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Definitions

Coxeter systems, the parameter q,
Hecke algebras,

Hecke -von Neumann algebras,

the growth series W (q), spaces U and 3,
L(Q1 cellular cochains, La—cohomology,
Lé—Euler characteristics and

Lé—Betti numbers.

Results

Xq(X) =1/W(q),

L?-cohomology of buildings,
Calculations of b ()

A Decomposition Theorem
Interpolating between cohomology and
cohomology with compact supports

A version of the Singer Conjecture
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Coxeter groups

S a finite set

(mst) a Cozeter matriz, i.e.,
a symmetric S X S matrix with

entries in N U {oo} such that
(

1 if s =1;

Y,
Mt = <

> 2. otherwise.

)

\

W= (S |s*=1, (st)™t =1).
(W, S) is a Coxeter system.

[ W — N is word length.
ForT'C S,

Wr = {({s}tseT)-



If W is finite, T is a spherical
subset.
S ={T C S| Wy is finite}
= {spherical subsets}
The nerve of (W, .S) is the
simplicial complex L, where
Vert(L) =S, and
Simp(L) = Sy



The parameter q

I an index set

v .S — I a function s.t.

i(s) = i(s") whenever s and s’ are

conjugate.

a = (g:)ier € (0,00)"
Write gg instead of Qi(s)-
If w=sy...5;1s areduced

expression, set

qQuw = Qsy - - - 4sy-
It is independent of the

reduced expression.

RW) .= {finitely supported W — R}
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An inner product on RW)

(€vs ew)q = quivw-
La(W) = completion of R,
Hecke algebra
Rq|[W] deformed group algebra

)
€105 [(sw) > l(w);

CsCw =

\QSQS”U) + (C]S — 1)€w, Z(Sw) < l(w)

Hecke-von Neumann algebra

Nq = a completion of Rg(W)
= {Rq(W)-equivariant bounded linear
operators L%(W) — L%l(W)}
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von Neumann dimension

For ¢ € Ny,
tra, (@) = {(@le1), e1))q-
For @ = () € Mm(Ng),
toar, (@) = >ty (¢id)-
Given a Rg(TW)-stable, closed sub-

space
2
V C @Lq(W), let
py : GLEW) — ©LY(W)
be orthogonal projection onto V.

dimp, V' = trpy, (py) € |0, 00).



Growth series
t = (t;);je; an I-tuple of
indeterminates.

Wi(t) = Z tw -

welW
It is a rational function in t, e.g..

L_ (_1)Card(T)
W~ 2 W)

where t =1 1= (t;l).

R := region of convergence of W (t)

R1V={qlq 'R}



The basic construction.
X a CW complex

(Xs)ses afamily of subcomplexes.
Define

UW, X) = (W x X)/ ~

where ~ is the equivalence relation

generated by
(w,x) ~ (ws,x) if v € Xs.
K = geometric realization of S

= Cone(L)

K¢ := geom. realization of SZ{ s)

K is a chamber. K is a mairror.
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The complex X
Xo=UW,K)
Cellular cochains

& the set of k-cells in U
C*U)  the k-cochains on U

= functions on &;.

:{Z ag o | o€ &}

infinite

CeU)={)_ as o}

finite
How about weighted La—cocha,ins?

Given o € &, let d(o) be the
shortest w € W s.t. w™lo C X.
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Define an inner product on C*(U)

(0, T)q = dd(o)00T
Lack (U) := the completion of C¥(U)
LzC*(U) is a Ng-module and
5« LZCMU) — LZCFTHU) is a

map of Mg-modules.

LaHk (U)  reduced La—cohomology
= ker 6 /im &
bg(bl) = dim L%Hk(bl)
Xql) = (1))



Theorem. (Dymara)

Xq(2) = ﬁ

Theorem. (Dymara) If q € R,

then L%H*(Z) is concentrated in

dimension 0.
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Theorem. (Dymara) Suppose &
is a building of type (W, S) with a
chamber transitive automorphism

group G. Then its L?-Betti num-
ber (with respect to G), b¥(®: G),
is equal to bfi(Z).

Here q is the “thickness” of the
building.

Remark. For buildings only inte-

oral values of q matter!
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Given w € W, set

n(w) :={se S| l(ws) <l(w)}
Key fact: In(w) € S.

Given T' C S, set

F={wew |hnw) =T}

— U X,
sc€l’
Theorem. (D.)

H () = @ H(X, XT)eRW).
TeS
Corollary. X is acyclic.

Theorem. (D.)

~ (B H*(X X, x5~ TygrW"),
TeS
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Main Theorem.

e [fqe R, then

LeM*(U) = P H* (X, x")eD!.
TeS
e I[fqe R then

LiH*U) = P H* (X, X TeD" 1.
TeS

Here the D1 are certain Nq—submadules
of LLZ(W).
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Decomposition Theorem. We

have direct sum decompositions

of Nq-modules.
e [fqe R, then

2 T
Lg=DD
TeS
e Ifqe RL then

2 S—-T
- @
TeS

(In the formulas of the previous two
theorems, the RHS might only be
a dense subspace of the LHS).
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Corollary. e If q € R, then
2
Hi(U;R) — LgHp(U)
s injective with dense 1mage.
e I[fqe R then
k 24k
He(U;R) — LgH™(U)
1s injective with dense 1mage.

Example. Suppose X is an n-manifold

(e.g., L is a triangulation of S 1).

o [f q € R, then L%H*(Z) is con-
centrated in dimension 0.

olf q € R7L then L%H*(Z) is

concentrated in dimension n.
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Example. Suppose n = 2 and L
is a circle. q = ¢ € (0, 00).

p, the radius of convergence of W (¢).
Then L?]H*(Z) is concentrated in

dimension
0, 1ifq<p;

11, ifp<qg<1/p;

2, ifqg>p.
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Question. What happens in the
intermediate range, q ¢ RUR 12

Conjecture. (A version of the Singer

Conjecture). Suppose > is an n-

manifold . Then forq <1,

n
LZHM(E) =0 for k > >

Simalarly, for q > 1,

n
LaHk(Z) =0 fork< 5
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Some idempotents in Ny

For q € R,
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