
 LectureXX Divisors m RS

Lasttime FinitenessThin its corollaries

THM X RS Y Ya ul ampactopen subsets Y E Ya Ex Then the

restriction map H142,6 H 4,6 has finitedimensionalimage

In particular it X is impact then genustxtdineH'IX 6 co

Consequences

X any RS Y X a EY Then 7 Gf of Y mn constant holdonY lag
with a pole at a

X ampact RS Ian a t n ptsmy e is ins I That fed
with flag sj Ajit in

X non compactRs Y EX Then Fff 614 un constant oneachconnect

component ofY
X mm impactRs YE Y'EX Then res H ly 61 H14,0

TampanwithTHM X was general attire now it's meampact
i

we and intheproof

Lemma Fix X a M.S then H X O is a module over O X

Proof Multiplication by f E 61 7 defines a endomorphism
H IL OI H 14,0
1st 18g If

upGijlij
ampatiblewith refinements ICE

NEXT Howmany lin indy new functions on compactRS canwehave with certain

order restrictions on poles

520.1Divisors m R S

Definition A divisor D ma Rs X is amap D X Z where for each

KC X compact we have Supply 3 xe K Dix of is finite



Dix X 4 divisors onXE is an ab group under t

Obs Div X is a post De D if Dix E Dix VEX

Q Howto build divisors

Examples Divisors from meromorphic functions ma RS X principaldivisors

Fix YC X open af Y o if f holeat a
C la to

him da i 20509 da it sand
oforder kf ndalt ok it a is a poleoffof
orderK
if too inquabhl

Given ft Glx lol we have a divisor on X lappaldivisor

D f X 21 a t odalt
Obs Zenon PolesofXan discrete so I Supp1871k I a K kex compact

Note t o L E 01 1 304

Principal divisors from a subgroup of DivIX sima fg f Ig
Ya If

Def D D E Div IX an equivalent if D D it forsnuffbox so
Ilinearly

Write Pi IX Div N In
Ex D A 21 Dio 3 Dix so V x s D 123

D I 21 D 10 3 Dix to txt is notprincipal
61M Q

Q How to determine linearly equivalence

Dinson from meromorphic i forms m a RS X I comical divisors

Def Me sheaf of meromorphic i focus on X

On a chart 10,2 we do Yo if we f dz fr fed 10



Gluing works as we did for holomorphic i forms

Ginn Yax open a ex w f d y use a local chart

10,21 around a to express w
u f dz fr tf 06101

Def ordalw ordo f

lemmaI ordalw is well defined

Pf If we have U E ID E U two charts around a U

W FEZ gift is givenby thegluingcondition f Iz
D D

gdz 9 zit 1oz d 02107
4 282 1

81.4 2 114oz

t
dz 4101 0

ordolf ord 904 off pinnatifid
Given we d IX lol we define a newdivisor lammical din

Definition D 1W X Z
a odalu

Obs Ginn KEX impact over it with finitely manychart Y ID lol
arminghim 10,2 UI ID
write WI f dz tf deny then finitely manygeese piles

on 4 15,10 whichcorer K

Include I Supp lull I so so lw is a divisor

Lemmon Canonical divisor are linearly equivalent

711 tw f w fr were x Fedex
Given wi wz e b xp locally on chart U Z we can write

wigs dz wz fzdz 954 E0610 Skyfall



Note go is unique withthis property Since we we an defined M X

the sections so agree on overlaps L'ma B is a shf weget a l g flex
with Sir su t IV Zl localchart

Conclude w I Igwe g wa so twin wa

Ed D K Z D 3107 12 is canonical Z'dz
D P Z D 3 lot is not comical

If D 14 then 2 4,4 12 t.tl 17 m Vo
Behan's at a It's at worst a doll so f is a polynomial

But then Z tw n VonVo

Liz de fit dw Saw du

ord 1s dig f 2

So 12 3 o I digC 2 a I 3Co

QI Howto decide if a divisor is canonical

20.2 Degreeof divisors

From now on we'll restrict to the compact case

Fix X impact Rs D E Div IX Write D ÉDix Xi
I Ix X Dix to S lx xn

Definition The degree of a divisor D on a compact RS X is defined as

dig D If Dix
the sum involves finitely many non zeroterms

m Degree may dig Div IX Z



Lemma dig is a group homomorphism

Ex D 312 m P dig D 3

D 36 4 e mPl dig D 1

Proposition dig f o f FEU X 305

A f P A meromorphic is a proper holemap LISP
If C is not a stat it has a degree I f Is I f Ven theorem55.3

This is not thedegreeofthedivisor IC

Proof It f is anstant then IC o so dig C o

If it is not instant the sizeof each fiber off is the same f degreeoff

Corollary 2 55.3 say sensesoff poles off countedwithmalt

a
few ordalf g od 1h so dig f o

O

En ord th t E only ft deg If D
pole

Remark This gives a necessary condition Inot sufficient tobea principal din so on

a compact RS

Observation We'll see later that if K is a canonical divisor ma compact

RS X then gogenies x I digK 1 necessary criterionfor being
acanonicaldivisor

Equivalently dig K 2g 2

Q Canwe find web txt that is hokey nonteaching MX
If so K twi o lord twi o txt X

Then digK o ie 5 1 so X E Ya tellipti anne
Can we find such w an E



A Yes dz e El la gives a holomorphic i form ME

lit's invariant undertranslation by the lattice

K dz is a canonical divisor un E Eta
Examples a P Write P U U Uo

dz onU is holomorphic nowherevanishing but has a poleof order 2 at o

Why Z tw on V All dz dw us sowesee a
poleoforder2

K 2 o dig k z l l o e

Another expression for a canonical divisor MP

R dz e Me In w Itt w d w dug

R has poles at o o bothof order 1

K 12 o a big k z u

Charly 147 N I far we expected fun Lemma 2 520.1

20.3 SheafOD

Fix X any RS DE Div X

Definition On a sheaf onX f Defo
in U CX open On101 3 ft 0610 ord f s Dix HEU

Rt restriction maps inherited fromde nightsofD givesorderof zerosof
pls giveworstorderofpole

Gluing audition on Ole is compatible with Ifl Dipso Og is asheaf

Q How to think about Optus
A Assam SuppD is finite it's discrete write



D Iiailpi If bj p with ai bj so tis

Iwe allow N or M o

On u I tf 0610 rdx ft s Dix Axe U

In x Supp ID ord fl so so his holomorphic at x

Fn x pi ordp tf 3 ai so pi is agentof hot order ai

fat 12 pits 4 YEO near pi
Fa x 9 j ord g it

b b so atworst fi is apoleoff
of order Ebj

Fazl É s UFO man 9

In short Op prescribes behan's ofguns poles for memphisfunding

Q When is On10 301 I OEUg01 VU open since adxlol of

A Lookat stalks a workwith charts

9 p 3 fedp ordp Ifl s Dip prescribed behan's atp
Dex o OXFTIRPE JEDI

Lament series exp warp is he
Dip
Y Ufffz pD

So fe each p F Vap open with Giv 0
Ex No O

Ont Osco Look at charts 10,2 We ID

o IU
Qu it o go
010 E3 il OEO

Stalks Msg p
Adz py it pto
I Kfzy it p o



Proposition IC DND then OD E OD

Proof Write D 191 D for geolk 104
O 10 3 Gere 10 off 3 Dex rdx187 Dix to

3 If Blu and fg s Dix K 04
3 Feb x fge On IU

Only s
6,110 tu invertible because big are

mermylisf 810

OD On is the isomorphism

Summary If X is a compact RS wehave tu H'ix 6 co

Q What happens to H IX 6 fr Df DivX

A dimeH'IX On co This is partof RiemannRich

Howdowe compute the dimension Eg It we havea Leroy comingofX forUs res

tosh is easier Canwefind such a Leroycovering

Hint H I ID 67 0 by Theorem 517.3 consequenceofDolbeault'sThin
Oo

Theorem Fix X a compact RS DE DivX I IVilite
an open covering by local charts Ui E ID ti Then I is a
Leroy covering forOg ie H Ni Oo o ti

Pf Next time


