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Cell complexes and cube complexes

Cell convex polytope in some F

Cell complex X is space formed
by gluing together cells
la isometries of their

faces

A couple i each cell is a



A couple e c cel
Hatcher simplex

Cube Cx each cell is a

Euclidean cube o 17h
Eixample A graph is a 1 cube ex

Any cell Cx X has a

length metric d where

d x y inf fly t a path
broken geodes

from X to

Links F C P face of polytop
p

NIF P normal cone of
inward pointing normal
vectors

k Typ sphere of NCF P

Lk F P Is a spherical polytope



X cell ex and eco

a cell and its face the

Lk T o is spherical polytope
Lk L I

2 CATColinequality

X d geodesic metric space
ATCO inequality defined

la comparison trianglesx E

tAkd

T Ti

d e d

Det X is EATIN



if each triangle in X

satisfies CATCO inequality
X is NPC if it

satisfies CATCO locally

Let CX d complete
geodesic space

Thmi
NPC t T.CN I CATCOI

triangles
CAT l defined using 5 custeae

of It

locally CATG t

ah ueseoedeszzfgops
CATA



Th

CATA contractible

geodesics are unique

Coe NPC aspherical
meaning Univ cover is contractible

3 Thelankconditon
X cell complex
The X is NPC

V vertices Lk CN X is

CATCI

Ee X polyhedral surface

I



LQGy 13 I

Then Linin X is 51 of

length E Qi A surface

X is NPC the

angle at each vertex is

2 21T

Further ex ample Suppose
each cell of XL is a

Euclidean Square then

X is NPC C At each

vertex v there are 3

squares



Not Npc

4 Flagcompleiromor's
Lenin

Goal

The X cube Cx Then

X is NPC the link of

each vertex is a flag Cx

Det A D complex L is

a fla if it is a

simplicial CX and satisfies



Flag Any finite set of

vertices of L that are

pairwise connected by edges

spans a simplex of L

In other words any clique
in L spans a simplex of L

Remark i Gromov says L

satisfies no A condition

I used to say L is determined

by its f skeleton Te on

flag cx comes from Tits

2 incidence geometry
g



EI a If L m goin Then

L is flag m 3

b If P poset and L

IS its order Cx l e simplex

IS a chain Then L is a

flag Cx More generally
a simplicial graph L

defines an incidence relation

on Vert L If C associated

clique cx then L is a flag
ex and conversely

If X cube ex and



Ln Lk Cv X Then each

simplex of Ln is an

all right spherical simplex
meaning intersection of

positive octant in 117 with
Sn

Gro mor's Lenya i Suppose L

is an all right D complex

Then L is CATG

L is a flag Cx
a cube ex

EerXTs NPC

link of each vertex is

a flag CX


