8

Cobordism

We have already defined the word ‘cobordism’ in §5.1: recall that if W is a
manifold, and d_W and 9, W are disjoint manifolds with union dW, we call
the pair (W, a_W) a cobordism and the pair (W, 9, W) the dual cobordism;
and also call W a cobordism of d_W to d,W and say that 0_W, 9, W are
cobordant.

In the earlier chapter, we were concerned with the geometry of a particular
cobordism. We now observe that being cobordant is an equivalence relation
amongst diffeomorphism classes of manifolds. For M x I is a cobordism of M
to itself; if W is a cobordism from M, to M; then the same manifold, but with
0+ W interchanged, is a cobordism from M; to My; and if Wj is a cobordism
from M, to M| and W, is a cobordism from M| to M,, then glueing W, to W,
along M, gives a cobordism from My to M,. For this relation not to be vacuous,
we insist throughout that the manifolds W in question be compact: otherwise
the product M x [0, 1) would give a cobordism of any manifold M to the empty
set.

The simple definition just given already leads to interesting results, but the
concept of cobordism lends itself to a wide variety of possible generalisations
and restrictions, and these lead to a flexible tool in the study of manifolds.

For example, we may choose to restrict the manifolds (and cobordisms) to
be oriented, weakly complex, or k-connected (for a fixed k); we may add the
structure of a map to a fixed space X; if X is a manifold, we may further require
this map to be an embedding, or an immersion. We may consider pairs (M, V')
with V a submanifold of M and then cobordisms (N, W) with W a submanifold
of N(and 9_W = V,90_N = M), where we may also fix the group of the normal
bundle.

Next we consider pairs (M, ¢), where M is a manifoldand ¢ : M x G - M
defines a smooth action of the compact Lie group G on M. We may also restrict
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238 Cobordism

the orbit types of the action to lie in an assigned closed set of orbit types - an
extreme example is the class of fixed-point-free actions.

We may also allow M to be a manifold with boundary — and then a cobordism
is a manifold W with oW = 9_W U 9.W U 9, W — and impose one restriction
on M and W and another on dM and d.W. These variants of the definition may
now be combined ad lib.

Lemma 8.0.1 Disjoint union defines an addition which turns the set of cobor-
dism classes (of a given dimension) into an abelian group.

Proof The other kinds of structure pass at once to the disjoint union. Union is
compatible with cobordism: if V, W are cobordisms of a_V to a,V, a_W to
0+ W, then the disjoint union V U W is a cobordism of 9_V U d_W to 9,V U
d+W. Thus we have a binary operation on the set of cobordism classes, which
is commutative and associative since disjoint unions are. The empty manifold
acts as zero.

‘We obtain an inverse to W whenever M x I may be regarded as a cobordism
of the disjoint union (M x 0) U (M x 1) to the empty set (the induced structure
on M x 0 must coincide with that on M: on M x 1 it can be different). O

For k-connected cobordism, we show in Lemma 8.8.1 that disjoint union can
be replaced by connected sum.

In this chapter, vector bundles will be denoted by lower case Greek letters,
so we write Ty for the tangent bundle of M in place of T(M); normal bundles
will usually be denoted by v; and the trivial bundle of fibre dimension r by &”.

In the first section, we describe the basic Thom construction, leading to a
bijection between certain sets of homotopy classes and certain bordism sets,
and give an application to the problem of realising homology classes by sub-
manifolds. Then we focus on the structure group on the normal bundle, and
stabilisation, and define cobordism groups and rings.

The framework of cobordism lends itself to the construction of exact
sequences, and we next describe this technique, which we will use many times.
Then we treat cobordism of pairs; this leads to an interpretation of some relative
groups.

The next section treats bordism as a homology theory, checks the axioms,
introduces spectra, and dual notions of bordism and cobordism.

We then discuss equivariant cobordism, and show how the techniques of the
preceding sections yield methods of calculation of the equivariant cobordism
groups.

After a brief review of homology of classifying spaces, we describe the cal-
culations of the unoriented bordism ring, and the unitary bordism ring. We hope

Downloaded from https://www.cambridge.org/core. Moritz Law Library, on 05 Aug 2019 at 19:47:25, subject to the Cambridge Core terms of
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/CBO9781316597835.009


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9781316597835.009
https://www.cambridge.org/core

8.1 The Thom construction 239

to provide enough detail for the reader to follow the ideas, but refer to the orig-
inal papers for details of calculations. We then attempt the same for oriented
bordism and SU-bordism, with a detour to obtain the Hirzebruch signature the-
orem. We discuss k-connected cobordism, and then pull many results together
in final calculations of groups of homotopy spheres and of knots.

Part of the use of cobordism theory is to make calculations, and in this chapter
we will assume significantly more knowledge of homotopy theory than in ear-
lier chapters. We attempt to provide enough background definitions and results
for this discussion in Appendix B.

8.1 The Thom construction

We introduce the main tool in cobordism theory by considering the example
which occurs in the earliest work on the subject: the study of submanifolds M™
of a fixed ambient manifold E"**.

Let £ be an orthogonal vector bundle. As in §7.7, write V; for the total space
and B; for the base; A¢ for the subspace of V; of all vectors of length < 1 and S;
for its boundary, consisting of vectors of length 1. The Thom space T'(§) of £ is
obtained from A by identifying S¢ to a point (denoted oo): thus T'(§) = Ag /S;.
We may identify B; with the zero cross-section of the bundle, and hence with
a subspace of T(£). In the same section we met a special case of the Thom
construction. Also Proposition 7.8.1 gave a preview of the next result.

If B: is a smooth manifold, we can give & the structure of smooth vector
bundle, and V; and T'(§) \ {oo} then also acquire the structure of smooth man-
ifolds. Note that if By is a finite CW complex, so is T'(£); more precisely, if &
has fibre dimension &, over each r-cell e” of B we have a (k + r)-cell in A¢ part
of whose boundary lies over de” and part in Sg, so this gives a (k + r)-cell of
T (¢), and all cells outside oo arise in this way.

Now let M be a submanifold of the compact manifold E m+k ) be its normal
bundle. By Theorem 2.3.8 we can find an imbedding % : A, — E defining a
tubular neighbourhood of M in V.

The collapsing map A, — T (v) defines a map h(A,) — T (v) which extends
to a continuous map ¢y : E — T (v) which takes everything outside the tubular
neighbourhood to oco. This idea is due to Thom [150], and is called the Thom
construction. Observe that if B, is identified with the zero cross-section of v,
we have M = ¢;;' (B,).

We introduce one more ingredient. Let M™ C E "+k have normal bundle v, let
& be a bundle whose base space B is a smooth manifold, and let ¢ : v — & be
a map of (orthogonal) vector bundles, hence inducing maps By, : B, — B and

Downloaded from https://www.cambridge.org/core. Moritz Law Library, on 05 Aug 2019 at 19:47:25, subject to the Cambridge Core terms of
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/CBO9781316597835.009


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9781316597835.009
https://www.cambridge.org/core

240 Cobordism

similarly for A, S and T'. As above, identify A, with a tubular neighbourhood
of M; write ¢y : E — T (v) for the collapsing map, and form the composite
Fy:=Tyocy : E— T(¢).

The first significant result in cobordism theory is that the Thom construction
can, in a sense, be reversed. Define a cobordism of submanifolds of E to be a
smooth compact submanifold W of E x I, with My = 0_-W =W N (E x {0})
and M, = 0. W =W N (E x {1}).

Proposition 8.1.1 The Thom construction induces a bijection T from the set
of cobordism classes of submanifolds M C E with normal bundle induced from
& to the set of homotopy classes of maps E — T ().

Proof The construction takes a submanifold M with a bundle map ¢y : vy —
& and gives a map Fy =Ty, ocy : E — T(§). To show we have a well-
defined map t we must show that cobordant submanifolds give rise to homot-
opic maps. Let W™ C (E x I) be a cobordism, with normal bundle vy
induced via ¢y : vy — &, and suppose the construction already performed for
My and M. It follows from the tubular neighbourhood theorem 2.5.5 that the
chosen tubular neighbourhoods of My and M, can be extended to a tubular
neighbourhood of W in E x I. Thus the collapsing map cyw for this neighbour-
hood extends those on the boundary. Hence Ty, o cw is a homotopy between
the maps obtained from M, and M;. We thus have a well-defined map t from
cobordism classes to homotopy classes.

To show 7 is surjective, suppose given amap F : E — T(§). Since T(§) \
{oo} is a smooth manifold, it follows from Proposition 2.3.4 that we can approx-
imate F by a map F’ agreeing with F on F~!(c0) and which is smooth on a
neighbourhood of F~!(By). If the approximation is close enough, F’ =~ F. Next
by Theorem 4.5.6, we can further approximate F’ by a map F” transverse to
Bg, and also suppose F” >~ F’. Now set M := F'~!(Bs). By Lemma 4.5.1, the
normal bundle of M is induced from & by a map ¢y, : vy — &. If we now per-
form the Thom construction on M , the resulting 4 : E"** — T(&) agrees with
F”, together with its first derivatives, on M". After a small homotopy, then, we
can suppose F” = h on a neighbourhood of M. But the complement of such a
neighbourhood is mapped, both by F” and by &, to T(§) \ Be, which is con-
tractible. It follows that 4 >~ F” ~ F, as desired.

That 7 is injective follows by relativising the same arguments. Suppose given
My C E x 0,M; C E x 1 givingrise by the Thom construction to maps fy, fi :
E — T(£), and a homotopy F : E x I — T (&) between fjy and f;. As above,
we can replace F (keeping it fixed on E x dI) by a homotopy F’ of f to fi,
which is smooth and transverse to B¢. Then W := F'~!(B;) is a submanifold
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8.1 The Thom construction 241

of E x I, and provides a cobordism of M to M;; moreover the normal bundle
of N is induced from &. O

A key point in the above arguments is where we first approximate the map F
by a smooth map, and then make it transverse to a smooth submanifold of the
target. Since we will use this idea several times below, in future we omit the
references to Proposition 2.3.4 and Theorem 4.5.6.

We have described the Thom construction directly in a geometric context.
We next relax the condition that B be a smooth manifold. There is a space
B(Oy) and a vector bundle y; over B(Oy) such that, for any k-vector bundle &
over a space X, there is amap p : X — B(Oy) such that £ is equivalent to p*y,
and this induces a bijection between isomorphism classes of vector bundles &
and homotopy classes of maps p. (See §8.6 for more about classifying spaces).
Moreover, we may construct B(Oy ) as the union of Grassmann manifolds Gr,, x,
and the map Gr,, x — B(Oy) is m-connected. The bundle y; has associated disc
bundle AOy, say, and Thom space T (Oy).

Lemma 8.1.2 The Thom construction gives a bijection between cobordism
classes of submanifolds M™ C E"™* and homotopy classes of maps E —
T (O).

Proof We apply Proposition 8.1.1 taking Gr,, x in place of B;. For any sub-
manifold M™ of E™*, the normal bundle is induced by a map to the classify-
ing space B(Oy), but we may replace these by maps to G,, ;. Since the map
Gux — B(Oy) is m-connected, up to homotopy we can obtain B(Oy) from
Grpy . by attaching cells of dimension > m. It follows that up to homotopy we
can obtain 7'(Oy) from the Thom space of Gr,, ; by attaching cells of dimension
> m + k. The result follows. O

We next replace Oy by an arbitrary structure group J (for example, J could
be a Lie group), furnished with a homomorphism J — Oy. There is (again
see §8.6) a classifying space B(J), and isomorphism classes of (vector) bun-
dles over a space X with structure group J correspond bijectively to homotopy
classes of maps X — B(J). There is an induced map B(J) — B(Oy) of classi-
fying spaces. There is a universal bundle &; over B(J) andamap f : X — B(J)
corresponds to the bundle f*&,. We write A(J) for the disc bundle, S(J) for its
boundary sphere bundle and 7'(J) for the Thom space A(J)/S(J).

In fact we do not need J at all: only a space X playing the role of B(J), and
amap X — B(0Oy) (here we can interpret the loop space 2(X) as playing the
role of J). However we adhere to the notation with J.

As in the case J = O, although B(J) is rarely itself a smooth manifold,
we can find a sequence of smooth manifolds B(J?) and r-connected maps

Downloaded from https://www.cambridge.org/core. Moritz Law Library, on 05 Aug 2019 at 19:47:25, subject to the Cambridge Core terms of
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/CBO9781316597835.009


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9781316597835.009
https://www.cambridge.org/core

242 Cobordism

B(J") — B(J"*D) — B(J). The same argument as for Lemma 8.1.2 now
yields

Theorem 8.1.3 The Thom construction induces a bijective map of the set of
cobordism classes of pairs (E™*, M™), with E fixed and J as structure group
of the normal bundle, onto the set of homotopy classes [E : T (J)].

We can state this as a slogan: the extra structure defined on E by a sub-
manifold whose normal bundle has group J is equivalent to the extra structure
consisting of a map to 7'(J).

Taking J = SOy in particular yields a natural bijection between cobordism
classes of submanifolds M™ C E™** with oriented normal bundle and homot-
opy classes of maps £ — T'(SOy). Even more simply, taking J to be the trivial
group gives

Proposition 8.1.4 There is a natural bijection between cobordism classes of
submanifolds M™ C E™* with framed normal bundle and homotopy classes of
maps E — SF.

One application of Theorem 8.1.3 is to the problem of representing homol-
ogy classes by manifolds. It seems that this problem, raised by Steenrod, was
part of what led Thom to introduce the notion of cobordism. A first formulation
is: let X be a space and x € H,(X; Z): do there exist a closed oriented manifold
M" and amap f : M — X such that f,[M] = x? We can vary this by using Z,
as coefficient group and not having an orientation. We can also take X as a man-
ifold and require f to be an embedding: by general position results, this makes
no difference if dim M > 2n. An affirmative result for manifolds implies one
for spaces, since we can replace X by a manifold £ homotopy equivalent to
it; since we can apply such a result to the double D(E) of E, it will suffice to
consider the case of closed manifolds.

Given an oriented orthogonal vector bundle £ over E with fibre dimension &,
we have the Thom class U € H*(T'(¢); Z).

Proposition 8.1.5 Suppose E"* a closed oriented manifold. Then given a
class x € Hy(E; 7), there is an oriented submanifold M* of E whose funda-
mental homology class maps to x if and only if there isamap F : E — T (S0,,)
with F*U the Poincaré dual of x.

Proof Since E is oriented, orientations of a submanifold M correspond to ori-
entations of its normal bundle. We already know the correspondence between
submanifolds of £ and maps F : E — B(SOy). It will thus suffice to show that
F*U = [E]1Nx.
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8.2 Cobordism groups and rings 243

In the situation of the Thom construction we have a commutative diagram

H*(T,0T) <— H*(T'SOy) ,

| |

HO(M) ~—— H°(BSO,)

so F*U is the image in H*(E) of the class in H*(T, dT) corresponding to
1 € H(M). Since the Thom class in H*(T, dT) is dual to the image of [M]
in H,(T), F*U is indeed the cohomology class dual to the image of [M] in
H,(E). O

In the cases k = 1, 2 the condition is automatically satisfied: SO is trivial
and T(SO,) is D' with the boundary collapsed to a point, so can be identified
with S', of type K(Z, 1); similarly 7(SO,) and K(Z, 2) can both be identified
with infinite complex projective space P>°(C).

In his paper [149] Thom used his results on cobordism to prove that for any
homology class x € H,(X; Z,), there exist a closed manifold M" and a map
f M — X such that f,[M] = x. However for integer coefficients, while any
x € H,(X : Z) with n < 6 is the image of the fundamental class of a closed
orientable manifold, this fails for any n > 7: there is an obstruction, obtained
using the Steenrod reduced cube P! (see §B.4).

8.2 Cobordism groups and rings

If we are interested in the manifold M™ but not the embedding in an ambient
manifold E, it is natural to take E to be Euclidean space of large dimension
m + k: by Whitney’s embedding Theorem 4.2.2 we know that for k > m + 1
such embeddings exist and are unique up to diffeotopy. To apply the preceding
section, we need E to be compact. Since embeddings in $"** yield ones in R+
by deforming M away from the point at infinity, we can take E as S+

Identifying R"** as a hyperplane in R"**! leads us to identify $"** with
a great sphere in S"***! and use the composite embedding M" — §"+k —
§™H*+1 to obtain independence of k. We may thus calculate the set Q¢ of
cobordism classes of closed m dimensional manifolds by applying the the-
ory of the preceding section to manifolds contained in spheres of large enough
dimension.

We must also discuss the normal bundles. If v* is the normal bundle of M™
in $"**, the normal bundle in §”**+! is vk @ ¢!. Before developing the theory
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244 Cobordism

more fully we present axioms for the ‘stable groups’ which will play the role
of structure groups of the normal bundles.
A stable group J is given by a commutative diagram of groups and homo-

morphisms
7;71,—1 ’in
Jn—l J’n, Jn-‘rl
l@n 1 LSDTL l‘p’ﬂﬁi’l
=0, O, Ont1 Cee o (82.1)

where the inclusions in the lower row are natural. We impose the stability
condition

(S): There is a function g, of n, increasing (in the weak sense) and tending
to infinity, such that i, is g,-connected.

We also need products and impose the following further conditions.

(M): We have a family of maps ¥, , : Jn X J; = Jitn such that the follow-
ing diagrams commute up to conjugating by an element in the component of
the identity:

/lp'ln sn w'm. ,n

T X Ty o i~ T %

limxl liern lein

wm+1,n ¢m,n+1
Imy1 X I == Jmynt1 = JIm X Jnp1 (8.2.2)
wm,n
lnpmxgon l‘ﬂern
Om X Op —= Opin (8.2.3)

(A): The following diagram also commutes (in the same sense)

zZ)l,rn><1
S X Ty X Ty ——= T X Iy,
llX’L[)m,n Ld)H»m,n

wl,m-‘—n
I X Togn —— Ji4mtn (8.2.4)
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8.2 Cobordism groups and rings 245

(C): We have commutativity in the diagram
T X Ty = T X

l%pm,—knw”m,n i‘pnz-ﬂ—nw’n,m
T

Omtn Omn (8.2.5)

where T is the natural interchange of factors, and 7’ means conjugation by an
element whose determinant has sign (—1)"".

The important examples of stable groups J are the classical groups O, SO,
Spin, U, SU and Sp, and the trivial group {1}. The above properties are imme-
diate in these cases. Of interest also are the groups Spin‘, Pin, and Pin‘ of
[15, pp. 7-10]; however Pin fails to satisfy (M). Further examples can easily
be constructed: for example, products of the above with each other or with any
group of linear operators on a finite dimensional vector space.

We have presented the axioms in a geometrical setting, but note here that it
would in fact suffice to have maps of classifying spaces B(J;) throughout; the
map B(J;) — B(0Oy) induces an orthogonal vector bundle yk over B(J;) which
is all we will need for our constructions.

An embedding M™ — S§"** with J; as structure group of the normal bundle
now gives an embedding M™ — $"**+! with normal bundle with group Ji ;. It
is however more natural to consider the tangent bundle. A weak J-structure on
M'™ is prescribed by choosing an integer r and reduction (e, f) of the group of
Ty @D e to Sy (re, f)and (v, €, f) are equivalent if the reductions (e, f)
and (¢, f') of 7y @ &° are so for some s = r, /. When J = U we call this a
weakly complex structure.

We now show that if (S) holds, we can pass between the structure group on

the stable tangent bundle and the structure group on a normal bundle. This fails
for Pin: if M has a Pin normal bundle, the tangent bundle is not necessarily Pin:
we have w; = 0 but w, = w%.
Lemma 8.2.6 Suppose in the diagram (8.2.3) that the map V¥, : J, — Jris
induced by . is c-connected. Let K be a CW complex of dimension d <
min(c, r — 2), and &7, n® vector bundles over K, with a Js-structure on n°. Then
the function f induce by v from J,-structures on " to J, g-structures on ™ @ n’
is bijective.

Proof Let X; be the classifying space for J;(i = r, s or r + s); E; the total space
of the principal bundle with fibre O; induced over X; by ¢;. Write E¢, E,), Ex oy
for the spaces of the corresponding principal bundles over K. Then J,-structures
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246 Cobordism

of £ correspond to sections of the bundle over K with total space Ez x¢, E;;
similarly for & @ 5. But the J;-structure of 1 induces a fibrewise map

EE Xo, Er — E&@’Z X0 Er+s (827)

r+s

and the induced map E, — E,,, of fibres is at least min(c+ 1,7 — 1)-
connected since X, — X,, is (¢ + 1)-connected and O, — O,, is (r — 1)-
connected. Thus (8.2.7) is at least (d 4+ 1)-connected, so any map of K to the
second term can be factorised (up to homotopy) through the first, and f is sur-
jective; moreover, the result is unique up to homotopy, so f is bijective. (It
follows from the CHP that sections of a bundle are homotopic only if they are
homotopic through sections.) O

Corollary 8.2.8 Let M™ C R™™ have a weak J-structure, where the stable
group J satisfies (S), and qy 2 m. Then the normal bundle has a Jy-structure;
conversely, this implies a weak J-structure on M.

Proof In this case, § @ n has a standard framing, and hence J-structure. We
use (A) only to identify the ¥ of the lemma with a composite of maps i,. [J

The definition of a cobordism W of manifolds with weak J-structures
demands a reduction of the structure group of ty. Now ty |[0W = tyy @ el so
the induced structure of the boundary is a reduction of the group of Ty @ &'
rather than of 7,y itself. Here we make the convention (necessary to obtain
an equivalence relation) that the positive vector &' is to be identified with
the inward normal to d_W in W, but with the outward normal on d9,W.
Now a weak J-structure on a cobordism W induces weak J-structures on
d0_W, 0, W: we call it a cobordism between these manifolds with the induced
structures.

We denote by Q7 the set of cobordism classes of m-manifolds with a weak
J-structure.

Lemma 8.2.9 [f] satisfies (S), and N > m + 2, gy = m + 1, there is a natural
bijection of 2!, to the set of cobordism classes of manifolds M™ C S™™ with
Jn as group of the normal bundle, and hence to 7w, n(T (Jy)).

Proof The first statement follows from Corollary 8.2.8, and the second from
the results in the preceding section. O

Now let J be a stable group, with y* the universal bundle over B(J;).
The inclusion i : Jy — Ji41 induces a bundle map ¢y : y* @ &' — y*+! over
Biy : B(Jx) = B(Jig41). Write B(J) for the limit of this sequence (we can
regard the Biy, as inclusions and form the union). In view of the identification
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TE®e')=T(@E)AS', the bundle map ¢ lifts to a map Ay : ST(J;) —
T (Ji+1). The sequence of maps hy : ST (J;) — T (Jr+1) defines a spectrum,
which we denote by TJ.

Theorem 8.2.10 For J a stable group we have a bijection

QL ~ klggo Tk (T (Ji)) = ”,fz(m])'

Proof An embedding i : M™ — R™** c §"k can be regarded as lying in
a hyperplane (or great sphere) giving an embedding i; : M*¥ — R+
Sm+k+1 - Applying the Thom construction to the first gives a map F : "% —
T (J;), and to the second gives its suspension SF : S"T 1 — T(J,, ).

By definition, possession of a J-structure is equivalent to having a normal
Jy-structure in S”** for some k. If we fix k, then by Lemma 8.2.9 we obtain
the group 7,,1+(T (Ji)). The desired group is the direct limit of these under the
natural injection maps. O

If J satisfies (S), the suspension map 7,1+ (T (Ji)) = Tmair1(T (Jk+1)) is an
isomorphism for k > m + ¢,,, so no limiting process is necessary.

The cobordism set 2/, has a natural group structure: the sum of the classes
of disjoint manifolds M, M’ is defined to be the class of M UM’. Any M’ is
diffeomorphic (hence cobordant) to a manifold disjoint from M. The sum is
well defined since the disjoint union of cobordisms of M with N and of M’
with N’ is a cobordism of M U M’ to N U N’. Commutativity and associativity
are immediate. Since d(M x I) = (M x {0}) U (M x {1}), we have an inverse
(note that the normal bundle is different in the two cases).

The bijections of Lemma 8.2.9 and Theorem 8.2.10 are group isomorphisms
since both are induced by the Thom construction. We can take manifolds M
and M’ to lie in distinct discs in $"**. The map given by the Thom construction
takes the boundaries of these discs to co. If we then remove discs, and glue the
two spheres together, we obtain the usual sum of homotopy classes.

Products are compatible with cobordism: if W is a cobordism from d_W to
0+ W, then W x M is a cobordism from d_W x M to 9. W x M. Also, products
are associative, and distributive over disjoint union, and there is a natural diffeo-
morphism of M’ x M on M x M’, which gives rise to a form of commutativity
of multiplication.

If G, H are groups of orthogonal operators on R?, R”, then B(G) x B(H) is
a classifying space for G x H, and £; x &g is a universal bundle. As observed
above, T(G x H) =T(G) AT(H).
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248 Cobordism

If J satisfies (M), the products ¥, , : Ju X Jy = Jinys induce maps wr/n,n :
TJn) AT(Jy) = T(Jpen), and if (A) holds, these associate up to homotopy.
This provides TJ with the structure of a ring spectrum.

Theorem 8.2.11 If ] is a stable group satisfying (M), we have a bilinear prod-
uct Q) x Q) — Q! 1 Which corresponds to the pairing in homotopy groups

induced by the maps T (J,,) A T(J,) = T (Jynin). The product is associative if
J satisfies (A), and defines a commutative graded ring if J satisfies (C).

Proof The product of submanifolds M C V and N C W gives a submanifold
M x N CV x W. Using the Thom construction as in Theorem 8.1.3 these
determine elements of [V : T'(J,;,)] and [W : T'(J,,)] and the product is given
by

[V:TUDIX[W :TU)] = [VXW:TU, xJy)]

The conclusion follows by taking V and W to be Euclidean spaces (or rather
spheres) and stabilising. O

A case of particular simplicity is J = {1}: each J; consists only of the unit
element, so we can take B(J;) to be a point; then T'(J;,) = S¥. For each bundle
occurring we have a specified isomorphism with a trivial bundle, i.e. a framing,
and for clarity write Q/" for the cobordism group.

Corollary 8.2.12 Framed cobordism groups are isomorphic to stable homot-
opy groups of spheres: Qf,r = limy, o0 Tk (S5).

This, due to Pontrjagin [123], was the first theorem in the subject.

8.3 Techniques of bordism theory

In this section we introduce a couple of techniques, variants of which will often
be used below. The first is a general method of constructing exact sequences.
Recall from §5.1 that a cobordism of the bounded manifolds M, and M, is a
manifold W with corner /W which divides W into three parts, with disjoint
interiors: My = 0_W, 9.W and M; = 9, W, with My and M, disjoint. Thus 9. W
is a cobordism of M to oM.

By itself, this definition gives nothing: any manifold M with boundary is
cobordant to the empty set by the manifold W obtained from M x I by rounding
corners at M x {1}. The interesting cases are those in which an extra condition
is imposed on the cobordism 9. W.
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8.3 Techniques of bordism theory 249

Suppose two kinds of structure specified, which we call an «-structure
and a B-structure, with the latter stronger than the former. For example, we
may consider structure groups G; and G, C Gy, or maps to spaces X; and
X, C Xj,oractions of groups Hy and H, D Hj, or kj-connectivity and k, (> k)-
connectivity.

By @ and Q” we denote the cobordism groups of manifolds with «- (resp.
B-) structure; and by Q% the cobordism group of bounded manifolds with «-
structure, whose boundaries have a 8-structure including the given a-structure.
We suppose there are natural group structures, though all we need is the zero
element provided by the empty manifold.

. in Jn On
Lemma 8.3.1 There is an exact sequence ... —> Qf — QY — Qz”s —

Qf  Lor -
Proof The maps i, and j, are the natural ones; 9, is induced by taking the
boundary.

Exactness at 9571 follows since a B-manifold M"~! represents an element
z of Ker i, if and only if, as «-manifold, it bounds some N". But then N
represents an element y € QZ”S with 9,y = z.

We have 9, o j, = 0 since an element of QY is represented by a manifold
with empty boundary. Now suppose N” represents y € Q%P with 9,y = 0. Then
dN bounds a B-manifold N’'. We form a closed manifold N” by glueing N to
N’ along their common boundary. The «-structures on N and N’ induce a a-
structure on the union N”. We now define a cobordism W by taking N” x I and
introducing a corner along N x {0}, sothat _W = N x {0}, 3.W = N’ x {0}
and 9, W = N” x {1}. Here 9.W has a B-structure, so N = 9, W also repre-
sents y and is in the image of j,,.

Figure 8.1 A new cobordism obtained by changing the corner

We have j, o i, = 0 since for any B-manifold M, we can interpret N = M x
I as an (o, B) cobordism to the empty set by setting 0_(M x I) = M x {0}
and 0.(M x I) = M x {1}. Finally, if the closed «-manifold M has class x with
Jnx = 0, there is a («, B)-cobordism W of M to the empty set. Thus 0_W =
M, 9, W =@, and N := 9.W is a closed f-manifold. Now letting V be the

Downloaded from https://www.cambridge.org/core. Moritz Law Library, on 05 Aug 2019 at 19:47:25, subject to the Cambridge Core terms of
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/CBO9781316597835.009


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9781316597835.009
https://www.cambridge.org/core

250 Cobordism

cobordism, diffeomorphic to W but with 9_V = M and 9,V = N, we see N is
«a-cobordant to M, so if N has class z we have i,z = x. O

This procedure of changing the corner is itself a useful technique: we met it
in §7.4 and will encounter it again.
The following addendum is easily proved by the same method.

Lemma 8.3.2 Suppose given three kinds of structure: an a-structure, a B-
structure, and a y-structure, with y stronger than  which in turn is stronger
than o. Then there is a commutative diagram including the exact sequences
corresponding to the three inclusions and one with the relative terms.

/\/\

AVAVAN
NN

n+1 QB 7

\/\/

Lemma 8.3.1 is often applied together with a method of calculating QP
To illustrate this, suppose any manifold W" with a-structure has an induced
B-structure except on a closed submanifold M™, and define y to be the type of
structure induced on M by an « structure on a tubular neighbourhood V of M
in W. This is imprecise; the details need to be clarified in each case where this
is applied.

Lemma 8.3.3 Inclusion induces an isomorphism Q}, — Qz’ﬁ

Proof The map is defined by taking the class of M in Q}, to that of (V, dV)
where V is the disc bundle over M which is part of the y structure: by the
definition of y, this pair has an («, §)-structure.

To prove the map surjective, take any (W, dW) with («, B)-structure, and
construct M, V as above. Then (V, dV) has a («, 8)-structure since aV is dis-
joint from M so we have an induced B structure on it. An («, 8)-cobordism
X from (V,9V) to (W, W) is obtained from W x I by rounding the corner
at oW x {0} (using Proposition 2.6.2), and introducing a corner at 3V x {0}
(using Lemma 2.6.3) as in Figure 8.1: thus 9.X = (W \ V x {0H U (W x I).
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8.3 Techniques of bordism theory 251

Now suppose M such that (V, V) is («, B)-cobordant to the empty set: write
X for a cobordism. The a-structure on X gives a S-structure except on a com-
pact submanifold L with boundary M. Then L has an induced y -structure, so
the class of M in 2}, is zero. O

Let V be a submanifold of M; then we call (M, V) a pair. If (N, W) is a
pair of manifolds with boundary, and N is a cobordism of d_N to d+N, we
set W =W NOJ_N, 0.W =W N9, N. Our definition of submanifold then
implies that W is a cobordism of _W to 9, W, and we shall call the pair (N, W)
a cobordism of the pair (0_N, d_N) to the pair (3, N, 9, W). Rather than restrict
the structure groups of the stable tangent bundles of M and V independently;
we usually restrict the structure group of the normal bundle of V in M: here
there is no need to speak of weak structures.

We study cobordism of pairs by establishing a principle of ‘extension of
cobordism’ (analogous to homotopy extension). This is illustrated in the next
lemma.

Consider pairs (M"*4, V?), where M has a weak J-structure and the normal
bundle an H,-structure; more generally, consider V' C M v+q c SH9tT where
the structure groups of the normal bundles are H, and J,. Then the normal bun-
dleV? C 89" hasan H, x J,-structure. Here we only consider the stable case
r > v + g + 1 where the imbedding of M in S is irrelevant, so may replace J,
by J.

Let J be a stable group, and H, a group mapping to O,. Then setting (J x
H,), = Ju—q x H, defines a stable group J x H,, which satisfies (S) if J does.

Lemma 8.3.4 The pair (M"*1,V") is (J, Hy)-cobordant to the empty pair if
and only if M**4 is J-cobordant to zero and V* is J x H,-cobordant to zero.

Proof The necessity of the condition is evident. To prove sufficiency we give
a construction to extend a J x H,-cobordism of V” to the empty set to a J x
H,-cobordism of (M, V) to a pair (M’, y). Since cobordism is an equivalence
relation, it follows that M’ is J-cobordant to ¢, say by N’; then (N', ¢) is the
required (J, Hy)-cobordism of (M', ¥) to (¥, ).

Let W**! be the given J x H,-cobordism of V to ¢: then there is an induced
bundle over W with fibre DY, whose total space we denote by L°T4*!. Note that
the restriction to V of this bundle is the normal bundle of V in M; hence we
can identify a tubular neighbourhood of V in M with part of the boundary of L.
We form M x I, and attach L to M x 1 by this identification, giving N. Since
L and M x I have J-structures, which agree (by hypothesis, W is a cobordism
of V with the J x H,-structure induced from M) on the pair identified, Nvtatl
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has a weak J-structure. Also, V x I UW = W’ is a submanifold whose normal
bundle has group H,.

Set M x 0 = d_N. Then (N, W’) is a J x H,-cobordism, and W/ N9 N =
. This completes the proof of the lemma. O

Lemma 8.3.5 The cobordism group of pairs (M°14, V"), where M has a weak

J-structure and the normal bundle an H,-structure is isomorphic to 2! +q®
JxH,

QU
Proof In Lemma 8.3.4 we defined a map to the direct sum, and proved it a
monomorphism; it clearly respects additive structure. The map to Q,{XH" is onto,
for given a (J x H,)-manifold V*, we construct as above a bundle over V with
fibre D9, and can take M as the double of this manifold. Finally, the image

contains €2/ +¢ ® 0: we need only consider pairs with V empty. O

8.4 Bordism as a homology theory

For J a stable group, and X any space, we denote by Q7 (X) the cobordism
group of (closed) manifolds M™ together with a weak J-structure and a map to
X. The arguments of the preceding section generalise easily to this situation.
In fact we go further: given a pair of spaces Y C X we define Q/ (X, Y) to be
the set of cobordism classes of (compact) manifolds M™ with a weak J-structure
and amap f : M — X with f(dM) C Y. The definition of the cobordism rela-
tion is implicit in the above: a cobordism is a compact manifold W with corner,
with a weak J-structure inducing the given weak J-structures on . W (with the
above convention), together with a map g : (W, 9.W) — (X, Y). Generalising

Theorem 8.1.3, we have

Theorem 8.4.1 IfJ is a stable group, the Thom construction induces isomor-
phisms

@, (X, ¥) = lim 7 (X AT, YT ATUR)).

Proof Given M™, it follows from Whitney’s embedding theorem and the refine-
ments of Theorem 4.7.3 that for k > m we can find embeddings of (M, dM) as
a submanifold of (D%, D" +k), and that for k > m + 1 any two such embed-
dings are diffeotopic. It follows from Lemma 8.2.6 that for k large enough
the weak J-structure on M induces a J;-structure on the normal bundle v
of the embedding. Write dA, for the part of the disc bundle A, lying over
oM. Then we have a map A, — A(Jy) — T (Jy) and also maps (4,, 0A,) —
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8.4 Bordism as a homology theory 253

(M, dM) — (X,Y). Taking the product, we have a map (A,, dA,) = (X X
T (Jx), Y x T(Jy)), which takes (S,, 35,) to (X x {oo}, Y x {o0}).
Now collapse everything in D"** outside A, to a point, giving a map of
(D" 9D Y to (T (v), 3T (v)), and hence to
(X X T(Jx)/X x {00}, Y x T(Jy)/Y x {o0}).
Recalling that X x T'(J;)/X x {o0} = X A T(J;), we see as in Theorem 8.1.3,
that this construction define a map
QL(X,Y) = My 00 Tk (XT AT, YT A TUR))).

The proof of the result now also closely follows that of Theorem 8.1.3. To
establish surjectivity, we start with a map f and let K be the inverse image of co.
Then f defines amap of D"** \ K to A(J;) x X. We alter the first component by
a small homotopy, to make it smooth and transverse to B(J;). This defines also
a homotopy of f, say to f. Now set M = f'~'(B(J;) x X); then f” induces a
map (M™, aM™) — (X, Y), and the normal bundle of M has group reduced to
Ji.. It follows that the bordism class defined by M maps to the homotopy class
of f.

Again, injectivity follows by a similar but simpler argument, and the proof
that the bijection preserves group structures and the passage to the limit work
as before. U

In particular we have an isomorphism an (X) = limg_s 00 Tk (X A TU)).
It follows as in Corollary 8.2.12 that

Corollary 8.4.2 Under the isomorphism of Theorem 8.4.1, the external prod-
ucts 2 (X) x QIY) — Q. (X xY) correspond to the homotopy pairings

m-+n

induced by (X* ATU)) A XY ATU)) = (XTAYT)ATUrs).

The maps T'(Jy) A T(J;) = T (Jy4;) give the limit TJ the structure of a ring
spectrum (see §B.4). We can immediately extend Theorem 8.2.11 to

Theorem 8.4.3 The Thom construction induces a natural equivalence between

J . . . . .
the functor 2, and homology theory with coefficients in the spectrum TJ; this
respects products in the multiplicative case.

We have shown that 2/ defines a homology theory. We prefer to present also
a direct proof of this fact.

Theorem 8.4.4 The groups Q(X), QL(X,Y) satisfy the Eilenberg-Steenrod
axioms [50] for a homology theory.
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We first recall these axioms:

L, II: ©/ is a functor from the category of pairs of spaces (X, Y) and contin-
uous maps to the category of graded abelian groups. We denote 2,(X, &) by
Q. (X).

III: For any pair (X, Y) there is a map 9 : ©,,(X,Y) — Q,,—1(Y) which is
natural for maps of pairs.

IV: For any pair (X,Y),ifi:Y — X and j: (X, @) - (X, Y) denote the
inclusions, we have an exact sequence

= QR0 S @) L QX Y) S 9l ()

V: Homotopic maps ¢ and ¢; : (X, Y;) — (X3, ¥») induce the same map in
bordism: @p. = @14 : QL(X1, Y1) = QL(Xa, Ya).

VI: If U C X has its closure in the interior of Y, then inclusion induces an
isomorphism QX \ U, Y \U) = Q/(X,Y).

Proof LIL:If ¢ : (X;,Y)) = (Xz, Y») is a map, M has a weak J-structure, and
f:(M,oM) — (X;,Y;) represents a class z € QL(XI,Y] ), then ¢ o f repre-
sents ¢,(z). This is well defined since if F defines a cobordism of f then ¢ o F
defines a cobordism of F. It is clear that the construction respects unions, so
the map is additive.

I If f: (M, 0M) — (X,Y) gives a bordism class of (X,Y), then f|oM
gives a bordism class of Y. If F : (W,d.W) — (X,Y) is a cobordism, then
F|0.W is a cobordism between the boundary maps of F'|0_W and F|d,W: thus
restriction induces a map 9, : QL X,Y) — an _,(Y') which is compatible with
disjoint union and hence a homomorphism. It is immediate that the construction
is natural for maps of pairs.

IV. This is our first illustration of Lemma 8.3.1: here all manifolds have weak
J-structures, and an «-structure consists of a map to X and a S-structure of
amap to Y C X. Observe that in this case, if we form N” by glueing mani-
folds N, N’ with «-structure along their common boundary, both the weak J-
structures and the maps to X fit to define a «-structure on N”.

V:If @ : ¢y >~ ¢, then for any f : (M, dIM) — (X,Y), we can regard ® o f
as defining a cobordism between ¢y o f and ¢; o f.

VI: To prove surjectivity, we let f: (M, M) — (X, Y) represent an ele-
ment of QL(X ,Y). It is convenient first to alter f (if necessary) by a homot-
opy on a collar neighbourhood of dM so that some smaller neighbourhood is
mappedinto Y. ThenA = f~!(X \ Y)and B = M U f~!(U) have disjoint clo-
sures, so (see §A.2) we can find a continuous map s : M — [ with s(A) =0
and s(B) = 1.
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8.4 Bordism as a homology theory 255

We now approximate s by a smooth map, and make it transverse to % Then

N:=s"1[— % s %] is a smooth submanifold of M, and f|N determines an element

of Q/ (X \ U,Y \ U).But N and M determine the same class in 2/ (X, Y). Fora
cobordism W, we use f x 1; : M x I — X with a corner introduced at 9N x 0
and the corner at 9M x 0 rounded (as in the proof of Lemma 8.3.3). Since (M \
N) C s’1[1/2, 1], it is disjoint from A, and f(M \ N) C Y, so we can safely
adjoin (M \ N) x O to 9. W.

The proof of injectivity is similar. If f: (W, 9.W) — (X,Y) is a cobor-
dismof flo_W : O_W,Z_W) - (X\U,Y \U)tod;W = &, we first adjust
f so that A= f~'(X\Y) and B=9.W U f~1(U) have disjoint closures.
Next choose a smooth s : (W, A, B) — (1,0, 1), transverse to %, and set V =
s~1o0, %]. Then V is a cobordism of 9_V to zero in an(X \U,Y \ U): acobor-
dism of 9_V to 0_W is obtained exactly as above. This completes the proof of
the theorem. O

Various standard properties of homology now follow.

Proposition 8.4.5 (i) For any non-empty X, the maps {x} — X — {x} induce
a direct sum split Qi X)) = Qi ® Qi (X), where an(X) = limg— 00 Tk (X A
T (Jy)). If CY is the cone onY, Qi(CY) =0,and o : QL(CY, Y= an_l(Y).
(ii) If (X, Y)) is a CW pair, or more generally if it has the homotopy extension
property (HEP), QL(X,Y) = QI(X/Y, pt) = QL(X/Y).
(iii) If X DY D Zis a triple, we have an exact sequence

s Q25 QX2 - QXY Q2 -

(iv) QS = Q)

(v) Let X =Y1 UY,, Z =Y, NY,, and suppose inclusion induces isomor-
phisms QL(Y;, Z) = QL(X, Y1_;) (by (i), this holds if the pairs (Y;, Z) have the
HEP). Then we have the exact sequences

s Q2 Qe Q) - QLX) - QL (2) - -
s QD)X - QX YR X ) - Q)

m m

L@

(i) QUXUY)ZQUX)®QUY) for disjoint union;, QX VY)=
QLX) @ QLY.
(vii) If (X, Y) is a CW pair, ,(XP UY, X' UY) Z C,(X, Y; @), ,).

Proof (i) The splitting follows as we have an additive functor; the isomorphism
follows as we have the same split on both sides of the equation. The next asser-
tion follows from the homotopy axiom, the final one from the exact sequence.
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(i1) Under the hypothesis, X/Y has the homotopy type of X with a cone on Y
attached; by excision, this modulo the cone has the same groups as X modulo
Y.

(iii) This is a standard exercise in diagram chasing.

(iv) Follows by induction from (ii) and (iii).

(v) These follow by another standard argument (the same for both).

(vi) Here X Vv Y denotes the union of spaces X and Y with a single common
point. Since Z = &, we can apply (v).

(vii) By (i), QLXPUY,Xr'uy)=Q/ (XP/(XP~'U(XPNY))). But
XP/(XP~1U (XP NY)) is a wedge of p-spheres. Now apply (iv) and (vi). [

These results all illustrate how we can begin to calculate the groups Q7 (X, Y)
in terms of the Q7 . We can formalise this process as a spectral sequence.

Theorem 8.4.6 Let (X,Y) be a CW pair. Then there is a first quadrant Q-
module spectral sequence, converging strongly to QL (X,Y), which starts with

E), = Hy(X,Y; Q).

Proof By Proposition 8.4.5 (iii), the triple (X? UY, X9UY, X" UY)(r<qg <
p) has an exact bordism sequence. All the maps are induced by inclusions
and boundary homomorphisms, so all expected diagrams commute. Such a
collection of exact sequences defines a spectral sequence. We write X*° = X,
X~ = &: then the limit term is /(X, Y). The module structure is induced by
natural products €/, x Q/(X?UY,X7UY) — Q) (XPUY,X70Y): if M™
is a closed manifold, and f : (N, dN) — (X?UY,X9UY), then we use the
manifold M x N (with induced J-structure) and the map induced by first pro-
jecting on N.
By Proposition 8.4.5 (vii), the E! term is

1 _ o/ —1 ~ e VA
El =@l (X"UY,X"'UY)=CX,Y; Q).

The boundary d' is induced by taking the boundary of a manifold: it is easy
to verify that this coincides with the usual boundary in the chain complex of
(X, Y). It follows that qu =H,(X,Y; Q{I) and hence (since Qé =0forg < 0)
we have a first quadrant spectral sequence.

As to convergence, we note that

QX UY)=Q/(XPUY) forallp <0
QxPUY)=Q/(X*UY) forallp>n,
the first since X! = @ = X~ and the second since (by the cellular approxi-

mation theorem) any map of an rn-manifold into X is homotopic to a map into
X". These two isomorphisms imply strong convergence of the sequence. [
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8.4 Bordism as a homology theory 257

We have now discussed the homology theory associated with the spectrum
TJ and so with the stable group J. There is also an associated cohomology
theory, defined by

QLX) = H'(X; T)) := [SVX : Tyl

lim
N—oo
The geometric content of this definition arises again by Theorem 8.4.1. If M is
a closed smooth manifold, the suspension S¥M is obtained from RY x M by
adding a single point oo. It follows from the Theorem that [S¥M : T (Jy,)] cor-
responds bijectively to cobordism classes of submanifolds of RV x M whose
normal bundles have group reduced to Jy.,.

Theorem 8.4.7 Let J satisfy (S). Let M™ have a weak J-structure. Then
QM) = Q) (M, dM).

Proof In this case, RN x M™ also has a weak J-structure. By Corollary 8.2.8,
a Jyin-structure on the normal bundle of V" in RY x M™ induces a weak
J-structure on the tangent bundle of V, and conversely if N is large enough. We
thus have a bijective correspondence between €27(M) and cobordism classes
of manifolds V=" with weak J-structure and an imbedding in RN x M™, for
large enough N. But if N is large, any map to RY x M™ is homotopic to an
embedding, homotopic embeddings are diffeotopic, and a diffeotopy gives a
cobordism. Hence specifying an imbedding in RY x M™ up to diffeotopy is
equivalent to specifying a map to RV x M™, or indeed to M™, up to homotopy.
It remains only to note that if M has boundary, 9V is imbedded in RN x M,
so we must insist that it be mapped to oM. O

This result shows that a manifold with weak J-structure is orientable for the
homology theory Q7. We also have a form of the Gysin isomorphism theorem.

Theorem 8.4.8 Let J be a stable group satisfying (S), (M), X a topological
space, & a Jy-bundle over X. Then Qﬁ(X) = §~2£+k(T(f;‘)).

Proof Let f : X — B(Jy) classify &, and fy denote the composite

BUN) x X 24 BUN) x BUO) 22 BUywr).

Write Fy for the map B(Jy) x X — B(Jy4x) X X whose components are fy
and projection on the second factor. Fy is covered by a bundle map of y" @ &
to YNtk Also, B(Jy) is mapped by the natural injection i to B(Jy,x), and we
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258 Cobordism

have a commutative exact diagram

0 - mnMBUy) — =wnBUy)xX) —-> 1X) — 0

0 — mBUNw) — 7 BUnw) xX) — mX) — 0.

Thus Fy, is an isomorphism in the limit as N — oco. We have an induced map
of Thom spaces

TUNATE) = TUn+) AXT,
which then also in the limit gives homotopy isomorphisms. Thus
Q,(X) = Hm 7y (T Uy ) A X
= lim 7y (T Un) AT (E))
N—oo
= QW (T(6)). N

The calculation in Lemma 8.3.5 of cobordism of pairs involves the groups
QiXH", which admit a natural Qi—module structure. We can now ‘compute’
them directly using bordism groups.

Lemma 8.4.9 We have QﬁXH" =Qf +q(T(Hy)), and more generally

QM 00 = Q)L (T(H) AX).

Proof By Theorem 8.4.1, we have

QM xy = Jim (T x Hyy AX)
—00

= lim 7 n(T(Uy—g X H) AXT)
N—o0
= Nlim TN (T Un—g) AT(Hy) AXT)
—> 00

=Q’

nig(T(H) AXT). O

As with any homology theory, we can define bordism theory with coeffi-
cients. If n > 1 and r > 1 are natural numbers, write e/, for a space obtained
from S" by attaching an (n 4 1)-cell by a map S" — S”" of degree r; thus
HN(e;; Z) is isomorphic to Z, if N = n and is zero otherwise.

We can now define Q4 (X; Z,) := @, (X A ¢). Elementary properties of
this definition are easily deduced from homotopy properties of the spaces e/,.
We will not go into further details.

The following construction is also sometimes useful. Let J be a stable group
and H be any topological group. Then we can define a stable group J > H by
setting (J > H), := J, x H, operating on R" via its projection on J,,. (This is
not the same as the J x H defined above.)
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8.5 Equivariant cobordism 259

We have B(J, > H) =B(J,) x B(H) and T(J, > H) =T(,) AB(H). In
particular, if X is any CW complex, the loop space 2X is equivalent to a topo-
logical group, and we have

Q"% = lim 7§ (T Uy X QX))

= lim 7Tn+N(T(Jn+N /\X)) = Q‘/i(X)
N—oo

Thus the groups 2/(X) may be considered as the coefficient groups of the
homology theory Q/>X.

8.5 Equivariant cobordism

The object of this section is to give a method for reducing the calculation of
equivariant cobordism groups to that of the bordism groups of certain classify-
ing spaces.

We begin by formulating the definitions of equivariant cobordism groups.
First define 12(G) to be the cobordism group of manifolds with a smooth
action of the compact Lie group G. Next, let A be a closed collection of orbit
types (in the sense of §3.5), and write I,ff (G; A) for the cobordism group of
those actions such that all orbit types belong to A. Here we identify a type
defined by a pair (H, E) with the type defined by (H, E & R), where H acts
trivially on R, to be able to use the same list of types for manifolds and for
cobordisms.

We also wish to incorporate a structure group. Let J be a stable group satis-
fying (M), (A) and (S), and M have a J-structure (on its stable tangent bundle).
We say that a smooth action of G on M respects the J-structure if the following
condition is satisfied. For some n, we are given an action of G on a principal J,-
bundle P which defines the J-structure, lifting the given action of G on M. This
defines actions of G on the associated bundles; in particular, on the principal
Ju.+1-bundle, so the condition is independent of n. To avoid technicalities we
restrict to three cases: J may be O, SO, or U: in the second case all the bundles
are orientable; in the third all are unitary, in particular E is acted on by a unitary
group which we denote U (E).

Write 17 (G; A) for the group of cobordism classes of manifolds M™ with J-
structure and a smooth G-action which respects it, and such that each orbit type
belongs to A.

First consider the case of free actions: we have the single orbit type when H
is trivial; denote it by ‘free’. In this case, the projection M — G\M is a fibre
bundle with group G. Such bundles over X are classified by (homotopy classes
of) maps X — B(G), where B(G) is the classifying space of G.
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260 Cobordism

Lemma 8.5.1 The cobordism group I (G; free) is isomorphic to the bordism
group an_g(B(G)), where g = dim G.

Proof We have just observed that a free action on M leads to a map G\M —
B(G); the converse is also immediate. The same remarks apply to manifolds
with boundary, so the correspondence goes over to cobordism. O

Now let A be a closed set of orbit types, @« € A a maximal element, and write
A’ := A\ {a}: since o is maximal, this too is closed. There is a natural map
II(G; A") — [L(G; A).

Lemma 8.5.2 There is a natural exact sequence
(G A - (G A) - (G (AA) - (G A)— I _ (G A)...

Proof This s a direct application of the general principle of Lemma 8.3.1. Here
the third term is defined as the group of cobordism classes of cobordisms W
with J-structure and a smooth G-action which respects it, and such that each
orbit type belongs to A and those on W to A’. O

This formal result is only of value once we have a way to compute the third
term.

We recall that an orbit type « is associated to a subgroup H* of G and a repre-
sentation of H* on a Euclidean space E* (both defined up to conjugacy). Since
o is maximal in A, W¢ is a closed submanifold of W, and by hypothesis is dis-
joint from dW. By Theorem 3.5.8, a neighbourhood of W* in M is equivariantly
diffeomorphic to a bundle over X* = W% /G with fibre G x g« E®. Note that
dim X% = dim W% — dim G + dim H%, and that dimM — dim W% = dim E“.

According to Lemma 8.3.3, the third term I/, (G; (A, A’)) is isomorphic to
the bordism group of G-manifolds W* together with a G-bundle 7 : N —
W* with fibre E* on which H® acts as indicated. To proceed, we let P be the
principal J(E®)-bundle associated to 7 : P is the set of isometries of E* on fibres
of . On P we have the natural (right) action of J(E®), also an induced (left)
action of G which commutes with it, hence an action of G x J(E®): this action
has only a single orbit type. The isotropy group is the set of elements

H* = {(h™", p() | h € H*} € G x J(E*).

Recalling the discussion in §3.5 of the structure of a G-manifold with just one
orbit type, we now consider the submanifold P#" and the induced action on it
of

NH*) ={(g,r) € G x J(E*) : p(g~'hg) = r ' p(h)r forall h e H*}.
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8.5 Equivariant cobordism 261

Denote by L the quotient group N(H*)/H*. Then P¥" is a principal L*-bundle
over X. The mechanism of classifying spaces tells us that such bundles corre-
spond to homotopy classes of maps X — BL“.

Theorem 8.5.3 We have
I'(G; (A, A) = Q! (BL"),
where ¢ = dim G — dim H* + dim E“.

Proof As in the proof of Lemma 8.5.1, the homotopy class of X — BL* deter-
mines the isomorphism class of X and hence W with all its structure. Since the
same applies to bounded manifolds, we can pass to cobordism classes. O

This argument extends trivially to the case when A has two maximal elements
o, B such that neither « < 8 nor B < « (for example, the subgroups H* and
HP are conjugate), then if A” := A \ {«, 8} then
L(G; (A, A") Z I(G; (A" Ufa},A") @ I(G; (A" U {B}, A")),

m

for the orbit types M* and M? have disjoint closures. Similarly we can deal
with further such summands.

The simplest example is the group G = Z, with J/ = O. Any action is semi-
free; the possible non-trivial orbit types have H = Z, and E = R for some &,
with the antipodal action. In this case, H* has order 2 and is central in G x Oy,
so its normaliser is the whole group and L = N(H*)/H* is isomorphic to Oy.
Denote by A the set of all orbit types. It follows from Theorem 8.5.3, together
with the remark following it, that we have

I9(Za; (A, free) = €D Q4 _(B(OW)).
k

Theorem 8.5.4 There is a split short exact sequence
0 — I9(Za; A) — @, Q0_(B(Oy)) = Q1 (BZy) — 0.

Proof By Lemma 8.5.2 we have an exact sequence
Ig(Zz; free) —>InOI(Zz;A) —>I,(3(Zz; (A, free)) _>In01—1 (Zy; free) —>Irg_l (Zy;A).
We claim that the map 19(Zy; free) — I9(Zy; A) is trivial. Indeed, given a
free action of Z, on M, the mapping cylinder of the projection M — Z,\M can
be identified with a bundle over Z,\M with fibre the interval [—1, 1]. This is a
smooth manifold, with a Z,-action given by —1 in each fibre, and has boundary
M.
The long sequence thus breaks into short exact sequences, and we can
substitute ]3—1 (BZy; free) = Q,,_1(BZ;) by Lemma 8.5.1 and the value of
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262 Cobordism

Ig (Zy; (A, free)) from the calculation preceding the theorem. The fact that the
sequence splits follows since the middle group has exponent 2. U

The same approach may be applied to the case G = Z,, with p an odd prime,
but here the details do not simplify. Here it is more natural to take the structure
group J as SO or U. It is still true that any action is semifree, and we have a
calculation of the bordism group of free actions; although the calculation of
Q59(BZ,) and QY (BZ,) is less easy than for Q°(BZ,), this may be explicitly
done, using the results quoted in the following section. A non-free orbit type
has H = Z,, but to describe the isotropy action we must specify for each r =
1,2,..., p— 1 amultiplicity a, > 0 and then have an action on C* with n, =
>".a, where the generator ¢ of G is represented by the diagonal action with the
eigenvalue ¢, repeated a, times. In each case, H* is isomorphic to Z,, but the
calculation of its normaliser N(H*) depends very much on «; only in the case
when all a, except one vanish is the corresponding group H* central. Nor is

there any reason for the map I5°(Z,; free) — I3°(Z,; A) to be trivial.

8.6 Classifying spaces, Q9, QU

We first describe the cohomology of the classifying spaces, and begin with the
unitary group, where the structure is simplest.

The group U, has a subgroup consisting of diagonal matrices; this is
a torus T", a product of n copies of the circle group U; = S'. The clas-
sifying space B(S') can be taken to be infinite complex projective space
P>*(C) and H*(B(S'); Z) is the polynomial ring Z[t] on a single generator
t € H*(B(S"); Z). Thus H*(B(T"); Z) is the polynomial ring Z[t1, . .., t,,].

The inclusion induces maps B(T") — B(U,) and H*(B(U,);Z) —
H*(B(T™); Z). 1t is well known that the map H*(B(U,); Z) — H*(B(T"); Z)
is injective, and that its image is the subring of polynomials invariant under
the action of the Weyl group W. The Weyl group W of U, is the symmetric
group, and acts by permutations: the invariants form the ring of symmetric
functions in the #;. We can identify this with the polynomial ring generated by
the elementary symmetric functions ¢; (1 < i < n), which can be defined by
the formal identity []j(x — ;) = x" + Y |(—=1)x""¢,. The class ¢; is known
as the Chern class. An additive basis of H*(B(U,); Z) is given by the elements
Si ... (i1 > i2...), defined as the sum of all the distinct monomials formed
from t;" téz .-+ by permuting the variables. To distinguish these from similar
calculations below, we sometimes write s;(c) for emphasis.
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8.6 Classifying spaces, Q9, QU 263

Taking the limit as n — oo gives H*(B(U); Z) as the polynomial ring in an
infinite sequence of variables cy, ¢, . ... There is an additive isomorphism of
H*(B(U); Z) to the cohomology of the Thom spectrum TU.

The multiplicative structure for TU appears in homology, and is induced by
direct sum, which gives maps B(U,,) x B(U,) - B(Uy+,) and TU,, A TU, —
TU,+n. To evaluate this in cohomology, observe that it comes from the identity
T™ x T" = T™*" and hence H*(T™; Z) ® H*(T"; Z) = H*(T™*"; Z); we can
identify these as polynomial rings with generators, say, #|, ..., ty, Ui, . .., Uy.
The induced map V : H*(B(Uy4n); Z) — H*(B(Uy); Z) @ H*(B(Uy,); Z) is
given by V(s;) = Y _ s, ® sy,, where the sum is extended over all partitions of
the set I = {iy, i», ...} as a disjoint union [ = I} U I,. This is compatible with
the inclusion maps which increase m and n, so we can pass to the limit, giving
a diagonal map V : H*(B(U); Z) — H*(B(U); Z) ® H*(B(U); Z).

Dualising gives an algebra structure on H,(B(U); Z). If we define {t;} to be
the dual basis to {s;} it follows that if /; and I, are disjoint we have 7,7, = 7y, 1,
and hence 7; = tli‘ 1:52 --+. Thus H,(B(U); Z) is a polynomial ring with the t,
as generators.

It follows from the Gysin isomorphism theorem that we have an isomorphism
H.BU,):7) — H.(TU, : Z) of degree m. Since the diagram

H,(B(Un); Z) @ H (B(Uy); Z) = H (B(Up) x B(Uyn); Z) — H,(B(Up1n); Z)

1 } R
H.(TU,; Z)® H(TU; Z) = H(TU, ATUyZ) — Ho(TUpin; Z)

is commutative, we have an induced isomorphism of H,(B(U); Z) on the stable
homology ring H,(TU; 7).

The structure for the orthogonal group O, is very similar. The subgroup
X, of diagonal matrices is a product of n copies of O = S°: it is a maximal
elementary 2-subgroup. The classifying space B(O;) can be taken to be infi-
nite real projective space P*°(R) and H*(B(O); Z,) is the polynomial ring
7Z,[t] on a single generatort € H'(B(0,); Z,). Thus H*(B(X,,); Z) is the poly-
nomial ring Z[t1, ..., t,]. The inclusion induces maps B(X,) — B(O,) and
H*(B(Oy); Zy) — H*(B(X,); Z,); the image is the subring of polynomials
invariant under the action of the group of permutations of the #;, so is the ring of
symmetric functions, and hence the polynomial ring generated by the elemen-
tary symmetric functions. In this case, the class defined by the ith elementary
symmetric function is known as the Stiefel-Whitney class, and is denoted w;,
and we write s;(w) for the symmetric functions defined as above. We refer to
[103] for a good general introduction to Stiefel-Whitney and other character-
istic classes.
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264 Cobordism

Thus H*(B(O); Z,) is the polynomial algebra in classes w;. It is additively
isomorphic to H*(TQ; Z,). Direct sum of vector bundles induces a diagonal
map for these, hence a multiplication on H,(TQ; Z,), given by essentially the
same formulae as in the unitary case.

Returning to the unitary case and applying Proposition B.4.1, we obtain our
first calculation.

Proposition 8.6.1 The ring QU ® Q is a polynomial ring with one generator
in each even dimension, and each group QU is finitely generated.

Since we had dual bases above, s, is orthogonal to all the t; such that I has
more than one part, and hence to all decomposable classes in H,(B(U); Z) (i.e.
classes which can be expressed as sums of products of classes of lower degree).
Thus z € H,(B(U); Z) is decomposable if and only if (z, s,,(c)) = 0.

Since H,(B(U); Z) and H,(TU; Z) are polynomial rings, any ring homo-
morphism H,(TU; Z) — Z is determined by its values on the generators T,
and these values may be chosen arbitrarily. A corresponding statement holds
with coefficients Q in place of Z. We seek a formula to express this.

Any additive homomorphism ¢ : H,(TU; Q) — Q is given by taking inner
product with an element ® of the direct product H**(TU; Q) = H*(B(U); Q)
of the groups H"(B(U); Q). Dualising, it follows that ¢ is a ring homomor-
phism if and only if V(®) = & ® ®. As above, it is convenient to consider ®
as a symmetric element of the power series ring in infinitely many variables ;.
Since V(1]) =1/ ® 1 + 1 ®1/, we see that for any coefficients a,, the infinite
product

has the desired property. Since this formula allows one arbitrary coefficient at
each stage, it allows independent choices for the ¢(z,), so ® is necessarily of
this form.

We have seen that if M?" has a weak U-structure given by a lift f : M —
B(U) of the map inducing 7y, the class of M in QV ® Q is decomposable if and
only if s,(M) := (M, f*s,(c)) = 0. It will be useful to have some calculations
of these numbers. Denote by Y,En anonsingular hypersurface of degree (1, 1) in
P"(C) x P*(C), for example, that given by Z;”:ig(m’") x;y; = 0. These examples
were introduced by Milnor [96]. Write also Ynﬂfn for a nonsingular hypersurface
of degree (1, 1) in P(R) x P*(R).

Proposition 8.6.2 We have 5,(P"(C)) = n + 1 and spin-1(Y,5,) = —("").

m
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8.6 Classifying spaces, Q9, QU 265

Proof Write A for the canonical line bundle over P"(C). Then tpi(c) ® € =
(n + 1)A, so the characteristic classes of tpn(c) agree with those of (n 4 1), so
are induced by the map P"(C) — B(T"*') — B(U,41).

Since ¢ (1) is the generator x of H>(P"(C); Z), the generators t; of the coho-
mology groups H>(; Z) of the factors BT of BT"*! all map to x. Thus s,,, which
is the image of ) 7", maps to (n+ 1)x", and evaluating this on [P"(C)] gives
(n+1).

Set M := P"(C) x P"(C) and write A1, A, for the line bundles induced from
the two factors. We have H>(M; Z) = 7 @ Z: write x;, x, for the generators
coming from the two factors. Thus 7 @ 2e = (m + 1)1 @ (n 4 1)A; and in
calculating characteristic classes we may take (m + 1) of the #; equal to x; and
(n+ 1) equal to x,. These all pull back by the inclusion i : Y,‘,En C M, and the
normal bundle vy of Y in M is the pullback of A; ® A, with first Chern class
*(x1 + x2).

Since s, is defined as a sum of contributions coming from summands, we
have in general s,(§ & n) = 5,(§) + 5,(n). Now as

Ty Dvy 26 =m+ 1)i* A & (n+ 1)i*As,
and as i*x]™"'[Y] = 0, it follows that

$a(V) = =5, (W)[Y] = —i*(x1 4+ 2x2)" Y] = —(x) + x)" "0, Y]

= —(v +x)" Ml = —(")"). O

m

The same calculations yield

Corollary 8.6.3 We have s,(w)(P*(R)) =n+ 1 (mod 2)
and spin-1(W)Y,E) = ("*") (mod 2).

The calculations for (special) orthogonal and symplectic groups are similar
to the unitary case, provided for the orthogonal group we localise away from
the prime 2. The groups SO,,+; and Sp,, each contain a maximal torus 7", but
in these cases the action of the Weyl group includes, as well as permutations,
the inversions in each factor. (For SO,, we only allow an even number of inver-
sions.) The ring of invariants thus consists of the symmetric functions in the
variables ti2 (also for SO, the product []#). The class defined by the ith ele-
mentary symmetric function is known as the Pontrjagin class, and is denoted
p4i- The same arguments apply here to calculate the dual. It now follows as
before from Proposition B.4.1 that

Proposition 8.6.4 The rings Q50 ® Q and Q3 ® Q are polynomial rings with
one generator in each dimension divisible by 4.

The unitary structure on P"(C) induces an SO-structure, and the dummy vari-
ables 7; play the same role as before. As s, is given by ) ", we see that if n is
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even, the formula for s, in terms of Chern classes is the same as the formula in
terms of Pontrjagin classes, thus it follows from Proposition 8.6.2 that

Lemma 8.6.5 We have s,,(p)(P**(C)) =2n + 1.

Thus we can take the manifolds P?*(C) as generators of 3¢ ® Q.

It follows from Proposition 8.6.4 that any ring homomorphism Q¢ ® Q —
Q is determined by its values on a list of generators. The most celebrated exam-
ple of this is the signature. We defined the signature o (M) of an oriented mani-
fold M of dimension 4k in §7.5 as the signature of the quadratic form given by
intersection numbers on H,, (M; R). We saw in that section that o (M) vanishes
if M is an oriented boundary, and o is clearly additive on disjoint unions, hence
defines an additive homomorphism o : Q3¢ — Z.

Lemma 8.6.6 The signature o is multiplicative for products, hence defines a
ring homomorphism o : Q50 — Z.

Proof Consider the product M™ x N*~" of two oriented manifolds. We have
H*(M x N) = @&;H'(M) ® H**~/(N). Under cup product the term H'(M) ®
H?*~{(N) is dually paired with H"~'(M) ® H*="+(N), so only the term m =
2i can contribute to the signature. The self-pairing of H'(M) ® H*~/(N) with
itself to H™(M) ® H*~"™(N) = R is the tensor product of the self-pairings of
H!(M) and H**/(N) to R. If i is odd, there is a Lagrangian subspace K of
H!(M), so K ® H*I(N) is a Lagrangian subspace of H'(M) ® H*~/(N) and
this has signature zero. If i is even, we can diagonalise the quadratic forms on
H(M) and H*~/(N), and the calculation is trivial. O

The value is given by Hirzebruch’s signature theorem [74]. First recall the
expansion

! G -1 2% %
—1 —DF' B,
tanh(r) +k§( ) k) k

which we may use to define the Bernoulli numbers By

1 1 1 1 5
Bl - 87 B2 %1 BSZEs B4 %1 BS_&s
691 7
6 = m, 7 = 8, e

let us write this as #/tanh(t) = 1 + Z,‘:‘z’l Bit*. Now define the class L, €
H**(B(0); Q) by the formula L, := [],(1 + Y_p, Bit?), where the #; are the
auxiliary variables introduced above.

Theorem 8.6.7 For M oriented, the signature is given by o (M) = f*L,[M],
where f : M — B(SO) induces ty.
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8.6 Classifying spaces, Q9, QU 267

Proof We have seen that we can take the manifolds P?*(C) as generators of
Q3% ® Q. Thus two ring homomorphisms agreeing on these coincide, so it suf-
fices to verify the formula for M = P2 (C). We see at once that each manifold
P?(C) has signature 1.

Since p(ty) = (1 + a?)*+!

, we have

LIP*O) = (2 )" e

tanh o

= coefficient of a** in (

o >2k+1
tanh o

1 55 dz
T 2wi | (tanh 7))
1 du o
= e m (substituting u = tanh(z))

= Reso(1 + W ut .)/uzk+l

=1. O]
Explicit formulae for the L classes may be calculated: for example,
1 Tpy — p? 62p; — 13 20
Li==p, LZZM’ Ly = D3 pip2 + Pl.
3 45 945
We will use the below formula for the leading coefficient (see, for example,

[103]).
Lemma 8.6.8 The coefficient of py in Ly is 22(2%~1 — 1)B/(2k)!.

For A, a graded vector space over a field F', we count the dimensions by the
Poincaré series

P(A,: F)(t) = Zdimp(A,,)t”.
0

Thus if A is a polynomial algebra with the degrees of generators in a set S, we
have P(A)(t) = [],g(1 — t')~". In particular, by Proposition 8.6.1,

P! @ Q)(1) = PHU; Q) = [Ja -7,

i=1

and by Proposition 8.6.4,

P @ Q)(t) = P(H.(SO; Q)(t) = [ [ =7,

i=1

Thom’s great achievement [150] was the calculation

Theorem 8.6.9 The ring Q2 is a polynomial ring over Z, with one generator
in each dimension not of the form 2% — 1. The bordism class of a manifold M™
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is determined by the Stiefel-Whitney numbers of M. Moreover M qualifies as a
generator if and only if s,,(w)[M] # 0.

‘We outline the steps in the proof. Since M x I can be regarded as a cobordism
of the union of two copies of M to the empty set, any element of ¢ has order
2. It thus suffices to perform calculations in mod 2 cohomology.

The next step is to calculate the action of the Steenrod algebra S, on
H*(B(0); Z3) and hence that on H*(TQ; Z,). This shows that the latter is
a free S;-module, and hence that there is a map ¢ : TO — [[K(Z,, n) to a
product of Eilenberg—MacLane spectra which induces a cohomology isomor-
phism, hence is a (stable) homotopy equivalence, so induces an isomorphism
of Q9 to a sum of copies of Z,. This can be formulated as follows. For any M™
and cohomology class k € H"(B(0); Z,), the classifying map ¢y : M — B(O)
of 7y induces ¢k € H"(M; Z5) and hence a number ¢;,k[M] € Z,, called a
Stiefel-Whitney number of M. The result implies that these numbers determine
the class of M in QY.

More generally, ¥ induces, for any X, an isomorphism Q¢(X) —
[1H.(X; Zy): given a map f:M — X and a cohomology class k€
H"(B(0); Z), the map ¢y induces ¢;,k € H"(M; Z), hence a dual homology
class [M]N ¢k € Hy—y(M; Zo) and a class fi.(IM] N ¢y,k) € Hy (X Zo).
Now the composed map QQ(X ) = @©,H,—n(X; Z) is a natural isomorphism.

Further, H,(TQ; Z,) is a free comodule over the dual S? of S,, and this is a
polynomial ring with one generator in each dimension of the form 2¢ — 1. Thus

P& =Ta-r~"H"
k

It follows that

PQ%ZY0 =[]  a-iH7

i not of form 2"—1

For the multiplicative structure we can argue abstractly using the fact that
H,.(TQ; Z,) is a polynomial ring, or we can argue as follows.

If M is such that s,,,(w)[M™] # 0, the class of M in H,,(TQ); Z,) is indecom-
posable, hence so is the class of M in Q9. If m is even, we can take M as P"(R);
otherwise if m + 1 is not a power of 2, write m + 1 = 2"~'(2s + 1) with s > 0,
then by Corollary 8.6.3 we can take M = Yzﬂ,{l,z,s.

Since we have exhibited manifolds M™ with s,,(w)[M] # 0 for each m not
of the form 2¥ — 1, these indecomposables generate a polynomial ring, and the
above counting argument shows that this is the whole of 9.

Alternative choices are as follows. Write P(m, n) for the bundle over P (RR)
with fibre P"(C) where the structure group Z, acts by complex conjugation.
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8.7 Calculation of Q3¢ and Q5V 269

Lemma 8.6.10 IfN =2""'2s+ 1) withs > 0, set VN1 := P(2" — 1, 2"s).
Then soyy_1 (w)[VN-1] = 1.

We omit the proof (an elementary calculation) which, like the construction
of the V2¥=!_is due to Dold [41].

A similar, but more elaborate argument gives the result in the unitary case,
which is due to Milnor [96] and Novikov [113]. Introduce the notation r, by

r, : = pif nis a power of the prime p,

= 1 if n is not a prime power.

Theorem 8.6.11 The ring QU is a polynomial ring with one generator in each
even dimension. The bordism class of a manifold M*" with weak U-structure is
determined by the Chern numbers of M. Moreover M qualifies as a generator
if and only if s,,(c)IM] = £r41.

The argument includes the same steps, but encounters additional technical
difficulties. One must analyse the Steenrod algebras S, for each prime p and
the corresponding actions on H*(B(U); Z,,) and hence on H*(TU; Z,). This
time the modules are not free, since the Bockstein 8, acts trivially, but are free
over the quotient 3,, of S, by the ideal generated by 8,. It follows that, for each
p, there is a map of TU to a product of Eilenberg—MacLane spectra K(Z, n)
which induces an isomorphism of (mod p) cohomology.

For the multiplicative structure we find that H,(TU; Z,) is a polynomial ring,
it is a free comodule over the dual S” of 3,,, and that this is a polynomial ring
with one generator in each dimension of the form 2( pF—1).

Additional calculations are needed first, to ensure that we can fit these
together for all primes p to obtain a map which is a stable homotopy equiv-
alence, and then to make an analysis of the multiplicative structure.

Again some of this can be bypassed using explicit constructions of mani-
folds. By Proposition 8.6.2 we have smﬂ,l(Y,En) = —(m:r:”). Thus for mani-
folds of dimension N we have values of sy[M] taking all values —(NIZI) with
1 < m < N. The highest common factor of these is just ry;.

8.7 Calculation of Q¢ and Q5

We consider two cases:
J=0,8=80,]J/S) ={£1},d=1,K=R,
J=U,8J=S0,)J/S]=5",d=2,K=C;
we will present the two theories in parallel as far as possible. We will omit
many details (the account of these results occupies the whole of the memoir
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270 Cobordism

[39] and 140 pp. of Stong’s book [147]) but aim to describe all the geometrical
ideas involved.

We will focus on geometrical arguments, and begin with certain exact
sequences. Some of the arguments will apply to other cases satisfying simi-
lar conditions: for example, taking (J, SJ) to be (Pin, Spin) or (Spin¢, Spin)
or (U x H,SU x H) with H compact.

In each case, we have J, /SJ, = J/SJ = §¢-!. We will write P for P*(KK) and
P* for P¥(K). We write " for the standard vector bundle over B(J,) or B(SJ,)
and 7 for the standard line bundle over P*. We regard P as the classifying space
for the group S*~!, so the map J — J/SJ = §%~! induces 7 : BJ — P.

Lemma 8.3.1 gives us an exact sequence in which the third term is the cobor-
dism group Q%7 of bounded J-manifolds with a weak SJ-structure on the
boundary. We first interpret this relative term using Lemma 8.3.3.

Theorem 8.7.1 We have a natural isomorphism Q.57 = Q5 (P).

Proof This is an instance of the general method of Lemma 8.3.3, but there are
many details to clarify.

We will specify the J-structure of a manifold M by the classifying map of its
stable normal bundle, vy, : M — BJ. We have a fibration B(SJ) — B(J) 5 p,
and an SJ-structure of M is determined by a nullhomotopy of & o vy, which is
thus covered by a homotopy of vy, to a map into B(SJ).

The standard line bundle over P has a J-structure, classified by P A BJ,; 4
BJ; we may assume that 7 o ¢ o 7 is the identity map 1p of P. The section ¢ o 7,
together with the group action, shows that the fibration B(SJ) — B(J) — P'is
trivial.

Write (—1)p : P — P for the negative of the identity: this is given in the real
case by the identity, and in the complex case by complex conjugation. Moreover
P is an H-space, and the diagram

BIxBJ 2% By
lmxm N4
PxP — P

is homotopy commutative; we may choose our model of BJ to make it commu-
tative.

Now suppose M™ a J-manifold such that dM is an SJ/-manifold. Consider
the map my := mw o vy : M — P; up to homotopy, we may suppose that this
maps M to a finite dimensional projective subspace P*. We can make this map
smooth and transverse to the submanifold P*~!, whose preimage will then be a
smooth submanifold V=4 of M™, with normal bundle induced from n. As oM
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8.7 Calculation of Qio and Q;EU 271

has an SJ-structure, 77 o vy is trivial on M (which has trivial normal bundle in
M), so may be assumed to avoid P*=1_Thus V lies in the interior M of M, and
is closed.

The stable normal bundle vy of V is the sum of the bundles induced from vy,
and from 5. We give the second summand minus the obvious structure. So the
normal bundle vy is induced by

vy |V Ixm

1x—1 Ixn By
V—BJ]— B/ xP— BJ]xP— BJ] xBJ] — BJ.

The composite 7 o vy is thus induced by

vl A pllpxpsp
Thus a null-homotopy of the composite map P — P defines one for & o vy,
and hence an SJ-structure for V.

Now choose a tubular neighbourhood W of V in M: this is a bundle over
V, with fibre D?, associated to (7 o v|V)*n. It follows as in Lemma 8.3.3
that (M, oM) is (J, SJ)-cobordant to (W, dW'). We need to verify that the SJ-
structure on dM extends to (M \ Vi/): this follows since 7 o vy, takes (M \ W)
to the contractible set (P* \ PE1y,

Thus the (J, SJ)-cobordism class of (M, dM) agrees with that of (W, aW),
hence is determined by the class of (V, w ov|V) in Qf{_ 4+(P). The formula
which determines it is as follows. Let n’ be the bundle induced from 7. Then
vy = vy + 77, where the bar recalls the sign change above. Thus vy + ' =
v+ 7+ =vy+ e

Conversely, given any element of Qﬁqj_ +(P), represented say by (V, f), we can
take the bundle E with fibre D? associated to f*n and give it a J-structure. The
stable normal bundle v, of the boundary dF is the restriction of vg. But w o vg
is essentially f, by definition, and is covered by a bundle map over V of E to the
disc bundle D(#n) associated to 1, and hence of 9E to the corresponding sphere
bundle S(n). But S(n) is contractible, so we have a null-homotopy of JE —
S(n) — P, and so an SJ-structure on dE. Since all our constructions carry over
to cobordisms, we have indeed an isomorphism Q7.5 = Q% (P). O

We remarked above that for cobordism theory, the extra structure provided
by a submanifold is equivalent to the extra structure provided by a map to its
Thom space. Moreover P is homeomorphic to the Thom space of 5. This leads
to

Theorem 8.7.2 We have a natural isomorphism Qi{_ JP) = anj_ e Q{n _od-

Proof Given an SJ-manifold V""~? andamap xy : V — P, we may suppose xy
maps V into P*~!. We make this transverse to P*~2, and write B = yx,, ' (P2).
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272 Cobordism

Then vg = vy|B + (xv|B)*n, and we use this formula to give B a J-structure.
Since the cobordism class of (V, f) determines the cobordism classes of V and
B, we have a homomorphism @5/ (P) - Q% o Q/ , .

Conversely, the class of (V, f) is determined by those of V, B, and the map
B — P inducing the normal bundle of B in V. By Lemma 8.3.5 we can sep-
arate the contributions of B and V, provided the stable normal bundle of B is
induced by B — B(SJ) x P.But since the fibration B(SJ) — B(J) — Pistriv-
ial, B(SJ) x P is homotopy equivalent to B(J). O

By Lemma 8.3.1 we have an exact sequence
sJ J J,S7 SJ
L = Q2 = QT = Qe

and combining Theorem 8.7.1 and Theorem 8.7.2 gives a natural isomorphism
QLS = QS @ Ql .. We now study the maps in the sequence obtained by
making this substitution.

Theorem 8.7.3 There is an exact sequence

1 d :d2 xa

oV 5ol 9oy o, Wloy

where o is the class of SY~' with a twisted framing. Also, there exists s, :
Q= Q) with (dy, d») 055 = (0, 1).

n

Proof Write (d, d») for the components of the map Q) — Q¥ & Q! ..
so that the image of the class of M by d; (resp. d») is determined by V (resp.
B) in the notation above; also write (g1, g») for the components of the map
QL ® 20— L

As to g, we can suppose B empty and yy trivial. Then the disc bundle defin-
ing the class in Q7% is trivial, and has boundary V x $?~!. Since we have a
product bundle, we obtain multiplication by the class, « say, of $~! with appro-
priate SJ-structure. To determine this, we can take V to be a point and M a disc
D?. Recall that V was constructed from M by making my, transverse to P*~1.
Now 1, maps M = S¢~! to a point, so induces a map of S = M/dM which
meets P¥~! transversely in just one point. This coincides (up to homotopy) with
the inclusion of a projective line P'. So « is the class of $~!, with SJ-structure
defined by a framing of the normal bundle, twisted in this way.

We now construct a map s, :  _,, — €/ and show that d; o 5, = 0 and
d, o s, = id. From this, and the exactness of the sequence it follows that g, = 0.

To define s,, suppose that B"~2? is a J-manifold, and form (7 o vg), which
we may suppose amap B — P* for some k. Write Oy, , for the projective bundle
over P* associated to 5 @ &2. Let M™ be the induced bundle over B, V"¢ the
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8.7 Calculation of Qio and Q;EU 273

sub-bundle corresponding to n @ ¢!, and identify B itself with the sub-bundle
of V corresponding to 7.

Write f for the map M — B and g for the composite map M — B — Pk,
Then there is a natural splitting 7y ® g7 = f*13 ® g5 (N ® ") ® (=1 0 g)*e.
We give all these bundles the induced J-structures. Since the construction
passes to cobordisms, we have a well-defined map of cobordism classes with
$2(B) 1= (M).

Consider the decomposition K3 = K¥+! @ K2. Then P* is the projective
space of K¥*!, so a point x € P¥ corresponds to a line £, C K¥*! which we can
identify with the fibre of 7 over x. We now identify the fibre of n @ &2 over x
with £, @ K2, and so Qy» with the subspace of P¥ x P**2 of pairs (x, y) with
¢, C LK.

Now define ¢ : Qia — P2 to be the map induced by projection on P*+2.
Then ¢! (P¥1) is the set of pairs (x, y) with 4, C L, @ K®0and NP is
the set of pairs (x, x) with x € PX. Thus ¢ : Q,» — P**? is transverse to P¥*+!
and P*, and these have preimages the sub-bundles associated to n @ &' and 7.

We claim that ¢ o 8 >~ m ovy. Since the target of these maps is the
Eilenberg—MacLane space P, this only needs checking on the level of the coho-
mology class. It follows that this map is transverse to P**! and P*, and these
have preimages V and B. Hence we have d; o s, = id.

To see d; o s, = 0, we must find an SJ/-manifold with boundary V. But V
is a P!(= S%)-bundle over B, with structure group Z(= S?~!), so bounds the
associated disc bundle, which is topologically the product by I of the mapping
cylinder of the principal bundle. Since the principal bundle was obtained from
7T o vg, this has an SJ/-structure. O]

When d = 1 we have $¢~! = S, but each point has the positive orientation:
this twists the standard framing of dD' by changing a sign. In this case J = O
and the map 3¢  — Q3¢ is multiplication by 2. If d = 2, we have $¢~! =
S', and the twisted framing differs from the standard one. Here (see §B.3(x))
homotopy theory tells us that « € 7% is the non-zero element 1, and 21, = 0.

We now define RJ as the stable group given by the pullback diagram

B(SJ) — B(RJ) — B(U)

\ \ \
) S

Proposition 8.7.4 (i) There is a split short exact sequence
0— QM ol gl 50 (8.7.5)

split by a map sy : 2 — QR with ig o 59 = 1.
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(ii) The following sequence also is exact:
QY I, Ry A oSt X4 QST (8.7.6)

Here isg, ig and is = i o isg are the maps induced by the natural inclusions
SJ CRJCJ.

Proof (i) It follows from the definition of RJ that d> o ix = 0, and we have
already proved d, surjective. For exactness at 2/}, suppose M defines an element
of Kerd,. Thus we may take 7 o vy as a map to P¥, make it transverse to PX=2,
and write B for the preimage: then by hypothesis B is cobordant to the empty
set. As in Lemma 8.3.5 we may extend this cobordism to one of (M, o vy),
and thus suppose 7 o vy a map to P¥\ P=2, But this is homotopic to a map
into P'. Thus M defines a class in Q~/.

It remains to define 5o and prove ig o s the identity. We begin as usual with
M2 B) 55 P; again as usual we may replace the target by P*. We thus
have amap M x P' — P* x P! — P?**! where the final map is the Veronese
embedding

((x05 -+ -5 Xk), V0, Y1)) = (X0Y05 -+ 5 XkY0s XOV1s + - - » XkY1)-

The composite is transverse to a generic linear subspace L, say given by xpy; =
X1Yo, of P?¥ (at a point where transversality failed we would have y = y; = 0),
and we define so[M] to be the class of the preimage M’ of L.

Adapting the above proof that 7 o vy is nullhomotopic shows in this case
(where an extra factor P' appears) that v o vy is homotopic to a map to P', so
M’ defines a class in %/, Finally, if M itself defines such a class, we may take
k = 1 above, so that the projection of M’ on M is a diffeomorphism. 0

Since d, o s, = i, 1 — s,d, retracts Qﬁ on the kernel of d», which we can now
identify with Q®/. We denote this map by p : @/ — QF/.

There are alternative presentations of the above material. One can define QF/
as the kernel of d,. One can also show (cf. Theorem 8.7.1) that there is a natural
isomorphism Q% = Q7 It can also be shown that QF/ = Q¥  (P?).

We observe that 2/(P) is a free Q/-module with base the classes x; defined
by the inclusions of P/ in P.

We define a module endomorphism A of QZ(P) as follows. Given a class
represented by f: M — P* ¢ P, we make f transverse to Pl oget L=
F~1(P*"1) and define A(M, f) := (L, f|L). It follows that A(xj) = xj_1.

Write ¢ : Q/(P) — Q/ for the augmentation and p : Q/ — Q/(P) for the
map sending [M] to the class of (M, o vy). The map P x P — P which clas-
sifies the tensor product of line bundles induces a multiplication in Q7 (P) with
respect to which p is a ring homomorphism.
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We observe that eo Ao poig =isod; and that e 0o Ao =d,. The
retraction s is given in this notation by so(z) = ¢ A(u(z).x;) for any z € Q7.

We find that Q& is a subring of 7 if J = O but not if J = U, so we define
a multiplication on Q& by

X xy 1= 5o(xy).
We also define
d:=isgod : QN - Q¥

Since d; o isg = 0 in the exact sequence (8.7.6), we have 92 =0.

For any class a € Q¥ 1u(a) is in the image of Q/(P!), so can be written
wu(a) = axp+ o’x; with o, o’ € QJ. Then a = epu(a) = a + o’e(x;) and we
have da = eApa = e(a'xy) = a’e(xp) = '

Lemma 8.7.7 (i)a*b = a.b+ 2w,.da.db.

(ii) 9(a.b) = a.0b + da.b — e(x1).0a.db.

(iii) (x.9(y)) = 0x.9y.

(iv) 9(a * b) = a.0b+ da.b + w;.0a.db.

Proof (i)Leta, b € QF and write ju(a) = axy + o'x1, w(b) = Bxo + B'x1,50
so(a.b) = eA(aBx; + (ap' + a/,B)x% + a/ﬁ’x?). Calculations give eA(x;) =
e(xo), sA(x%) = &(x1) and SA(x?) = 3£(x%) — 2¢e(x); thus
so(a.b) = aBe(xo) + (@B + o' Ble(x)) + o' B/ Be(x}) — 26(x2))
= (@ +d'e@))(B + B'e(x)) + 2B (e(x}) — £(x2))
= a.b+20a.9b.(e(x}) — £(x2)).
(i) With a, b as above, we have
d(a.b) = eAu(a.b)
= eAap + @' +d'Bxi + o' B'x})
=e((aB’ +a'Bxo +a'B'xy)
= (@ +d'e(x)p + ' (B + Be(x1) —a'Bexr)
= a.0b+ da.b — (e(x1)).0a.0b.

(iii) follows from (ii) since 3> = 0. (iv) now follows from (i)—(iii). O]

Here w; is given by 8(xf) —e(xp), and w; = 20(wy) —e(xy). If d =2 we
have w, := [(P')*] — [P?].
Since 32 = 0, (2R, 9) defines a chain complex: denote its homology by H.

Explicitly,
s . Ker(d: QR — QRI )
" Im(d : Q¥ , — QF)
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276 Cobordism

Although, in the case d = 2, 9 is not a derivation, it follows from Lemma 8.7.7
that Ker 9 is a subring of QfV and that /m 9 is an ideal in it, so that the quotient
H! is aring.

We next want an exact sequence derived from (8.7.6). The general procedure,
due to Massey [87], is as follows. Suppose given an exact sequence

PSPLoSpPSAp. .

(he calls this an exact couple). Then d := b o ¢ has d*> =0since cob =0, so
we can form the homology H of Q with respect to d. Set A := a(P) C P.

Lemma 8.7.8 There is an exact sequence
CABABHS AL

Ifa, b, c have respective degrees d,, dy, d. then ay, by, c| have degrees d,,, dj, —
d,, d..

Observe that this gives another exact couple, called the derived couple.

Proof Define a; as the restriction of a. For y = a(x) € A define b;(y) as the
class of b(x): we have db(x) = bcb(x) = 0 so do get a class in H. And for an
element { € H represented by z € Q with be(z) = 0 define ¢;(¢) = c(2): this is
indeed in Ker(b) = Im(a). Any other representative is of form z + bc(w) and
c(z+ be(w)) = c(2).

Composites vanish since b;(a;(ax)) is the class of b(a(x)) = 0; ¢y (b;(ax))
is represented by c(b(x)) = 0; and a;(c1(¢)) = a(c(z)) = 0.

If y = a(w) and b (y) = 0, then b(w) = d(x) = b(c(x)) for some x so w —
c(x) € Ker(b) =Im(a); w = c(x) + a()soy = a*>(v) € Im(a;).If¢;(¢) = 0,
then z € Ker(c) = Im(b): set z = b(y): then ¢ = bi(ay). If a;(x) = 0, then x €
Ker(a) = Im(c). This proves exactness. ]

Write A} for the image of 6 : 5, — 3. Applying Lemma 8.7.8 to
(8.7.6) gives the exact sequence

o AN AL S H S AL S A (8.7.9)

As in the preceding section, the completion of the calculation of the cobor-
dism rings depends on exhibiting particular examples. We will give these, but
omit the detailed calculations, some of which yield

Lemma 8.7.10 We have s,12(s2(M"2)) = (n + 1)c[M"] (mod 2)
Pl (MM)] = —cf (M),
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8.7 Calculation of Qio and Q;EU 277

As in the proof of Theorem 8.6.9, for n not a power of 2, choose integers r, s
with r + s = n and ('rl) odd: for example, write n = 27(2g + 1) (so g > 1) and
set r = 2p+1q, s = 2P. Define cobordism classes by

Zdn ‘= p(Pzr x P¥) e Q%n,

Zodn—d ‘= di (P¥ x P¥) e Q%n—d'

It follows using Lemma 8.7.10 that s,,(z4,,) is odd in both cases, and from the
formulae relating the maps that dy 224, = 224n—a-

Incasen =2/ > lisa power of 2, first set zp4, := P" x P".Inthe case d =
1, since P"(R) x P"(R) ~ P*(C), which is orientable, this gives dyz, = 0. If
d =2 we set 2p4p_q = di(P" x P").

In the preceding section we defined Poincaré series and calculated the series
for QU and Q39 over Q and for Q2 over Z,. It now follows from the exact
sequence (8.7.5) that

Py =0- [ a-i

i not of form 2"—1

Theorem 8.7.11 (i) Q3°/Tors is a polynomial ring.

(ii) All torsion in Q39 has order 2.

(iii) Classes in Q5© are detected by Stiefel-Whitney numbers and Pontrjagin
numbers.

(iv) The image of Q59 in QRO C Q9 is Ker d; the image of Tors Q5 is Im 3.

A presentation of 57 by generators and relations is not convenient: (iv)
gives a better description.

Proof (i) By Proposition 8.6.4, 25 ® Q is a polynomial ring, with one gen-
erator in each dimension divisible by 4. It follows (again from [96] or [113])
that 3¢ ® Z[%] is a polynomial ring. We next claim that 3¢ /Tors is a poly-
nomial ring: it suffices to observe that since by Lemma 8.6.5 s,(p)[P*"(C)] =
2n + 1 # 0, so the classes of the P2"(C) are polynomial generators of 3¢ ® Q
and since also these numbers are odd, their images in Q¢ generate a polynomial
algebra.

Next observe that QR is a subring of 9. This follows from Lemma 8.7.7 (i)
and the fact that Q€ has exponent 2, or more simply from the fact that P! = !
can be regarded as a subgroup of P in this case. Next, the map 9 is a derivation:
this follows from (ii) of the same Lemma, and the fact that €(x;) is a class of
dimension 1, hence is zero as Qlo =0.

We defined classes z,, € foo above, forn, n + 1 not powers of 2, and showed
that in each case, s,(z,) = 1.Ifn = 2/ > 2, the class x,, of P"(R) has s, (x,) = 1
by Proposition 8.6.3 above. Hence Q¢ is the polynomial ring in these genera-
tors. Now P% (R)? is cobordant to P* (C), which is orientable. The classes z,
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278 Cobordism

and x? thus all belong to 289 and generate a polynomial ring. Since this subring
has the same Poincaré polynomial as QR°, it is the whole ring.

We have now calculated the derivation 9 on all generators of QR0 for
as P?(C) is orientable, d(x2) = 0. Since we can regard QR as the tensor
product of the algebras Zs[zy, zmy1] Withm +1=272qg+ 1), p>1,g>1
and Zs[x2], the ring H,(QR; 9) is the tensor product of the homologies of
these subalgebras, which is the polynomial algebra in the zfn 41 and xﬁ. Thus
H? := H,(QR°; 9) is a polynomial ring over Z,, with one generator in each
dimension divisible by 4.

We now recall the exact sequence given by (8.7.9) with J = O:

a b c
o> A2 L A9 T HO L A0 5 A%

Since a; is induced from « it is multiplication by 2. Thus A9 = 2Q3°. The
torsion-free rank of Afn is equal to the number p(n) of partitions of n, so the
image of by, isomorphic to AS, /2A9 has rank over Z, at least this. Hence by is
surjective in these, hence in all degrees. By exactness, the kernel of multiplica-
tion by 2 on A,? vanishes. Thus A,? is torsion-free. This proves (ii).

By (8.7.6) the kernel of Q59 — QRO ¢ QO is the image of multiplication by
2, so is torsion-free. An element on which all Stiefel-Whitney numbers vanish
is in this kernel, hence of infinite order, hence by Proposition 8.6.4 is detected
by Pontrjagin numbers; thus (iii) holds.

The first assertion of (iv) follows from Proposition 8.7.4 (ii); the second now
follows from the above calculation that 259 /Tors and Ker 8 /Im 9 have the same
Poincaré polynomial. O

Calculations in homology lead to the further results, completing the above.

Lemma 8.7.12 (i) As Sy-module, H*(TSQ; Z,) is the direct sum of a free
module and copies of S,/5q".S..

(ii) The spectrum TSQ is homotopy equivalent to a wedge of spectra
K(Z,, n) and K(Z, n).

(iii) An element of Q*O is in the image of Qfo (resp. of Qfo) if and only if all
Stiefel-Whitney numbers with w; (resp. w% ) as a factor vanish.

We turn to Q5. It again follows from Proposition B.4.1 that
PQY; Q1) = P(H.(BRU) : Q)(1) = (1 =) [Ja =7,
i=3

P@; Q)() = P(H.(BESU) : Q)(0) = [ J(1 =)'

i=2
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Since QR is a direct summand of QU it is torsion-free. Write $2._ for the
pure subgroup (¥ ® Q) N QY generated by Q3U. It follows by comparing
Poincaré series that an element of QU is in the image of & (resp. of Q&) if
and only if all Chern numbers with c; (resp. cf) as a factor vanish.

Calculations at odd primes were made by Novikov [113]. The following is
analogous to Theorem 8.6.11 for QV.

Theorem 8.7.13  The ring QY ® Z[%] is a polynomial algebra with one gen-
erator in each even dimension # 2. The class of a manifold M™™ is determined
by Chern numbers, and M*" qualifies as a generator if and only if s,,(c)[M] is
+rrmt1 times a power of 2.

The structure at the prime 2 is not simple: a precise description of the torsion-
free quotient is given by [147, p. 265]. The torsion subgroup is described by

Theorem 8.7.14 (i) All torsion in QiU has order 2. We have

oo
P(Tors 5V Zo) (1) = (¢ + ) [ (1 — )7
i=1
(ii) The image of 257 — QfY is Kerd if2j # 4 (mod 8) and is Imd if 2 =
4 (mod 8).

Proof We outline the main arguments involved in the proof. First recall that by
Proposition 8.7.4, QRU maps injectively to QY, so is torsion-free.

Since 2a = 0, in the sequence Q5 —> QU — QU the image of the first
map has exponent 2; the quotient by it embeds in a free group, so there is no fur-
ther torsion. More precisely, as QR vanishes in odd dimensions, the sequence
(8.7.6) reduces to

0>, > - o, 5o -0 (8715

To calculate the 2-torsion, we again use the derived couple (8.7.9): here
d=2,J =U,so we have

U U U U U
oA AL H AL, A

Also, AY :=0(25V,) C @3V has exponent 2. Since QRU vanishes in odd
dimensions, so does Hf : it follows that the map « : A2Uk_l — AZUk is an isomor-
phism. It thus follows from (8.7.15) that A, = Tors(Q3Y) and AY, | = Q5 .

We now claim that the map « : Ay _, — A%, | vanishes. For AY_, =
6(Q3Y ;) and Q57 , is in the image of the map 6 given by multiplication by
1>. Thus the image of « is contained in the image of #3. However by §B.3(x),
we have 73 = 0.
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280 Cobordism

The sequence (8.7.9) thus reduces to split short exact sequences
0— A5y — Hy — A§_, — 0. (8.7.16)

To calculate HY we use another sequence. Since QXU is torsion-free we have
a short exact sequence 0 — QFV 2 QR — QfY © 7, — 0, which we regard
as an exact sequence of chain complexes with 9 as differential. There is thus
an exact homology sequence, which we denote

2 9
co.—>H S HY > H S HY - ...

Now the groups HY have exponent 2 since, for each RU-manifold M, we have
d[P'(C) x M] = 2[M]. Thus the map 2 : H — HY is zero. The groups HY
and H! vanish in odd degrees, and 9 has degree —2, so the sequence reduces
to

0 — Hy — Hy — Hy_, — 0. (8.7.17)

We next compute HY . We think of QR as a polynomial subring of QV, and 9
as a derivation: a correct formulation is given in Lemma 8.7.7.

We have defined elements z,, € Q’;f;’ for n, n + 1 not powers of 2 such that
520 (22,) is odd. For m = 2/ > 2, define

Xam = p(P"(C) x P"(C));

Xam—2 1= d1(P"(C) x P"(C)).

Calculations similar to those in the preceding case yield

Sm.m(€)(x4,) = 1 (mod 2) (the class 5, does not suffice here), and

S$2m—1 (C)(x4m—2) =2 (mOd 4)

It follows that the z5,, X4;,—> and x4, give polynomial generators of ka/ ®
Z[%] and QU ® Z, in all dimensions except 2 and 4. Since all are in 8V, we
only need to add the class x, of P!(C) to obtain a complete set of generators of
QfU ® Zs.

We have 024, = Z4p—2, 0X4m = Xam—> and dx, = 0, so if 0 were a true deriva-
tion, we would have H! polynomial with generators x, and z3, in each dimen-
sion divisible by 8. In fact it follows from Lemma 8.7.7 that the elements
hy = 7o and hg, = zin ~+ 22Zan—224n (n > 2) are cycles. It follows that Hl/ is
a polynomial algebra with their classes as generators.

Further calculations using Lemma 8.7.7 exhibit elements of HY mapping to
h3 and the hg. Thus HY — H is surjective, so by the exact sequence (8.7.17),
Hj)_, vanishes and the maps H), , — H}, — H,, are isomorphisms; more-
over, HY is a polynomial algebra with the classes of 3 and the hg; as generators.
The Poincaré series of HY is thus given by P(HY; 1) = (1 — ") [[;2,(1 —
851,
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8.8 Groups of knots and homotopy spheres 281

Since HY vanishes unless n is divisible by 4, A = O unlessn =1 orn =2
(mod 4). It now follows from the exact sequence (8.7.16) and the isomor-
phism Aé’,ﬁl — Agk that if PB(¢) denotes the Poincaré series of the even part of
AV then P(HY; t) = (> + t7*)PB(t); thus PB(t) = 1* [ ]2, (1 — £%)~!. Hence
PAY; 1) = (t + )12, (1 — £3%)~! and the rank of Tors Q5 is as stated. [J

Further calculations yield more detailed results.

Theorem 8.7.18 [9] (i) Write S5 := S,/(Sq"). Then as S;-module,
H*(TSU; Zy) is a sum of copies of S and S; /S5 .Sq*.

(ii) The spectrum TSU is homotopy equivalent to a wedge of copies of spectra
K(Z, n) and spectra BO(k).

(iii) An SU -manifold bounds in Q3Y if and only if all its Chern numbers and
KO characteristic numbers vanish.

8.8 Groups of knots and homotopy spheres

We first consider k-connected cobordism, where the manifolds M and cobor-
disms W are to be k-connected for some integer k = 1. In this case, M is ori-
entable: we make the further convention that M is oriented.

Since the set of k-connected manifolds is not closed under disjoint union,
we define an addition on the set of cobordism classes using connected sum. We
remark that in general, the disjoint union and connected sum of two manifolds
are cobordant: a cobordism of M U M’ to M t M’ is given by taking (M x I) U
(M’ x I) and attaching a 1-handle to join M x 1 and M’ x 1.

Lemma 8.8.1 Connected sum of k-connected manifolds of a given dimension
n > 2 is a commutative associative operation with unit, compatible with cobor-
dism. The set of equivalence classes thus acquires the structure of an abelian
group 2, (k).

Proof The operation is well-defined by Theorem 2.7.4 (with the remark fol-
lowing dealing with orientation); by Proposition 2.7.6, it is commutative and
associative, and the sphere S” acts as unit. That the connected sum M #f M’ is k-
connected if M and M’ are follows if k = O from the definition, if k = 1 from the
fact that for n > 2 removing a point does not introduce a fundamental group,
and if k > 1 from the fact that removing a point does not change homology in
dimension < n.

We must next check that the operation is compatible with cobordism. Let
V and W be connected cobordisms, of dimension n + 1, and f_ : D" — 9_V,
fr+:D'"—> 0.V, g :D"— 0_V,and g4 : D" — 9,V be used to define the
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connected sums 0_V §90_W and 9,V §d,W. Join f_(0) to f4(0) by an arc «
in V: a tubular neighbourhood of the arc gives an imbedding F' : D" x I — V
with f_ = F|D" x 0 and f; = F|D" x 1. Similarly define G: D" x I — W.
Now delete the interiors of the images of ' and G and glue the boundaries, and
we have a cobordismof _V gd_Wtod, Vi#a . W.

The inverse M of M is as usual obtained by change of orientation. We can
regard M x I as a cobordism of M U M to the empty set. Attaching D" x I with
one end in M and one in M gives W with 9W = M t M. Now remove a disc from
the interior of W to obtain a cobordism of M t M to S™. O

For O-connected cobordism (where we do not assume M oriented), we noted
above that disjoint union is cobordant to connected sum, so that the map
©,(0) — QY is surjective for n = 1; it is easily seen to be bijective.

For k-connected cobordism, we need the connective covers of groups and
classifying spaces. For any X we denote by X' the (k — 1)-connected cover
of X: thus the map 77,(X*) — 7,(X) is zero for r < k and an isomorphism for
r > k. Observe that B(J%*~1") = (B(J))®: we will write BJ* for B(J*"), which
is k-connected.

The classifying map 7y, : M — B(O) of its normal bundle lifts to a map IA’; :
M — BO™ if M is k-connected, and the lift is unique up to homotopy if M is
(k + 1)-connected. We now claim

Theorem 8.8.2 If m > 2k + 2, there is a natural isomorphism 2,,(k) —
aS(T(0%)).

Proof Tt follows from the remark preceding the theorem that there is a natural
map ¥X : Q,,(k) — 73(T(O0")).

By Theorem 8.1.3 the Thom construction induces a bijection from the set of
cobordism classes of m-manifolds whose stable normal bundle is induced from
BO® with the set 73 (T(0%))).

By Theorem 7.2.1, if X is a finite CW-complex and m > 2r, any normal map
(f : M — X, v, T)isnormally cobordant to anormal map (' : M’ — X, v, T")
such that f” is r-connected. Applying this with X (a high enough skeleton of)
BO® and r = k + 1, we see that if m > 2k + 2 any element of 75 (T(O%)) is
represented by a manifold M” with f : M — BO*) (k + 1)-connected. It thus
follows from the exact sequence

Tt (M) = me1(BOW) — m i (f) — m(M) - m(BOW) — ...

that M is k-connected, so the map % is surjective.
Similarly, given a cobordism W between two k-connected M, M’ defin-
ing the same element of €2,,(k), provided m + 1 > 2k 4+ 2 we can perform

Downloaded from https://www.cambridge.org/core. Moritz Law Library, on 05 Aug 2019 at 19:47:25, subject to the Cambridge Core terms of
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/CBO9781316597835.009


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9781316597835.009
https://www.cambridge.org/core

8.8 Groups of knots and homotopy spheres 283

surgery on W, eventually making W — BO®) (k + 1)-connected and hence W
k-connected. Hence /% is injective. O

Corollary 8.8.3 Excluding small m, we have isomorphisms (1) = Q39
Qn(2) = Q,(3) = QSpin,

For we have BO" = B(S0), BO'¥ = BO® = B(Spin).

The above argument deals with the cases m > 2k + 2 using surgery below
the middle dimension. The cases m = 2k and m = 2k + 1 are of special interest.
The case m = 2k was discussed in Theorem 5.6.12.

If m < 2k a k-connected m-manifold is a homotopy sphere (terminology
introduced in §5.6), and the value of k is irrelevant to further study. From now on
we focus on homotopy spheres. We begin our treatment by deriving a number
of exact sequences: in all cases exactness will follow from the general principle
of Lemma 8.3.1. First, however, we list the types of cobordism to be considered.
In each case there is a natural definition of addition by connected sum, which
gives the set a group structure. This is treated in Lemma 8.8.1 for k-connected
cobordism and is similar in other cases. At the centre of our interest are groups
of homotopy spheres:

(6) Submanifolds ¥ C $"** with a homotopy equivalence £ — S™. We
denote the set of cobordism classes by ®* . We also consider

(f9) Submanifolds X" C §”*+* with a homotopy equivalence =" — §™ and
a framing of the normal bundle (with compatible orientation class). Here we
denote the set of cobordism classes by F©F . In parallel with these we consider

(s0) The standard submanifold S” C $"** and a framing of the normal bun-
dle (with compatible orientation class). Framings are classified up to homotopy
by 7,,(SOy), and we can identify this with the cobordism group.

(sph) Submanifolds M™ C §"*k with a framing of the normal bundle.

For a cobordism we must have a submanifold W”*! of §"** x I (equal in
case (so) to S x I) together in cases () and (f0) with a homotopy equivalence
W+l — §™ in cases (s0), (f8) and (sph) with a framing of the normal bundle
of W1 in §"*k x I in each case inducing the given structures on 9_W and
L W.

A structure of type (so) is stronger than one of type (f6) which in turn
is stronger than one of type (sph). Each of these three inclusions induces by
Lemma 8.3.1 an exact sequence, and by the Corollary to that Lemma we also
have an exact sequence of the three relative groups. We now reinterpret these.

Asin §7.8, write B(G,,) for the classifying space for spherical fibrations with
fibre $"~! and G, for the monoid of maps of §"~! to itself of degree %1, with
multiplication given by composition of maps. Fixing the orientation gives a
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submonoid SG, and a classifying space B(SG,). We write F,, C G, for the
set of base-point preserving maps S* — §” of degree £1, and SF; for those
of degree +1. The suspension of a self-map of $"~! is a self-map of the same
degree of S” which fixes a base point; thus we have an inclusion G,, C F,,. There
are corresponding classifying spaces B(F,) and B(SF,). Since all components
of Q"S", including SF,, are homotopy equivalent, we have m,(F,) = m,4,(S").
Further discussion is given in §B.2.

Now (sph) is the cobordism group of submanifolds M™ C S”+* with a fram-
ing of the normal bundle; by Proposition 8.1.4 the group of cobordism classes is
identified with 77,4 (S¥) = 7,,(Q*S*) = 7,,(SF;). We now see that the (so, sph)
sequence can be identified with the exact homotopy sequence of (SFy, SOy).

The relative term for the (so, f6) sequence is represented by manifolds
W with boundary, with an assigned embedding W”+! ¢ D"**+1 with W =
S C §"+k . aframing of the normal bundle of W”+! in D"*+*+1 and a homotopy
equivalence of W with a point. Since W is contractible, the framing of its nor-
mal bundle is unique (up to homotopy) and can be ignored. We regard D"+ +1
as the upper hemisphere of S”***! and complete W to a closed manifold
W C §"™tk+1 by attaching the standard disc D! ¢ D"*+*+! in the lower hemi-
sphere and rounding the corner. There is a natural homotopy equivalence of W
with §”+1. Conversely, given a homotopy sphere ="+ C §”+*+1 we have (by
the Disc Theorem 2.5.6) an essentially unique embedding D"+! — T+ its
neighbourhood in S may be identified with a disc D"***!, and the whole
construction can be reversed. The relative group is thus identified with @'fn Iy

The relative term for the (f6, sph) sequence is represented by manifolds
W with boundary, with W C D"kl framed normal bundle, and a homot-
opy equivalence dW — S™. We denote the corresponding group of cobordism
classes by P

m—+1-
By Lemma 8.3.2 we now have

Proposition 8.8.4 We have a commutative braid of long exact sequences.

T T~ T

W,L(SO/C) Fn(SFk) R’{k @fz—l
Foy T (SGr, SO) Fek
P;{il @fl ﬂ-n—l(SOk') ﬂ-nfl(SGk)
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8.8 Groups of knots and homotopy spheres 285

For each of the above 6 sequences of groups, the natural inclusions §"** C
S+l and D<+1 ¢ D"*+2 induce maps which increase k by 1. In each case
we see that for k large enough (k > n + 1 suffices), these maps are isomor-
phisms and the groups stabilise. We denote the limiting groups by omitting k
from the notation (and also the asterisk from P*). All sequences of Proposi-
tion 8.8.4 thus remain exact when we omit the affix k. We may identify x,(SG)
with the stable homotopy group 75 and the map 7,(SO) — 7,(SG) with the
classical J-homomorphism J, : 7,(SO) — n,f .

We now give calculations for the stabilised groups. By §B.3(xi) 7,(SO) is
isomorphic to Z for n = —1 (mod 4), to Z, forn = 0 or n = 1 (mod 8), and is
trivial otherwise. We proved in Proposition 7.8.4 by surgery that P, is isomor-
phic to Z for n = 0 (mod 4), to Z, for n = 2 (mod 4), and is trivial otherwise
(provided n > 5). It follows from the stabilised braid (8.8.4) that the groups ®,,
are closely related to the stable homotopy groups 7>. A first deduction is

Proposition 8.8.5 All the groups in the stabilised diagram of (8.8.4) withn > 5
are finitely generated abelian groups, and all are finite with the exceptions of
T4r—1(80), 74,(SF, SO), Py, and F Oy4,_, which have rank 1.

For the case n =4s — 1 we first consider an element y of the group
145(SF, SO) of cobordism classes of framed manifolds N with boundary dif-
feomorphic to $¥~!. The boundary x € m4,_1(SO) induces an orthogonal bun-
dle £(x) over S*: we can then form the Pontrjagin class p(£(x)) and eval-
uate on the fundamental class [S*] giving an integer p,(x), say. Additiv-
ity properties of bundles and classes show that we have a homomorphism
Ds : Ta5—1(SO) — Z. According to [22], if xy generates 4, (SO) then (up
to sign) ps(xg) = ay(2s — 1)!, where we set a; =2 if s is odd and a; = 1
if s is even. Thus the image of y in 74, 1(SO) is py(x)/a,(2s — 1)! times a
generator.

On the other hand, attaching a disc to the boundary of N yields a closed man-
ifold M. The normal bundle of M is trivial except on the disc, so is induced from
a bundle over $* which we can identify with the above bundle & (x). According
to the signature theorem 8.6.7, the signature of M is given by L(vy,)[M]. Since
all the intermediate Pontrjagin classes of vy, vanish, it follows by Lemma 8.6.8
that

Ly(vp) = 22251 — 1DByps(x)/(29)!,

so the image of y in Py, is 2273 (2%~ — 1)B,p,(x)/(2s)! times a generator.
Thus in some sense the generators in 74, (SO) and Py, differ by a factor
a;,2372(2%~1 — 1)B, /4s. It now follows from exactness of the braid that
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Proposition 8.8.6 We have |O4,_1| = a,2%72(2%~" — )By|7._,|/4s.

More precisely, according to Adams [5] (see also §B.3(xviii)), KerJys_;
is a subgroup of my_1(SO) of index den(B;/4s). Here, if z€Q is
expressed as a fraction p/q with p, g € Z as small as possible, we write
p:=num(z) and ¢q := den(z) for the numerator and denominator of z.
Thus |7rzfy_1| = den(By/4s)|Coker Jy;_1|. It also follows that py(Ker Jys_1) =
as(2s — 1)!den(B,/4s), hence the signatures of the manifolds M obtained by
closing elements of 74,(SF, SO) form the group of multiples of
a25 2% — Dnum(B, /4s).

The integer m(2s) := den(B,/4s) is given by the following formula (due to
Milnor and Kervaire [102], see also Adams [4]). For n an integer and p a prime,
denote by v,(n) the greatest integer r such that p” divides n. Then

For p odd, v,(m(t)) = 1+ v,(¢) if t = 0 (mod (p — 1)), and = 0 if not.

For p =2, v,(m(t)) = 2+ vy(¢) if t is even, and = 1 if ¢ is odd.

Since Py; = 7Z, with the isomorphism given by ¢ /8, it follows that the image
of m4,(SF, SO) in P4, which is the kernel of Py, — ®y4,_; is a subgroup of
index a,2%72(2%~! — 1)num(B,/4s), so this number is the order of the group
traditionally denoted bPy,, which is the kernel of the epimorphism ®4,_; —
m45—1(SF, SO), the latter group having order |Coker Jy;_1|.

For other values of n, we compare ®, with 75 via the intermediary
7, (SF, SO) (or, if n =0 (mod 4), its torsion subgroup). It was shown by
Adams [5] that J, is a (split) monomorphism if # =0 or 1 (mod 8). Thus if
n # —1 (mod 4) Tors ,,(SF, SO) is the cokernel of J,. Moreover ®, maps onto
Tors 7, (SF, SO) except perhaps when n = 2 (mod 4). In this last case, 75 maps
onto 1,(SF, SO) and we have the map K, : n,f — P, = Z,, defining the Ker-
vaire invariant of framed manifolds. Thus if » = 0 (mod 4), ®, is isomorphic
to Tors 7,,(SF, SO); if either n = 1 (mod 4) or n = 2 (mod 4) and K,, vanishes,
®,, maps isomorphically to ,(SF, SO).

The delicate question of deciding for which values of n K, is zero, is known
as the ‘Kervaire invariant problem’. It was shown by Browder [30] that K,
vanishes unless n + 2 = 2¥2 is a power of 2. There are simple constructions
showing K, non-zero if k =0, 1 or 2 (the classical framings of the tangent
bundles of S!, $ and 7 induce framings of the projective spaces, and one uses
P'(R) x P'(R), P(R) x P3(R),and P’(R) x P’(R)); there is a somewhat less
simple example for k = 3, and a proof by strenuous calculations [17] if k = 4.
Recently it was shown by Hill, Hopkins, and Ravenel [69] that K, vanishes for
all k > 6, leaving only the case k = 5 (dimension 126) open.

A modified version of the braid (8.8.4) turns out to have better proper-
ties: we will replace the term SF; by SGy. Now m,(SGy) is the group of
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8.8 Groups of knots and homotopy spheres 287

homotopy classes of maps " x S~ — §*~! with the restriction to S¥~! homo-
topic to the identity. By the Thom construction, we can identify this with cobor-
dism classes of framed manifolds M" C S" x S*~! such that M" has intersec-
tion number 1 with % x S*~!, or equivalently, the projection of M" on S" has
degree 1.

Correspondingly, we can interpret m,(SGy, SO;) as the group of cobor-
dism classes of framed manifolds (M", M) C (D", 3D") x S*~! such that the
projection M C §"~! x §¥~1 — §"~! is a diffeomorphism and the projection
§"~1 — §¥=1 is induced by the framing. We have thus interpreted the exact
homotopy sequence of (SGy, SOy) as an exact cobordism sequence.

We now need a replacement for the group denoted P* above. Write P for
the group of cobordism classes of framed manifolds (M", dM) C (D", dD") x
S*=1 such that the projection 9M C §"~! x §¥~! — §"~! is a homotopy equiv-
alence and the projection S"~! — §*~! is induced by the framing. We now
claim

Proposition 8.8.7 We have a commutative braid of long exact sequences.

T (SOy) T(SGr) by CA
F@fl 7Tn(SGk~, SOk) F9271
P,If+l @f, W,,,l(SOk) W,,,,l(SFk)

Proof The exact homotopy sequence of (SGy, SO) was described above, and
the exact sequence 7,(SO;) — FOF — ©F is as before. We next describe the
remaining maps.

First consider F®* — m,(SGy). Given a framed homotopy sphere ¥, C
§"*k take a tubular neighbourhood 7. By Proposition 5.6.6, there is a dif-
feomorphism 4 : 9T — §" x dDF: choose / such that the standard framing of
S" x 3D pulls back to the framing of T induced from that on $"**. Now the
first vector of the normal framing of ¥” induces a map f : £ — 97, and we
take h(f(=")) C S x S¥=!, with the framing induced by the remaining vectors
of the normal framing of X".

The map @’; — 17,(SGy, SOy) is defined similarly. We identify ®’; with the
group of framed homotopy discs in D"** with boundary the standard §"~!'. Now
follow through the same steps as above.
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The map 7, (SGy, SO;) — P,’f is a forgetful map, defined by weakening the
structure.

To define PX | — FO!, we start with a framed manifold (M"*', 0M) C
(D", 9D™ 1) x §¥1 such that the projection dM C §" x S*°! — §" is a
homotopy equivalence. Map this to dM C " x S¥~! C S"** with the given
framing extended by the normal vector to §" x S¥~! in §"+*,

The maps so far defined form a commutative diagram, and we define the
remaining maps Prlf s ©®* and 7,(SGy) — P* as the composites in the
diagram. It follow easily that all four sequences have order 2. The exact-
ness of the two remaining sequences follows again (with a little care) from
Lemma 8.3.1. O

Since G, C F, C G4, the stabilisations as n — oo have the same homot-
opy groups; it follows that the same goes for the diagrams (8.8.4) and (8.8.7).

The reason why the second braid is an improvement on the first is the
following.

Proposition 8.8.8 The natural map P* — P, is surjective for k > 2 and an
isomorphism for k > 3.

Proof Recall that PX is the group of cobordism classes of framed mani-
folds (M™, dM) C (D™, dD™) x S*~! such that the projection IM C S x
Sk=1 — §m=1 is a homotopy equivalence and the projection M — S¥=! is
induced by the framing.

For surjectivity, since Py, = 0, it suffices to consider the case m = 2n even.
By Proposition 7.8.3, generators of P,, are represented by framed manifolds
M constructed by attaching n-handles to D*". Since changing orientation and
forming boundary sums respect this description, it follows that all elements of
P, are so represented.

Write e; : $"~! x D" — §?"~! for the attaching maps of the handles. Since
all embeddings of §"~! in $?*~! are isotopic, there is a diffeomorphism of
the image of e; to the submanifold obtained from 0D" x D" C d(D" x D") by
rounding the corner. Thus e; extends to an embedding f; : (D", dD") x D" —
(D*", 3D*") diffeomorphic to that induced by the map D" x D" — D" round-
ing the corner.

We seek to construct a smooth embedding F : (M, dM) — (D', 3D*") x S!
such that the trivial normal bundle agrees with the given stable framing; in fact
we replace S! by I and then wrap round by t — ¢2™. Choose distinct points
t; € I and a smooth map ¢ : S**~! — I such that the image of ¢ o ¢; is the point
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t;. We first define a continuous map Fy: it is given on D?* by Fy(z) = (2, ¢(2))
and on the handle #; (identified with D" x D") by Fy(x, y) = (fi(x, ), t;).

The map Fp is not injective: each handle overlaps the core. Write v :
(D", 3D") — ([0, 1], 0) for the map given by (1 — ||x||?), and deform the map
of the handle to Fi(x,y) = (fi(x,y), t; + €v(x)), where € is small enough that
the handles remain disjoint. Then Fj is injective, but has a corner along each
copy of §"~! x §"~!. We define a map F> by rounding these corners. This
has the desired effect of deforming the interior part D" x D" of each han-
dle into the interior of D** x I, and gives the desired smooth embedding in
(D>, 9D*) x S'.

€

Figure 8.2 Embedding a plumbed manifold

We attempt to illustrate this in Figure 8.2: here the first figure represents
a disc with two handles, pictured as a basket suspended by a couple of han-
dles; the second figure indicates how these fit at the boundary. To prove injec-
tivity, suppose given a framed manifold (M™, aM) C (V, dV) with (V,dV) =
(D", dD™) x S*~! and M C S x $¥-! — §"! a homotopy equivalence,
such that M represents O in the stabilised group P,. Then there is a cobor-
dism W of M to a disc: we seek to extend the embedding of M = d_W
to (W,9.W) — (V,dV) x I, ideally such that on 9.W we have a product
embedding. It is enough to consider a single r-handle attached to (the interior
of) M. In view of the clause in Theorems 7.5.2, 7.5.4 (m even), and 7.6.1 (m
odd) stating that for (simply-connected) surgery on manifolds of dimension 2n
or 2n + 1 it is sufficient to perform surgery on spheres S” with » < n, we may
suppose here that 2r < m, and that M is (» — 1)-connected.

Using the first vector of the framing, we extend the a-sphere of the handle to
anembedding ¢ : S” x I — V such that ¢(S” x {0}) is the a-sphere and the rest
of the image is disjoint from M. We next show that ¢(S” x {1}) is nullhomotopic

Downloaded from https://www.cambridge.org/core. Moritz Law Library, on 05 Aug 2019 at 19:47:25, subject to the Cambridge Core terms of
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/CBO9781316597835.009


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9781316597835.009
https://www.cambridge.org/core

290 Cobordism

in the complement V \ M of M. Since M has codimension greater than 2, the
complement is 1-connected.

We now use the hypothesis that H,,(M, oM ) — H,,(V, dV) is surjective. It
follows that H;(V, M U dV') = 0 with possible exceptions i = k,i =m + k — 1,
r+1<i<m+1—r. By the universal coefficient theorem, the same holds
for H(V, M U 3V). By duality, H;(V \ M) = 0 except perhaps for i = m — 1,
i=0,k+r—2<i<m+k—r—1.Since k > 2, V\ M is r-connected, so
our r-sphere is indeed nullhomotopic in V \ M.

‘We can thus extend the map ¢ on a collar neighbourhood of the boundary to
amap v : (D', aD™) — (V, M) with y~!(M) = aD™*!.

The map v is covered by a stable normal framing of the handle. As in the
proof of Theorem 7.1.1, this framing determines a regular homotopy class
of immersions D'*! x D"*="=2 . V. We wish the immersion to restrict to
the given embedding S™ x D" — M. Since m > 2r and k > 3, we have
m+k—r—2=>r+4 1. Thus 7,(S0,,+x—r—2) maps onto ,(SO), so the stable
framing induces a normal framing. It follows by Theorem 6.2.1 that the map
is homotopic (relative to its boundary) to an immersion.

If m+k— 1> 2(r+ 1) putting this map in general position makes it an
embedding; in the critical case m = 2r and k = 3, we can use the Whitney trick
(see Theorem 6.3.4 but allow boundaries) to obtain an embedding. Now using
the normal framing on this handle allows us to extend the embedding of M to
the desired embedding of M with the handle. U

Inserting this result in the braid diagram (8.8.7) together with results in § B.3
(ix) on homotopy groups of spheres, (xiv) on homotopy groups of orthogonal
groups and (xix) on 7,(SOy) — 7,(SGy), it follows that

Theorem 8.8.9 All groups in the diagram

\,
W

7T/,L+1(SGk,SOk) F@k W,L(SGk,SOk)
n+1

/

N,

\_/
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for k > 3 are finite except for
(A):n=4s+ 1, k=4s+2: 7(SO) > FO — n(SG), of rank 1,

(SG,S0) — m(SO)
(S):n=4s—1,k>2s+1: N y  ofrank I,

P - FO

(0O):n=4s—1,k<2s: P—> FO — O, of rank I,
(B) :n=4s — 1, k = 4s: ‘the direct sum of the diagrams (A) and (S)’,
(C):n=4ds—1, k=2s+ 1. ‘the direct sum of the diagrams (A) and (O)’.

In particular, ®§s71 has rank 1 if £k < 25 + 1, and otherwise @ﬁ is finite.

We can use the above results to investigate groups of embeddings of
spheres in spheres. Denote by an the set of diffeotopy classes of embed-
dings S™ — §"*k_ Since by Lemma 2.5.11 orientation-preserving embeddings
(D"+k D™y — (™K §™) are unique up to diffeotopy, we can define a con-
nected sum of two embeddings by removing an embedded disc-pair from each,
and glueing along the boundary (with an orientation reversal). It follows that
an acquires the structure of a group.

Since diffeotopic embeddings are cobordant, there is a natural forgetful
map o : £} — ©%. By Lemma 8.3.1 the map o lies in an exact sequence
.= R’:lerl — Efn — @’;1 — R’n‘1 — ... The relative term R’r‘nJrl is the set of
cobordism classes of homotopy discs A”+! ¢ D" +1 together with a diffeo-
morphism §” — 9 A™*!_ It follows from Corollary 5.6.3 that for m > 5 A"*!
is diffeomorphic to D"l 1If also k > 3, it now follows from Theorem 5.6.7
(i) that A™+! C D™+ s diffeomorphic to the standard pair. Thus R, is
the cobordism group of standard pairs together with a diffeomorphism of S™
on the boundary. The embedding now plays no part, thus for m > 5, k > 3
the map R’n‘1 1~ Rupi is an isomorphism. Hence R’fn 4l Z Ryt1 = 04 This
proves

Proposition 8.8.10 There is an exact sequence ...—> O,y — LK —
f -0, > ...

Since the groups ®,, are all finite, it follows that the rank of X¥ is the same
as that of ®’,‘n: thusis 1ifm =4s — 1 and k < 2s + 1, and zero otherwise.

It follows from the Whitney embedding theorem that %X = 0 for k large.
More precisely, by Theorem 6.4.11, any two embeddings of $™ in S+ are iso-
topic (and hence X vanishes) provided 2k > m + 3. However in the limiting
case 2k = m + 3 the group does not vanish: if also k is odd, it is infinite by the
above; more precisely, by [61], we have Eff,f]l = Z. It was shown in [64] that
in the other critical case, £2° ; = Z,.
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8.9 Notes on Chapter 8

§8.1 The first result in this area is due to Pontrjagin [123], who succeeded in
relating framed bordism to homotopy groups of spheres. Thom’s paper [150],
as well as formally introducing the construction, obtained a transversality
theorem.

§8.2 T also believe that at least part of his motivation was the problem of
representing homology classes by embedded submanifolds.

§8.3 I do not know where it was first observed that the definition of bor-
dism naturally leads to exact sequences. The second technique was formally
introduced in [158].

§8.4 In his paper [12], Atiyah introduced bordism as a homology theory,
showed that smooth oriented manifolds are also orientable for this theory, and
made applications to bordism groups.

There are other abstract structures using bordism. Graeme Segal defined in
[134] axioms for quantum field theory, which we can summarise as follows.
A cobordism category is a category with objects (diffeomorphism classes of)
closed manifolds (of a given dimension) and morphisms (diffeotopy classes of)
bordisms: to obtain interesting examples one usually imposes extra structure:
for example, an embedded submanifold of codimension 2.

A ‘topological field theory’ is then a functor ¢ from such a category to, for
example, the category of vector spaces over C and maps: it is required also to
take disjoint unions to tensor products. Since the empty manifold is mapped to
C, if M is a closed manifold, and so a cobordism from the empty set to itself,
¢(M) is a linear map C — C: multiplication by a number, giving an invariant
a(M) € C. Non-trivial examples are not easy to construct.

§8.5 The main reference for this section is the book [38], which has a
wealth of information about actions of finite cyclic groups. Chapter IV of that
book contains the calculation of equivariant bordism groups of Z,-actions. The
Z,-actions are discussed in Chapter VII: the results are, of course, not com-
plete. However many geometrical consequences of their calculations are given
throughout the book.

§8.6 In his original 1954 paper [150], as well as introducing transversality
and using it to reduce the calculation of cobordism groups to a homotopy prob-
lem, Thom was able to give the full calculation of Q*O, using Serre’s calculation
[135] of cohomology of Eilenberg-MacLane spaces, and to calculate 25¢ @ Q
using Proposition B.4.1. Milnor’s paper [96] followed in 1960 and Novikov’s
[113] appeared in 1962. Milnor’s book [103] gives an alternative introduction to
characteristic classes, the calculation of the cohomology of classifying spaces,

Downloaded from https://www.cambridge.org/core. Moritz Law Library, on 05 Aug 2019 at 19:47:25, subject to the Cambridge Core terms of
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/CBO9781316597835.009


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9781316597835.009
https://www.cambridge.org/core
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cobordism and the calculation of cobordism rings, including the Hirzebruch
signature theorem.

Unitary bordism has more structure than the calculation in Theorem 8.6.11
shows. One aspect of this is:

Theorem 8.9.1 There is an isomorphism of the universal formal group over
Zon QY.

We explain this statement. If 7 is a connected 1-dimensional analytic Lie
group with multiplication i : T x T — T, and x a local coordinate at the unit,
we can expand p o x as a power series F(x,y) with F' € R[[x, y]]. The group
properties are reflected in the identities

F(x,0)=F0,x)=x, Fkx,y)=F(@,x), FF(xy),z)=Fx F(@,2).

One thus defines a formal group over a ring R as a formal power series in 2 vari-
ables F'(x, y), with constant term 0, satisfying these rules. The simplest exam-
ples are F,.(x,y) =x+y+ rxyforr € R.

Now consider P := P*°(C) = B(U,). There is a multiplication map u : P x
P — P induced, for example, by tensor product of line bundles.

Since P has a cell structure with one cell in each even dimension we can iden-
tify QU (P) with QU[[z]], with a generator z € QY (B(U,)) which can be taken
as defined by the inclusion P'(C) C P>(C). Now u*(z) € QY[[x, yl] defines
a formal group.

For the proof of Theorem 8.9.1 we refer to Quillen [127]. This result is the
jumping off point for the use of complex cobordism theory as a tool for elabo-
rate calculations in homotopy theory. It is used to set up the so-called Adams—
Novikov spectral sequence. One can localise Y homology theory at a prime
p; it then splits into the so-called BP-theories with much smaller coefficient
group (polynomial with generators only in dimensions p"(2p — 2)). We refer
to [129] for an introduction to this area.

§8.7 Certain exact sequences were devised by the author [157] to relate Q€
and 59, as a means of calculating the latter. A more abstract proof was found
by Atiyah [12] (who invented bordism theory for the purpose). My original
insight was that the apparently complicated structure of 3¢ might be the sim-
ilar to the structure of H*(X; Z) for a space X such that each of H*(X : Q) and
H*(X; Zy) is a polynomial ring.

The original exact sequences were extended by Conner and Floyd to the case
of QU and %Y, and used in the calculations of the latter, with details in [39].
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Further calculations of Q5 were obtained by Anderson, Brown, and Peterson
[9].

The groups QSPin were calculated, also by Anderson, Brown, and Peter-
son, in [10]. They first determine the structure of H*(TSpin; Z,) as a mod-
ule over the Steenrod algebra: it is a sum of copies of S, S»/S»(S¢%) and
S>/8>(8¢", Sq%). They deduce that the Thom spectrum is homotopy equiva-
lent to a wedge of spectra of type K(Z,, n) and BO(n); and thence that cobor-
dism class in 57" is determines by Stiefel-Whitney and KO-characteristic
numbers.

Complete results are also available for Spin: here cobordism class is deter-
mined by Stiefel-Whitney numbers and characteristic numbers in Q: calcula-
tions for this case can be reduced to those for Spin in view of the isomorphism
Q" = (P (C)).

In addition to the original references, Stong’s book [147] aims to give com-
plete details of all the calculations involved in determining the cobordism
groups mentioned above, and their interrelations with each other and with
framed bordism.

For Qi”, it was again shown in [113] that the tensor product by Z[%] is a
polynomial algebra. Extensive calculations have been made by Kochman [80].

§8.8 The sequences 8.8.4 were extracted from the methods introduced by
Milnor and Kervaire [79] for calculating the groups ®,,. Our account follows
the presentation by Levine [85], which in turn combined the earlier work of
Milnor and Kervaire (see, for example, [79]) with ideas of Haefliger [61].

Milnor’s discovery [92] of non-diffeomorphic differential structures on the
topological manifold S7 was a great surprise: up to then, though smooth and
piecewise linear (PL) structures were used, the philosophy was that one was
really studying problems in pure topology. Likewise the existence of non-trivial
embeddings of spheres in spheres contrasts with the theorem of Stallings [143]
(in the topological category) and Zeeman [183] (in the piecewise linear cate-
gory) that embeddings of spheres in spheres, in codimension at least 3, are topo-
logically unknotted. It is thus possible to regard all the results about embeddings
of spheres in spheres as a manifestation of smoothing theory.

Explicit results of this kind were obtained by Rourke and Sanderson. In the
first of the three papers [130] they set out to construct a theory of neighbour-
hoods of locally flat submanifolds of PL manifolds to play the role in PL topol-
ogy of the tubular neighbourhoods in differential topology. By introducing a
notion of ‘block bundles’ they constructed a (simplicial) space BI?L;( such that
for any PL. manifold M™ the set of isomorphism classes of regular neighbour-
hoods of M embedded locally flatly in PL (m + k)-manifolds maps bijectively
to the homotopy set [M : Bf’zk].
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In the third paper, after defining various simplicial spaces, in particular a
piecewise differentiable version BPDy of BPL; which is homotopy equivalent
to it, they interpret the braid (8.8.7) as the homotopy braid coming from the
inclusions B(SOy) C Bﬁk C B(SGy).

In the subsequent paper [131], Rourke and Sanderson construct a theory of
neighbourhoods of locally flat submanifolds of topological manifolds. A start-
ing point is the notion of microbundle introduced by Milnor [99]. Following a
subsequent idea of Haefliger, they consider a microbundle with fibre dimension
(n + k) together with a submicrobundle with fibre dimension n. From these they
form a (simplicial) classifying space BTop), ,, and establish the existence of a
(Kan) fibration Top),_, — Top,, whose fibre is denoted Top,t,,. An (n + k)
dimensional neighbourhood of a manifold N” induces a lift of N — BTop, to
a cross-section of the induced fibration.

They then establish that if { < k and either n <2 or n+ k > 5 the map
wi(Topp+xx) — wi(Topy) is an isomorphism. It follows that with this dimen-
sion restriction, neighbourhoods of N are classified by maps N — BTopy. This
leads to obstruction theories to the existence of normal microbundles or block
bundles with fibre D* or R¥.

It also follows that the above results in the PL case carry over to the Top case.
Thus one can identify FOX with 7,,(STopy), ®F with 7,(STopy, SOy), and P
with 7,,(SGy, STopy). Thus the stability theorem Proposition 8.8.8 establishes
a homotopy pullback diagram

STopr, — SG;
! i
STop — SG

and the exact sequence of Proposition 8.8.10 interprets ¥ as the homotopy
group of the diagram
SO, — STopy

\ b
SO — STop

and hence of the diagram

SOk — SGk
U o
SO — SG

This final result had been obtained by Haefliger in [64].
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