

























































































LectureXXIII Sen Duality
Recall X impact R S then genus dimH X O

K w fr w fr tix is a canonical divisor on X

Tiemann Roch Fn X impact RS e DE Dir txt we have 49k0g H ly
ar finite dimensional din ti ix On dimH XOp digD 1 G

Roark 7 Cf 0611 E with apole I ansumenaofRRl If Ed x1 sires
a un constant element in 06 X1 so a un trivial K Idf

Lemmai Fr wi use of x wehave tail it wet a limarlyequirelen
comical divisors

lemma2 D D't 18 then OD f UD isomorphismof shares

Nextgoal fire alternative ways to compute the genusofcompact R S
Sen duality g dimH X R D sheafofholomorphic i corns

dugK 29 2 dualvectorspa

Fa we'll built an isomorphism H lx G HIX 43 labor D o can

to le definedfro r

The map will bedefined using Residuesof smooth2 formsor equivalently ofmesomorph
i forms

523.1 The shares In Seen duality

Recall I Kir 12 l sheaf ofholomorphict forms on X R

On Niel chart tde I 2gdead2 so f dz Eru fellies

Assume X is a R.S D E DivX

Definition We define a sheaf Ris MX na

Salut L we BYU Iw s D mu lamalogofOp




























































































Or dart 14,2 wtf u w f dz f told ord Iw off
VEID

Example No 141 3 were Yul wi so nul
On a chart V Z with UE U wgfLz arty f so tx so his

holomorphic on V in Wir E NIV Converse is clear
Conclude No D

Proposition It D D 18 for Cfb txt 309 then Ros r is
an isomorphism ofsheaves

Lemma 111 H'Mir Rip 3of

127 H 14,41 r AL S

B H IT r A

Proof 1 Rip I were p iwi so Assume 72 felt't 10s

We use the open covering Uo V4 of P to describe 2
plus f dz fhold on Vo G z tu g du g holomUo K

Gluing z wt Siu dw Ftw In FI dw on V ng E
g hold mon o E it I holo war 0

f has a poleat o forcing f to be a polynomial f to

ordof it 2 ord g o ordotftw 2 dug f 270 Gt

14 Pich 1 300,0 4 com MP Z 2,1 C 4,27 KEffen
Rluonvo I ha de Fe 014 14

B 11,11 2014,2 Cola.nl 3 is.tt s.iiitg
Ig girl du g ride I l

É golf goit I dz on bonus
no I th t

Ro p

Now If 619 7 Write Liz ET En z t f z t É feel lament
expuabout




























































































Ladt C Z dz 21g when g Iw EE f n w 010
So Z É te th EON

Check So EE f n E 22 S It 1 E kn z

Cada 4 lil in H Il r

13 Exercise I Hint Show till plot rt to to Rea byDolbeault'sthem

TheoremSeneduality Fix X compactRS PE Divx Then Fa mu deg

Pairing HIX I x HixOy H'ix r fileside map

lwt x J gw ResKgw

Corollary 1 dim HIX I D
dim H'ix OD Ca KyRR HD

Proof HIX R D e H X Op tin H lx Op co by RR

so H lx Op H lxOp I identify dual bases

H Ikr o e H Ix Od as finitedimensional Avector spaces
so their dimension agree D

Corollary2 dem H X R genes x for any impact RS X

Proof Take D o so r
o

D Then Corollary I says

dimHfX R din H lx O games IX D

Corollary3 Reformulation of Riemann RochI Fix ftp.pagtRs offering
Then dim H lx O D dim tix r i g dy D
I use D in RR insteadofD Corollary 1

Next understand the pairing in Sens's duality then




























































































523.2 Ag vs Ob Serene's pairing Fix X compact R.S

Proposition Given wed x 301 DE DivX we have an isomorphism

ofshares 4 Ost k I I t ts for when K w

Proof Given x ex picka localchart 10,2 around x Y I
Write win gdz with se 06 D

Y isWelldefined f E GotkN xfV Pink a local chant 10,2 around xwith

EV Then ord 18 3 Dtklix Dix or
x Iw

Writ k Dix p ordytw ordx's Pich chart U EV

fwy Ifgidt and fg ord f told s s h ptp k

Cwf Iplo These seem agree on overlaps they an determined

bythe same formula for so they give a section two 6g VI

Enough to check 4 is iso m stalks WLOG gina xxx thechart10,2

we can assume assume Supp DAU E 3 4 SuppD is finite becauseHiscompact

Injective Fix te Gtk with 41ft of RD x

tw tgdz say Laurent powerseries exp of hg at o is o

Since g to 111annelid we conclude f x 0

Sayndite Fix R E In so I chant 10,71 around x hereto
with 2 hdz In particular her lol h

if 1 I or4th Dl
WepickU so that supp DAU E x

Then w
u w hdz on Divguy so I fed u with 2 14they

only Ifl only17 o dy who O ordy Kt if y x

s Dix ordain its x




























































































So C E Oakhut fair hdz r U

Conclude Gw 2 ie 416 R D

Obs We can reinterpret theprevious result as amapofsham

R
K Ooty ID D Kt D the

W K Z L K
OnV R n10 x Obtain roll
on W C to Fw

Remark Sam ideas ofProposition produce a map of shears rig multiplication

ID OD LD'tD
w Fl H CW

In particular fr D's D we get R X Op R

Serre's pairing The multiplicationmap I xD r induces

a bilinear map Y Hix R x H'lx Oo H lx r

How H X R a nix twerk 47 D

HIX Os big H'la Oo bye
2 19,0

46,6
Given EH lx Os pick I a representative fig E Z 14 Od

with fi B E H Il Us

We Ane Ey Hix r o x H 14,0 H'll R
w x di to fijwly

Claim lijwio E Z'Ill R

Pfl Gi
wing E Divi by theRemark I Dt D

o




























































































2 fijwlrijlioiiiz fi.izwg.fi iz why tioi
w on Viola's
Miri

12 f ioi iz Wluioni I 0
on Violin

FEZ'll GD
Key W is a global section ftp

Claim 2 Ey is welldefined bilinear

IV The bilinear condition is clear

Welldel fi Cgi in H 14,6 7 heel 1,65 with

Sig fi Dhl tij

Phl trig thi hit wivi hj w u hiwin 21h

Ettas Thiwhile
C Il r

Sig w u ti win t Phl win fi wi t 2 hiya
hi w u m H'll r

Claim3 Yy is compatible with refinements ie Ye thoYy
Consequence Y descends to a bilinear wog Y HTX.rs xH'lxGs1ttilx r

D

Next weneed to define a linear map H'ix rt G We'lldot
nexttime

Sen dualityThen The Sens pairing t Ris yield an isomorphism

is Holt r o Hill Oyl t BE DivX
W 13 Res Bw IxampactRD




























































































23.4 Consequencesof Seneduality

Theorem1 X impact RS DE Div x Then tilt O g still rn

Proof Fix Wo f of ki 409 sit 11 two By Proposition 523.2 we have

DtK E RD Q E R D K ID D K

H'lx O D e till so c H lx rn Hix Ostia
Sens duality applied to D's D K gives

Hok R D k H't X Op th
so we get the desired isomorphism

Corollary1 dim H X R dint X07 1

Proof HIX O 01 1 6 because X is compact

Use D 0 in previous Them to get the equality of dimensions

Theorem2 The degreeof anycanonicaldivisor m a compactRS of genus s is 252

Proof Fix web'll sos set K 1W By RiemannRoch
applied to k we get din Hix OK dinH'IXOK i g t digK

ByProposition 522.2 I Ok I take D o so

i stark iffy giftdigK 25 2 V D

Corollary2 For any rank 2 latter A Ed the R S GA has genes1

Proof dt is a t formon f it descends to a t loan work ftp



w is holomorphic has no zeros on X so deg W 0

But o deg w 2g 2 byTheorem2 so 9 1

Obs This says the topological genus ofGAmatches the algebraic gamete
Gta is home to x is't genus


