
Null-projectability of Levi-Civita connections

Andrzej Derdzinski and Kirollos Masood

Abstract. We study the natural property of projectability of a torsion-free

connection along a foliation on the underlying manifold, which leads to a pro-

jected torsion-free connection on a local leaf space, focusing on projectability of

Levi-Civita connections of pseudo-Riemannian metrics along foliations tangent

to null parallel distributions. For the neutral metric signature and mid-dimen-

sional distributions, Afifi showed in 1954 that projectability of the Levi-Civita

connection characterizes, locally, the case of Patterson and Walker’s Riemann

extension metrics. We extend this correspondence to null parallel distributions

of any dimension, introducing a suitable generalization of Riemann extensions.

Introduction

Projectable connections, within the more general context of transverse geome-

try for foliations, have been studied by many authors; see, for instance, [2, 3, 12,

17, 19]. The present paper focuses on certain special connections and foliations

arising in pseudo-Riemannian geometry.

Given an integrable distribution V and a torsion-free connection ∇ on a man-

ifold, V-projectability of ∇ onto a connection D on a local leaf space means that,

whenever local vector fields v, w are V-projectable, so must be ∇vw. This is equiv-

alent (Section 2) to requiring the horizontal distribution of ∇ to project onto that

of D. In the case of a null parallel distribution V on a pseudo-Riemannian man-

ifold with the Levi-Civita connection ∇, Walker’s theorem [18] easily leads to a

local-coordinate characterization (Lemma 3.5) of V-projectability of ∇.

A less trivial aspect of the latter situation involves the resulting geometric in-

variants, not manifestly present in the local-coordinate description. For the neutral

metric signature and mid-dimensional distributions, the underlying manifold M

forms, locally, a cotangent affine bundle (Section 4) over the leaf space Σ (en-

dowed with a torsion-free connection D) and a result due to Afifi [1, p. 313], which

we reproduce as Theorem 5.2, states that the metric g is a Patterson-Walker Rie-

mann extension for D.
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In Section 8 we extend Afifi’s theorem to arbitrary indefinite metric signa-

tures and null parallel distributions V of all dimensions. Rather than being just a

cotangent affine bundle, M is now, locally, a bundle of cotangent-principal bundles

(Section 4) over Σ, meaning that there is a bundle Q over Σ, and M itself con-

stitutes an affine bundle over the total space of Q with the pullback of T∗Σ to Q

serving as its associated vector bundle. The relevant geometric invariants include,

in addition to the torsion-free connection D on Σ, also a vertical metric h on Q

(in other words, a pseudo-Riemannian fibre metric in the vertical distribution of

the bundle projection Q → Σ, which makes Q a bundle of pseudo-Riemannian

manifolds over Σ). The original metric g now constitutes what we call a Riemann

pullback-extension for D,Q and h.

The mid-dimensional situation is a special case of this picture, with Q = Σ, so

that the bundle Q has single-point fibres and h = 0.

1. Preliminaries

We always assume C∞-differentiability of manifolds, mappings (including bun-

dle projections), subbundles (such as distributions), and tensor fields. Manifolds

are by definition connected. Maximal connected integral manifolds of foliations

(integrable distributions) are referred to as their leaves.

Our sign convention for the curvature tensor R of a connection ∇ on a manifold

M, and any tangent vector fields v, u, u′, is

(1.1) R(v, u)u′ = ∇u∇vu′ − ∇v∇uu′ + ∇[v,u]u
′,

the coordinate form of which reads Rijk
l = ∂jΓ

l
ik − ∂iΓ ljk + Γ ljpΓ

p
ik − Γ lipΓ

p
jk .

Given a mapping π : M → Σ between manifolds, a vector field w (or, a

distribution V) on M is said to be π-projectable if dπxwx = uπ(x), or

(1.2) dπx(Vx) = Wπ(x) for all x ∈M

and some vector field u (or, respectively, some distribution W) on Σ.

Let π : M → Σ be a bundle projection with the vertical distribution V =

Ker dπ, and let w be a vector field on M. Then

(1.3)

w is π projectable if and only if, for every section v

of V the Lie bracket [v,w] is also a section of V, or,

equivalently, the local flow of w leaves V invariant.

(This is obvious if one uses local coordinates for M making π appear as a Car-

tesian-product projection.) Given an integrable distribution V on a manifold M,

every point of M has a neighborhood U such that, for some manifold Σ,

(1.4)
the leaves of V restricted to U are the

fibres of a bundle projection π : U → Σ.
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2. Projectable connections

Suppose that V is an integrable distribution on a manifold M. By V-projecta-

bility of a vector field w on an open set U ′ ⊆M we mean its π-projectability for

any π, U,Σ with (1.4) such that U ⊆ U ′.
Let V be an integrable distribution on a manifold M equipped with a tor-

sion-free connection ∇. We say that ∇ is V-projectable (or projectable along V)

if, for any V-projectable vector fields v, w on an open subset of M, the covariant

derivative ∇vw is V-projectable as well.

For an integrable distribution V on a manifold M and the restriction TLM of

the tangent bundle TM to any given leaf L of V, the normal bundle of L in M

is given by NL= TLM/TL, with the quotient-bundle projection TLM → NL.

Lemma 2.1. Let a torsion-free connection ∇ on a manifold M be projectable

along an integrable distribution V. Then, with L denoting any given leaf of V,

(i) both ∇wv, ∇vw are local sections of V, for any V-projectable local vector

field w in M and any local section v of V with the same domain,

(ii) V is ∇-parallel, and so, in particular, ∇ induces a connection in the

normal bundle NL = TLM/TL of L,

(iii) the image under the quotient-bundle projection TLM → NL of any V-

projectable vector field w on an open set U ⊆ M intersecting L is a

local section of NL, parallel relative to the connection induced by ∇.

Proof. Given w, v as in (i), ∇vw is V-projectable (as v is). This remains the

case after v has been multiplied by any function. Thus, ∇vw projects onto 0 (or

else, multiplied by a non-projectable function, it would cease to be V-projectable);

in other words, ∇vw is a section of V. Due to (1.3), ∇wv differs from ∇vw by the

section [w, v] of V, and (i) follows, also proving (ii) – (iii). �

Lemma 2.2. Whenever a torsion-free connection ∇ on a manifold M is pro-

jectable along an integrable distribution V, it gives rise to a torsion-free connection

D on each local leaf space Σ with (1.4), characterized by Dvw = ∇vw for V-pro-

jectable vector fields v, w on the open set U ⊆ M appearing in (1.4), where the

same symbols v, w denote their projections onto Σ.

In fact, D is well defined: replacing v, w by other vector fields on U having

the same projections onto Σ, that is, adding to them local sections of V, results –

by Lemma 2.1(i) – only in adding to ∇vw a local section of V, without changing

the projection of ∇vw onto Σ.

Lemma 2.3. In local coordinates x1, . . . , xn, let the s-dimensional distribution

V be spanned by the last s coordinate vector fields. Then a torsion-free connection

∇ is V-projectable if and only if its component functions satisfy the relations Γ iaj =

Γ iab = ∂aΓ
i
jk = 0 for all i, j, k ∈ {1, . . . , n− s} and a, b ∈ {n− s+ 1, . . . , n}.
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In the case of V-projectability of ∇, the projected torsion-free connection D

on a local leaf space Σ with the coordinates xi for i = 1, . . . , n−s, cf. Lemma 2.2,

has the component functions Γ ijk.

Proof. First, let ∇ be V-projectable. By Lemma 2.1(ii), V is ∇-parallel, so

that Γ iaj = Γ iab = 0, while V-projectability of the coordinate vector fields ∂i implies

the same for ∇∂j∂k = Γ ijk∂i + Γ ajk∂a, that is, for Γ ijk∂i (the last term being a local

section of V, and hence V-projectable). The functions Γ ijk are thus constant along

V, and so ∂aΓ
i
jk = 0.

Assume now that Γ iaj = Γ iab = ∂aΓ
i
jk = 0 with index ranges as above. Due to

V-projectability of the coordinate vector fields, any V-projectable local vector field

has the form w = wi∂i + wa∂a with ∂aw
i = 0, so that, for two such vector fields

w, u, since V is clearly ∇-parallel, ∇uw equals a local section of V plus ψi∂i, with

ψi = uj∂jw
i + ujwkΓ ijk. Thus, ∂aψ

i = 0, and ∇uw is V-projectable. �

As noted in the above proof, in local coordinates chosen for an integrable dis-

tribution V as in Lemma 2.3, the requirement that V be ∇-parallel amounts to

(2.1) Γ iaj = Γ iab = 0.

Projectability of a torsion-free connection ∇ on a manifold M along a ∇-parallel

distribution V is equivalent to the following condition imposed on the curvature

tensor R of ∇, at every point x ∈M :

(2.2) Rx(v, u)u′ ∈ Vx whenever u, u′ ∈ TxM and v ∈ Vx.

In fact, we may choose local coordinates for V as in Lemma 2.3. Condition (2.2)

reads Ra••
i = 0 with • standing for any index, that is, Rajk

i = Rajb
i = Rabj

i =

Rabc
i = 0. If ∇ is V-projectable, Lemma 2.3 gives (2.1) and ∂aΓ

i
jk = 0, which

yields Ra••
i = 0 due to the coordinate form of (1.1). Conversely, if (2.1) holds and

Ri••
a = 0, the coordinate form of (1.1) yields ∂aΓ

i
jk = −Rajki = 0.

Given a bundle projection π : M → Σ with the vertical distribution V =

Ker dπ and torsion-free connections ∇ on M and D on Σ, the following three

conditions are mutually equivalent:

(a) ∇ is V-projectable onto Σ with the projected connection D,

(b) the horizontal distribution of ∇ is dπ-projectable onto that of the π-pull-

back of D, the vector-bundle morphism dπ : TM → π∗TΣ being treated

as a mapping between the total spaces,

(c) whenever t 7→ w(t) ∈ Tx(t)M is a ∇-parallel vector field along a curve

t 7→ x(t) ∈ M, its dπ-image t 7→ dπx(t)w(t) ∈ Ty(t)Σ is D-parallel along

the image curve t 7→ y(t) = π(x(t)).

In fact, (b) and (c) imply each other: the left-to-right inclusion in (1.2) for dπ

rather than π trivially follows from (c). For the opposite inclusion, in suitable

local coordinates, π : M → Σ (and, consequently, dπ : TM → π∗TΣ) appears
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as a linear projection (y, ξ) 7→ y (or, respectively, (y, ξ, ẏ, ξ̇) 7→ (y, ξ, ẏ)), which

realizes any D-horizontal vector as the image of a vector tangent to TM, while a

TM-vertical correction allows us to replace the latter with a ∇-horizontal one.

To establish equivalence of (a) and (c), use local coordinates x1, . . . , xn in M

in which V is spanned by the last s coordinate vector fields, and so, with the index

ranges i, j, k ∈ {1, . . . , n − s} and a, b ∈ {n − s + 1, . . . , n}, we may treat xi as

coordinates in Σ, denoting by Γ ijk the component functions of D and reserving

the usual Γ notation for those of ∇. Condition (c) now amounts to requiring that

ẇi + Γ ijkẋ
jwk = 0 whenever ẇi + Γ ijkẋ

jwk + Γ ijaẋ
jwa + Γ iakẋ

awk + Γ iabẋ
awb = 0.

Choosing appropriate initial data we see that this amounts to Γ iaj = Γ iab = 0 and

Γ ijk = Γ ijk. As the last relation yields ∂aΓ
i
jk = 0, our claim follows from Lemma 2.3.

3. Null-projectability of Levi-Civita connections

For the Levi-Civita connection ∇ of a pseudo-Riemannian metric on a manifold

M and an integrable distribution P on M,

(3.1) P projectability of ∇ is equivalent to its P⊥ projectability.

(Note that projectability implies, by Lemma 2.1(ii), that the distribution in question

is parallel; thus, P⊥ must be integrable here if P is, and vice versa.) In fact, in terms

of the (0, 4) curvature tensor, also denoted by R, (2.2) reads R(P, · , ·P⊥) = {0}
which, due to symmetries of R, amounts to R(P⊥, · , ·P) = {0}, that is, to (2.2)

with P replaced by P⊥.

This situation is of rather little interest when P is nondegenerate (meaning

nondegeneracy of the metric restricted to P) since, the local version of the de

Rham decomposition theorem, originally due to Thomas [16], then implies that P

is, locally, a factor distribution in a product decomposition of the metric, and so ∇
projects via (1.2) onto the Levi-Civita connection of the other factor metric. The

extreme opposite case, in which P is null, leads to a much more diverse family of

examples, such as those listed below.

Example 3.1. Any nonzero null parallel vector field w on a pseudo-Riem-

annian manifold has R(w, · , · , ·) = 0, which implies (2.2) for the distribution P

spanned by w, and hence P-projectability of the Levi-Civita connection.

Example 3.2. ECS manifolds [7] are pseudo-Riemannian manifolds of dimen-

sions n ≥ 4 which have parallel Weyl tensor withous being conformally flat or

locally symmetric. They exist for every n ≥ 4 as shown by Roter [15, Corollary 3],

their metrics are all indefinite [6, Theorem 2], and compact examples are known

in all dimensions n ≥ 5 [10, 11]. Every ECS manifold carries a distinguished null

parallel distribution P of dimension d ∈ {1, 2}, discovered by Olszak [13], and

its Levi-Civita connection is P-projectable: for d = 2, [8, Lemma 17.3(ii)] yields

(2.2) while, if d = 1, the metric has, locally, according to [9, Theorem 4.1], the
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coordinate form of [11, formula (3.2)] with P spanned by a null parallel vector field

w [11, lines following formula (3.6)], and we can invoke Example 3.1.

Example 3.3. In a cotangent affine bundle over a manifold carrying a tor-

sion-free connection, equipped with any Riemann extension metric, the vertical

distribution V is null and parallel, and the Levi-Civita connection is V-projectable.

See Section 5 below, especially Theorem 5.2.

Let us call the Levi-Civita connection of an n-dimensional pseudo-Riemann-

ian manifold (M, g) null-projectable if it is projectable along some null parallel

distribution P of dimension r, with 0 < r < n. We will use the index ranges

(3.2) i, j, k ∈ {1, . . . , r}, p, q ∈ {r + 1, . . . , n− r} a, b ∈ {n− r + 1, . . . , n},

where n = dimM, the range of p, q being thus empty when n = 2r. As shown

by Walker [18], a null parallel distribution P of dimension r on an n-dimensional

pseudo-Riemannian manifold is, in some local coordinates, spanned by the last r

coordinate vector fields, while, for the components of the metric g,

(3.3)
gab = gap = 0, det[gia] 6= 0 6= det[gpq],

∂bgia = ∂pgia = ∂jgia = ∂agpq = ∂agpi = 0,

det[gia] 6= 0 6= det[gpq] reflecting nondegeneracy of g. Conversely, (3.3) with (3.2)

always defines a metric g for which the span P of ∂n−r+1, . . . , ∂n is null and

parallel. Note that [gia] is here a nonsingular r× r matrix of constants (and may

always be assumed equal to the identity matrix).

Lemma 3.4. For the Levi-Civita connection of a metric g satisfying (3.3) with

(3.2), or even the weaker assumption that gab = gap = ∂jgia = 0, one has 2Γ ijk =

−gai∂agjk, where the matrix [gai] is the inverse of [gia].

In fact, 0 = δja = gjigia and 0 = δpa = gpigia, so that gji = gpi = 0 since

det[gia] 6= 0, and our claim follows.

Lemma 3.5. The Levi-Civita connection of a metric g as in (3.3) with (3.2) is

projectable along the distribution P spanned by the last r coordinate vector fields

if and only if ∂a∂bgjk = ∂a∂pgjk = 0 or, equivalently,

(3.4) gjk = xaBajk+ λjk for some Bajk, λjk with ∂bBajk = ∂pBajk = ∂aλjk = 0.

Proof. According to Lemma 2.3, the requirement that ∇ be V-projectable,

where V = P⊥, equivalent – by (3.1) – to its P-projectability, reads, Γ iaj = Γ iab =

Γ ipj = Γ iap = Γ ipq = ∂aΓ
i
jk = ∂pΓ

i
jk = 0. However, Γ iaj = Γ iab = Γ ipj = Γ iap = Γ ipq = 0

amounts, in view of (2.1), to V being ∇-parallel, which is the case here, so that ∇
is V-projectable (or P-projectable) if and only if ∂aΓ

i
jk = ∂pΓ

i
jk = 0, and our claim

follows from Lemma 3.4. �
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Lemma 3.5 completely describes the local picture of null-projectability for Le-

vi-Civita connections, illustrating the relative strength of the projectability require-

ment versus just assuming the distribution to be null and parallel.

In addition to being essentially trivial, Lemma 3.5 also fails to identify various

geometric aspects of this situation which have a coordinate-free description. We

address such aspects in Section 6.

4. Cotangent affine bundles

An affine bundle over a manifold Σ is defined in the usual way, so that there

is a total space M with a bundle projection π : M → Σ, each fibre My = π−1(y)

of which carries a structure of an affine space depending smoothly on y ∈ Σ. It

has its associated vector bundle N, the fibre of which over each y ∈ Σ forms

the translation vector space of the affine space My. Any fixed section S of M,

treated as a submanifold of the total space M, allows us to identify M with N by

providing in each fibre My the origin oy given by S ∩My = {oy}. Note that, the

fibres being contractible, a global section S always exists.

We call such M a cotangent affine bundle over Σ if N = T∗Σ.

Cotangent affine bundles are encountered in a variety of interesting situations.

One example arises in the case of a real line bundle or a complex Hermitian line

bundle Λ over Σ. The linear connections (or, respectively, Hermitian linear con-

nections) in Λ then constitute precisely all the sections of an affine bundle over Σ

associated with T∗Σ.

In the complex holomorphic category, with a fixed holomorphic vector bundle

N over a complex manifold Σ, the set of equivalence classes of holomorphic affine

bundles over Σ associated with N stands in a natural one-to-one correspondence

with the first sheaf cohomology group H1(Σ,F), for the sheaf F of local holo-

morphic sections of N. This applies, in particular, to N = T∗Σ, the holomorphic

cotangent bundle of Σ.

We will introduce a generalization of cotangent affine bundles in Section 7.

5. Riemann extensions

Given a cotangent affine bundle M over a manifold Σ (Section 4), every

1-form ω on Σ may be viewed as a fibre-preserving diffeomorphism M →M,

(5.1) acting in each fibre My via the translation by ωy ∈ T ∗yΣ.

Let π : M → Σ and V = Ker dπ denote the bundle projection and the vertical

distribution. By a standard-type metric on M we mean any pseudo-Riemannian

metric g on M having gx(ξ, w) = ξ(dπxw) for any x ∈M, any w ∈ TxM, and any

vertical vector ξ ∈ Vx = T ∗yΣ, with y = π(x). To define such g, it suffices to fix a

horizontal distribution H on M , with TM = V⊕H, and prescribe the restriction

of g to H (which may be any section of [H∗]�2, since nondegeneracy of g then
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follows as gx has a nonsingular matrix in a vertical-horizontal basis of TxM). The

vertical distribution V being g-null, every standard-type metric g has the neutral

metric signature.

Patterson and Walker’s Riemann extensions [14, p. 26] form a class of neutral

pseudo-Riemannian metrics on cotangent affine bundles M over any manifold Σ

equipped with a fixed torsion-free connection D. We define them here to be those

standard-type metrics on M which, for every 1-form ω on Σ treated as a diffeo-

morphism ω : M →M with (5.1), satisfy [14, §8] the transformation rule

(5.2) ω∗g = g + π∗Lω,

L being the Killing operator associated with D, sending any 1-form ω on Σ to

the symmetric twice-covariant tensor field

(5.3) Lω = Dω + [Dω]∗ or, in coordinates, [Lω]ij = ωi,j + ωj,i .

Thus, ω is a g-isometry if Lω = 0.

We use the term ‘Riemann extension’ narrowly. Wider classes of Riemann

extensions have been discussed in the literature. See, for instance, [14], [1] and,

more recently, [4]. As the next lemma shows, the above definition of Riemann

extensions is equivalent to the standard one, appearing in [14, formula (28)].

Lemma 5.1. Let M be the total space of a cotangent affine bundle over an

r-dimensional manifold Σ carrying a torsion-free connection D. Given any sub-

manifold S of M forming a global section of the affine bundle, and any symmetric

twice-covariant tensor field λ on S, there exists a unique Riemann extension met-

ric g for D the restriction of which to S equals λ.

If S is used to identify M with T∗Σ, so as to turn S into the zero section

Σ ⊆ T∗Σ, then, in local coordinates xi, ξi for T∗Σ arising from a coordinate

system xi for Σ in which D has the components Γ ijk,

(5.4) g = 2dξi� dxi + (λjk − 2ξiΓ
i
jk) dxj� dxk.

With the index ranges i, j, k ∈ {1, . . . , r} and a, b ∈ {r + 1, . . . , 2r}, using any

fixed nonsingular r× r matrix [gia] of constants and its inverse [gai], we may set

xa = gaiξi. In the resulting coordinates x1, . . . , x2r, (5.4) reads g = 2giadx
i� dxa

+(λjk − 2giax
aΓ ijk) dxj� dxk, that is, g has the components

(5.5) gjk = λjk − 2giax
aΓ ijk and gab = 0, along with our fixed constants gia .

Proof. The existence claim is immediate since (5.4) defines a metric g with

the required properties: the zero section Σ ⊆ T∗Σ being given by ξi = 0, the

restriction of g to Σ is nothing else than λ, while (5.2) follows as the ω-pullback

operation applied to differential forms on M commutes with d, leaves invariant

functions on Σ treated as defined on M, and ω∗ξi = ξi ◦ω = ξi +ωi , so that ω∗g

equals the right-hand side of (5.4) plus (∂jωi + ∂iωj − 2ωkΓ
k
ij ) dxi� dxj = Lω.
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Uniqueness of g follows easily as well: given x ∈ M, let y = π(x) ∈ Σ, so

that x lies in the affine space My = π−1(y). If we fix a 1-form ω on Σ for which

o = x+ωy is the unique intersection point of S and My (the origin in My provided

by the global section S) then, by (5.2), gx = ω∗xgo − [π∗Lω]x, which proves our

claim as x and S uniquely determine o. �

The following intrinsic local characterization of Riemann extension metrics is

a special case of a result of Afifi [1, p. 313]. See also [5, p. 369, Theorem 4.5]. We

provide a proof here for the reader’s convenience.

Theorem 5.2. Given a torsion-free connection D on a manifold Σ and a

Riemann extension metric g for D on the total space M of a cotangent affine

bundle over Σ, the Levi-Civita connection ∇ of g is projectable along the vertical

distribution V of the bundle projection M → Σ, while V itself is g-null as well

as ∇-parallel, and the projected torsion-free connection described in Lemma 2.2

coincides with D.

Conversely, let the Levi-Civita connection ∇ of a pseudo-Riemannian mani-

fold (M, g) with dimM = 2r be projectable along an r-dimensional null parallel

distribution V. Then for every point x ∈ M, there exist a manifold Σ of dimen-

sion r, a torsion-free connection D on Σ, and a diffeomorphic identification of

a neighborhood of x in M with an open subset of the total space of a cotangent

affine bundle over Σ, under which g,V and the projected torsion-free connection

on a local leaf space correspond to a Riemann extension metric for D, the vertical

distribution of the affine-bundle projection, and D.

Proof. The first part is immediate from Lemmas 3.5 and 2.3: (5.5) amounts

to (3.3), where the indices p, q have an empty range, with (3.4) for Bajk = −2giaΓ
i
jk

and our λjk. For the second part, Walker’s theorem [18] applied to P = V gives

(3.3) with an empty range for the indices p, q, while (3.4) now becomes (5.5) if one

defines Γ ijk by Bajk = −2giaΓ
i
jk using any fixed nonsingular r × r matrix [gia] of

constants. Lemma 3.5 and the final clause of Lemma 2.3 then yield our claim. �

The transformation rule (5.2) involves two actions by the infinite-dimensional

Abelian group Ω1Σ of all 1-forms ω on Σ, one via the ω-pullback, the other – via

the addition of π∗Lω. The two actions of Ω1Σ commute with each other, which

allows us to think of Riemann extension metrics on M as the fixed points of a

specific action of Ω1Σ on the the set of standard-type metrics on M (which both

actions leave invariant).

6. Geometric consequences of null-projectability

Let P be an r-dimensional null parallel distribution on a pseudo-Riemannian

manifold (M, g) with dimM = n. Every point of M has a neighborhood U such
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that, for some manifolds Σ and Q of dimensions r and n − r, there are three

bundle projections, and two vertical distributions of interest to us:

(6.1) p : U → Q, q : Q→ Σ, π = q ◦ p : U → Σ, P⊥ = Ker dπ, P = Ker dp,

as one sees applying (1.4) twice, first to realize P, locally, as the vertical distribution

of a bundle projection and, noting that V = P⊥ then projects onto an integrable

distribution on the base manifold, to similarly realize this projected distribution.

For the remainder of this section, assume that the Levi-Civita connection ∇
of (M, g) is projectable along P or, equivalently due to (3.1), along V = P⊥.

With π and p appearing in (6.1), and any y ∈ Σ, the assignment

(6.2) T ∗yΣ 3 ξ 7→ v such that π∗ξ = g(v, · ),

is a linear isomorphism between T ∗yΣ and the space of all vector fields v tangent

to P, defined just on the leaf π−1(y) of V = P⊥ and parallel along this leaf. That v

must be tangent to P follows as π∗ξ vanishes on V = P⊥. To show that ∇wv = 0

for any vector field w on U tangent to V, we are free to assume that the 1-form

ξ is defined on Σ rather that just at y. Projectability of ∇ along V, with the

projected connection D on Σ, easily gives g(∇wv, · ) = ∇w[π∗ξ] = π∗[Dwξ] for all

π-projectable vector fields, where w also denotes the projected image of w. In our

case, w projects onto 0, and the claim follows.

On the other hand, for each fibre Qy = q−1(y) of the bundle Q, where y ∈ Σ,

(6.3)
there exists a unique pseudo Riemannian metric hy on Qy such that

p∗hy equals the restriction of g to the leaf Uy = π−1(y) of V = P⊥.

In fact, the restriction of g to Uy is projectable under p : Uy → Qy. Namely, if p-

projectable vector fields v, w on U are tangent to V, and a vector field u tangent

to P, we have du[g(v, w)] = g(∇uv, w) + g(v,∇uw) = g(∇vu,w) + g(v,∇wu) = 0

since [u, v] and [u,w] are tangent to P by (1.3), and so are ∇vu,∇wu as P is

parallel, while V = P⊥ (which also proves nondegeneracy of the projected metric).

7. Bundles of cotangent-principal bundles

We call a manifold M a bundle of cotangent-principal bundles over a base

manifold Σ if we are given a bundle projection q : Q → Σ with some total

space Q, while M itself is the total space of an affine bundle over Q having

the associated vector bundle q∗T∗Σ (the q-pullback of T∗Σ). This leads to three

bundle projections and two relevant vertical distributions:

(7.1) p : M → Q, q : Q→ Σ, π = q ◦ p : M → Σ, V = Ker dπ, P = Ker dp.

The projection π : M → Σ turns M into a bundle over Σ with the fibre My over

each y ∈ Σ arising as the restriction of the affine bundle M over Q to the fibre

Qy = q−1(y) ⊆ Q, and hence forming a T ∗yΣ-principal bundle over Qy (in the usual

sense, for the additive group T ∗yΣ).
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Every section ω of the vector bundle q∗T∗Σ over Q is now a fibre-preserving

(7.2) diffeomorphism ω : M →M, acting as the translation by ωz ∈ T ∗yΣ

in each fibre p−1(z) over z ∈ Q, the fibre being an affine space with the translation

vector space T ∗yΣ, where y = q(z).

We are particularly interested in the case where, for a given bundle of cotan-

gent-principal bundles, with M,Q,Σ as above and (7.1),

(a) Σ carries a torsion-free connection D.

Then the Killing operator L given by (5.3) can be extended to act on sections ω

of q∗T∗Σ. Namely, in q∗T∗Σ one has the q-pullback of the connection in T∗Σ

dual to D. For simplicity, the dual connection and its q-pullback are still denoted

here by D. Thus, [Dω]z, at every z ∈ Q, is a linear operator TzQ → T ∗yΣ, with

y = q(z), assigning to v ∈ TzQ the 1-form β = Dvω ∈ T ∗yΣ, and hence giving rise

to the bilinear form TzQ× TzQ 3 (v, u) 7→ [Dω]z(v, u) = β(dqzu). In this way Dω

is interpreted as a twice-covariant tensor field on Q, and the Killing operator L

sends ω to twice the symmetrization of Dω, that is, again,

(7.3) Lω = Dω + [Dω]∗.

The other assumption to be made about a given bundle of cotangent-principal

bundles, for M,Q,Σ as above, reads

(b) Q is a bundle of pseudo-Riemannian manifolds over Σ.

Equivalently, (b) states that we have an assignment

(7.4) Σ 3 y 7→ hy

of a pseudo-Riemannian metric hy on Qy = q−1(y) to each y ∈ Σ, depending

smoothly on y. In other words, Q is endowed with a vertical metric h, meaning a

pseudo-Riemannian fibre metric in the vertical distribution Ker dq.

Bundles of cotangent-principal bundles include cotangent affine bundles (Sec-

tion 4) as a special case, with Q = Σ and q = Id, so that Q has the single-point

fibres Qy = {y}, and the T ∗yΣ-principal bundle over each {y} is a single affine

space associated with T ∗yΣ.

8. Riemann pullback-extensions

Let M be a bundle of cotangent-principal bundles over Σ (Section 7). In

analogy with Section 5, we define a standard-type metric on M to be any pseu-

do-Riemannian metric g on M such that, with the notation of (7.1), gx(ξ, w) =

ξ(dπxw) for any x ∈ M, any w ∈ TxM, and any vertical vector ξ ∈ Px = T ∗yΣ,

where y = π(x) ∈ Σ (and Px = T ∗yΣ since Px is the tangent space at x of the

affine space p−1(p(x)) with the translation vector space T ∗yΣ).

To define such g, it suffices, again, to fix a horizontal distribution H in the

affine bundle M over Q, with TM = P⊕H, and prescribe the restriction of g to
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H. The restriction may, this time, be any section of [H∗]�2 nondegenerate on the

subbundle Ho of H with the fibre Ho
x at each x ∈M equal to the preimage under

the isomorphism dpx : Hx → TzQ of the subspace TzQy ⊆ TzQ, for z = p(x) ∈ Q
and Qy = q−1(y), where y = π(x) ∈ Σ. Nondegeneracy of g then follows since, in

a basis of TxM containing bases of Px and Ho
x , the matrix of gx has the form 0 0 G

0 H ∗
G′ ∗ ∗


for some nonsingular square matrices G,H,G′.

Suppose that a bundle M of cotangent-principal bundles over Σ, with the

three bundle projections in (7.1), also satisfies (a) – (b) in Section 7: one has a

fixed torsion-free connection D on Σ and a vertical metric h on Q.

By a Riemann pullback-extension for D,Q and h we then mean any standard-

type metric g on M having the following two properties: first, the transformation

rule (5.2) holds for g and for all sections ω of the bundle q∗T∗Σ over Q, and,

secondly, the restriction of g to each fibre My = π−1(y) of the bundle M over Σ

equals p∗hy. Both requirements make sense: the former due to (7.2) – (7.3), the

latter since p maps My into Qy, and hy is a metric on Qy.

For a global section S of the bundle M over Q, treated as a submanifold of M,

and a symmetric twice-covariant tensor field λ on S, we call λ consistent with our

vertical metric h if the push-forward of λ under the diffeomorphism p : S → Q,

when restricted to the q-vertical subbundle of TQ, equals h.

The next result generalizes Lemma 5.1. Note that the affine bundle M over

Q admits global sections.

Lemma 8.1. Let there be given a bundle of cotangent-principal bundles, with

M,Q,Σ,D, h as in Section 7, (7.1) – (7.4) and (a) – (b), Then, for any sub-

manifold S of M forming a global section of the bundle M over Q, and any

symmetric twice-covariant tensor field λ on S consistent with h, there exists a

unique Riemann pullback-extension metric g for D,Q and h with the restriction

to S equal to λ.

Using the index ranges (3.2) and any fixed nonsingular r × r matrix [gia] of

constants, in suitable local coordinates x1, . . . , xn, we can express this unique g as

(8.1) g = 2giadx
i� dxa+ (λjk− 2giax

aΓ ijk) dxj� dxk+ (2λiqdx
i+ hpqdx

p) �dxq,

with functions λjk, λiq, hpq, Γ
i
jk satisfying the conditions

(8.2) ∂aλjk = ∂aλip = ∂ahpq = ∂pΓ
i
jk = ∂aΓ

i
jk = 0, |det[gpq]| > 0.

Equivalently, in addition to our fixed constants gia, the components of g are

(8.3) gjk = λjk− 2giax
aΓ ijk, gip = λip, gpq = hpq, gpa = gab = 0.
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The coordinates xi, xp, xa to may be chosen so that xi and ξi = giax
a are local

coordinates for T∗Σ arising from the coordinate system xi for Σ in which D has

the components Γ ijk, while xi, xp form a coordinate system in Q in which λ and

h have the components λij, λiq = λqi and λpq = hpq, and the first two projections

in (7.1) send xi, xp, xa to xi, xp and, respectively, xi, xp to xi. Also,

(8.4) g = 2dξi� dxi + (λjk− 2ξiΓ
i
jk) dxj� dxk+ (2λiqdx

i + hpqdx
p)�dxq,

Proof. Existence: with ξi = giax
a, (8.1) rewritten as (8.4) defines a metric

g with the required properties. Namely, S, identified with the zero section Q of

q∗T∗Σ is given by ξi = 0, and so g restricted to Q equals λ (as λpq = hpq due

to the assumption about consistency). Finally, (5.2) follows since the ω-pullback

operation applied to differential forms on M commutes with d, preserves functions

on Q viewed as defined on M, and ω∗ξi = ξi ◦ω = ξi +ωi , so that ω∗g equals the

right-hand side of (8.4) plus (∂jωi+∂iωj−2ωkΓ
k
ij ) dxi�dxj+2(∂pωi)dx

i�dxp = Lω.

Uniqueness of g follows easily as well: given x ∈ M, let z = p(x) ∈ Q and

y = q(z) = π(x) ∈ Σ, so that x lies in the affine space p−1(z). If we fix a 1-form

ω on Σ for which o = x+ωy is the unique intersection point of S and p−1(z) (the

origin in p−1(z) provided by the global section S) and treat it as a section of the

pullback bundle q∗T∗Σ, still denoted by ω, then, by (5.2), gx = ω∗xgo − [π∗Lω]x,

and our claim follows since x and S uniquely determine o. �

We can now prove the following generalization of Theorem 5.2.

Theorem 8.2. Let there be given a bundle M of cotangent-principal bundles

with the bundle projections M → Q→ Σ as in (7.1), a torsion-free connection D

on Σ, and a vertical metric h on Q. If g is a Riemann pullback-extension metric

on M, for D,Q and h, then the vertical distributions P and V of the bundle

projections M → Q and M → Σ are each other’s g-orthogonal complements, P

is g-null and g-parallel, the Levi-Civita connection ∇ of g is projectable along

both P and V, while the V-projected torsion-free connection on Σ, cf. Lemma 2.2,

coincides with D, and h arises from g via (6.3).

Conversely, let the Levi-Civita connection ∇ of a pseudo-Riemannian metric

g on an n-dimensional manifold be projectable along a null parallel distribution

P of dimension r. Then, for every point x of the manifold, there exist data

M,Q,Σ,D, h as above and a diffeomorphic identification of a neighborhood of x

with an open set in M under which g,P, the connection projected along V = P⊥,

cf. Lemma 2.2, and the vertical metric on a local leaf space of P arising from g

via (6.3) correspond to a Riemann pullback-extension metric for D,Q and h, the

vertical distribution of the affine bundle M over Q, along with D and h.

Proof. The first part follows from Lemmas 8.1, 3.5 and the final clause of

Lemma 2.3: (8.2) – (8.3) are just (3.3) – (3.4) for Bajk = −2giaΓ
i
jk and our λjk.
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Under the hypotheses of the second part, Walker’s theorem [18] applied to P

gives (3.3) with (3.2) on a coordinate neighborhood U of x which may also be

assumed to carry the three bundle projections as in (6.1), the first two of which

send xi, xp, xa to xi, xp and, respectively, xi, xp to xi. Now (3.3) – (3.4) become

(8.3) with (8.2) if one fixes a nonsingular r×r matrix [gia] of constants and defines

λip, hpq and Γ ijk by λip = gip, hpq = gpq and Bajk = −2giaΓ
i
jk. Setting ξi = giax

a,

we may treat xi, ξi as the local coordinates for T∗Σ, associated with the coordinate

system xi in Σ, which leads to the new coordinates xi, xp, ξi on U and, for the

corresponding coordinate vector fields, (8.4) gives g(∂/∂xi, ∂/∂ξj) = δij . In other

words, each v = ∂/∂ξi, restricted to any each leaf of P, is the image under the

isomorphism (6.2) of the 1-form ξ = dxi on Σ, which realizes U (made smaller, if

necessary) as an open subset of the total space M of a bundle of cotangent-principal

bundles, so as to identify (6.1) with a restriction version of (7.1).

In view of Lemma 8.1, our g, given by (8.3), is thus a Riemann pullback-

extension metric for D,Q and h, since the components of D, the V-projected

torsion-free connection, are Γ ijk (see the final clause of Lemma 2.3), and h, arising

from g via (6.3), has the components hpq = gpq. This completes the proof. �
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