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- DerRINITION 6

Vector Spaces and Linear Transformations

DIMENSION

We now use Theorem 3 to generalize the idea of dimension to the general vector-space
setting. We begin with two theorems that will be needed to show that dimension is
a well-defined concept. These theorems are direct applications of the corollary to
Theorem 5, and the proofs are left to the exercises because they are essentially the
same as the proofs of the analogous theorems from Section 3.5.

If V is a vector space and if B = {v,, v2,...,V,} is a basis of V, then any set of p + |

vectors in V is linearly dependent. L3t
Let V be a vector space, and let B = {v,,va,...,v,} be a basis for V. If 0 =
{u;,uy,...,u,}is also a basis for V, then m = p. [

If V is a vector space that has a basis of p vectors, then no ambiguity can arise if
we define the dimension of V to be p (since the number of vectors in a basis for V is an
invariant property of V by Theorem 7). There is, however, one extreme case, which is
also included in Definition 6. That is, there may not be a finite set of vectors that spans
V; in this case we call V an infinite-dimensional vector space.

Let V be a vector space.

1. If V has a basis B = vy, v, ..., v,} of n vectors, then V has dimension n,
and we write dim(V) = n. [If V = {8}, then dim(V) = 0.]

2. If V is nontrivial and does not have a basis containing a finite number of
vectors, then V is an infinite-dimensional vector space.

We already know from Chapter 3 that R" has dimension n. In the preceding section
it was shown that {1, x, x?} is a basis for P, so dim(P,) = 3. Similarly, the set
{1,x,...,x"}is a basis for P,, so dim(P,) = n + 1. The vector space V consisting of
all (2 x 2) real matrices has a basis with four vectors, namely, B = {Ey, E\2, E2;, E2}.
Therefore, dim(V) = 4. More generally, the space of all in x n) real matrices has
dimension mn because the (m x n) matrices E;;, 1 <i <m,1 < j < n, constitute a
basis for the space.

JI || EXAMPLE | Let W be the subspace of the set of all (2 x 2) matrices defined by
[
a b
W——-{Az[ ]:2a—b+3c+d=0}.
c d
Determine the dimension of W.
Solution “The algebraic specification for W can be rewritten as d = —2a + b — 3c. Thus an

element of W is completely determined by the three independent variables a, b, and c.
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Insuccession, leta =1,b=0,c=0;a=0,b=1l,c=0;anda=0,b=0,c= 1.
This yields three matrices

1 0 0 1 0 O
A; = ’ Az = , and A3 =
0 -2 0 1 1 -3

in W, The matrix Aisin Wifandonly if A = aA, 4 bA; + cAs, 50 {A), Az, A3} isa
spanning set for W. It is easy to show that the set {A), A2, A3} is linearly independent,
s0 it is a basis for W. It follows that dim(W) = 3. [

An example of an infinite-dimensional vector space is given next, in Example 2. As
Example 2 illustrates, we can show that a vector space V is infinite dimensional if we
can show that V contains subspaces of dimension & fork = 1,2,3,.

If W is a subspace of a vector space V, and if dim(W) = &, then it is almost obvious
that dim(V) > dim(W) = k (we lcave the proof of this as an exercise). This observation
can be used to show that C{a, b] is an infinite-dimensional vector space.

Show that Cla, b] is an infinite-dimensional vector space.

To show that Cla, b] is not a finite-dimensional vector space, we merely note that P,
is a subspace of C[a, b] for every n. But dim(P,) = n + 1; and so C|a, b] contains
subspaces of arbitrarily large dimension. Thus Cla, ] must be an infinite-dimensional
vector space. |

Properties of a p-Dimensional Vector Space

The next two theorems summarize some of the properties of a p-dimensional vector
space V and show how properties of R? carry over into V.

Let V be a finite-dimensional vector space with dim(V) = p.

1. Anysetof p + 1 or more vectors in V is linearly dependent.
2. Any set of p linearly independent vectors in V is a basis for V. |

This theorem is a direct generalization from R” (Exercise 20). To complete our
discussion of finite-dimensional vector spaces, we state the following lemma.

Let V be a vector space, and let Q = {u,, u,, ..., u,} be a spanning set for V. Then
there is a subset Q’ of Q that is a basis for V.

(We only sketch the proof of this lemma because the proof follows familiar lines.) If Q
is linearly independent, then Q itself is a basis for V. If Q is lincarly dependent, we can
express some vector from Q in terms of the other p — 1 vectors in Q. Without loss of
generality, let us suppose we can express u, in terms of u, us, ..., u,. In that event we
have

Spluz, u3, ..., u,} = Sp{u;,uz, us, ..., uy,} =V

if {uz, u3, ..., u,)} is linearly independent, it is a basis for V. If (uy, u3, .. L uplis
linearly dependent we continue discarding redundant vectors until we obtain a lmcarly
independent spanning set, Q’. |
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The following theorem is a companion to Theorem 8§.

Let V be a finite-dimensional vector space with dim(V) = p.

1. Any spanning set for V must contain at least p vectors.
2. Any setof p vectors that spans V is a basis for V.

Property 1 follows immediately {rom the preceding lemma, for if there were a spanning
set Q for V that contained fewer than p vectors, then we could find a subset Q' of Q
that is a basis for V containing fewer than p vectors. This finding would contradict
Theorem 7, so property | must be valid.

Property 2 also follows from the lemma, because we know there is a subset Q' of
Q such that Q' is a basis for V. Since dim(V) = p, Q' must have p vectors, and since
Q' € Q, where Q has p vectors, we must have Q' = Q. &=

Let V be the vector space of all (2 x 2) real matrices. In V, set

. Lo Lofo . 0 0
Tleto |t BT l20]0 T -1 3]
.\ 10 a2
g = , and = .
Tl -1 T3

For each of the sets {A|, Az, A3}, {A1, A2, A3, Ay}, and {A|, A3, A3, Ag, As}, de-
termine whether the set is a basis for V.

We have already noted that dim(V) = 4 and that B = (E,), E\3, Ey1, Exp} 1s a basis
for V. It follows from property | of Theorem 9 that the set (A, A2, A3} does not span
V. Likewise, property | of Theorem 8 implies that {A, A2, A3, Aa, As} is a linearly
dependent set. By property 2 of Theorem 8, the set {A), Ay, A3, A4} is a basis for V
if and only if it is a linearly independent set. It is straightforward to see that the set
of coordinate vectors {[A ]z, [A2]5, [A3]g. [A4]p) is a linearly independent set. By
Theorem 5 of Section 5.4, the set {A,, Ay, A3, A4} is also linearly independent; thus the
set is a basis for V. &t

‘5.5 EXERCISES

1. Let V be the set of all real (3 x 3) matrices, and let It is not necessarily true that V| U V; is a subspace
V| and V; be subsets of V, where V, consists of all of V. Let V. = R? and find two subspaces of R?

the (3 x 3) lower-triangular matrices and V> consists whose union is not a subspace of R?,

of all the (3 x 3) upper-triangular matrices. 3

a) Show that V; and V; are subspaces of V.
b) Find bases for V| and V.

. LetV, V|, and V; be asin Exercise 1. By Exercise 2,
Vi NV, is a subspace of V. Describe V|, N V, and
calculate its dimension.

¢) Calculate dim(V), dim(V;), and dim(V5). 4. Let V be as in Exercise 1, and let W be the subset

2. Suppose that V| and V, are subspaces of a vecto
space V. Show that V| N V, is also a subspace of V

of all the (3 x 3) symmetric matrices in V. Clearly
W is a subspace of V. What is dim(W)?




5. Recall that a square matrix A is called skew sym-
metric if AT = —A. Let V be as in Exercise | and
let W be the subset of all the (3 x 3) skew-symmetric
matrices in V. Calculate dim(W).

6. Let W be the subspace of P, consisting of polyno-
mials p(x) = ap + a1x + azx? such that 2ap — a;+
3a; = 0. Determine dim(W).

7. Let W be the subspace of Py defined thus: p(x)
is in W if and only if p(1) 4+ p(-1) = 0 and
p(2) + p(=2) = 0. What is dim(W)?

In Exercises 8—13, a subset S of a vector space V is
given. In each case choose one of the statements 1), ii),
or iii) that holds for S and verify that this is the case.

i) Sis a basis for V.

ii) S does not span V.
iii) S is linearly dependent.

8.S={14+x—-x2 x+x3 —x2+x%); V=m

9. S={l+x3,x—x314x,2-x+x%); V=P,
10. S=({1+x+x2 x+x2,x%);, V=7,

11s—I-Ol 10 T).
TTlWro Lo o )

V is the set of all (2 x 2) real matrices.

ws={loy [Lo JLo UV

V is the set of all (2 x 2) real matrices.

SH R AR
L)

V is the set of all (2 x 2) real matrices.

14. Let W be the subspace of C[—mn, 7] consisting of
functions of the form f(x) = asinx + bcos x. De-
termine the dimension of W.

15. Let V denote the set of all infinite sequences of real
numbers:
V={x:x={x;};2;, X inR).
Ifx = {x}2, andy = {y;}{2, arein V, then x +y
is the sequence {x; + y;}72,. If ¢ is a real number,
then cx is the sequence {cx; }2,.
a) Prove that V is a vector space.

b) Show that V has infinite dimension. [Hint:
For each positive integer, k, let s, denote the

5.5 Dimension 391

sequence s; = (e )72, where eg = 1, but
ei; = 0 for i # k. For each positive integer n,
show that (s, s2,...,S,} is a linearly inde-
pendent subset of V.]

16. Let V be a vector space, and let W be a subspace
of V, where dim(W) = k. Prove that if V is fi-
nite dimensional, then dim(V) > k. (Hint: W must
contain a set of & linearly independent vectors.]

17. Let W be a subspace of a finite-dimensional vector
space V, where W contains at least one nonzero vec-
tor. Prove that W has a basis and that dim(W) <
dim(V). [Hint: Use Exercise 36 of Section 54 to
show that W has a basis.]

18. Prove Theorem 6. [Hint: Let {u),u;,...,u;} bea
subset of V, where & > p <+ 1. Consider the vectors
[ui]s, [uzlg, ..., [ug)p in R? and apply Theorem 5
of Section 5.4.]

19. Prove Theorem 7.
20. Prove Theorem 8.

21. (Change of basis; see also Section 5.10). Let V
be a vector space, where dim(V) = n, and let
B={vy,va,...,vy}and C = {u},uy, ..., u,) be
two bases for V. Let w be any vector in V, and sup-
pose that w has these representations in terms of the
bases B and C:

w=djvi+dava+---+d,v,
W =0y +cuz + - - - 4 cu,,.

By considering Eq. (10) of Section 5.4, convince
yourself that the coordinate vectors for w satisfy

(wlg = Alwlc,

where A is the (n x n) matrix whose ith column
is equal to [w;]z, 1 < i < n. As an application,
consider the two bases for P,: C = (1, x, x?} and
B={l,x+1,(x+ 1?).

a) Calculate the (3 x 3) matrix A just described.

b) Using the identity [pls = A[p]., calculate the
coordinate vector of p(x) = x? + 4x + 8 with
respect to B.

22, The matrix A in Exercise 21 is called a transition
matrix and shows how to transform a representation
with respect to one basis into a representation with
respect to another. Use the matrix in part a) of Ex-
ercise 21 to convert p(x) = cp + c1x + c2x? to the
form p(x) = ap + a1 (x + 1) + a2(x + 1)2, where:
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a) p(x) =x*+3x -2,

b) p(x) =2x% —5x +8;

¢) p(x) = —x2 - 2x +3;

d) p(x)=x -9,

By Theorem 5 of Section 5.4, an (n x n) transition
matrix (see Exercises 21 and 22) is always nonsingu-
lar. Thusif [w]g = A[w]., then [w]c = A~ '[w]s.
Calculate A~! for the matrix in part a) of Exercise 21
and use the result to transform each of the following
polynomials to the form ag + a,x + azx?.

a) p(x) =2 =3+ 1)+ 7(x + 1)?

b) p(x) =1 +4(x +1) — (x + 1)?

24,

¢) px) =4+ (x + 1)

d) px) =9—-(x +1)?

Find a matrix A such that [p]lp = A[p]. for all
p(x) in P;, where C = {l,x,x%,x*} and B =
(Lx,x(x = 1), x(x — D(x — 2)}. Use A to con-
vert each of the following to the form p(x) =
ap + ax +ax(x — 1) +a3x(x — 1(x — 2).

a) px) =x>-2x2 +5x -9

b) p(x) = x2+7x =2

Q) plx)=x’+1

d) p(x) =x3+2x? +2x +3
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