
 
Lecture XIX Finitenessof din ti ix61 Is Xampact

Recall tech cohomology as H Ix F bye H'Il F 1H'll F H10,51

1 X toy is OCU isrefinement
span H lx F so the opencohering H'll I 1 0

Leroy'sThu If I is Levay IH Ui F so ti H lx F e H'll Fl

Examples H lx E H X 217 0 it X is a simplyconnected R S

H l X E I o fr h o e ti otto it z fr X R S

H lDell O H la 6 H P 67 0 lo Rca

Riemann Unionization Theorem will say they are theonlyones taptobikolomophism

keyfor was Dolbeault'sTheorem I see lecture Xviii for a proof sketch

Dolbeault'sTheorem Fix X D to 3 Z 121CRY G O EREN SEE I
I a D loll

Then F F E E IX with EE g

Nextgoal Show dime IX 01 co for X ampact RS Call itgenus IX
Build um instant meromorphic functions m compact R S
with various restrictions general case Riemann RochThu

919.1 Finiteness Theorems

FinitenessTheorem If X is a compact i S then H IX01 is finitedin'd

The result is a special case of Icy is compact

Theorem Fix X a RS Y s gems with Y E Ya CX Then

The restrictionmap H Ya O es H 141,6 has finitedimensional

image



The proof is described in detail in 514 15 ofForster's textbook We'llshow

whenthe main difficulty lies

Tenant First define res on Eichcohomology relative t.mg
Fix I I bid if I opencovering ofYa Then D 2 Vin Y S is a covering ofY

Jake Z Y 6 res Z I I 61

tiffUnit I this lVignyLte res amygenageth 2 so it defines res H k61 H O

Note res is compatible withrefinements on corersof Y Yz

Take tinct limit in E e use definingproperty of fig
H 11,61 I H 10,01 bigH 10,6

H14,0
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Roof Pich a nice enough open covering prosethestatementfor it

In each ye Ye an sides a loudchant
byEI

Pide Wy I l Bicol for each y la Then WJ E Uy is impact
In each yeYe
Thecollection 3 Wy ye'll covers Ya hencealso I s 12

By ampactress ofY we can find a subcorer wit i Wn Consider

the unespndering gem 30 V S I Wi Wy Vi by

Then Y C É Wi f G Y U C la mi Evil
Ki



Note T Y T is compact et is a closed disc

Take I 3Ui Kien I 3Wi ii tens wrennis MY R Y
byopens homomorphic t ofendiscs in Q

Keystep Show H 12,0 res H 11,0 has finitedin't image
user chatofanalysis K noms on cochain

By construction I I am Leroy coming I opens an discs t use
Thoren 517.5

H12,6 res H'IL O
Leroy'sThin 11 It Lemay'sThin

H Y 6 S H Y 6 finitedin't image
n bykeystepe

Hiya61 res H ly O

Sina in H 42,6 E in 1H's't b H Y 01 the later is

finite dimensional by the keystep this confirmsthestatement D

Corollary If X is a compact RS din tix 61 co

PCI TakeY X in the Finiteness Thun tres id

519.2 Consequences of FinitenessTheorem

Thesefiniteness resultshaveseveral important consequences regarding construction

of nm constant holomorphic meromorphic function on Riemann surfaces

The Riemann Rod Thin will be of the seem spirit



Corollary I Let X be a RS Y X a relative compactofen subseta X

Then given any aft F GE 0614 mn constant holomorphiconYY

with apoleat a In particular it x is compact we can take Y X

Proof Takea local and chart 10,21 around a Y I with UCY

Take theopen cover I 3 Y U Uz X las of X

Viz U 39s I D There an no triple intersection

Claim H 12,6 Ms H KAY O has finitedin't image

84 H 14,6 res HIM 6

f o f
H 14,61 es H 14,6 finite dim't imagebyThem

Writ hidingfresh 14,61 EH 414,6
New Ej E O V Muz for all j 1

Sima Z I O 610,102 Inotriple intersection onY we

write Sj Z J e H 14,6 for j l 1st

Wehave more than the dimension of res H 4,6 s H 414,6 so

I Étly jet has an linearlydependent module B 114,0

Pich er cut Ek not all o with It Cj Z J 26 41 I

fr some f E C any 6
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Here L Ki ta with f E 010,747 6107
Gz E O Y't
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ofthis function

Thus f E 0614 is non constant holomorphic on Y Sal
has a pole at a B

Corollary2 Fix a compact RS X n distinct pts an a m X

Pick a in Ed Then F GE061 7 with fiajtsjtj.tn
Proof Pick Ii E MIX s.tt has a pole at ai it's holomorphic

a X Lais twe can do so by Corollary 2

Next we massage ti to find gig file x with no
poles at la yen

with gij lap I sista 0

Choose dijied so that dig fi lajl t fi any Uk i

Iwe can do so since 3 fi laa fi la h is5 is finite I

Claim gig iz
f Itt ti 195 works

Gi Iz l fi lajltdij
Pto gig is holomorphic on neighborhoods of all a a sincethedenominators

don't vanish at an fr k ti

At ai this singularity wines from tin so they cancel out



gig in
I fi 19

sit

I fi la di Fai
Litt

9ij 19 Fi
0 a gig tail 1 D

I finish hi I gig E Mix holomorphic at ai an

hi lay
it k i

o else

Then I Ei cjhj does the trick

Corollary3 Fix X mm ampact RS Y EX open Then I holmurphi

function f Y A which is um constant oneach connected ampmentofY

Proof We needto replace't bega relativelycompact domain containing it

Claim1 Build Y open with Y EY EX Y connected

Pf Fn each a Y pick a local chartU Ia'D around a EY
Then 9 Dito I corers Y

Then I E Y Yai154101 E YI Yai ID toll
Since I is ampact we can find a finite subcorer using ai 9in

To buildY we need to connect Uj Yai Dito jet in



Sima X is pathwise animated foreach j z ya we can find a
path Oj Co i X starting at ai a ending ataig
We can find a summited openWjcontaining inOj I use a coverof un 0 by

finitelymany localcharts use thefactthat Oifar is annelid to include that

thiaminof thesecharts is connected

Then Y YUj U Wj is open undid a TE Uj C

Claim2 Y M 0
PH Arguebyantradiction If I CY 4 thenY is bothopen closed

Sima Y to ax is connected we have X Y so X T isimpact

This is a contradiction D

Pick a E Y 4 use Corollary applied to Y EX to findamermurphis

unction f m Y mm instant with a poleatY holomorphic outside a

In particular since Y is connected each connectedcomponentofY is open f

cannot be constant m them otherwise it wouldbe constant onY Thiscannothappen

Batou stating a proving our last corollary we need the following lemma
Lemma Fix X a R S then H IX O is a module over O X

Proof Multiplication by f E 61 7 defines a t endomorphism
H Il 01 H 14,0
1st 18g Iflug Gij is

for any opencovering I Vi ofX ampatible with refinementmapsGE an

thus yields a linearmap H l X O H IX 6
The required axioms formodules 01 1 an easy tochick D



Corollary4 Assume x is a um compact RS e pick Y Y open relatively

impact subset ofX with YE Y X Then

Im I H 1416 res H 14,6 3Of

Proof We know byThuram's19.1 that the image is finitedimensional Q

Say it's value is not pick 3 B E H ly 6 with

L span I res 3 rests Im Ires

By corollary3 applied to Y EX F LE 014 um constant many
connected ampmentof Y Multiplying by f gives an element in End H1416

bylemma5192

fifty EI CigBj ly on Y with cije 9

Next we define Fi dit f f Id I i l E 614
Claim1 F is not identially o on any cunicted ampmentof Y
PY E GIG when G dit IT Id Ki e act monic ofdegree n

Write Z for a crucial componentof Y If F o n Z then in f z
lies inthe setof n roots ofG it is annelid tf is continuous m Y

so Liz is instant This contradicts our assumption on f D

Claim2 Fi o m H14,07 F L o

P.LI Let's see it first fine Write f's a 3 t b 32
Bz a t dBz

F let Ig Ig a lat d f ad be






