
 
Lecture XI Differential forms

14 Basis definition

Fix X RS U E X Men chartwith Z UI ID z xtiy
View X on a z dimensional realmanifold with localword tx yl

Definition 8 sheafof smooth C function on X hurt the nal structure
offalgebras

Given U EX open at X write viz fir on chart with t U't ID
9 O

8 U f U A Hae U 1012 openchart GgE ID Q is co
around a

Restriction maps are the natural ones

Given a e X Ba gemsof co diffble functives at a

If IV Z is a localchart wedefinenatural differential operators

3 8107 8101

by E f toEliza EyGia 18oz yap for
each af U

Thedefinition off I is chart dependent

Definition Zz Zz 810 810 via E E i

E E iz
Exercise Show 0101 Ke 1227 e 8101 Candy Riemann by if
Definition Ma 3 EE Ea play of is a rector subspace ofEa wordindy

We say M E Ma vanishes up to seand roles if II lay daylay to where
2 is lifted to N H ordinate chant bra

Set Ma 3 yeMa that vanishupto sand order

Definition Tat Meg
is a vectorspace It'scalledthe cotangentspanof Xata

Thisdefinition is coordinate independent



If U rn a EU webuild da En Tall as dah

Ifaf
modma ft

Eg X D a t t

Yffxy
dx dox X modMo dy doy y mad Mo

Remarks dat da t xtiy da x t i day

dat da lx ig dax i day

harem1 Gim ae X 10,7 and chant for a with Z xtiy Ta has

basis 3dax day Furthermore if Reba is represented by FEENY U's
3dat dat

we have dat 2 19 dax Ifla day Iz la dat Ifla dat
Proof By Remarks weneedonly prose the statements fr x y

Claim1 Sdax day4 spans Tat

PG Fix te Tal writ Ye Ma for a representative of t

We can writedown the Taylor series expansionofY about a as

YE EE t c x t ca s t 4 with a Ged Ye Ma

In particular O Ci Xia t z bias to

Regrouping tix C x xia t se ly y la 4 so t E daxday
in TaF Ma Ty Ma

Claim2 Sdax day4 an li

Pf If O C dax t ie day c da x t c day fMal



meaning c x Xia t sa ly y la e Mat

O 2x a
ITakepartial derivativesata

y I so Max days is l
Claim3 The identity dal 2

la tax t la day holds

Pf Pick Le Giv then da t f Gia mod Ma

Using Taylor seriesexpasin
Iggy fi 1 11 3519 1 1 8

with seMa

I check the ing fr dat e the coordinates z e I we usethe and change

E J
i E

dax I I datt dat day g tdat dat I dat da

b dat I Et that dat i 1 É la
I Hat dat

Ifielddat tf dat If la f z dat tf dat t

113z E.EE t E daIEdat
Remark The cotangent space is dual to the tangentspace Cf Is
corresponding to infinitesimal pathsthrough a

How 3 Path 8 f a e X tie ah x Ya E

10 G I 4 1 to
lipto shifting we may assume fsay so This mat descends to spathsxMg



19.2 Differentiable i 2 forms

Next wedefine a more sheaves by means of local coordinates

Definition 8 sheafof smooth i fours my

Given U open a EV writeWiz for a local word chart tha withU's

then we n beanies w flex t g dy with f g e 10

Lemmond The construction of 8 U depends m the choiceof local coordinates

but the local definitions glue to we 8 U

Pff Assume we won a local coordinates around a EV

U Ex D U Em D

Then we get ID YoY s ID

ft o

ix yp
In particular x xpu u

y y Miel

W f dx s dy to fixing yin Ea dat fr do
soft xian Jiu 4 tf dat tf did

i

This is the gluing data that allows us to build wt E U

Note Alternative we can write w E b r via thecoordinates dz e de
w 2 da t B LI fr 2 BE 610

We use this to split 81 into a spaces Ta I in a word

independent fashion Note we cannot use tax day to split 3



Definition Tia's span of dat in 8 ta s spanof dat a E

Lemma2 The instruction of t t is independent of the local
coordinate z picked around a

Proof We prom this by detect computation settingztutiy
Claim

If la SEE II la E

PH I
Y U Y

3
is co e its inverse is also C
Mum it's biholomorphic

Call c II dY to it mustbe invertible

a

III pidgin IExtifeifeifja
I IE ie t 11 Ii Igo É ta

E's ux.gg inxs gives 4 at to i E

Eglais dye i dig it

LIFE TENT IIIa ECE i
entity Iya

Effie t ki E Eye in I

Claim2 JE la II lay to 1by CandyRiemann

843 la I 12 II a E III ti left entity
I IIe v1 Ii flat Is o by Kel

3Ica 13 idf liar Elke item E E if
I Idfa Iia Il kittens



Aside CR equation for Z say 37 0

Conclusion The change of basis dat dad to 1 dat dis is diagonal

de II dz tafia dat I
c dat to dat

thrown 519 chains 122

dat JIG dat É la dat o dat t I dat

Thees I dat d dat Adat Adat so ta T
an dined in a coordinate independentway D

Corollary Using Ta Tal t Tat we define

d'a Ea s t d Ea Tal
with da d a t d

Thees d's1C If la dat e d a f deflay dat
Here we lift ft Ea te te E tu with viz word mild of a
Immune2 says dc e d'd are chant independent

Alternatively I't fly Idx tidy
I t lxzits dx idy

Note fellas Ea e d alt o

Definition 814 sheafof smooth z tous my
Foo U open af U pick V z a local word chart fi a

Then we tu't if it can be written as w if dxndy.fr ft8101
In this case the gluing data is givenby the Jacobian relating thefans
with infect to the 2 systems in a



tax n dy g dun do got G'at E Ir
In E
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514.3 Exterior differentiation of forms

Next we use a I build derivations d did 8

achain complex E d 811 d of12

OOn U E X open we can write we guy an a finite seen w fridge
when th sa E C l Eg we tilt t fade it t is a loudword

fr U's U Set

d Zill roll d 3d 34h d EY Ell
W i I denndgic

a
w dfunds w Edtends

LemmaI d d d are welldefined lie indep ofthe expression fr w

Prof We do it for d Theothertwo are similar

Assume w En te dga 5Fjdg work on a wordnthd

U Z when Z x try
We want to show dennden E Ifj n dfj

Note dga 25g dx 34 dy
Lij II dx II ly

Then from the expressions of w we get

jFE Cu 29 E 5
sax dysisabaris h E'd

121 2 fu by 55 Eh



Next ampule Fyi1 y 127 using 2 expression

I 3,14 1452 4355,7 21,4 4 yl
E 2

I

51 3 3 1

Now dfa a den 13 dx t 251 LyI n dgu

12 dx t 2g dy n off dx t of dy
YE E 7,42ft dxndy

Similarly If adj HI I Jj III Ix dy

conclude Ifn ndin 12,4
2 3 If dx ndy

I 135 II JI FI x y Finds
So the definition of dw is independentofthe expression

Properties Given U opensubsetof X RS LeElul W f v1 wehay

in d d te d'd't d d f o

n d w d w t d w

4 d I fw I d f n w t Edw LeibnizRule

d ftw d f n w t t t w

1 Cw d t n w tf d w

Proof in ddc d I l dt di nd b on dc o



d'd't d if de d ly ndt 3 It a dz o

Id t d 2 LET I
LINE JET LENE 0

a d d t d m E 8

So did't d m II't 3,1 since d Eendsn dfundsu
d Ecu Isu dfundfa
d fads.ie End'tundg

EI41 Write w I hadsis use d lab af bye
dit bn der d ithuldge dithulads

I E f the Ndsu that dfn
PwdRule

nfga.im ItttdfalEII
d If hadgu

d that deal E d thu ndsu
14 hut ndsu t ld'thaladen

f d la t d't n w

d d d so we get di cul ft w d f n w D

We can use the derivation d to build a chain complex

On 10,2 localchart

Blu d
ng guy

d E o

f i fxdxtlydy

adxtbdy s t ay that dxady



More precisely dladxt bdy dandy dbady

Igdxtaydy n dx t lb dxtsydy ndy

axdyf tag dying bxdxndytbydz.no

These glue to give g d ng I of121

Weknow 22 0 byProperty ontheprevious page

Lemma2 Using d Ew 31 e 8,1 a d 3 Es m 10,21 local

chart weset d'd f If dendt I Itsy
dxndy

Definition We say te Elu is harmonic it d'd f so I ie Dlt o

519.4 Pullback ofdifferentialforms

Find I X Y holomorphic map between twoRiemann sashaces

Fix VEY open consider It 3,101 Ex F 1101
f Got

Weget an induced map n smooth h forms 16 1,2

Ft EY 101 84 IF Iri

We getthe following expressions

Fr hit w Elude Got disnot I the d gu
InSnÉEylui

Fn K 2 w E Cn dgundhu to Elliot dIsaoF n dhkot
Knish ha E Ey th E Ffa dlf'sul nd ha



Need I show this is independentofthe expression fr w
IAlternative wahwith localcoordinates show they gheeto give F

Proposition It commutes with d d ed

Proof It's enoughto work in local coordinates Pick 10,2 localchart inY

Pick Ya't loudchart with VE F lo

Set k o SEE us o d g 3 Ix dy

F 1dg I'll dg Ift d gl l diff L IF's

In coordinates O OU
utiviwy It

d III dlsigto.Idut gtiw.li du
OF

F 1dg ftp Iidx 2gjldy7 Etlz.IIYItYjI't.IE
But d x 2

gw du t 2x ow du

ditty 2yoIg da t du

To slow It 1dgl dF'g m ID EY we need to in him

Elstow l dls 2405kt 2g 2905ft
similarly for Z
But this is preciselythe chain rule sing go to a goZ D o fo Fou
Z x y

Next we check the statement fr d'sd Sima d d'td's it's enoughtodude



Ideally Elul 3 El 81 Iit thesplit structures an
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F Og MF

EM a
s Et gig

mtected thenF'aunts
with d ed

Fd's FT Sz dz F'IS I E I Szot d El
d It t.SE Lwt2lfEI do
Sima F is holomorphic we hate that zoF is also holomorphic thees

231 0

Conclude F Id's Szot 213 dw

d gl slow dw Is.tw du

HoFlw Is z YokoF w 21fÉ lot FEI
Sz F 251So wegetthe quality we wanted

St hot W E d ta ndsn E 31101

It Idw F d ta ndsn d Cal nd gu

d I Found Fsu d I iwi

F Il w It d fun dsn d Cul nd gu

d l Found Fsu d l iwi

F Id w It Edin ndsn d Cul nd su

d I Found Fsu d I iwi

Consequence If f f Ecu is hammis then Ft f Got f Eff int is also
harmonic
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