
 
LectureXXVIII Mapsto P basepoints comicalmaps

Recall Last time we defined maps Fix In inducedby atuple aMIX

0 Fix fo In E d x which donot vanish identically n X We define
le i if wewant Fun legI

I Rto n X P N

as follows Given xex pick a local chart N Z with III
set

h min ordx Ifj Write hjlu zkgju.gg hole man X
F j with gjix to F1 Igor ignaz EP

Delmtim is chart independent
Mainexamplesof non digmaps these indexed by1171
to Cn basis of H IXUg my F d X P

Lemma Up to Aut it lo p is independent ofthe basis
matin PGLna

Proof x the Cri P N

In Automorphism inducedbypityanti changeofbasismatrix
Io i ifnot yn in Hix0,1 ex

Definition F X P is immersion I separates tangents ie Axe X F j
with dgj ex toembedding injective t immersion

Or globallygenerated tx Ife Ontxt with ord f Dix

Lemme O is globally generated din H X Op g
demHix6,1
Up exF FE H ixOn H'lxOp op



Thrum Fix X impact R S of genus g DE DivX with digD 29

Then O is globally generated

28.1 Immersions us Embeddings

Theorem1 Fix X impact R S of genus g
DE DivX Fix 3to In

basis for tix O O X
D In If degD 329 1 then

O is an embedding

Proof of is injective we saw thislasttime and G Op en en globallygen to
degreereasons

do separates points Fix x EX sit D D Xi my O E o

dig I digD 1 729 Up is globally generated
Then

Pich f Eti N Oyl with a rdx Ifl Blix D ix it I

LE Hok On C to fu s we write f Edit
G is globallygenerated k min rly Gj Dix lasttime
Sto 8ns basisofGplx

Pich IV Z local chart around x with Y I
Write Lj 2 gj f 2kg with or d f k ti

g EON GEON Six o Six to

Pich j realizing k so gjo xo 0 After permutations we assumejjo
CASE I dgj.no to old separates tangents

CASEZ df j ix 7 0

S ix to dog go gn 1 g is



g É d g do Ji is
I l d1 1 4 go 5
j

Evaluate at x to get d f ix Six1 O g'ix to

By H F ie je n with d fi ix
0

Our assumption on so given

F xp fly si t.fi similson
Stixol

ds no to ie lo separatestangents D

Remark1 This result can be strengthen 7340 4 EE Hok6

when I 14 433 X P is on embedding
Cues from projecting of x EI to some P f 9 cords on P

We can't do better I IX EP will be nodal

92.8.2Base points of linear systems

digD 2,2g t audition is sufficient but notnecessary Weonly
used it to ensure On Un op were globally generated We only needed

tx my only fj Dix f f with or dy f Dutt

This condition hell nahhh
I Os er is gl gen

Dehiniti Fix A E IDI projecting subspace We say PEX is a

basept of A if forevery EEA ie En D E o wehave p eSupp



A is base point free if it has no base points

Recall A is determined by a subspace V of M H lx Op
EEA m HI E D N EE ODIN V PKG Itn

Lemma p EA e IDI is a base pt a V E Pltin Oop

Proof V correspondingto A has a finite basis fer Ces

Claim PE Supp E DEFA LE SuppE M nsuppEs
PCI V E Write Le If di fei
Eg Der APE IE ItI

ordpfej Ej p Dcp

Impairing orders we get Efp 3 Ej Ep 70 because p e Supp Ij
so P E Supp E as well

Usingthis claim we can prove the statement

p is a basepoint of A p f Supp E M nsupphes
doin

Ignis rdp tej F p Dep D O Dcp E

ord fog 3 Dcp I D D p V E Op p pIte IlesStasis

Recall lasttime Two useful bounds or dim tix O

Proposition 111H x Ocp 1 0 it X P

127 din ti XOpop dim tix Op 1 Apex



The lemmaher e keycorollary

Corollary IDI is base pt free OH On.pl Apex
dim tick Oo p din tix 6 1 Apex
Op is globallygenerated

Note We can always get rid of base pts by removing them

Set F min IE I EE IDI ie Fix minStix Ef IDI

I D Fl has no base pts IDI F t ID Fil
b correspondsto 2 in
ourdefinitionofGbIv

Name F fixedpart ID ID F l movingpartofD

Proposition Gb N OD x can always assume IDI is basepttreet

Proof K F 0 O E Op inductm dig use

OD p E Op
HD'tDivx

On FIX EOD1 7
Assume H lx O to otherwise 101 01 Feo ID F1 p so

tix O 1 0

Since ID to pick Geo lx with Ill D E 30 E in lol

By definitionof F wewrite It D Ft E with E to

It D F E so so I E I D Fl tf O IX

Conclude G H E Oy I M D

Remark If IDI is bpl thengiven any pex we can picha basis

of Hix O adapted top in a basis 36 fare ofH4,6



with win ord Ifj Dipl minimum is attained exactly once

if achieve at fj Cj take Fj fjn dayGj so that

ord
p Ijn ord tj I canal initial terms

Why is thisuseful

I O is independent of choicesof basisofHix Op So this choice can simpl

proof expressions lo lo Ip i O o s a permutation of it

Theorem Criteria for embedding immersion for baceptfree IDI

Fix x impact RS DEDiv IX Assume DI is base pt treeThen
111 OnIpl On19 UD p g DD p DD g
a dos is injection dim H lx O p g

din ti lx O 2 thy
p O separates tangentspacer ftp.UD ep DD p

Up dim till Os ap dim till Oapl I
4 log is an embedding Up f f X I potentially equal we have

dim H lx O p g
din ti lx O 2

Proof 111 Writing using the basis Ito Ins adapted to p with

ord
p
to Dip If ibn4 is a basis ofDDp ldimbp.pl Np is not a harepitof1Dl so useCorollary
Of ppl i o o old If I ordf to D is e or41 D f kilo

This means IG yEnl is a basis for On g t
use crollingationY't

Conclude O Ip d if Un f UD p If On p g



Proof of H

We saw it fell satisfies ordp EM orig1st Fie
Hence Opp E DD

g D p f
D is so FEB p g

On p E Os p f

By symmetry between p tf u get DD g EUD p g

Ob p g f Oop is always true

12 Op p g E Op p is always true

4 din Hell Oop din H lx Op I din H lx Op g
tin H lx Op p g din ti lx Op 1 or dim tix Op e

p sitin121528.1

But do is i i UDp t Op p g by 117 so 97 follows

B We know din H Ix Oop dim tix Oo I e

dim Hix 6 ap dim till DD o or dim till O pl
I Assume dim till Gb ap dim H lx Op p l den till 0,1 2
Then F f e ti X Ga p HoIX Ga sp ie Oop is globally gem
so ord

p 11 D p p Dip t

Following the proofof theorem 528.1 we see that d is an immersion

F Assume dog is an immersion Fix p e pick a basis 3fo for SofQ1
IN f it

adapted top Upto permutation assume or Ip to Dip
ri dpG is Dip for i i i N

So Osip 1 o i o

Since IDl is bpf dim till Oo p den till Os i n



Sti ibn E E Oop lx an li so they from a basis ofHTXG.pl

Pick a chart IV21 around p with V I
Write fo 2 so 12 fi 2 s it fr i t i n sfQy

Softly soap to Silpi o

v17 So12 i 9 it i gnizi

S ix to do go gn 1 g is

doIs an immersion This forces d g a to for some i s in

of d flip Iggy Sip dsoir Isis ri dsiip to
1 JIM Joy

anchusin fifth lx G p till Go zp Conclusion holds D

4 is a direct umbination of 41 Y

Definition D is anyample if
IDI is bpl old is an embedding

2.8.3Canonicalmaps for compact R.S

Recall HIX OK H'lx R H X O has dimensing

Define Ok X P's to be the canonical map
For g 32 this has a chance of being an embedding

dugD 28 2 71 29 1 s we can't use than I 521.3 to decide this

We can bypass this if 1kt is bass pointher we have into m X



Lemme Ill is basepoint her if g
Proof By Corollary 528.2 we have to show Okp t G Apex

Equivalently dimHoHOK p dim till Ok 1 g

Prop 527.1 dinH X Ocp It because X P 1831
since I E Hix Ocp we set dinH X Ocp 1 1

RiemannRock I dim till Gary dim ti lx Ocp ti g t dig p
dim H lx Ocp g 1

dim Ho Er er din H Ix Ok pi

Q When is de injective We havea partial answer

Proposition1 If F p g EX with ptg drip Ok if then
F C X P holomorphic dig a map ie X is hypelliptic

Remark Contrapositive statement is the one most often used

X is hot hypullipti Ok is injective

harem1 IC X is not hyperelliptis gaz then die X I s is

an embedding K is very ample

Theoremz All genes 2 impact R S an hypeulliptis canput937 in the

Q What does he look like it x is hypudliptic
Proposition2 Fix X hyperillipti ofgenus g 2 thendie is thecomposition

of the double corn X P and theVeronesemap I IS
1571 Z Z 1 z z

Proofs Nexttime


