

























































































LectureXXIV Sen Duality I
Recall Given X Rs e DE Div IX wedefinethe sharer e b GER m

Ugx Ig V 3 web o 1W 3 Div Y G u It FUN 1813 D

Example to D 00 0

Lemma D D't If fo t file lx lot Rai I ng isoofshears

OD E O D
Lemma2 11 HYP 27 105 us H IM 01 9

121 H'M 21 95 us H IM O o

B H Dizlol R H Data 61 o f ocrea byDolbeaultst

Prop If web Yx 306 e D eDivx we have Optic Id
This extends to a mapofshares In Og In d e fr D D we

set a bilinearmap Y Hoke x H'lx O H X R A
Formlem a cover 1 I w bij to fijw TODAY

Sen dualityThen The Sens map t Ris yield an isomorphism

is Holt r o H'ixOn t BE DivX
W 13 Res Bw IxampactRS

Consequences dimH X R I

dig K 29 z k canonicaldivisor m a gemesgompactRS

Holt Q e H'IX ra
26.1 MoreconsequencesofSemduality

Theorem Assam X is a compact RS of genies g fix DE Div Ix
Then H lx Op so if degD 2g 2

Prof Fix w f b lx 105 K 1W By Proposition 523.2 wehave




























































































Optic r
s H'IX Castiel H IX r a Emmy Q

Il digD 29 2 Idyll Lg th th co

Them2
Exercise HW H'lx Op o if dig b'co

Conclude H IXOD o D

Corollary Assam X is a contact Rs Then H'Il 61 0

Proof We pick an open coming I IVi is ofX show H 14,061 0

Fix E H 14,1 a representative ttijl f Z 14,1 with Lij
Chaim F Is A refinement 19cal frize

ve
E Z 11,6

where the total numberof poles of all she's is finite
If Refine by local chart 144.1 Yt ID take Vx Y't Dy
wth x EYE Vine fig is the extensionof Sexy fun Vx toVijy e UyShinji j
Simathe pilesof fig on discrete Yoel is impact we see that gighas
finitely many poles

Sima X is impact we can assume I is a finite open cores I justtake a

finite subcover of E
feathering the poles of ill gig wecan build a din'son D so ofdegD g
with gheeUpton the I no anditimm sevenofSue Dexys oh lg
50 Sue E Z E Op In

B ly Op E B lo g
rushes

Conclude She Zf Lij o so 3 Lij o SecannZE is
infecting bytheorem 16.2 p




























































































24.2 Sentduality for Pl Fix D E Div P

Define H II R As S A picksupthecoff

GOAL Compute bases of HTP oh H PIO that are

dealt eachother via the Sene pairing

We know OD Ip onlydefend n classofD modulo linear equivalence

Proposition On P D u D es digD degD

Proof 1 7 deg f to a deg Div P Z is group him

f It's enough to show D n digDEM fr any ftp.EP
Moreover it's enough to show the statement is true for effectivedin'sas

Write D D D when DID 0 Supp D n Supp D 0
D Ey Dix x D AE D in x Assume t timefsbD

we write D's It't t digb'EP D If digB sp fo t b fb x to

D D D It't t deb r f t digD Ep ftp.i tdigDCp
in D n dyD P
We prone a fr D o by induction ondelSuppDl
Base cases d o means D o Ocp so their an lin quit

d l D alg 1am Claim g NCP via f m

act warp via 19

Inductive Step We write D Efa a ai t

D ai Cfi
gg iailpJ 1Eai Cp degDCP




























































































Conclusion We need only ampule Sen pairing for D n o fined
We compute HIM R D H'M Op separately

Computation of HII Inca
Write any ZE HYP Ronco sie lw 3 I no nco by
its restriction to U RUs

Mlu Z iz dz m Vo with So 610

Huo S w dw M V S E 010
In particular w

n 2
got saw m O IV nun 614 1

So is hold at a so it must be a polynomial

Wehave ord 121 n t ord got
ord 12 n 2 to dogo L 2 dug so

Wehave 2 cases to analyze n 1 ne z wit n 2 l
for 1307

Lemma I H Pll I ng 404 it n 1

Proof ord 12 7 n 3 1 frm Uo
ord 12 L 2 deg go 70

It too go to so dig so 0 We get a contradiction

since 27 2 dig so I n s t is impossible

Conclude HIM Info so D

Lemma 2 H II Rye o
has dimension htt tea

Proof or do 12 12th 2 dug so l digso 30 fun Un forces
dolom o

digso El




























































































From hen we get a basis for ti Pt R hey
E
l

da

Computation of H II O n ca
RemarkByThen521.2 we know that opencovers by local charts home tounit discs

are Lemay coveringsof 1
t order forUs Thesame proof works for chart hometo

disa Prior to o Rs I we only used SuppD isfinite Dolbeault'sTha
which is valid for PR lol

This remark ensures H II G
no H Il Oingo Cn 1 14,4

H IM Onc Z Il Onion C Il Ducos
B Il O c B Il 6 atoll

no tripleintersection so C Il InfC Il Ono 010 non because Supp I n o Avenue 0
We need to determine D Il 6 neo 2011 6 no
C Il U us É fo fo CoE0100 of Oval
Idea Identity portions ofthe Laurent series expansionabout o ofany
SEG Norval as 2 E't fol fr appropriate to to
Again we break our analysis in z cases no 1 n s 2 writing
Lemma3 H II G no 304 it n l

is.tt was

É on
It n o g É g.kz t É t




























































































Lemmons H II O
gate o

has dimension htt tea

Proof 014 O
we co l I 2

th
fo to

writ g Egg
t s t site e'the É1

Eg g Z t tf ez't is Ht site 2 te

so H IM O late so has din ite I basis S 2
te 5 Sj

Q What's the senemap H IP Inco x HIP One Hair
at

Case I i n t we get o x o A is th o mop

Carer n 2 l la we get

I as El II I x KC z this 49
a basis elements Z

d
dz a

th's El ait ith
zi i y

s we get f if i j
o else

The Residen mof HIM R 4 picks up thecoefficient of f
Sowe see thatRes Y is a perfect pairing This is Sensuality to a

a latterth fact
Next tasks Define Res H IX r Q without using bin tin

Relatetheconstruction to amputation ofresidues of I forms
Es Tes I 7 1




























































































243 Residues in E X

Recall the ses of shares on any Rs X

o r E I E o

On stalks one X use Witt beatchartaround a small enough

Ra 3 f dz f hold onIDS

E If dz A smooth n ID

E 3 g dz n de g y
dat f dz Iz dz n di

Exact mat E by Dolbeault's Theorem

Exact at S by C R equations

Exact at E by Zz o LEO ID

The sis induces a long exact sequence

o HIX r til X E I H x y

G H lx R H lx E H lx
8 byCorollary516.4 8

H lx R I 8 x
d fell milkers5

Definition Assume X is a compact RS Then

Res E x d

w at Gw
is a f linear map




























































































As a consequence of Stokes'sThen Res Id z o f z f E
o
Ix Theorem2818.3

Consequence Res descend to a linear map

Res H X R A

B Res w it Jw

This is well defined since Rest 81401 0

Q How do we see Test 11 1 for x P A IdentifyWEEK on
a collection of i forms definethen

529.4 Residues on Y d residues

To define residues we need to allow singularities on I forms in 8
Fix Y EX open sit in a RS aft W E if gas holomorphic

Fix 10,21 a cord chart of a with U EY 7197 0 Writ

we f dz for Size010 Sas 76111 Ios
Write the Laurent series expansion of f f

gin
Z about o ID

Deli If i n to tuco then a is a removable singof w

It c so t n c k e a n to then c is a poleof w oforder i

It on to fr infinity many nco a is an essentialsingof w

Def Resala e I it's additional

Lemmal Thedefinition is independenton thechoiceof chart 10,2

Pref Idea if we pick a differentchart thewellicient of f changes

but not the me from Edt We separate f dz into an exactfrom t

something with easy residue Wiangate the residuesofeachpart separately




























































































Claim1 It w dg forge O V sail then Resaldg 0 so it's indepof
choices

84 Write got É in Z In the Lament seria expof s abouta

then dg I non z l de so wolfof 2 is 0

Nomatter the chart theanswer is o

Claim2 If w is a holomorphic t form at a then Resalwl o

Pf Wewrite w f de LEON Then deE cuz d7 Resalwl

It's indy ofchoices because foranyother cord chant w hdz with he 6101

Claim3 If Y E 010 e YEMa Ma then Res 14 d4 I so it is

independent ofthe choiceofchart

PY Write Y 2h for heavy has to
Then de hdz t zdh If dat

Since hia to we have dhe is a holomorphic i form at a so ResaIdf 0
by Claim2

Risa 4 Mesa to 1 lindyof choiceby construction

The general statement is obtainedby combining Claims 123

Write w f dz with L É cut

consider
g I 2

t
t I tht E 01 Visas

Then w dg t C t dz Resaw Resadg t c Reg
O t C l l s




























































































Next we confirm this decomposition behaves well under coordinate changes

Tide IV Z z V ID another word chart around a

Then w f dz hdz V

IZThis means ti how dz's qq.tl dlYizyl Fo4zy4dt tf
The decomposition of Fiz Igt I dz becomes

4,471 1964 4 dz t c Y dz dg t c gdz
But Resadg so so Resettle E Res dz

Sima Y is a bi holomorphism Y z at t Uk a to

By claim3 Res Y dz 1

Conclusion Res hdz c as we wanted to show D

Alternative proof Resaw f w fr a cinch smallenough around a

a

ResidueTheorem Assume X is compact consider a distinct points a anEX

Assume we I X la sank isholomorphic Then Ii Risaw o

For a proof see Ss241.6

524.5 Comparison of Residues

Q How is Reson till s related to Res m Z x

A We can say so on a subspace of H la r namely the subspace

of Mittag Leffler distribution

we know by Sensduality that din ti'll 1 if I is niceenough esLemay




























































































so this subspace is either 0 or all of H lx R The latterwillbethecase

Definition Fix an open comingY Nit f X Ig E I Me with

1291,5 95 Si
E R Ui Then 25 EZ 14 r

We call Ig a MittagLefflerdistributionfor4

Example X P I 140 40 go t.dz o is a ML distib

Of DE E RICH

Key We have a nice formula for Res 112931 if Gili is a MLdisturb

Theorem2 Res 293 Ey Res gin Mrs12 if at Vian

Note If c e bi nUj then Resalgil Ris 15 because si si Frio
This says thechoiceof in is irrelevant

Lemme Gina go Resals to for only finitelymany a ex

In particular since x is compact we can replace it by a finite subcosesThis
will show the sun in IRtis is finite
Proof By instruction we know the polesof gi's an discule cannotaccumulate

in Ui It polesofgigwereinfinite then find a subsequence aijjaniverging
to at 2Ui EX X is locallyEuclidean compact But a eUj will say that
Si will have a as apole that a is an accumulation ptof polesofg Gin

us

Prof ofThuram2 To show Rest 2g Rests we need E findWEEK

with SW 2g on H lx R




























































































1287 S fi E 114 E Y Yui H IX E o so

F Z E C I E with 125 is 122 ij ie Sj si 7 inbig

Claim1 49 fi d l5j Si 0 I die
PY Levellym achart s j dz 5 file

dfj dl n dz
d gj g n dz

1 2 dtt E del Adz 2g dz n dz
PEDI n dz fdzndE

gj fi is holomorphic
i hoon se Gj fi e 010 is d l fi fi

d 3j Ri o ie dYj dig in Ui

Sima E is a sheaf thesection dhie E'Yui glue to a aFEY
with w

u i ti

Claim 2 Stw 2g m Z 11,1 byconstruction defoff
Res 11283 Iw

I finish we need to show RHS Rests
Writesan e fr thesetofpolesof g l Y poles till
St x X lai ans

2 9 hi fi m VijnX F re Y'x with Gui g g
sheafaxin

w dirt onX I because pier Vin x so dg o ti

GOAL Extend Intis To X s that isiduesatan'sappearnaturally
Given an pick in EI with ant Vin
Fix pairwise disjoint word charts Ilk zu around each a with Vue Via

Un EnIDIn particular aj Uk if jfk






















Build Samp functions the Efx with x
111 Suppl In Eva Kian K

0
121 fuel locallyaround an Sayon open UncUn

Define Y 1 fit thn E E x Y Ivy
o to

Yr E E x by defining it as o n Iya
By Stoke's'Thm 514401 0

Claim3 dices e 8 x extends to X

PH dilur alluring did er for jfk so the extension to aj
is trivial

On Villainy we have dl lur dlr dl Olu d Zi Si d Zi

EENSince zi c E hit a dm e E lui then difnol extendto an

we d Mo Ii dilus
Iw LIE

t É 1,11hr Idler
suppleElk

It I d Itani tasim É I attuning Ekills
Fifty Stokes them

Claim I dilugi Ziti Resantsia
Supptusua

PH I ditasini s best selfanesthesia ht É É
RI diot est

Ziti Resanigi D



Conclude

f w Res 19in Rests as we wanted

Proposition 7 a Mittag Leflerdistributing E C lx G withRes111 1
Therefore 2g to a H lx R Res H IA e Q isutmost

Proof Given a ex rich Viz chat around a I I
consider thecoming9 3 U U U X É

Set g Igo g go 8 0

On Vonn E r tu so g is a Mittag Leffler
distrib

Res g Res fo I D

24C ProofofResidenTheorem

For each aj we pick a coordinatenbhd Uj z so that

151,1 an pairwisedisjoint

4 Uj ID with Zita o

Next we build bump functions fi In interpolating between Oj an openVjEU

Condition N f j X Lo is smooth

a Fa EV E Uj open with fjlug.tl fj o outside Nj
supp f c Uj is ampact

Define g i hit that Then g is
smooth on X fly

0 Kj
In particular gw E E X is holomorphic assign itvalue o on a

tjl
has compact support



By Stokes Thrum SS digw o

Then I d w If If dlfgw

Claim 1
Idw

PH write x X UVj Then w fEYx't is holomorphic
s

I dw o byThune Idw If II du
Sima Uj canbe arbitrarilysmall the Irt's has limit o as Uj aj

ClaimL Sf I Itjw 2K i Resajw

BY Since Supp Ifjw EUj we have Sf Ilja Sfdfjw



Wwe idenementhily Oj with DD wa zig Uj ID assume t j DD IR
w is a t frmon ID

By compactness of Supp dti w we can find 9 R with ocec Rci st
6EX ofen

I Surf ti E 312,1s R 127 Cjl zig egg
l sundfw

Then If dfw IS dfw S Cil
gtxw

SwUj EE IZIER
IAnnuls

Ej R HjkE

ziti Resow by the Resides Thin in the complex plane

Usingthe Residue theorem we can recon Corollary2 5.3

Corollary If X is a compact RS f X M is blowuphis un constant

then zeroes off polesof f Icountedwith melt

By shifting we see that the signof each fiber off is constant thissay

Proof Consider the t form w If it is mermoyhis M X

its only singularities are the zeroes and polesof f

Resaw orderofvanishing as a zero orderofpole foreach singular
a of a

Sina Risa w so when 3a en 4 t lo U f is bytheorem

j l

separating this sun by sign will gin as the statement D


