
 Lecture X Analytic continuation

Recall X topspace I pushed onX n I FI YayFx P X Pl Ex

IFI has a basisforits topology NLU f 3Px f LEF u XEX

THN I IF I P X is local homomorphism

THRZ If I satisfies theIdentityTheorem fr each Uopenconnected f gEFLU
wehave his whenever salt palg fr sme a X is Hausdorff I be connect

then 151 is Hausdorff

Corollary Fr every X RS 101 is Hausdorff p 101 X is holomorphic

We can makeeach connected ampment Zof101 into a RS by pulling backthe
structureof X via plz Then plz Z X becomes holomorphic

Q Howto see if 101 is connected I determine its connectedcomponents

A Analytic continuation

59 Analyticcontinuationofgermsalong wins

Fix a Riemann surface X and D Ox sheafof holomorphic functions mX

Nextgoal Study analytic continuations ofgumsof functions tea u

along pathsin X startingatptsinUWe workwith germsof analytic functions

Definition Given a be X Y in Oa a o i X with
Iggy g

heanalytic continuation of P along u lit it exists is theunique lift

Cully L 191 101 of a relative to p with a ios Y EP

Remark Uniqueness followsfun I connected p local homomorphism

If this exists we say2 1441 in e O is the resultof performing



theanalytic continuation of Y along I

EquivalentDefinition Weneed a continuousfamily I tilt EOut for te Co i
This means that for all to eCoD we needto find

in an interval T Elo i with to ET

2 an open UTCX with ULT EU
B a function fell y with Part f Yt FEET
Since Co it is compact we can use the Lebesguenumberof a finite subcoon

93T Tt It to get a partition otostis at net gens y U

ofX with acct in tf e bi fie Oui h ist in with

C Pato Y P fn e 2

Fil re fit lui ti ti in s where Vi is the ann amp of U invite

containing ultis

I E WII
Note Topologyon 101 makes ie it Yt into a continuousmap

Howmuch does 2 in dependon thechoice of thepath u

A Onlydepends on Ca Et la b if we can lift homologies

YonodumyTheorem Fix a Riemannsurface X two points a b EX

two homolofic cures no u 0,1 X joining a to b Consider a homotopy

H o i x o i X between no u set us HE s frossel
Assumethegum 4 E Da admits an analytic continuation alongeachus
Then the analytic continuationsof4 along no u givethe same germquills



Pf This is a direct consequenceof the Lifting Himotopies

ul to p statement see Theorem 159.4 since 101 Y
je'sX are Hausdorff p is a local homeomorphism

Remark Monodromy take a b no well homotopicpath I Ha

Take a o 1a 4 4 Nao weget All 4 Aca 14 Y

Corollary If X is a simplyconnected R S a EX Yella is a germ
admitting an analytic continuation alongany are starting at a thenwe can

find a global holomorphic function FEO X with Pa t 4

Pf Given x EX set Yx Ell bethe function gum obtained fromtheanalytic

antof4 alonga path a joining a tox The instruction ofYx is path independent

by theMonodromyTheorem Set F X A fax Tx
Then f is holomorphic onX locally holomorphic Px18 Tx tx

In particular pal f Y

BytheIdentity Thrown t is uniquely determined D

The dependency on thepath will lead to amultiplied function analytic ant

Oa24 a If Ob we'll makethis precise next time

The formal constructionof AC will achieve a things
Solve the multivaluedness issue

Find a holomorphic function m a RS X representing thegermY This

will allow us findall gums that can be constructed as ACof4



9.2 Weierstrass analytic functionelement

Theoriginal construction ofanalyticant is due to Weierstrass fr X E
Y E Da aurugent power series in Z a in a discD D a r Roc o

Q Canweextend 4 beyond D

i
marc amputee it's Roc ri If Dr c XD then

with Cz ED r C I

Examples O 4 I z Elf liftsto ID We can extend it to f
Iz onA3

n o

I E Z Ello gives a function on ID This function cannotbe

extended beyond by powerseries centeredat ptsin ID because the

series diverges for any nthrootof 1 fr n 1 r l lol

Proposition p 101 X is not a coveringmap

Pf It's enoughto find a curse on X with no lifting relativetop
Since X is a 125 wecan replace X by an openchart U I DaoEG ID D 101
Take f E Z in OLD consider the germFPo f Ello

Pick a o i X ait eat since fdiverges ona densenet of

namely exp 21TiQ we see that f doesnot have an analyticcontinuation along
Hi 101

u with initial value Y In particular
p g typ

d lol T
D

Lemma 101 is locally pathwise connected But not connected



PH Since X is locally pathwise ann p is a local humid thesameholdsFs10

IF 1.01wereconnectedthen wewould have 101 path connected so anygerm would

be connected to another by a path in101 This would say any 2 germs of

analytic functions would be analytic ant ofeach other whichwe know is false

Next we describe Weierstrass analytic functionelement

S h Dr a f Dr a A hole

So f has a power series expansion in Z a roc z r

Wedefine an equivalence relation m S
f Dr as N g Ds b if F u o i A withyo a

4 I 3
t the analytic ants off along a exists agreeswithg Moreprecisely

ACult a Pb G

Definition A function element is an equivalence class of 5 underthis relation

Remark Sincelocal liftingreltop exist paths in Dr lay are homolofic get
h Dr as It Dredd

Moregenerally small perturbations of u givethe sameanalytic function

Example F
Q

F Z C C Z E LEIGD Ent

u
I It wego around u weget Z In

So G ID i v f f ID i

Moredetails nexttime



Conclusion firmYella It DrLa ES with Patt 4 theWeierstrass

function element corresponding to It DrLa is exactly the connected amp Z

101 containing 4 The result will be a R S since plz Z X will

be a local homomorphism

59.3 Analytic continuation formalconstruction

Fix Y a RS O Oy sheafofholomorphicAvalued functions

Next we formalize Weierstrass construction analytic continuation is a multi valued

function since it depends on the path a startingat at Y In orderto consider the

spaceof all possibleanalytic extensions ofYella we'll workwith the connected ampof10

containing 4 Thiswill give us a naturalRiemannsurface 474 a local how

P I Y
it 3 E Oy

Definition Pullback Pushforwardofgerms
Fix f X Y toralhomeomorphismbetweenR S
Then weget a pullback mapofgerms ft byha Ox x T2 Pxgot
if y is represented aroundyet by gellyV with y eVopen
Thisis welldefined an isomorphism because h is a local homeomorphism

Recall Givenapresheaf FmX wehave 1157 u 5181017 HUEYopen

Elf is a pushy onY

This descends to a mapm stalks fx Fx s f F yay
where if SEFIv

tixEV.fm then 8 1 s Slolo nu

In our case we getthe push forwardmap A Ox x Oyfly



Remark Since Lisa localhomo weget Pa Pt Ox Oy six

Definition Fix Ya RS a EY Yella Ananalytic continuationof Y

is a quadruple X P L b where

1 X is a RS p X Y is an unbranched holomorphicmap

2 t Y C is a holomorphic function my

3 b isapt in X with p b a Palp f Yella
Wesay X P t b is maximal oruniversal if it satisfies the following

Property given Z F g c anotheranalytic ant thereexists F Z Y hole

satisfying pot g Liberpreserving with Fiat b tote g
Z Y z Ey

Ake stats
LemmaI A maximal analyticcontinuationof YEO is uniqueupto isomorphism

84 Take two mil analytic continuations X P 1,6 Z g g c
so t Fife X G X I holmmphisms with Fic b Gls c

Z
F
X z X Z X Z X

Afd a p style ska
GF

Z GoF b b
But then Got Z Z satisfies

z g
5 Got is a lifting of fuel to g with Gofa s Since Z is crud

Theorem 2 59.3 ensures Got idz liftingare unique
Some reasoninggives FOGtidy We andudethat Fisatiholmurphism

r 9 pot isuniquely determined



7 9 I queby

g Lot

C FIb
D

Q Howto build a maximal analyticcontinuation

A Use connectedamp X of 101 containing Yella

Thum firm a RS Y YElly a fs some aft the exist amere

analytic continuation Moreover it equals X p f Y where

M X is theannelidampof IllyI containing YEOya
121 P Ph Y s it REQy

N f X E 812 R Ma

Proof By instruction X is a RS p is holomorphic In addition P 4
To show that I Xp f 4 is an analytic antof Y itremainstoduck z thing
Wedo this in 2 separatechains

Claim1 f is holomorphic

Pf Recall p is a local homomorphism p NIU s U fr UEYofenand
sell U

given EX 7 U EY Selly u will BE N Us
U is connected so U Us is alsoannelid Since X is theamampof3 weget
S E NCU s EX
I
ago s

sty Sly p s say HyeU Es Ellyy

EMU s t
s A is holomorphic bydefinition

s hole



Claim2 P 141177 4

PH We pick NIU s with Y EMUs a EV s
a
4

Pill Ppa 1 s s a 4

This is my general it sew U s yellwith easy weset P fog fl fyls 3

To finish we needto show the quadruple is a maximal A.C Say we are

givenanother AC Z g g c We wantto define F Z X holewit

pot g FCC b foF g

Pick Ze Z y p z Sima Z is path connected it is a RS

wecan find a path v Co1 Z joining c to Z

Then Egor Co i Y is a path joining a to fiz y

Claim3 2 9 19219 ACA Y i seelemme2 below

In particular ZE X paths in101 stating him4 correspond to analytic

continuations of 4 byDefinition 59.1 We set F z 2
Claims F is welldel holomorphic pot g FIC Y hot g

PG o f a Pels is indefof v F is welldef

pot P Aegon 4 il fat bydef ofp
EUY FA

Since f p are loud biholomorphisms pot g forces Ft beholomorphic

If Z c we take 0 1 Fcc Aca 4 i 4 bythe

uniqueness of lifts relativeto g I V

Sofa f Acutely fl
Eff

s
y int lil

yFA E WN s sell IU gev y



I 921s z 9 z If Qi Qi fi
ez fendhome

and

194 To DTo proveClaim 3 we use the following lemma

Lemma2 Fix a R S Y a EY Yella an analyticcontinuation 127,97
of 4 Fix 0 o i Z a nun with v lo c write z V i Then

the function germ 4 9 119 E Uyga
is an analyticcontinuationof4

alongthe curse u gov 0,1 X with startingpoint a

Roof Given te Co I we write 44 7 64,181
E Q

gory
Then

i Yo 9 Pc197 4 byDefinition259.4

Z 41 1 182181 4 lydefof 4

To show Y Aca4 11 we use that Z is connected g is localhomeomorphism

O ft z z Oy ga is an isomorphism as well tze Z

Tale u for o i X 4101 9 4117 712
at co

we want to build a on Z liftingofu reltop with Ico c



Claim YEYE for all t

PH P YE P IF IPut g for t Ult Ht Yo Y

We chickthat Ut satisfiesthe equischaracterization of ACaly
For each toeCo I write you to for to 9 z Sima f is a loud home
72EV E Z yo E U E Y opens with flu Uo to home

We write h golf V I so he Q V

Z PQ f

at le
Y EE

Things h E Oz Vo we have 9 zig fath V20
Pick open nbhd T of to in Co l with v It e Vo For each tet we have

Patti h Sport h fu 181 Yt Italy 2 4stil

These guys gluetogether as inthespiritof Weierstrass'sdefinition so wesetthat If
stheunique lifting of a ul ti p with Ico Y

Conclude a i Aca Y 4 Y D


