
 
LectureXVII Integration of tous eDolbeault'sThm

Lasttime we used Dolbeault'sThu to showH'IDrin O HK 61 0

Notation Q D t

Dolbeault'sTheorem Fix X Dplo 3 Z 121 RY G OE REN SEEN

Then F F E E IX with EE g

Today we'll give a proof sketchofthis result We'llbuild t by an integral
Fr this we needto talk about integration ofdifferentiable 2 towns

518 t Integration of 2 forms on Cl

As usual we start with the case X X Fix U E f open WE 8 1

Write w f dx ndy with LE8101

Det Assume f has compact support lie 7 KEV ammpact st flu ke o Then

I w ftp.ydxdy

Next we wantto see what happensunder holomorphic coordinate changes

Lemma Fix VEG open Y U U a biholomorphic map If
14,61 x y

WE 8401 then fl w few0414

Proof WriteExtiy III xu xu

Yu Yu
This gives Jay dit 3411 XuYu rly
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Theclassicalchargeof coordinates fires I f d xdy f fol Jaxy
du do

But 4 I dz nde d4 nd T Eff da
nKE dE Y Edende

Tantholo II ILecture141
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Y'w to4 14 t du nd r e fu give Iw few
18.2 Integration of 2 forms onR.S

Fix X RS To define integration of e forms we restrict toimpactsupper

Def Ginn we x thesupportof w is defined as

Supp Iw I a ex way to

T define Sf w with Supptw impact we proceed m z steps

we nshit to localcharts compactly supported scalars

we use partition of unity to extendhim to a general compactly supported w

STEP I Fix K fampactt supportof w assume we have 10,47 local

dont with KEV Write 4 U YEA s 14 Etty Eli
Then Ssw Gw 116 w

X
y

lemma I The definition is indep of the choice of charts

Proof Assume Y U U is another choiceofcharts with KEV

We can restrict to 0 0 I otherwise take UNU U V 410
V s 4107
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But f 4 w 4 1 04 w H Y o 4414 w 47 w

so f 14 Tw f w fly i'w as wewantedto show

STEP 2 We win k with finitelymany local charts Uk Un V21
We use a partition ofunity Gil sis salrelinateto UnUnSat todefineDw
Definition I w Kw Ei I ti w
Lemma2 This is well defined I ie indipof h of opencovering partitionof

Proof It's enoughto show that the statement holds for refinements

I take common refinement of covers ethe associated partitionofunity

This is easyto check by covering ofencharts showingthedefinition of

agrees with in this special case All our sums are finite so we can rearrange
at will

18.3 Stoker Theorem

Next we formulate a special caseof Stokes Thin in theplane

Theorem1 Fix U E A open A EV impactset with 2A smooth Wr rien

2A so that the outwardnormal the tangent rector form a positively oriented basis

forA lie orientation inheritedfromG Thenforany we 8 us we have Idw Law

Wewill onlyneed the case when A is a disk or an annulus ie
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If we tdxtgdy we have du Ig tyl dxndy IF
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becauseof orientation

Proof forannulus We workwith polar coordinates

Set z r e
it E f r e R os of 2k X as a

r Tty o ton ly Ig two
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II Ig sty If

It's enoughto show it for we gdy w tx separately and use linearity

STEP I W gdy Write Six Glo o

Sdx ndy E E 3839 E d 3 do n 2yd 2g do
Gr aso Go 1song astde rsentdata mo d t raso do

6,90 Go Smg rasco tram'd drado

G raso Go mo d n do as021,6 Io smog da
KHS of l becomes

SS Sx dxdy I I ane f fro Isao G drdo
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onlythe firstteam survives
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because I sdy G raso do t EE r EE

I gdy Grass do if r is fixed

STEP 2 W Fdx Uh the changeof coordinates

xy 19 x t we need the to preserve the orientation

This transformation has determinant I so
fftydxdy
ffgdxdyfafdx
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Proof forthedisc Let E ot for the annulus notice fix edgy

Theorem 2 Suppose X is a R S we lx is a differential loan

with compactsupport Then Idw o

Proof Fix U open with U SuppX K compact Find localcharts

Ui lili coming K insideU a picka partitionof unit sapprdinate to it
I hi En4

Write w fi w so w w t two

Then each wi has compact support Supp wi E Ue ti ti in

In this setting we are reduced to X d Vi ID Supp wi

Then
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518.4 albeault's Lemma

Ournext objective is to confirm dinah lx O co whenever x is a ampactn

We'll show this fr X M In order to do this weneed to solve the equation

É s fo f f f b y for X d o Dro s A

Inane In homogenous CauchyRiemann Efa

Lemma IDolbeaultl Assam g E E a has compact support Then Fff 191

with Zz 9
Proof The solution f is givenby a Cauchy type integral
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Claim I L E E Q

Wecompute SS in polar coordinates Write Z Bt r e 3 xtiy
I It re

ie

dz n dz dx tidy n I dx i dy zi dx ndy

But X rose
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dy smo Ir tr ast do
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Thus 113 If 813458 l air dr do f sistreigetoardo
FEET Thor xlo

This shows f is well defined it's a smooth function D



Claim2 If g

Wecompute partialderivatives underthesignintegral

If felt rein e

Idgaf
man

ziti stint 3713
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polarwordexpression
Z rest

Here we usedthefactthat the firstintegral is well defined to express it as a limit
of an integraldefined away from 2 0

Now
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By Stoke's Thin n Be weget

5 Est tw 1st few Idiot w w

If Rs I then g o on Cr so to

now E dYeÉ Idiot ileiff i do on Ce
IE is anstant

few 91 tee ido at settee it do



gig ee to do 813anana fg fit Ytf
g.mn eisaymnt

D

We can remove the ampact supportaudition if we workwith X Delo
IR E loDD

The next result is aspecialcaseofDolbeault'sLemme in several complex variables

Jolbeault'sTheorem Fix X D to 3 Z 121 RY G OEREN SEEM

Then F F E E IX with EE g

Proof Take a sequence RoSR s with lip Rn R setXu Ppl
Takebump functions KEE x with supp Yu exampact

Yu
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Supply Maxx D
Supp Yn impact Sina Xn open Supply isapt

By Dolbeault'sLemmon applied to su Yug E E xn FLEEK
with 3 Yg m Xu

By induction m w E IN we build ha haha st

It Six on Xn

EIR hat hi hat 1 11hat hull xn I 2 uniformconvergence audition

Ina ho lo ha In P for a suitable polynomial aming

fromtheTaylor series expansionof fat ha about o with suitableboundon
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