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We compute the cohomology with group ring coefficients of the complement of a finite collection of affine hyperplanes
in Cn . It is nonzero in exactly one degree, namely, the degree equal to the rank of the arrangement.

A hyperplane arrangement A is a finite collection of affine hyperplanes in Cn . A subspace of A is a nonempty
intersection of hyperplanes in A. Denote by L(A) the poset of subspaces, ordered by inclusion. Put L(A) :=
L(A) ∪ {Cn }. An arrangement is central if L(A) has a unique minimum element. In general, the minimal
elements of L(A) are a family of parallel subspaces. The rank of A is the codimension in Cn of a minimal
element. A is essential if rk(A) = n. Given G ∈ L(A), put

AG := {H ∈ A | H ⊇ G}.

It is a central arrangement of rank ρ(G) = n − d(G), where d(G) = dimC G.
The singular set Σ(A) of the arrangement is the union of hyperplanes in A (so, Σ(A) is a subset of Cn ).
The complement of Σ(A) in Cn is denoted M (A). Similarly, the complement of Σ(AG ) in Cn is M (AG ).
We now state our main result.
Theorem 1. Suppose A is an arrangement of rank l. Let π = π1 (M (A)). Then H ∗ (M (A); Zπ) is concentrated
in degree l and is free abelian.
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Corollary 2. The right Zπ-module H l (M (A); Zπ) is type FL.

Proof . It is known that M (A) is homotopy equivalent to a finite complex X of dimension l. Using the cellular
cochains of the universal cover of X we get a free resolution of length l:

0 → C 0 (X; Zπ) → · · · → C l (X; Zπ) → H l (X; Zπ) → 0.

Note that H l (M (A); Zπ) = H ∗ (X; Zπ) can be identified with the compactly supported cohomology of the
universal cover of the finite complex X.
A group π is a duality group if it is type FP and H ∗ (π; Zπ) is concentrated in a single degree and is
torsion-free.
Corollary 3 (cf. [6]). Suppose A is a K(π, 1) arrangement (i.e., M (A) is a K(π, 1) with π = π1 (M (A))). Then
π is a duality group.
The next lemma is well-known.
Lemma 4 (cf. [3, Prop. 2.1]). Suppose A is a hyperplane arrangement of rank l. Then Σ(A) is homotopy
equivalent to a wedge of (l − 1)-spheres.
For each G ∈ L(A), A ∩ G denotes the hyperplane arrangement in G consisting of all elements of L(A)
which are subspaces of codimension-one in G. Then A ∩ G is an arrangement of rank l(G) = d(G) − n0 , where
n0 is the rank of a minimal element of L(A). We note that

l(G) + ρ(G) = n − n0 = l.

(1)

Let β(A ∩ G) denote the reduced Betti number of G ∩ Σ in degree l(G) − 1, i.e.,

β(A ∩ G) := rk(H l(G) (G, Σ(A ∩ G))).

(2)

Suppose A is an essential, central arrangement in Cn . Projectivizing we get a projective hyperplane
arrangement P A in CP n−1 . Choose a hyperplane in P A to regard as the hyperplane at infinity. Removing
it, we obtain a hyperplane arrangement A0 in Cn−1 , called an associated affine arrangement. We note that
M (A) is a C∗ -bundle over M (A0 ); moreover, this bundle is trivial (since either n = 1 or A0 is nonempty). Thus,
M (A) ∼
= M (A0 ) × C∗ . Let C∞ denote the fundamental group of C∗ (i.e., C∞ is the infinite cyclic group). From
the above discussion we get the following.
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Lemma 5. Suppose A is an essential, central arrangement in Cn and A0 is an associated affine arrangement.
Put π = π1 (M (A)), π 0 = π1 (M (A0 )). Then π = π 0 × C∞ , and

H ∗ (M (A); Zπ) = H ∗−1 (M (A0 ); Zπ 0 ) ⊗ Z,

where C∞ acts trivially on Z.

Proof .
H i (C∗ ; ZC∞ ) = H i (S 1 ; ZC∞ ) =




Z, if i = 1;


0,

if i 6= 1.

So, the equation in the lemma follows from the Künneth Formula.

Suppose A is a hyperplane arrangement in Cn . An open convex subset U in Cn is small (with respect to
A) if {G ∈ L(A) | G ∩ U 6= ∅} has a unique minimum element Min(U ). The intersection of two small convex
open sets is also small; hence, the same is true for any finite intersection of such sets.
Now let U = {Ui }i∈I be an open cover of Cn by small convex sets. We may suppose that U is finite and
that it is closed under taking intersections. For each G ∈ L(A), put

UG := {U ∈ U | Min(U ) ⊆ G},
sing
UG
:= {U ∈ U | Min(U ) ( G} = {U ∈ UG | U ∩ Σ(A ∩ G) 6= ∅}.

b = U − Σ(A) of the
The open cover U restricts to an open cover Ub = {U − Σ(A)}U ∈U of M (A). Any element U
cover is homotopy equivalent to the complement of a central arrangement M (AG ), where G = Min(U ).
sing
Suppose N (U) is the nerve of U and N (UG ) is the subcomplex defined by UG . Since N (UG ) and N (UG
) are

nerves of covers of G and Σ(A ∩ G), respectively, by contractible open subsets, we have that for each G ∈ L(A),

sing
H ∗ (N (UG ), N (UG
)) = H ∗ (G, Σ(A ∩ G)).

For each k-simplex σ = {i0 , . . . , ik } in N (U), let

Uσ := Ui0 ∩ · · · ∩ Uik

denote the corresponding intersection.

(3)
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f(A) → M (A) be the universal cover. The induced cover {r−1 (U
b )} of M
f(A) has the same nerve
Let r : M
b (= N (U)). We have the Mayer–Vietoris double complex,
N (U)

Ci,j :=

M

bσ )),
Cj (r−1 (U

σ∈N (i)

where N (i) denotes the set of i-simplices in N (U) (cf. [1, Ch. VII].) We get a corresponding double cochain
complex,
E0i,j := Homπ (Ci,j , Zπ),

(4)

where π = π1 (M (A)). The filtration on the double complex gives a spectral sequence converging to the associated
graded module for cohomology:

Gr H m (M (A); Zπ) = E∞ :=

M

i,j
E∞
.

i+j=m

Proof of Theorem 1. The proof is by induction on the rank l of A. The result is trivial for l = 0 (for then the
arrangement is empty). Lemma 5 shows that if we know the result for ranks less than l, then we also know it for
any central arrangement of rank l. So, given a rank l arrangement A, the inductive hypothesis implies that the
theorem holds for each small open set in our cover U. In other words, we can assume that for each U ∈ U, for
G = Min(U ) and πG = π1 (M (AG )), H ∗ (U − Σ; ZπG ) = H ∗ (M (AG ); ZπG ) is free abelian and is concentrated in
degree ρ(G) = l − l(G).
By first using the horizontal differential in (4), we get a spectral sequence with E1 -terms

E1i,j = C i (N (U); Hj ),

(5)

where Hj is the coefficient system on N (U) defined by

σ 7→ H j (M (AG ); Zπ),

for G = Min(Uσ ). These coefficients are 0 for j 6= ρ(G), i.e., for l(G) 6= l − j (by (1)). Moreover, for any coface
σ 0 of σ, if G0 := Min(Uσ0 ) ( G, then the coefficient homomorphism H j (M (AG ); Zπ) → H j (M (AG0 ); Zπ) is the
zero map. It follows that the E1 page of the spectral sequence decomposes as a direct sum (cf. [5, Lemma 2.2]).
For a fixed j, the E1i,j term decomposes as
E1i,j =

M
G∈Ln−j (A)

sing
C i (N (UG ), N (UG
); H j (M (AG ); Zπ)),
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where we have constant coefficients in each summand. Hence, at E2 we have

E2i,j =

M

sing
H i (N (UG ), N (UG
); H j (M (AG ); Zπ))

G∈Ln−j (A)

=

M

H i (G, Σ(A ∩ G); H j (M (AG ); Zπ)),

G∈Ln−j (A)

where the second equation is by (3). By Lemma 4, H i (G, Σ(A ∩ G)) is nonzero only for i = l(G) = l − j. So,
the E2 terms are nonzero only in total degree l. It follows that the spectral sequence collapses at E2 . Thus, for
k 6= l, H k (M (A); Zπ) = 0, while

Gr H l (M (A); Zπ) =

M

H l(G) (G, Σ(G ∩ A); H ρ(G) (M (AG ); Zπ)),

(6)

G∈L(A)

and, therefore, is free abelian. It follows that the ungraded object, H l (M (A); Zπ) is also free abelian.
Remark 6. Here are some more comments about equation (6). Since Zπ is a π-bimodule, H l (M (A); Zπ) is a
right Zπ-module and Gr H l (M (A); Zπ) is the associated graded Zπ-module. Similarly, each summand on the
right hand side of (6) is a Zπ-module and the formula is an isomorphism of Zπ-modules.
The coefficients in the summand corresponding to G come from the induced representation,

H ρ(G) (M (AG ); Zπ) = H ρ(G) (M (AG ); ZπG ) ⊗πG Zπ,

where πG := π1 (M (AG )). So, the summand corresponding to G is a sum of β(A ∩ G) copies of the induced representation H ρ(G) (M (AG ); ZπG ) ⊗πG Zπ, where β(A ∩ G) was defined in (2). If AG 6= ∅, H ρ(G) (M (AG ); ZπG ) is
0
= π1 (A0G ),
not a free ZπG -module. The reason is that if M (A0G ) is an associated affine arrangement to AG and πG

then, by Lemma 5,
0
H ρ(G) (M (AG ); ZπG ) = H ρ(G)−1 (M (A0G ); ZπG
) ⊗ Z,

which is not free (unless πG = 1). Hence, only one summand on the right hand side of (6) is a free Zπ-module,
the one corresponding to G = Cn . It is
H l (Cn , Σ(A)) ⊗ Zπ,
which is a free of rank β(A). Since this free module is the top summand of Gr H l (M (A); Zπ), it must also be a
direct summand of H l (M (A); Zπ). In [3, Theorem 6.2] we showed that the reduced `2 -cohomology of M (A) is
H l (Cn , Σ(A)) ⊗ `2 π. The free summand described above injects into `2 -cohomology, while the other summands
map to 0.
In [3, Theorem 5.3] we used a similar argument to reprove the well-known result that the cohomology of
M (A) with coefficients in a generic abelian local coefficient system vanishes except in degree l.
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