howto buildthe connected ampof101 Forthis weneed analytic ant
We'llcover this nexttime

8 3 Aside onterminology

firm a top space X a pushraf F m X it is usualto referto elementsofeach

510 U EX on as sections of F on U Thechoice is madebythe followingfac

Byconstruction a section to p 1.591 X m U is givenby sell 151with

IP So F U I 3 U 5181 antinuous sectionstop fly
f 1 Sy Px f AXEU

post inCa

5 IN Vig VAV byconstruction so s is automaticallycontinuous

The Rhs defines a pushcartwithusual restriction Moreover it is a sheaf

Lyde condition If U i U III with posi indu satisfy

silvinu situ no U 2151 with silo si is welldef pos incl

If F is a sheaf then I is a bijection Indeedit's injectivebyLemmy 8.2
since Playa neut I V is home we see that envyantsection s U IF

there exist Vi fi faith in s E UNhiti spy Playa filving filviniet
U LEVI

Pxfi Px fi AxeVinu so ti tj agree locallyarrow eachxevinuj F is a sheaf Thesheaf
axiom allows us to glue fi's to Ff FLU It's easyto checkthat I f s


