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HARMONIC CURVATURE IN DIMENSION FOUR

ANDRZEJ DERDZINSKI

ABSTRACT. We provide a step towards classifying Riemannian four-man-
ifolds in which the curvature tensor has zero divergence, or — equiva-
lently — the Ricci tensor Ric satisfies the Codazzi equation. Every known
compact manifold of this type belongs to one of five otherwise-familiar
classes of examples. The main result consists in showing that, if such a
manifold (not necessarily compact or even complete) lies outside of the
five classes — a non-vacuous assumption — then, at all points of a dense
open subset, Ric has four distinct eigenvalues, while suitable local coordi-
nates simultaneously diagonalize Ric, the metric and, in a natural sense,
also the curvature tensor. Furthermore, in a local orthonormal frame
formed by Ricci eigenvectors, the connection form (or, curvature tensor)
has just twelve (or, respectively, six) possibly-nonzero components, which
together satisfy a specific system, not depending on the point, of homoge-
neous polynomial equations. A part of the classification problem is thus
reduced to a question in real algebraic geometry.

1. Introduction

One says that a Riemannian manifold has harmonic curvature if its curvature

tensor R satisfies the local-coordinate relation R, ;P , =0, that is,

(1.1) divR = 0.
See [3, Sect. 16.33]. Let us now consider the condition

(K+¢)®+3(K+ ¢)AK — 6|dK|? = r3, where

(1.2) r,c€R and K+ c#0 at every point of @,

imposed on the Gaussian curvature K of a Riemannian surface (Q,h), with
A = h'IN}V; denoting the h-Laplacian and | | the h-norm.

Received January 1, 2024; Revised June 27, 2024; Accepted August 14, 2024.

2020 Mathematics Subject Classification. Primary 53B20; Secondary 53C25.

Key words and phrases. Harmonic curvature, Codazzi tensor.

Research supported in part by a FAPESP-OSU 2015 Regular Research Award (FAPESP
grant: 2015/50265-6).

(©2025 Korean Mathematical Society

217



218 A. DERDZINSKI

The following four-manifolds all have harmonic curvature (Remark 5.2).

a) Einstein manifolds of dimension four.

b) Conformally flat 4-manifolds of constant scalar curvature.

¢) Riemannian products of a one-dimensional manifold and a
conformally flat 3-manifold with constant scalar curvature.

d) Products of surfaces having constant Gaussian curvatures.

e) Warped products (Q x S, (h x h¢)/(K+ ¢)?), where (Q,h)
and (S, h¢) are Riemannian surfaces, (S, h°) is of constant
Gaussian curvature ¢, and (Q,h) satisfies (1.2).

(1.3)

In (1.3.e) we treat K as a function on @ x S, constant along the S factor.
Thus, 2(K+ ¢) equals the scalar curvature of the product metric h x he.

All known examples of compact four-manifolds (M,g) with divR = 0 be-
long to the five (non-disjoint) local-isometry types (1.3) in the sense that

(1.4) each x € M has a neighborhood isometric to one of (1.3).

However, div R =0 in some complete Riemannian four-manifolds not contain-
ing open submanifolds of types (1.3). See [8] and Remark 8.1.

This paper is a step towards classifying Riemannian four-manifolds with
harmonic curvature that lie outside of the five classes (1.3). The next section
states in full detail our two main results, here summarized only briefly.

According to the first of them, Theorem 2.2, at generic points of such a
manifold (M, g), its Ricci tensor Ric has four distinct eigenvalues, and suit-
able local coordinates simultaneously diagonalize g, Ric and R. Note that
the local orthonormal frame e;, ¢ = 1,...,4, obtained by normalizing the co-
ordinate vector fields, then gives rise to an orthogonal web of codimension-one
foliations or, equivalently, satisfies, for all distinet 1,5 € {1,2,3,4}, the Lie-
bracket relations
(1.5) le;,e;] = F,e; — Fje; (nosummation), with some functions F}.
As shown by Tod [18], coordinate-diagonalizability of a metric, in dimension
four, generically imposes restrictions on the third derivative of the Weyl tensor.
Simplicity of the Ricci eigenvalues implies in turn that a harmonic-curvature
manifold satisfying the above assumptions cannot be a nontrivial warped prod-
uct with any fibre dimension p greater than one [8, Corollary 1.3], although
the case p =1 does occur [8].

The second result, Theorem 2.3, states that the twelve functions £, in (1.5)
and the six sectional-curvature functions Rijij = R(e;, €5 €, ej) together form,
at every generic point z, a solution of a specific system, not depending on z,
of homogeneous polynomial equations. Thus, when these [, and R, are
treated as the components of a mapping @ from a neighborhood of a generic
point into IR!, the values of @ lie in an explicitly defined real algebraic variety
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Y CIR®. Consequently, Theorem 2.3 relates the classification of four-dimen-
sional Riemannian manifolds with div R = 0, different from the types (1.3), to
a problem in real algebraic geometry.

The text is organized as follows. Sections 2 and 8 provide detailed statements
of the main results and an outline of the proof of parts (a) - (b) in Theorem 2.2.
Preliminary and expository material, presented in Sections 3 through 7, and 9,
is followed by Section 10, describing the three a priori possible cases that arise
under the hypotheses Theorem 2.2. After the exclusion of two of these cases
(Sections 11-13), the conclusions about the third case lead, in Section 14, to
proofs of Theorem 2.2(a)-(b) and Theorem 2.3. The four final sections are
devoted to proving part (c) of Theorem 2.2.

2. Detailed statements of the main results

As shown by DeTurck and Goldschmidt [10], in suitable local coordinates,
(2.1) every metric with div R = 0 is real-analytic.

For a fixed oriented Riemannian four-manifold (M, g) with div R = 0, let us
denote by r € {1,2,3,4} and w € {1,2,3} the maximum number of distinct
eigenvalues of the Ricci tensor Ric acting on the tangent bundle T'M and,
respectively, of the self-dual Weyl tensor W acting on the bundle of self-dual
bivectors (see Section 4). Due to (2.1), both maxima r and w are simultane-
ously attained at all points of a dense open subset of M.

Proofs of Lemma 2.1, (a), (b) in Theorem 2.2 along with Theorem 2.3, and
Theorem 2.2(c) are given, respectively, in Sections 5, 14 and 15-18.

Lemma 2.1. For any oriented Riemannian four-manifold (M,g) with the
property that div R = 0, the following two conditions are equivalent:
(i) (M,g) belongs to one of the local-isometry types (1.3), as in (1.4),
(ii) g is locally reducible, or re€ {1,2}, or we {1,2}.

Theorem 2.2. Suppose that divR = 0 for the curvature tensor R of an
oriented Riemannian four-manifold (M,g) which does not satisfy (1.4). The

following conclusions then hold on some dense open set U C M.

(a) Locally in U there exist functions E; and real-analytic orthonor-
mal vector fields e; diagonalizing Ric, with the Lie brackets given by
le;, e;] = Ee; — F;e; whenever i,j € {1,2,3,4} are distinct.

(b) ¢; also diagonalize R, in the sense of Section 4.

(¢) r=4 and Ric has four distinct eigenvalues at every point of U.

About the local-coordinate aspect of (a), mentioned in the Introduction, see
Remark 14.3.

Theorem 2.2 is non-vacuous (Remark 8.1) and, according to Lemma 2.1,
the assumptions made about (M,g) amount to its being locally irreducible,
four-dimensional, oriented and having div R = 0 along with

(2.2) (r,w)e{3,4} x {3} or, equivalently, r¢ {1,2} and w¢ {1,2}.
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The next theorem and the remainder of the paper, except Section 5, use the
convention that the indices 4, j,k,l always range over {1,...,4}, repeated
indices are not summed over and, unless stated otherwise,

if some of 1,7, k,l appear in an equality, they are assumed

(2.3) to be mutually distinct and preceded by a universal quantifier.

Thus, the presence of 14, j, k will tacitly imply the preamble

(2.4) for all 4,7,k € {1,...,4} with ¢ #j #k #i.

Rather than using the sectional-curvature functions R,;;; = R(e;, €;,¢;,¢;) (see
the Introduction), it is more convenient to phrase our second main result in
terms of the analogous components 0;; = Wie,, €1 € ej) of the Weyl tensor W,
along with the scalar curvature s, and the eigenvalue functions X, = b(e;, ¢;)
of the traceless Ricci tensor b = Ric — sg/4. The latter are easily expressed
through the former, cf. equality (3.2) below, and vice versa:

1 e o
(2.5) Ry = o0y + 5 (A + ) + if 4,57€{1,2,3,4} and i#j.

S
12
See the line following formula (9.5) in Section 9.

Theorem 2.3. For (M,g),U,e; and E

J1

tions 0;;, \; defined above satisfy the polynomial equations

as in Theorem 2.2, E; and the func-

7

Ai+ A+ A+ N =0y — 05 = 03 — 0y = 035+ 0y + 0, = 0,

[((Ak = Ao + (N = Aoy + (N = Aoy ) (B B + By By — Fohy)
= (A = Ao+ (N = Aj)ay + (A = ) o] (B By + BBy — By Bj),
with the conventions (2.3)-(2.4). Choosing the frame e; is to be positive ori-
ented, we may rewrite the second displayed equation as

(2.6) H;,Z; = —H,;;Z; whenever i,j € {1,2,3,4} and i # j,

where H;; and Z; are uniquely characterized by H;; = kI, + Ky Iy, — I )
when {i,j,k,1} ={1,2,3,4} and Z; = (\;—X\;)o;;+ (), —)\k)ojk—&-()\k—)\i)am
if (i,7,k,1) is an even permutation of (1,2,3,4). The twelve functions H,;
are subject to a further system of polynomial equations, namely

H, H; H, 0 0 0

1
(2.7) rank Hy 0 0 iy My 0 1
1

IN
o

0 Hyy 0 Hyy 0 Hy
0 0 Hy 0 Hyy Hys
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3. Preliminaries

Manifolds, mappings and tensor fields are by definition C°*-differentiable.
Unless stated otherwise, a manifold is assumed connected. Our conventions
about the exterior derivative of a 1-form ¢ and the curvature tensor R of a
Riemannian metric g are such that, for tangent vector fields wu,v,w,

(d€)(u,v) = d,[C(v)] = d,[C(w)] = (([u,v]),

(3.1)
R(v,wju=V,Vu — V,V,u + V, ,u.

The Ricci tensor Ric and scalar curvature s of g give rise to the Schouten
tensor Sch = Ric — [2(n — 1)]7'sg and the Weyl conformal tensor W =
R—(n—2)"tgASch, in dimensions n > 3, where A is a natural bilinear pairing
of symmetric 2-tensors, valued in covariant 4-tensors [3, formula (1.116)]. In
coordinates, with R,; denoting the components of Ric,

ijl = Rijkl - (n— 2)71(9“6le + glez'k - gijil - gilek)
+(n—1)""n- 2)715(9%9]'5 — 919i1)-

A Codazzi tensor [3, Sect, 16.5] on a Riemannian manifold is a twice-covariant
symmetric tensor field b with db =0 (in coordinates: bi i = brji)-

(3.2)

As usual, by the warped product of the Riemannian manifolds (Q,h) (the
base) and (X,v) (the fibre) with the warping function ¢ : @ — (0,00) we
mean the Riemannian manifold

(33) (M,9) = (@xZ, h+¢%v),
where h,~, ¢ also denote the pullbacks of the original h,~,¢ to @ x .

Remark 3.1. Since (3.3) amounts to (M, g) = (QxX, $*[¢2g+h]), a warped
product is the same as a Riemannian manifold conformal to a Riemannian
product in such a way that the conformal-factor function is constant along one
of the constituent manifolds.

4. Algebraic Weyl tensors and diagonalizability

Given a Euclidean vector space T of any dimension n, by an algebraic Weyl
tensor in T we mean a quadrilinear mapping A : 7 x T X T x T — IR having
the usual symmetries of the Weyl conformal tensor (skew-symmetry in the first
and last pairs of arguments, the first Bianchi identity, and vanishing of the
Ricci contraction). If the Ricci-contraction requirement is relaxed, one calls A
an algebraic curvature tensor. Any such A also forms a linear endomorphism
A TN — T"2 of the space T"? of bivectors, with A(v A w) = A(v,w, -, -)
lying in [T*]"? = T2 where [T*]"? = T2 due to the identification 7*= T
provided by the inner product [3, Sect. 1.108].

Following [3, Sect. 16.18], one says that an orthogonal basis ey, ..., e, of T
diagonalizes an algebraic curvature tensor A if A(e;,e;, ¢, ¢) = 0 whenever
{i,j} # {k,1} or, equivalently, if all the nonzero exterior products e; A e; are
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eigenvectors of A : T2 — T2, Riemannian manifolds (M, g) whose curvature
tensor is diagonalized, at every point x, by some orthogonal basis of 1, M, were
first studied by Maillot [12] and referred to by him as manifolds having pure
curvature operator.

An algebraic curvature tensor A and a symmetric bilinear form b on T
will be called simultaneously diagonalizable if some orthogonal basis of T di-
agonalizes both b (in the usual sense) and A.

For a proof of the next fact, see [4, Théoréme 5.1], [9, Theorem 1].

Lemma 4.1. Let b be a Codazzi tensor on a Riemannian manifold (M, g),
and let v; € TM be eigenvectors of b(x) at a point x € M corresponding to
some eigenvalues A;, i = 1,2,3. The curvature tensor R = R(z) of (M,g)
at x then satisfies the relation R(vy,vq)vs = 0 whenever Ay # A3 # A,.

From Lemma 4.1 it is immediate that a Codazzi tensor b on a Riemannian
n-manifold (M, g) and the curvature tensor R are simultaneously diagonaliz-
able at each point * € M where b has n distinct eigenvalues. On the other
hand, the condition of simultaneous diagonalizability of b and R at any given
point x clearly implies the same condition for b and the Ricci tensor Ric
(that is, the bundle endomorphisms of TM corresponding to b and Ric then
commute at ) and, consequently, also for b and the Weyl tensor W = W(z),
cf. (3.2). However, in dimension 4, even a weaker assumption on b yields the
same conclusion [7, proof of Lemma 2]:

Lemma 4.2. Let b be a Codazzi tensor on an oriented Riemannian four-mani-
fold (M,g). Then b and the Weyl tensor W are simultaneously diagonalizable
at every point at which b is not a multiple of g.

In an oriented Euclidean 4-space T, the Hodge star * : T2 — T/2 acting
on bivectors may be characterized by *(e; Aey) = e3Ae, whenever ey, ..., e, is
a positive-oriented orthonormal basis of 7. This makes * an involution, with
TN = L*® L, where LT = Ker (x —Id) and £~ = Ker (x + Id), the spaces of
self-dual and anti-self-dual bivectors, are the eigenspaces of *. Any e;,...,¢,
as above clearly lead to a basis of £* formed by the bivectors

(4.1) e NeytesNey, egNeste Ney, e AegteaNey € LF
Any algebraic Weyl tensor A : T2 — T2 leaves the subspaces £F invariant,
since [16, Theorem 1.3] it commutes with *, which results in

(4.2) the restrictions A% : £LF — L% both self-adjoint and traceless.

If T =1T,M, where (M,g) is an oriented Riemannian four-manifold and x
a point of M, we denote £* by ALM, which leads to the vector subbundles
AEM of [TM]"? = ATM @ A~M. The restrictions W+ : A*M — A*M of the
Weyl tensor W of (M,g) satisfy in view of (4.2) the conditions

(4.3) trtWt = tt W~ = 0.
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Lemma 4.3. Given an orthonormal basis of a Fuclidean 4-space T which
diagonalizes an algebraic Weyl tensor A, let o,; = o;; be its eigenvalues, with

o, = Ale,ej,¢;,¢€), where 4,5 € {1,2,3,4} and i # j. If {i,j,k 1} =
{1,2,3,4}, then, for either fived orientation, AT has the same eigenvalues
;i3 Oips Oy as A7, while 0,; = 0y, and o;; + 0y, + 0y = 0.

Proof. With standard normalizations, A(e; Ae;) = 0;;¢; A e; (no summation).
If {i,j,k,1} = {1,2,3,4} and we use the orientation determined by e;,¢;, ¢, ¢
then, by (4.1), ¢;Ae; + ¢, Ag liesin LF, and so does its A-image o;;¢; A e; +
016 N\ €, equal to its own *-image oy, e; A e; + 0;;€, A e This last equality
gives 0;; = 0;;, while o;; + 0;;, + 0;, vanishes, being the trace of Ale;, - s€, ),
that is, a(e;,e;) for the Ricci contraction a of A. Now e;Ae; +e, Ae € LF
is an eigenvector of both A* with the eigenvalue o;; = 0;;, due to (4.1) with

Ale; Nej) = o;5e, N e O

17

Remark 4.4. The mapping that assigns to a positive-oriented orthonormal basis
€1,-..,¢e of T the pair (4.1) of positive-oriented orthogonal bases of £* and
£~ with all vectors of length /2, is a two-fold covering, equivariant relative
to the two-fold covering homomorphism SO(4) — SO(3) x SO(3), while L£*
are both canonically oriented [3, Sect. 16.58].

Remark 4.5. Let (M,g) be a Kahler manifold of real dimension four, with the
canonical orientation. Its self-dual Weyl tensor W+ acting on the bundle ATM
of self-dual bivectors then has fewer than three distinct eigenvalues at every
point [3, formula (16.64)].

Remark 4.6. In an oriented Riemannian four-manifold (M,g) with ¢g confor-
mal to a product § of surface metrics, the conclusion of Remark 4.5 applies to
both W+ and W~. (As a special case, (M, g) might be here a warped product
of two orientable Riemannian surfaces, cf. Remark 3.1.) This follows since §
then is a Kéhler metric for two local complex structures compatible with the
two mutually opposite orientations.

5. Harmonic curvature

For any Riemannian manifold, the second Bianchi identity implies the equal-
ity divR = —dRic, where the Ricci tensor Ric treated as a 1-form valued
in 1-forms. (Its coordinate version reads R, ;P = Ry, ; — R, ;.) This leads
to equivalence between (1.1) and the Codazzi equation

(5.1) dRic = 0, thatis, Ry, ; = Ry,
Consequently, divR = 0 if and only if Ric is a Codazzi tensor (Section 3).
Contracting the identity R P = Ry, ; — Ry, with g'* one gets

(5.2) 2divRic = ds, thatis, 2¢’"R,;, = s
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for any Riemannian metric g. Therefore, from (5.1),
(5.3) whenever divR = 0 the scalar curvature s must be constant.

Since 2(n — 1)(n — 2)divW = —(n — 3)d[2(n — 1) Ric — sg] for Riemannian
metrics g in dimensions n > 4, cf. [3, Sect. 16.3], (5.1) and (5.3) imply that

(5.4) divR =0 ifandonlyif divW =0 and ds = 0.

As an obvious consequence of (1.1), a Riemannian product has harmonic curva-
ture if and only if so do both factor manifolds. For a surface metric, harmonic
curvature means constant Gaussian curvature, which follows from (5.3). In di-
mension n = 3 one always has W = 0, and conformal flatness amounts to the
condition d[2(n— 1) Ric —sg] =0, cf. [3, Sect. 1.170], so that, by (5.1), having
harmonic curvature is the same as being conformally flat and of constant scalar
curvature.

Remark 5.1. A Riemannian product is conformally flat if and only if both
factors have constant sectional curvatures K, K’ and K'= —K or one factor
is of dimension 1. See [19, Section 5], [3, Sect. 1.167].

Remark 5.2. Condition (1.1) for the manifolds (1.3.a)-(1.3.b), or (1.3.¢)-(1.3.d),
or (1.3.e), follows from (5.1) and (5.4), or from the paragraph following (5.4)
or, respectively, from [7, Lemma 3(ii)].

Lemma 5.3. Let div R = 0 for a warped product (M, g) = (I x N, dt*+ Fh) of
an open interval I C IR carrying the standard metric dt* and a Riemannian
3-manifold (N,h), where F : I — (0,00) and dt% F,h are identified with
their pullbacks to M. Then (M,g) is of type (1.3.c) or (1.3.b), depending on
whether F is constant or not.

Proof. If F is nonconstant, h, being an Einstein metric [6, Lemma 4], has
constant sectional curvature. We can now use Remarks 3.1 and 5.1. [l

For an oriented Riemannian four-manifold (M,g) having divR = 0, we
denote by w~ € {1,2,3} the maximum number of distinct eigenvalues of the
anti-self-dual Weyl tensor W™ acting on the bundle A"M of anti-self-dual bi-
vectors (Section 4). This amounts to the analog of w, defined in Section 2, for
(M, g) with the opposite orientation, and

(5.5) if divR = 0, one has w~ = w unless ¢ is an Einstein metric.

Namely, (5.1) and Lemma 4.2 then imply simultaneous diagonalizability of Ric
and the Weyl tensor W at every point of an open dense subset of M, cf. (2.1),
and we can apply Lemma 4.3 to A = W(z) at any point = € M.

Lemma 5.4. A non-Einstein oriented 4-manifold (M,g) with divR =0 has
w=1, or w=2, if and only if g is conformally flat or, respectively, every
point of M lies in an open submanifold of type (1.3.d)-(1.3.e).
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Proof. The claim about w=1 trivially follows from (4.3) and (5.5). The warp-
ed-product case of Remark 4.6 yields the ‘if’ part for w =2 by showing that
w <2 (and w # 1 since the relation K # —c in (1.2) precludes conformal
flatness via Remark 5.1). Now let w =2. By [7, Prop. 1], W+ # 0 everywhere,
and we may consider the metric § = |[W|?>/3g on M, conformal to g. Since
(5.4) gives divIW = 0 whenever divR = 0, (5.5) and [7, Theorem 2] imply
that ¢, restricted to some neighborhood of any point at which Ric # sg/4,
is a product of surface metrics. Due to real-analyticity — see (2.1) — the same
must also be the case for points = having Ric = sg/4, as a simply connected
neighborhood U of z contains a nonempty open connected subset carrying
a g-parallel two-dimensional distribution, and the distribution clearly admits
an extension to U. Some constant multiple of ¢ then has, locally, the form
h x he of (1.3.e), with g = (h x h¢)/(K+ c). Namely, as our hypotheses give
VRic # 0 somewhere, this last claim follows from [7, Theorem 2 and Lemma
3(1)] for points with Ric # sg/4, while real-analyticity of the metrics involved
(including the surface metrics h, h¢ defined, locally, at all points of M) allows
us to relax the requirement that Ric # sg/4, completing the proof. O

Proof of Lemma 2.1. First, (i) leads to (ii). Namely, for (1.3.a) (or (1.3.b), or
(1.3.c)) one has r=1 (or w =1, or local reducibility). In (1.3.d) or (1.3.e),
the warped-product claim in Remark 4.6 and (2.1) give w < 2.

Conversely, let (ii) hold. If g is locally reducible, we have (1.3.c) or (1.3.d),
cf. the paragraph following (5.4), while the case r=1 yields (1.3.a). Suppose
now that ¢ is not locally reducible and r > 1. Thus, VRic # 0 somewhere.
If r=2, it follows from [6, Theorem 1(i)], via Remark 3.1, that (M, g) has an
open submanifold conformal to the Riemannian product of an interval and a
three-manifold of constant sectional curvature, making g conformally flat due
to Remark 5.1 combined with (2.1), and so (5.3) then yields (1.3.b). This leaves
the cases w =1 and w = 2, in which, since r > 1, Lemma 5.4 gives (1.3.b),
(1.3.d) or (1.3.e). O

6. The local types (1.3.a)-(1.3.d)

The focus of our discussion does not include the local types (1.3.a)-(1.3.d),
since each of them is of independent interest and has been studied extensively.
We list here some known facts about them, in the compact case.

The simplest examples of compact Einstein four-manifolds are, arguably,
spaces of constant curvature. Their complex counterparts (CP2, complex 2-
tori, and compact quotients of CH?) carry well-known Kihler-Einstein metrics,
as does any Riemannian product of two oriented surfaces having the same
constant Gaussian curvature.

Generally, for a compact complex manifold M to admit a Kéhler-Einstein
metric, its Lie algebra h(M) of holomorphic vector fields must be reductive, as
shown by Matsushima [13], while ¢; (M) has to be negative, zero or positive.
Conversely, when ¢, (M) < 0, the Calabi conjecture, proved by Aubin [2] and
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Yau [20], guarantees that M carries a Kéhler-Einstein metric, unique up to
a factor. Also, Yau’s proof [20] of another conjecture made by Calabi implies
in particular the existence of Ricci-flat Kéhler metrics on K3 surfaces (which,
besides the complex 2-tori, are the only Kéhler-type compact complex surfaces
having ¢, (M) = 0).

For del Pezzo surfaces (compact complex surfaces M with ¢; (M) > 0) the
analog of the Calabi conjecture is false. In fact, defining M to be the one-
point or two-point blow-up of CP2 one has ¢, (M) > 0, yet no Kihler-Einstein
metric exists on M, since h(M) is not reductive. However, these two surfaces
carry conformally-Kéhler Einstein metrics: the former was constructed by Page
[14] back in 1978, the latter discovered, much more recently, by Chen, LeBrun
and Weber [5].

On the other hand, Tian [17] showed that all the remaining del Pezzo surfaces
do admit Kéhler-Einstein metrics. Besides CP? and CP!x CP!, these surfaces
arise as k-point blow-ups of CP2 for k € {3,4,...,8}.

The class of conformally flat manifolds includes spaces of constant curvature,
as well as the Riemannian products listed in Remark 5.1, and is closed under
a family of connected-sum operations, cf. [15, p. 479]. As shown by Kuiper
[11, Theorem 6], a compact simply connected conformally flat manifold must
be conformally diffeomorphic to a standard sphere.

For any compact conformally flat manifold, the additional requirement that
the scalar curvature be constant can always be realized, according to Aubin’s
and Schoen’s solutions of the Yamabe problem [1,15], by a suitable conformal
change of the metric. In dimensions n € {3,4} relevant to us, this result is
due to Schoen [15].

7. Compact manifolds of the local type (1.3.e)

Following [7, Example 4], we now describe how (1.3.e) leads to compact
Riemannian four-manifolds (M,g¢) having div R = 0, with M obtained as
total spaces of flat SO(3) bundles of 2-spheres over closed surfaces.

Example 7.1. Given ¢, r € (0,00), a metric h° of constant Gaussian curvature
c on S% a closed Riemannian surface (Q,h) with the Gaussian curvature K
satisfying (1.2) as well as having K+c > 0 everywhere in @, and a group homo-
morphism ¢ : 7 — SO(3), for 7 = 1Q, we define (M, §) to be the manifold
obtained when, in (1.3.e), one sets S = S? and, instead of (Q,h), uses its
Riemannian universal covering space (Q,h). Then § descends to a metric g
on the quotient manifold M = M /m, the free properly discontinuous action of
m on M = Qx 8% by g-isometries [7, Example 4] being given by ~(z,y) =
(v(x), [¢(7)](y)) whenever (v,z,y) € 7 x Q x S2 with ~(x) corresponding to
the action of 7 on Q via deck transformations.

An obvious question that arises is whether Example 7.1 really gives rise to
anything interesting, which here means manifolds not belonging to the local
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types (1.3.a), (1.3.b), (1.3.c) or (1.3.d). As explained below, the answer is
known to be ‘yes’ for Q homeomorphic to 52, or IRP2, or a closed orientable
surface of genus greater than 1.

According to [7, Proposition 4] (or, [7, Proposition 2]), on the closed ori-
entable surface of any genus p > 1 (or, respectively, on IRP?) there exists an
uncountable set £ of pairwise nonhomothetic metrics h having the proper-
ties required in Example 7.1 (and, in the case of IRP?, rotationally invariant).
The set € is homeomorphic to IR®” ™ and contains a codimension-one subset
formed by metrics of constant Gaussian curvature; or, respectively, £ is the
union of a countably infinite family of subsets homeomorphic to IR which all
contain a fixed constant-curvature metric, and are otherwise mutually disjoint.

Any h as above on IRP? can obviously be pulled back to S2.

The metrics h just mentioned all give rise, as in Example 7.1, to compact
manifolds of the local type (1.3.e) which do not simultaneously represent any
of the local types (1.3.a), (1.3.b) or (1.3.c) [7, Theorems 4 and 5]. However,
all such nonflat metrics known to exist on the torus or Klein bottle lead to
four-manifolds that also belong to type (1.3.c). See [7, Example 5].

8. Outline of proof of Theorem 2.2(a)-(b)

For a fixed oriented Riemannian four-manifold (M,g) with divR = 0, let
rc {1,2,3,4} and wt € {1,2,3} denote the maximum number of distinct
eigenvalues of the Ricci tensor Ric (acting on the tangent bundle TM) and,
respectively, of the (anti)self-dual Weyl tensor W+, acting on the bundle A*M
of (anti)self-dual bivectors. See Section 4. For simplicity we write w instead
of wt. Note that, by (5.5), w~ = w unless (M, g) is an Einstein manifold. In
view of DeTurck and Goldschmidt’s result (2.1), there is a dense open subset
of M consisting of generic points, meaning

(8.1) points at which the maxima r, w are simultaneously attained.

Four possible cases may occur:
(A) r = 1: an Einstein manifold — type (1.3.a).
) r>1and w=1: type (1.3.b), as a consequence of Lemma 5.4.
) r>1 and w=2: locally, type (1.3.d) or (1.3.e) — see Lemma 5.4.
) r>1 and w= 3. By Lemma 9.1(i), some neighborhood U of any
generic point x admits orthonormal analytic vector fields e,...,¢e,
which diagonalize both W (in the sense of Section 4), and Ric.

In case (D), let d € {0,1,2,3,4} denote the maximal number of integers
I € {1,2,3,4} for which there exist 1,5,k with {4,j,k,1} = {1,2,3,4} and
9(V.€j,€,) # 0 somewhere in U. As shown in Lemma 10.2 and Section 12,
d ¢ {2,3,4}, so that there are just two possible subcases:

(D1) d = 1: according to Theorem 13.3, (M, g) is, locally, of type (1.3.c).
(D0) d =0, that is, g(Veiej,ek) =0 on U whenever ¢ # j # k # 1.
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Subcase (DO0) clearly yields assertions (a)-(b) in Theorem 2.2, under the as-
sumption (equivalent, by Lemma 2.1, to the hypotheses of Theorem 2.2) that
(M, g) contains no open submanifolds of types (1.3.a)-(1.3.¢). With Lemma 5.4
already established, (a)-(b) in Theorem 2.2 will thus follow from Lemmas 9.1(i),
10.2, the claims made in Section 12, and Theorem 13.3.

Remark 8.1. According to [8, the lines following formula (0.3)], there exist com-
plete, locally irreducible, non-Ricci-parallel Riemannian four-manifolds (M, g),
which are not conformally flat, having — in addition to some further proper-
ties — harmonic curvature and r = 4. (Their local-isometry types form a
five-dimensional moduli space.) All those manifolds satisfy the hypotheses of
our Theorem 2.2. In fact, w must equal 3, as the case w < 2 would, by
Lemma 5.4, lead to the local type (1.3.d) or (1.3.e), making (M, g), locally, a
warped product with a two-dimensional fibre and harmonic curvature. Conse-
quently [8, Corollary 1.3], its Ricci tensor would have a multiple eigenvalue at
every point, contrary to the relation r = 4.
It is not known whether the above class contains any compact manifolds.

9. The Codazzi-Weyl simultaneous diagonalizability
Unlike in Section 3, from now on repeated indices are not summed over.

Lemma 9.1. Let there be given an oriented Riemannian four-manifold (M, g)

with a Codazzi tensor field b on (M, g) having 4b # (tr,b)g everywhere and an

algebraic Weyl tensor field A such that div A =0, while A,b are simultane-

ously diagonalizable at each point in the sense of Section 4, and the bundle mor-

phism AY : AtM — ATM arising as the restriction of A : [TM]"? — [TM|"?

to self-dual bivectors, cf. (4.2), has three distinct eigenvalues at every point.
The above hypotheses imply the following conclusions.

(i) An orthonormal frame ey, ..., e, diagonalizing both A and b at any
x € M is unique up to permuting and/or changing signs of e; and,
passing to a finite covering of M if necessary, we may assume that e;
are C*> wvector fields on M.

(ii) The directional derivative D, in the direction of e, and the functions
Lk X, 0, given, with 1,4, k,l ranging over {1,2,3,4}, by

130 Y Yig
(91) I;]k - g(ve.ejvek)a /\1 - b(eiaei) Oij = A(eiaejaeiaej)a
satisfy, whenever {i,j,k, 1} ={1,2,3,4}, the conditions

a) E]k + Iﬂc =0 and 0 %+ Oy £ o, £ 7.
b) O'ij == OjZ = Ukl and UZ] + U’ik + Uil — 07
92 ) (= AEF = (= ATk = = AT
Q) (o= o)L} = (6~ ) T = (03— o) T
e) DZ)\J ()\ ;’a
)

—h
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(iii) At any point of M, the morphism A% : AtM — AT™M has the same
eigenvalues, including multiplicities, as A~ : M — AM.

Proof. Both (iii) and (9.2.a)-(9.2.b) trivially follow from Lemma 4.3 and the
fact that e, are orthonormal, while (i) is immediate from Remark 4.4 along
with the essential uniqueness of eigenvectors of A¥, which itself is due to the
assumption about eigenvalues. Equalities (9.2.¢)-(9.2.f) amount in turn to the
Codazzi equation for b and the relation divA = 0. O

Suppose now that an oriented Riemannian four-manifold (M, g) has
(9.3) divR = 0 with r>1 and w=3,

r and w being defined as at the beginning of Section 8 (or Section 2). The
hypotheses of Lemma 9.1 are then satisfied by A equal to the Weyl confor-
mal tensor W and the traceless Ricci tensor b = Ric — sg/4 of g, on any
fixed connected component of the dense open set of generic points, defined
as in (8.1). This follows from (5.1), (5.4), Lemma 4.2 with r > 1, and the
equality w = 3. (The same would be true if we set b = Ric instead.) The
conclusions of Lemma 9.1 thus hold as well, which makes (5.5) a consequence
of Lemma 9.1(iii). Furthermore, (9.3) also implies that, whenever i # j,

(9.4) 0;; # 0 everywhere in some dense open subset of M.

Otherwise, let 0;; = 0 on a nonempty open set; since o;; is an eigenvalue
function of both W+ and W™, using [3, Proposition 16.72] one then gets

W= 0 on that set, even though w = 3. Finally, setting

(9.5) R = 9(R(e;¢)e, €) for i,4,k,1€{1,2,3,4},

we obtain (2.5) from (3.2) and (9.1) for A=W and b= Ric — sg/4. Also,
(9.6) R = 0 unless {i,j} = {k,1} C{1,2,3,4} is a 2element set,

as R = 0 in (3.2) when {4,j,k,1} has more than two elements, it being
clearly the case for all the other terms of (3.2), where the components refer this
time to the frame in Lemma 9.1(i), for (4,b) = (W, Ric —sg/4).

Next, we may define the functions S, and y,, | =1,2,3,4, by
9.7 S = (0 — o)Ly, = (N — X)Ly with {i,5,k, 1} = {1,2,3,4},

,

since, due to (9.2.a)-(9.2.d), the definition is correct, namely, S; and y; do not
depend on the choice of 4,5 and k.

Remark 9.2. If {i,j,k,1} = {1,2,3,4}, then A, A\;, A, are all equal (or, all
distinct) wherever S, # 0 =y, (or, respectively, S, # 0 # y;). In fact, (9.7)
with S, # 0 gives I;Jk # 0, and so, again by (9.7), the relation y, = 0 (or,

y, #0) yields ;=X = Ay (o, A\ # A # A # A
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Lemma 9.3. Under the hypotheses of Lemma 9.1, let | € {1,2,3,4} and
x € M be such that S;(x) # 0 # y,(x) in (9.7). Then the function o defined
on a neighborhood of x by

(98) Q= Sl/yl 7& 0)

satisfies, for any 1, j, k with {i,4,k,1} ={1,2,3,4}, the relations

(i) Oij — O, = ()‘j = e,

(ii) 3Uij = (>‘i + /\j — 2)\k)a,

(iii) Dyoy = DkUlj = [(A\ — /\J)IEI; + (N — Aj)lma;

(iv) Doy, = Dioy; = [(N; — A5 + (A, — M) Lgla,

(v) Dyoy, = Dyoy; = [(Ay — Az)Ef + (A — Ai)];_ﬂa;

(Vi) Doy, = Doy = [(A, — A5 + (A — A)I]e,

(vil) Dyoy, = Dyoyy = [N, — )‘j)Fié + (A = )‘j)l—l‘clk}a;
(vili) Dyoy, = Dz%z = [\ — )‘z)Fgé + (A — )L

(ix) Do = 2al}},

(x) DA = (N = MG+ (N = AL + (O + X =201,
(xi) (N — )‘j)(Dla - QCYFka) = Q(Z)‘i + 2)‘j - trgb)(l}lj' - lez):
(xii) Dj(tryb) = (tr,b — 4X) I}
(xili) o; —0y; = (\; — A;)a, which is the i, j version of (i).

Proof. Fix i,j,k,l with {i,j,k,1} = {1,2,3,4} and Syy, # 0 at . Then
(i) is obvious from (9.8) and (9.7), while adding (i) to its version obtained
by interchanging 4,j and using (9.2.b) we get (ii). Next, (9.2.f), with j, &k
switched, (9.2.b), (i) and (xiii) yield (iii). Similarly, (9.2.f) for [,7 rather than
i,7, (9.2.b), (i) and (xiii) imply (iv). Invariance of our assumptions under
permutations of i,j,k gives (v) and (vi) from (iii) by switching ¢ with j,
or i with k, and using (9.2.b). Next, (vii) follows since D,o;; = Do, =
(Ojl—aji)FiH- (Ujl—Ujk)Fklk due to (9.2.b) and (9.2.f), while 0, —0;; = 0;;, —0;;
(A — Ay and gy — 0, = 03, — 03; = (A, — Aj)a by (9.2.b), (i) and (xiii).
Switching ¢ with j in (vii), we obtain (viil). Applying D, or D, to (xiii),
we now see that Dyo; — Doy — (A, — Aj) D — a(Dy A, — DiA;) = 0 as well
as aD\; = Doy, — Doy, — (A, — Aj) D + aD; ;. The first of these two
equalities becomes (A; — \;)[Dya — 2a1}¥] = 0 if one replaces the directional
derivatives with the corresponding right-hand sides in (iii), (v) and (9.2.e).
As y; # 0 in (9.7), Remark 9.2 now yields (ix). Analogously, (v), (iv), (ix)
and (9.2.e) combined with the second equality give (x) multiplied by «, which
implies (x), since a # 0 by (i) and (9.2.a). Also, D, applied to (xiii) gives
(N = \j) Dy = Doy, — Doy + (A = AT+ (A — AL a, where Dy); and
D, \; have been replaced with the expressions provided by (9.2.e). Using (vii)
and (viii), we now easily get (xi). Finally, as tr,b =X, + A; + A, + A, (x) and
(9.2.e) yield (xii), completing the proof. O
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10. Three a priori possible cases

Throughout this section we assume the hypotheses of Lemma 9.1 and use
the notations of its conclusions. Let d € {0,1,2,3,4} be the maximum value
in M of the function ( assigning to = € M the number ((z) of indices
i€{1,2,3,4} with S;(z) # 0 in (9.7). Obviously, ¢ = d on some nonempty
open subset of M.

Remark 10.1. The invariant d is still well-defined if, instead of the hypotheses
of Lemma 9.1, one assumes (9.3): we then just take the maximum of ¢ over
the (possibly disconnected) dense open set of generic points, cf. (8.1).

Lemma 10.2. Under the hypotheses of Lemma 9.1, d € {0,1,2}. In other
words, for the functions S; given by (9.7) we have S;S;S, =0 whenever i,j, k
are all distinct, that is, at any point of M at least two of S; must be zero.
Furthermore, with \; and y; as in (9.1) and (9.7),

a) Sksl()\z+>\]7)\k:7>\l) =0 if {iajvkal}:{17273a4}7
b) vy./S. = —v,/S, whenever k#[! and 5.5 #0.
Proof. Fix i,7,k,1 with {4,j,k, 1} = {1,2,3,4}. To prove (10.1), suppose that
S.S; # 0 at some x € M. Then, from (9.7) and (9.2.b), at z,
MM _w NN AN g Ao A A

(10.1)

%Gi~Gk S| Opi—

i 9%k

J 9

i 95

j Sk 05— 04 U”_Ujk’
the denominators being nonzero by (9.2.a). Now (10.1) follows.

As for the first claim, suppose on the contrary that {i,j,k,1} = {1,2,3,4}
and 5;5;5;, # 0 in an open subset U’ of M. Then, by (10.1.a), A; +A; =
Apt AL A+ A=A+, and A+ A, = A+ everywhere in U’. This gives
A; = A; =\, = A, even though Lemma 9.1 assumes that 4b # (tr,b)g. O

We now restrict our discussion to any fixed connected component U of the
nonempty open subset of M in which ¢ = d. Also, let us rearrange S; (that
is, the orthonormal vector fields ¢;) so as to make those among S, S,,Ss, S,
which vanish on U precede those which do not. In view of Lemma 10.2, one of
three cases must occur:

a) d=2 and S, =25,=0%#555 everywhere in U,
(10.2) b) d=1 and S, =5,=95;=0%#S, ateach point of U,
¢) d=0 and S, =85,=5;=25,=0 identically in U.

In view of (9.2.a) and (9.7), there are the following implications.
Case (10.2.a): LF =0 if i#j#k#i and 3,4¢€ {i,j k}.
(10.3) Case (10.2.b): LF =0 if i#j#k#i and 4€ {i,jk}.
Case (10.2.c): Z]’? = 0 whenever 4,5,k are distinct.
It is immediate from (10.1.a) with S35, # 0 that

(10.4) in case (10.2.a), tr,b = 2(A; +Ay) = 2(A3 + Ay).
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Here are some more consequences of (10.2.a). First, as S35, # 0, we have
(10.5) Y3ys # 0 everywhere in U,

or else Remark 9.2 would make three of A;, Ay, A5, A4 equal to one another and,
by (10.4), they would all be equal, contrary to the assumption that 4b # (tr,b)g
in Lemma 9.1. We may thus apply Lemma 9.3(i) to both [ € {3,4}, and then,
in view of (9.2.a),

(10.6) A, £ N for k1 e{1,2,3,4}, unless k =1 or {k,I} = {3,4}.

Also, by (10.1.b) and (9.8), a3 = —ay = —a if @ = a, as in Lemma 9.3, for
I = 4. Thus, (i)-(x) in Lemma 9.3 remain valid for [ = 3, provided that « is
everywhere replaced with —a and so, from Lemma 9.3(ix),

(10.7) Dya = 2al if k€ {3,4} and i # k.

Finally, due to (10.4), assertion (xii) in Lemma 9.3 with {4,1} = {3,4} becomes
D;(\; + X)) = (A, — X\,)I} which, by (9.2.e), equals D,},, giving

(10.8) D3dg = DAy =0 everywhere in U.

11. Further consequences of (10.2.a)

The following theorem is used in Section 12 to show that, in the case of
harmonic curvature, d # 2 (cf. Section 8); it only describes the curvature
components needed for this purpose. The theorem is valid in a more general
situation, which is why, for the sake of completeness and a possible reference,
the remaining components are listed in the Appendix.

Theorem 11.1. Let tensor fields A and b on an oriented Riemannian four-
manifold (M, g) satisfy the hypotheses of Lemma 9.1 and (10.2.a). If tr,b=0
and o015 # 0 everywhere in M, then the following holds at each point for some
function X, some constant p, and o= Sy/y, as in (9.8).
(a) The eigenvalue functions X\, of b and o;; of A% are given by A\, =
A= =Xy, A3 =p ==X and 30py = 3034 = —2uq, 303 = 30y, =
(L + 3N, 3oy, = 3055 = ( — 3N\«
(b) 019, 1t and o are nonzero constants, while Ay # Ay 7# A3 # Ay # A
(€) Ves = Viea = Ves = Yea = 0 and ey, e3)e; = Rles, e;)es = 0.
(d) Whenever {i,j}={1,2} and {k,l} ={3,4}, one has
Dy DA, 2(Dk>‘i)2 yl2
A=A =R M+
2Xi (D) DA " A+ AD)vy

Ry =

(A + M) Rigy = DDA —

A=A AT =D
D\, D, 2\,
[e;, €] = — 2])‘1' €+ 21)\; e; + ¥ :)\12 (e + yrer),
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y DA — (Dk/\i)Dj/\i
A(AF =A%)

(A = A Rijik = Dy DA — Dy + A7+ 200, — A7)

Ak = ARy = 2wk DAy — yi D),

with Yy, y;, Ry as in (9.7), (9.5) and (3.1), and N (A2 = 22) £ 0.

Proof. As tr,b=0, (10.4) means nothing else than
(11.1) A+ =X+ =0

Our assumption (10.2.a) leads to (10.5), and so S3S,y3y, # 0 everywhere. We
may thus use Lemma 9.3(xii) which, with tr,b = 0, yields A\ I3y = M1 =
ML = XT3 = 0. Since A\, # 0 (for otherwise (11.1) would give \; =
Ay = 0, contradicting (10.6)), we thus get I34 = I}; =0 for i = 1,2. On the
other hand, by (10.8), (11.1) and (9.2.€), 0 = =D\, = DA, = (A, — A\)LF
whenever {k,l} = {3,4}. Therefore, I}3 = I}3 = 0, or else we would have
A3 = A, and, by (11.1), A3 = A, = 0 which, due to Lemma 9.3(ii) and (11.1),
would yield o3, = 0, even though we assumed that o5 # 0. Finally, (10.3)
implies that I3}, = I}4 =0 for i = 1,2. Consequently, by (9.2.a),

i) LL=I4=0L=I0I}=0 forall i=1,234,

In view of (9.1) and (3.1), relations (11.2.i) prove (c). Also, using (9.2.e),
(11.1), (11.2) and (10.8), we easily conclude that A; and A, are constant. By
(11.1), this yields (a), with the function A = A; and constant u = A3, as one
sees evaluating 305, 303, 30y, from Lemma 9.3(ii) applied to ¢, 7, k, ! such that
{4,4,k} = {1,2,3}, while | = 4, and then invoking (9.2.b). Now (b) follows
from (10.6), (10.7), (11.2) and (a), as o5 # 0.

Next, let us fix 4,7, k,1 with {i,5} = {1,2} and {k,l} = {3,4}.

Due to (9.1), (11.2.ii) and (9.7), with A, # A, by (10.6),

(11.2)

Ve = Lle; = (N — Aj)ilylejv
Ve, = — ”keﬂ—Fje ,
(11'3) - Y -1 k -1 —1,2
Q(Vei e Cis er) = (N — )‘j) yll;’j =\ - /\j) (>‘j =)
9(\NLei, &) = (A — )l = =27 = ) T
From (9.1), with Ve = Mg 0 in (c), g(ve]y:?iv e) = Dplg(Neis e)] =

, ¢)] = D,L}. Since (9.2.¢) and (10.6) give
5P = (N = N)TIDA and I = (A = X)) 7D, we get 9(\LNg;, ) =
D[\ = A) "D and g(V¥ei, ¢) = Dyl(A; = A)"'DA]. Thus, with A,
and A, both constant, cf. (b),

9N @) = (N = N) T DDA — (N — M) (D)2,

(11.4) X ,
9(\0Nes, &) = (Ay = X)) DDA — (A = ) 7 (DA DA
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By the first line of (11.3), [e;,e,] = Ve, — \e; = —LFe, + (Il — ];i)ej. Now
(9.1) yields g(v[ei,ek]ei’ek) = _(I;z'k)g + (Iﬁc - Fzﬁz)l}’f and g(v[ei,ek]eivel) =
—LF L} + (I, — I}) 13, Consequently, from (9.2.¢) and (9.7),
I Ve, e 160 6) = — (AN — M) A (DA)?
+ (A — )‘i)_l[(/\i - )‘j)_l — (A — )‘j)_l]lea
Q(V[ei,ek}em e) =— (N = M) (A, = M) (DA DA,
+ (=) — )‘j)_l — (A= )‘j>_1]ykyl'

[
Relations (11.3)-(11.5), (3.1), (9.5) and (11.1) prove the first two lines of (d).
Also, Veﬁ = —Lle, + I—J']fek + l'j'liel, from (9.1) and (9.2.a), so that

(11.5)

43 %
(11.6) Vejei = (A — )‘j)il(Dz‘)‘j)ej + (N =) e + (5 = A) e

by (9.2.e) and (9.7). The third line of (d) now follows if one switches 4, j
in (11.6), subtracts, and uses (b) to replace A;,\; with —X;;—X,. On the

other hand, (9.1) yields Ve, = Egej + I¥e, + Ile, and so, from (11.2.ii),

9NNy, €p) = LLF + DY, Similarly, Ve, = —Lle; + Ife, + Iie), in the
] ] ]
line preceding (11.6), and hence ¢(V Ve, €,) = —I;]Z];jk + DZ-];-’Z?, while the

third line of (d) and (11.2.ii) give 2)\ig(V[e“ej]ei7ek) = —LFDA\ + LEDA,.

Replacing ];ij, ];Jk, Ik, ];J’, lzjk, ]}’f, in the right-hand sides of the three just-
derived relations of the form ¢g(V--- ,e.) = ---, with the expressions provided
by (9.2.e) and the second equality of (9.7), and noting that, in (a), A\; = =),
and A, = —\, is constant, we obtain the fourth line of (d). Finally, Ve, =

—LFe, + Fiiej in (11.3). Thus, g(VejVeiek, ) = —LFL; + Iﬁcl;; and, with 4, j

switched, g(VeiVejek, ) = Ly L+ L7, while g(V[ewej]‘ek,el) =0 by (11.2fii)'
The last line of (d) now follows if one replaces LF, I;iv L I;]Z’ I;jka 12;7 ]glk, L7 as

before, using (9.2.e) and (9.7). O

12. Exclusion of case (10.2.a) when divR =0

We now proceed to derive a contradiction from the assumption that (10.2.a)
holds and (A4,b) = (W, Ric — sg/4). We are allowed to invoke Theorem 11.1,
since oy, # 0 as a consequence of (9.4).

First, s = 8uc, from Theorem 11.1(a) and (2.5) for (4,j) = (3,4), where

R,.;. =0 in (2.5) by Theorem 11.1(c). Thus, by (2.5) and Theorem 11.1(a),

Ri912 =0,

Rygi3 = (a+1/2)(p+A),

Ryyg = (a—1/2)(p = A),
(12.1) Rysas = (a+1/2)(p = A),
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Rogoq = (= 1/2) (1 + ),
R34 = 0.

Choosing (i,k) in the first equality of Theorem 11.1(d) to be (1,3), (2,3),
(2,4) or, respectively, (1,4), we get

Dy D\ - 2(D3)\>2 QZ — (a
S By Tm T
y = J—
(12 2) )\3+:L - ()\ ﬁM)Q + )\(/\ i /.L) - (a + 1/2)(# )‘)7
' DyDy X\ B 2(D4)\)2 y% _ U2t N
A— )\_M); )\()\g_’u)*(a M ,
Dy Dy _ 2(D,\) n Y3 (12 A).

Adtp (A+p? o AMA=p)

The linear combinations of the first (or, last) two lines of (12.2) with the coef-
ficients p— A and p+ A yield

Apl(DyA)® + y5] = —(2a + 1) (N> — pi?)?,
Ap[(DyN)* + 93] = —(2a = 1)(X* — p?)2.

On the other hand, Theorem 11.1(a)-(b) and (10.5) imply that
(12.4) AN — p?)ysy, # 0 everywhere.

The last equality of Theorem 11.1(d), for (i,4,k,1) = (1,2,3,4), combined
with (9.6) and (12.4), gives y, D4\ = y3Ds\. Thus, at every point, the vectors
(DyA, y3) and (DyA, y,), both nonzero due to (12.4), are linearly dependent in
IR?, and so (Dy\,y5) = (¢D3\, qy,) for some function ¢ without zeros. Now,
by (12.3), (2a — 1) = (2a + 1)¢% Thus, as both sides of both equalities in
(12.3) are nonzero, cf. (12.4),

(12.3)

(12.5) (DA, y3) = (¢DsA, qy,), where ¢ is a nonzero constant
in view of Theorem 11.1(b). However, according to Theorem 11.1(a),
(12.6) (A1s Az Az, Ay) = (A, = A,y —p).

Therefore, the fourth equality of Theorem 11.1(d), with the left-hand side equal
to 0 by (9.6), applied to fixed 4,5 with {i,j} = {1,2} and (k,1) replaced by
(3,4) or, respectively, (4,3), reads

ya DA, — (D3A;) D\,
D.D ). — D, A2 42X 1 — p? v It
737 1y4+( + 7,lu l"’) )\i()\z_ug) 9
ys DA — (DyA) DA,
D;DyA; = Dy + (A2 = 2\, — p?) = Sl M)

N2 = 2)

Replacing (D,);,y3) in the second equality above by (¢D;A;, qy,), cf. (12.5),
and subtracting the result from ¢ times the first equality, we obtain

(12.7) dgh;muly DN, — (Dg)\i)Dj)\i} = 0 whenever {i,5}={1,2},
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due to constancy of ¢ established in (12.5). We have two matrix equalities

Dy yy | (DA _ |0 Y3 —ya| [DsA] _ |0
SN ] R e | A R
with both determinants nonzero in view of (12.4). Namely, (12.8.a) follows if
one lets (4,7) be (1,2) or (2,1) in (12.7), and uses (12.4)-(12.6). By (12.8.a),
D\ = D,A = 0. Thus, the last equality of Theorem 11.1(d), (9.6) and (12.4)
give y, DA+ ys DA = 0. Now (12.8.b) follows: y, D\ = y3 D5\, as we saw in
the second line after (12.4).

Both determinants in (12.8.b) being nonzero, we conclude that A is constant,
which in turn contradicts the second equality of Theorem 11.1(d), since ys5y, #
0= R,,; by (12.4) and (9.6).

13. Case (10.2.b)

In this section we show that four-manifolds with harmonic curvature, having
d =1 (see Section 8) are locally of type (1.3.c).

For the Levi-Civita connections V and V of conformally related metrics g
and § = |B8]*/2g on a manifold, with a nowhere-zero function 3, one has
d,B dyB Vi
5 T
cf. [3, p. 58], v,w,d, and Vf being, respectively, any two vector fields, the
v-directional derivative, and the g-gradient of 5.

(13.1) Vow = V,w +

Lemma 13.1. Let A)b,(M,g) satisfy the assumptions of Lemma 9.1 and
(10.2.b). If tr,b =0, then there exists a dense open set U C M such that, on
every connected component U’ of U, with some function B :U" — IR\ {0},
and e; as in Lemma 9.1(i),

(13.2) Ve, =0, 4ﬁve§4 =—(DyB)e;, D=0 for i=1,23.
Proof. Tt suffices to exhibit §: U’ — IR\ {0} having
i) Iz‘lil = D5 =0,

(13.3) .
ii) 4663 = —D,8 whenever ¢ € {1,2,3}.

Namely, the last equality in (13.2) follows from (13.3.i), the first two — from
(13.3) and (9.1), as I3 = 0 by (9.2.a), while I}J = 0 whenever {i,j,k} =
{1,2,3} due to (10.2.b) and (10.3).

Let U C M be the open dense set of points z such that y,(z) # 0 or
ys = 0 on a neighborhood of z. For any connected component U’ of U, one
of the following two conditions holds throughout U’ (see Remark 9.2):

(a) Ay = Ay = A5 and y, = 0, for the eigenvalue functions A, of b,
(b) Ay # Ay # Ay # A and 1, # 0.
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We thus need to show that either of (a)-(b) implies (13.3) on U’

First, in case (a), since tr b = 0, setting 8 = \;, i = 1,2,3, we get )\, =
—38. Also, 8 # 0 everywhere, for otherwise we would have b = 0, even
though Lemma 9.1 assumes that 4b # (tr,b)g. Thus, from (9.2.e), D, =0
and D;\, = 0. However, (9.2.e) with D\, =0 gives —48I}, =0, i = 1,2,3,
proving (13.3.i). Finally, (9.2.€) with ¢ =4, any j € {1,2,3}, and A\, = —38
reads Dy = 451}‘;, and (9.2.a) yields (13.3.ii).

Suppose now that condition (b) holds. Note that

i) Ry =0,
ii) R, =0 whenever {i,jk}={1,2,3}
with the notation of (9.5). Namely, Lemma 4.1 and (b) give R(e;,¢;)e, = 0,
as well as R(e;,e,)e; = 0 (or, R(ey,e,)e; = 0) at points where A\, # A, (or,
respectively, A\; # \,), so that the usual symmetries of R imply (13.4).
Let us now fix € U’. By (b), at least two of A;(z),\y(x), As3(x) are

nonzero. Rearranging e;,e,,e;, we may assume that A\ Ay # 0 at z. Then,
from Lemma 9.3(xii) with [ =4 and tr,b = 0, on a neighborhood of z,

(13.5) Iy = I} = 0.
In view of (10.2.b) and (10.3), relations (9.1), (9.2.a) and (13.5) yield
Ve, = Lie, + L, if {i,j,k} ={1,2,3},

(13.4)
ij4

171 %
(13.6) Ney = Ng, =0,
— 3
Ve = —1yey

as g(\g;,e,) =0 for i =1,2 by (13.5). From (9.1), (9.2.a) and (10.3),
i) ey = —Ije; for i=1,2,3, where

13.7
17 i) =0l =1

By (13.6), we thus have [e,,e;] = [Je; and so g(Vi, . 1€2.€;) = 0. Also, from
(13.6), 9(V Mgy eq) = —I3I and \IN\le; = 0. Combining the last three
equalities with (3.1) and noting that y, = (\y — A\3) I35 in (9.7), we now get
(A3 = A2)g(R(ey, e4)es, €4) = yu 5. Thus, by (13.4) and (b), I3} = 0, which,
along with (13.5), proves the first part of (13.3.1), while the second part then
follows from Lemma 9.3(ix) for [ = 4 if we set, this time, 8 = o? where « is
given by (9.8) with I = 4. In view of (13.7.ii), since tr;b = 0, Lemma 9.3(xi)
can be rewritten as

(13.8) (N = ) Dy = 2ady) = 20N, + X)L — 1)

for 4,5,k with {i,j,k} = {1,2,3}. Furthermore, R, ; evaluated from (3.1),
(13.6), (13.7) and the resulting relation [e;,e;] = I}%e; — l}%ej + (LY = I)ey,
valid if {i,j.k} = {1,2,3}, equals ([ — L)LY — (I, — )L As Ry = 0
in (13.4), this means that y,[(A; = X\,) "L = 1) — (A, = A\) "1 = )] =0

3

i
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whenever {i,j,k} = {1,2,3}, cf. (9.7). Thus, as y, # 0 in (b). for some
function ¢ not depending on the choice of 4,j € {1,2,3}, one has

In view of (b) and (13.9), relation (13.8) now becomes
D

Hence I — I; = (A\; — A,)¥ is the opposite of the value in (13.9), implying,
via (b), that ¢ = 0. The last displayed equality now yields Dya = 2] for
i=1,2,3 and, as 8 = o2, (13.3.ii) follows from (13.7.ii). O

Lemma 13.2. Under the hypotheses of Lemma 13.1, for the function [ in
(13.2), (M, g) is locally isometric to a warped product (I x N, dt*4|8|~"/?h),
with the notation of Lemma 5.3, where [ is constant in the N direction.

In fact, (13.1) and (13.2) give Vé, = 0, where &, = |3|"/%¢, and V is
the Levi-Civita connection of the metric § = |3|'/2g, conformal to g, Thus,
(M, §) is locally isometric to a Riemannian product of an interval I and a
Riemannian 3-manifold (N, h). Since D,f =0 for i = 1,2,3 by (13.2), our
claim follows.

Theorem 13.3. Given an oriented non-Einstein Riemannian four-manifold
(M, g) with divR =0 such that W+ : A*M — A™M has three distinct eigen-
values at some point of M, let d be the invariant mentioned in Remark 10.1.
If d=1, then (M,gq) is locally of type (1.3.c).

This is immediate from Lemmas 13.2 and 5.3, as the assumption on W+
precludes conformal flatness of (M, g).
14. Case (10.2.c)

This section discusses, in some detail, four-manifolds with harmonic curva-
ture such that d =0 (notation of Section 8).

Lemma 14.1. Let A,b and (M,g) satisfy the hypotheses of Lemma 9.1 and
(10.2.c), with e;, I;5, \;, 035 as in Lemma 9.1(i) and (9.1). Setting

(14.1) B,= I} and Hy, = BB, + BBy — BB, if {i.j.k 0} = {1,2,3,4},
one has the following relations, valid as long as {i,7j,k,1} ={1,2,3,4}.

a) Ve = — ey — Fe, — Iye, Ve, = Le,
b) Di>‘j =\ - >‘j) ijo
(14.2) ) Dyoy; = (o = 0) By + (04 = 0i5) By
d) [e“ej} = ‘l—;ie’i - 1276_77
) DE; + DiE;, + Ej + E? + BBy + il = =Ry,
f) DE, — (Bi—Eu)E, = Ry
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In the case where tr,b is constant and {i,j, k,1} = {1,2,3,4},

(14.3) Dy = (N — N)By + (N — M) By + (A — A B

If A=W and b= Ric — sg/4 then, whenever {i,j,k,l1} ={1,2,3,4},

1) Di};k = (};i_};k)Ek’

“) (04 — ) (DB, — Dy Fy) = 3(Hy; — Hyj)oy;,

i) (A, = N)(DpBy, — D) = (A, + A — 2X)H;
+ A + A = 20)H;,

iv) DDyE, + 2E,D.F, = (B;— F,)D.Ey,

v) DDy + (Ey+ E)DFy = DI, + (B,

(2

(14.4)

~ R)H.

Proof. Assertions (14.2.a)-(14.2.c) are obvious from (9.1) and (9.2.a) with
(10.2.c) and (10.3) or, respectively, (9.2.e)-(9.2.f), while (14.2.d) is immedi-
ate from (14.2.a). Evaluating R;;;; and Ry, from (9.5), (3.1) and (14.2.d),
we easily obtain (14.2.e)-(14.2.f).

If tryb= A\, +A; + A, + A is constant, (14.2.b) implies (14.3).

The assumptions made in the line preceding (14.4) yield (14.4.i) as a conse-
quence of (14.2.f), since Lemma 4.2 applied to b = Ric — sg/4 gives Ry;jr = 0.
Relations (14.4.i1)-(14.4.iii), or (14.4.iv)-(14.4.v), then follow in turn from the
equalities D, D,0; — D;D,0; = D,0; and D, D)\, — D, DA\, = D, Ay, where
w = [e;,e;] or w = [e,,¢] (or, respectively, D,D F, — D.D,F, = D,F,
and D,D, K, — D.D.F,, = D, E,, where w = [e;, ¢.]), combined with (14.2.d),
(14.2.b), (14.4.1) and (14.3). O

Proof of Theorem 2.2(a)-(b). Due to (2.2), w = 3 and r € {3,4}. The as-
sumptions of Lemma 9.1 thus hold for (A,b) = (W, Ric —sg/4). Lemma 10.2
now gives d € {0,1,2}, and so d = 0, the cases d = 2 and d = 1 being
excluded by the argument in Section 12 and, respectively, Theorem 13.3. As-
sertions (a) and (b) of Theorem 2.2 are now immediate from (14.2.d) and the
choice of e; in Lemma 9.1(i). O

Proof of Theorem 2.3. The first displayed equation is obvious from (9.2.b) and
the definition of A;. Next, adding A\, — A, times (14.4.ii) to (14.4.iii) multiplied
by o, —0;;, we obtain 0 = 2(thZklj —Hjlek”), where 2Zy; = 3N\, — )\l)aij +
(Ae A = 2X;)(0y,; — 03;) and
2731 = 3N\ — N)aj + (A + A =20 (0 — a75)
= 3N\, = A)oy; + (A + A = 20)(03; — 0)-
(By (9.2.b), (in,akj7olj) = (Uij,a”,aki).) Thus, as o;; = 0;; and 0;,; = 0y,
in (9.2.b), the last displayed line gives 2Z,,, = 3(A\, — Aoy, + (A + A, —
20)oy; + (20 = A = Aoy, that is, 27y, = 2(A, — Aoy + (A, = A)oy +
200 = Ao+ (A = Aoy +2(N — Ap)oy, + (A, — Aoy Due to (9.2.b), or the
definition of Z; in Theorem 2.3, the second, fourth and sixth (or, first, third
and fifth) terms in the last six-term sum add up to 0 or, respectively, to 2z,
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if (i,4,k,1), and hence (k,l,4,j), is an even permutation of (1,2,3,4). Thus,
Zy; = Z; while, the permutation (k,l,j,7) being odd, Zy; = —Z;, and so
the equality H;;Z,,, = H;;Zy,, obtained above amounts to (2.6). Furthermore,
Zi+ Z;+ Zy,+ Z, = 0 if (i,],k,1) is an even permutation of (1,2,3,4), since
the term (\; — A;)oy; in Z; = (N, — Aj)oy; + (A — Mgy + (A, — Ay) oy, gets
cancelled by (A; — \;)o;; in Z;, as a consequence of (9.2.b) and evenness of
the permutation (j,4,1, k). Therefore,

(14.5) i+ Zo+ Zsg+ Z,=0= A + Ay + A3 + Ay,

the second relation in (14.5) being a part of the already-established first dis-
played equation in Theorem 2.3. From (2.6) and (14.5) we get

(14.6) (2, 2, Zy Z,JH=[0 0 0 0 0 0],

where H denotes the 4x 7 matrix in (2.7). With A, replaced by —A;—X;— s,
cf. (14.5), the definition of Z; gives

Z 094 = 0y3 209, — 039 — 043 Ogy+030— 2045 | | A
(14.7) Zy| = |13+ 034 — 204 034 = 041 2034 — 013 — 0y Ay
Zs 201, — 091 — 04y Oy + 014 — 20y 014~ Oy2 A3

Due to (9.2.b), the 3 x 3 matrix appearing in (14.7) equals

O13— 013 3013 30715
3014 01301y 3015 )
3014 —3013 01— 0y3

and so it has the determinant —8(oy5— 012 )(0y5 — 014) (074 — 073), nONZETO Ac-
cording to (9.2.a). while (2.2) and (14.5) give (A, Ay, A3) # (0,0,0). Thus,
(Z1,2Z,,Z3) # (0,0,0) in (14.7), and (2.7) follows from (14.6). O

Remark 14.2. Let the tangent bundle T'M of an n-dimensional manifold M be
trivialized by vector fields ey, ..., e, satisfying the Lie-bracket relations (1.5).
Then, for the Levi-Civita connection V of the metric ¢ on M such that
€,--.,6, are g-orthonormal,

(14.8) Ve, = Eiep if i #5, Ve = =Y Fiep
ki

In fact, the connection defined by (14.8) is torsion-free and makes g parallel.

Remark 14.3. The assumptions of Remark 14.2 will still hold if e,... e, are
replaced by ¢ye,,...,¢,e,, for any functions ¢; without zeros.

Locally, such ¢, may then be chosen so that ¢,e; commute, as one sees
setting ¢,e; = 0;, where 0, are the coordinate vector fields for local coordinates
', with each z* constant along the integrable distribution Span{e; : j # i}.
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Remark 14.4. Let the objects appearing in Remark 14.2 also have the property
that [e;, e,] =0 for some fixed m € {1,...,n—1} and all 4,k with i <m < k.
Then the distributions ¥V = Span{e;,...,e,,} and H = Span{e,,,{,...,¢€,}
are g-parallel. Namely, whenever ¢ < m < k, Remark 14.2 with F, = F, =0
implies that e, is g-parallel along e;, and vice versa. Thus, V and H are
g-parallel along each other. Hence V = H' is g-parallel along V as well.

15. Proof of Theorem 2.2(c): part one

We will prove Theorem 2.2(c) by assuming its negation which, by (2.2),
means that r= 3, and — at the end of Section 18 — obtaining a contradiction.

Throughout this and the next three sections (M, g) is a fixed oriented Riem-
annian four-manifold with div R = 0, belonging to class (D0) of Section 8 and
having r = 3, while U denotes the set of all generic points (Section 8) a
which ¢;,0;,0;, # 0, that is, the eigenvalues of W and W~ are all nonzero.
The 1ndlceb 1,7, k,l are always assumed to satisfy the condition

(15.1) {i,5} = {1,2}, {k,1} = {3,4}.

By (9.4) and (2.1), U is an open dense subset of M. We use the notation of
Lemma 14.1, for A =W and b = Ric — sg/4, cf. the lines following (9.3), so
that, without loss of generality, on every connected component U’ of U, for
some function A,

a) A= A=A F N F N F N,
(15:2) b) Ag+ Ay = —2)

everywhere in U’. Setting o = 0,5, we also define the function

(15.3) Gy = M\, =N 'D\ for k€ {3,4},
and a metric § on U’ by requiring g-orthonormality of é,,...,é,, where
(15.4) & =0e if i=1,2 and &, = (\,— \)le, if k=3,4.

Assuming (15.1), we now obtain from (14.2.d), as in Remark 14.3,

1) [Aiv Aj} = }zlAz - széj, [ék7él] = Ekék — Eﬂléh
11) [:17 Ak} = klél - Ekék’ where
i) F, =0 7Y3(FE, — Dlog|\,— A1),
(15.5) . i ko S
IV) }E;Cz ( >‘) ('F;Cl Dk log |J| / )a
v) B = 0*1/3(F — D;log|o|7/3),
vi) B, =\, — N 7HE, — D log |\, — A7),

Lemma 15.1. Under the hypotheses (15.1)-(15.5), for Gy, § as above,
(a) DA = DG, =0 and H, = H,;; = kG, + F,G,— GG,
(b) E; = G, = D;log|o| 5 and —21*21 = D, log o0y — g1,
(¢) DBy = DiF,, (BGyp+ BG — G.G)A =0, and H,; = F,G,,
(d) By, = D;log |\, — A~ ' and sz— Hyy = (B, — E) (G, — ),
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(e) &, is §-parallel along é;, and vice versa, so that [é;,é,] = 0,

(f) g is, locally, a Riemannian product of two surface metrics, with the
factor distributions V = Span{e;, ey} and H = Span{es, ¢},

(g) By=N—N"'(F,—Gy,) and DFy, = D, E; =0,

(h) D,\, is nonzero on a dense open set, and (D X+ 4\F,;)G, = 0.

Proof. By (14.2.b) and (15.2), DA = DA; = (A = A\)E; = 0 and DA =
DA, = (A, — A\)E,;. Therefore DX\ = 0, while F,; = G, does not depend on
i € {1,2}, so that (14.4.i) yields D,G, = D,k ; = (G, — G))F; = 0. Combined
with (14.1), this proves (a) and the first equality in (b). Since, by (9.2.b),
Opj T Oy = — 0y = —0;; = —0, (14.2.c) similarly gives

Dyo = Dyo;; = (04 — 0;;)Gy + (04; — 0,;) Gy, = —30G,

as well as Dy (0;,— ;) = (0;,— 0;;) (G}, + 2];,;), and the remainder of (b) follows.
Now (14.4.iii) reads (A, — X)) (D, E. — D, E,;) = 8A\(G,G, — E,G, — F,G,), ct.
(15.2). Thus, (c) is clear from (14.4.ii), (a) and (14.1). By (a), (15.2) and
(14.2.b), D,(A\,— A) = DA, = (A — A\,)E,. This, along with (14.1), (b) and
(c), implies (d). Next, (15.5.1)-(15.5.ii)) and Remark 14.4 lead to (e)-(f), since
E, = E,; =0 from (15.5.iii)-(15.5.iv), (b) and (d).

Also, by (e), ¢ commutes with [¢,¢] and ¢, with [¢;,é;], which in view of
(15.5.1) yields D,F, = Dkﬁi‘j = 0, and consequently (g): from (15.2), (14.2.b)
and (15.3), (\,— AN) D, log |\, — AP =D,(A=X) = A\, — NG, — (N, — Ny,
and thus (A, — A\)(\,— N E, equals (A, — \)(F, — G,.) according to (15.5.vi),
while A\, # A (see (15.2.a)).

To prove the first claim in (h), we may suppose that, on the contrary, D,\, =
0 for both &k = 3,4 and both ¢ = 1,2 since, according to (15.2.b) and (a),
DAy =0 if and only if DA, = 0. In view of (a) and (d), E, = 0, so that (9.2.b)
and (14.2.c) give Do = D,o;; = D,0;; = 0. Thus, as a consequence of (a),
D[(\,— N3] =0 and, as 03¢, = (A\,— A\)o /3¢, the relation [¢;,¢é,] =
0 in (e) yields [¢,0 3¢, = 0, that is, [0 3¢, 0 3¢,] = 0. Applying
Remarks 14.3 and 14.4 to the vector fields o 3¢;,0 /3¢, and to the metric
0%3¢ making them orthonormal, we see that ¢ is, locally, conformal to a
Riemannian product of two surface metrics. Therefore w € {1,2} by Remark
4.6, contradicting the definition of class (D0) in Section 8, which includes the
requirement that w = 3.

By (15.2.b), A\,— A = —(A,+ 3X), and so (g) implies that

i) Fy=G+ N—NE,, F=G,— (\+3NE,

15.6 . 2 - . A
(15.0) i) (BpGp — ByG)AN, = (BGy + 35,G)N — MGG,

(15.6.i1) being the result of using (15.6.i) to rewrite the second equality in (c).
Thus, )\Fl’ka = )\F]’ClGl, or else, in an open set on which )\Eka #* )\F,'ClGl, the
formula for A arising from (15.6.ii) would, by (a) and (g), show that DA, =0
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for both i = 1,2, contradicting the second part of (h). Since AF,G, = AFy,G,,
(15.6.i1) reads

By (15.6), (15.7) and (15.3), 4)2F,G, = 4)\2G, G, — 4(A,+ BA\)A2E,G), that is,
ANF,G, = (A=A, )AG,G, = —A\G, D, \. This proves the second equality in (h),
as it obviously holds on any open set on which A = 0. (|

Remark 15.2. Assuming (15.1), we have F, = G, and A = ); in view of
Lemma 15.1(b) and (15.2.a), while o = 0;; = g}, by (9 2.b), so that combining
(14.2.e) with (2.5) we obtain D,F. +D]1L;1+F2+F2+G,§+Gl2 =—0—A—s/12
along with D,F, + D,G, +E,§+G2+ 2 ]k+GFl’k_ =0y, — (A + X, +18/6)/2
and, from (15.2.b), D F,+ D, F, + E5 + Fi + E, F, + FkFl —o+ A —s/12.

16. Proof of Theorem 2.2(c): part two

Throughout this section, again, {i,j5} = {1,2} and {k,I} = {3,4}. Accord-
ing to (15.2.b) and (9.2.b), there exist functions pu,7, not depending on the
choice of i € {1,2} and k € {3,4}, such that, with ¢ = ¢;;,
a) A, = (Dru— A
b) O’ik = (-1)"*Fr — /2,
=0, =0,

d) —2F,= D.Jog|u|+[1—2(-1)*\/u]G

(16.1)

o
~
NQ

where (16.1.d) follows from (16.1.a) and (15.3), since DA, = (A, — A\)E,,
cf. (14.2.b). Note that p # 0 (and (16.1.d) holds) on an open set which is
nonempty (and therefore dense, by (2.1)), or else (16.1.a) would give A3 = A,
contradicting (15.2.a). In view of Lemma 15.1(g) and (16.1),

(16.2) 2(-1)"Fy = [Dylog |ul + {3 — 2(-1)"Mu} Gyl/ [ + 21" A].
Using (9.2.b), Lemma 15.1(b) and equations (14.2.b)-(14.2.c), we see that

a) 2D;0 = =3(F), + Fy)o — 2(=1)""*(E, - E))T,

(16.3)  b) 4D, = =3(-1)"*(F, — E))o — 2[4F; +Ek+ By,
¢) Doo=-3G,0, D7=—02F,+G,)71, DA=[-1)*u—2)\G,,

the last equality in (16.3.c) being due to (15.3) and (16.1.a). As DA =0, cf.
Lemma 15.1(a), from Lemma 15.1(d) and (16.1.a) we get
B+ Fy = Dlog|p® — 4N = 2(u* — 4X*) ' uDyp,
(164)  ()H(E, — Fy) = Djlog [+ 21N/l — 2011
= —4(-D)i (% - 42 ]\D,p.
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The functions P, Q; given by 2P, = (-1)¥(F, — F,) and 2Q, = —(F, + F,) are
clearly independent of the choice of k,l with {k,1} = {3,4}. Also,

i) B =E)"%-0, -F =B+,

) Do =3Q,0 —2(-1)'Pr,
(16.5) i) D= (Q, - 2E,)T - 3(-1)iBo/2,

iv)  Dypp = 2AF, + p@;,

) wEA+2)Q; = 0.
Namely, (16.5.1) is obvious, and (16.5.ii)-(16.5.iii) follow from (16.3). On the
other hand, (-1)*D, = D,\,, = (A=A, )E,, by (16.1.a), Lemma 15.1(a), (14.2.b)
and (15.2.a); simultaneously, (16.1.a) and (16.5.1) give (A — A,)E, = [2A —
(D u][(-D)*R — Q;]. Hence Dip = [2X — (-1)*p][F — (-1)*Q;], that is, Dy =
2AP + pQ; — (-1)*(uP + 2)Q;), which holds for both k € {3, 4}, thus implying
(16.5.iv) and (16.5.v). Next,

D,F, = 2FQ; — E;F — 1)1 —p/2

—(DMDGy, — DG+ Gi — G} + Gy By, — G, J]3,) /2,
DQ;= P!+ Qf — E;Q; — (0 —5/6)/2

+ DGy, + DG, + Gi + Gf + G By, + G, Fy) /2.

(16.6)

This is immediate from the definitions of P, and Q;, (16.5.i), and the second

conclusion of Remark 15.2; the right-hand side of which is equal, by (16.1.a)
and (16.1.b), to —(-1)"** 7 + [0 — (-1)*u — 5/6]/2. Furthermore,

A is nonzero everywhere in some dense open set and, whenever

(16.7) it is constant, F, = G, = D,o0 =0 for all (i,k) € {1,2} x{3,4}.

In fact, the second claim is obvious from (15.3) and Lemma 15.1(b). As for the
first, let A = 0 on a nonempty open set. On such a set, with (15.1), the last
equality in (16.4) gives F;; = I}, or, in the notation of (16.5), F; = P, = 0. Since
G, = G, =0 by (16.7), the first formula in (16.6) now reads (—1)'7 = —pu/2.
This being the case for both i € {1, 2}, it follows that 7 = u = 0. Consequently,
as A =0, (16.1.a) yields A3 = A, = 0, contradicting (15.2.a).

Subtracting from (16.6) its version obtained by switching 4,j and noting
that (—1)7 = —(-1), we get
o) DR-2EQCEE- (DB-28Q, - EB) = 2017,

D,Q; — P —QF — EjQi = Dij— Pj - Qj - EZQJ

Since \; = A\; = A and F,; = F; = G, cf. (15.2.a) and Lemma 15.1(b), the
second displayed equation in Theorem 2.3 with ¢ and [ switched takes, by
(16.5.1) and (16.1.a)-(16.1.c), the form

(2R — G)B — ((1)FQ,GJANT + 3(-1) o]

(16:9) — [(()*RG, — QG AT — 2ur],
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17. Proof of Theorem 2.2(c): part three
We continue making the same assumptions as in Lemma 15.1.
Lemma 17.1. One has G3G, =0 everywhere.

Proof. Suppose that, on the contrary, neither G5 nor G is identically 0. As
A # 0 somewhere by (16.7), using (2.1) we may restrict our discussion to a
dense open set, at every point of which

(17.1) AG5G, # 0.
With (15.1), for some functions Cy,C,, E5, E4,II and € = sgnA € {1, -1},
) B,=Dlog\ Vi) DG, =0,

iii) A=¢e(Cy+Cy)?, iv) e(C3+Cy) >0,

(17 2) V) A — )\k = 45(03 + 04)Ck’ Vl) Ak = 5(03 + C4)(Cl - 3Ck)7

. vil) D,(Cy+Cy) =0, viii) . = —=D;log|Cy],

ix) C,=E, + (-1)II, x) D,E, = D,E, = DI =0,
xi) D,C, = (-1)*D,1I, xii) II is nonconstant.

In fact, (17.1) and the second claim in Lemma 15.1(h) imply (17.2.1). Setting
Cp = |A/2(X = X\,)/4 and using (15.2.b) we obtain (17.2.ii) (since (14.2.b),
(17.2.) and (15.2.b) give 4AD A, = (A, — A, ) DA = 2(A + X)) D, A), as well as
(17.2.iii)-(17.2.v), while subtraction of (17.2.v) from (17.2.iii) yields (17.2.vi).
Equality (17.2.vii) is a consequence of (17.2.iii) and Lemma 15.1(a). Similarly,
(17.2.v), (17.2.vii) and Lemma 15.1(d) lead to (17.2.viii). For 0;,d, chosen
as in Remark 14.3, the relations 9,C;, = 0,(Cy, + C;) = 0, due to (17.2.ii)
and (17.2.vii), show that the function 0,C),, = —0,C; is constant along H =
Span{es, e}, and so C,, for k = 3,4, equals a function constant along # plus
a function constant along V = Span{e;,e;}. Combined with (17.2.vii), this
proves the existence of Es, E, and II satisfying (17.2.ix)-(17.2.xi). Finally, if
IT were constant, (17.2.xi) and (17.2.vi) would give D,C), = D,\, =0 for both
i =1,2 and both k = 3,4, contradicting the first claim in Lemma 15.1(h).
Due to (15.3) and (17.2.ii)-(17.2.v), Lemma 15.1(b) gives D, log|o|~"/% =
D,log|C, |72, where C, # 0 in view of (17.2.v) and (15.2.a). Thus, by
(17.2.ii), D, (|C5C4|~%?5) = 0, and so, for the function L = |C5C,|~%?%0,
(17.3) o =|C3C,|**L and D,L =0 whenever k€ {3,4}.
By (17.2.), 25, = D,log|\| %2 Adding this to the second equality in Lemma
15.1(b), one gets DS =0 for S = (—1)"*|\~26"3(q;, — ), with (15.1),
and k = 3,4, where, in view of (9.2.b), S does not depend on the choice of
i, j, k, 1l satisfying (15.1). As (9.2.b) with o = 0;; also yields 0y, —a;, = 20;,+0,
the definition of S amounts to
(17.4) 20, = —o + (-1)"K|\| Y2638 with (15.1) and D,.S = 0.

Next, (14.2.c) and (9.2.b) give D,o = D,0;,, = (0;;—0)F+ (0;,— o) E,;. Replac-
ing 0,0, and E,, F; with the expressions provided by (17.4) and (17.2.viii),
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we easily verify that 2D,0 = (—1)"*¥|\|V251/35 D, log |C, /C,|+3a D, log |C,C,|.
Also, from (17.3), 2D,0 = 2|C,C, |*?D,L + 30 D,log |C,C,|. Since, by (17.2.iii)-
(17.2.iv), |\Y?2=¢(C,, + C)), while D,log|C,/C,| = (-1)*(C;;' + C; )DL, cf.
(17.2.xi), and /3 = |C3C,|Y2LY? from (17.3), equating the two expressions
for 2D,0 one gets, from (17.2.iv),

(17.5) (C+ ¢ =2|D,L|/|SL DI

on a nonempty open set U”, where (17.2.xii) allows us to choose i € {1,2}
so that |DII| > 0 on U”. Since, for 9,,0, as in Remark 14.3, |D,L|/|DII| =
|0,L|/|0,11|, and so 0, applied to the right-hand side of (17.5) yields 0 in view
of (17.4), (17.3) and (17.2.x), we have, from (17.2.ii), 0 = D,(C;.' + C ") =
~C;2D,C,. Thus, by (17.2.ii)-(17.2.ili), D\ = 0. Combined with (15.3) and
(17.1), this leads to a contradiction, proving that GG, = 0. O

Assume (15.1). In view of (14.2.a), for any function 6 we have
(17.6) (Vdo)(e;, ;) = DD;0 — E,D,f.
By Lemma 15.1(d), F, = D,0,, where 6, = log |\, — A|*. Now (14.4.i) reads
D,D;0, = (E; — D;0,)D,0,, and so, with 0 = 0, from (17.6), (Vd0)(e;,e;) +
(D;0)D,0 = 0, that is, (Vde?)(e;, ;) = 0. In other words, for v, = (A, — )7,

(17.7) (Vdy) (e e;) = (Vdipy)(ei,e5) = 0 if {k, 1} = {3,4}.
When £, such that {k,I} = {3,4} are fixed, setting ¢ = 1, we obtain ¢, =
—(4X+1/9)7! from (15.2.b). Now (17.6) applied to 6 = 1), and 6 = 1, yields
—(ANp+1)3 (Vi) (€3, €;) = (ANp+1) (Vi) (e;, €;) =8N D)) Dywp, with ) = 1)y,
as DA =0 (see Lemma 15.1(a)). In view of (17.7), this gives (D1 ) Dby, = 0,
since A # 0 by (16.7). Using (16.1.a) and, again, the relation DA = 0 in
Lemma 15.1(a), we see that
(17.8) (D) = 0 it {i,7} = {1,2}.
From now on the symbols e stand for any indices for which the expression
makes sense. For instance, j,e,e in H,, are mutually distinct.
Lemma 17.2. One can fix i,j € {1,2} and a nonempty open connected set
U", so that, whenever {k,1} = {3,4},

(a) Dip=0% D everywhere,

(b) DA = DA = DG, = DG, = GG, = 0,
(C) }_Tj’o = 0 a’nd I{joo = Hojo = 0;
(d) D\, = Djo = Djo,, = D;F; = 0.

Proof. Lemmas 15.1(a) and 17.1 imply (b) for 7,5 € {1,2}. Thus, by real-ana-
lyticity, cf. (2.1), and (17.8), D;u = 0 everywhere for one choice of j (but not
for both, since that would, in view of (b) and (16.1.a), yield D,A, = 0 whenever
i < 2 < k, contradicting Lemma 15.1(h)). Now (a) follows. From (a), (b),
(16.1.a) and Lemma 15.1(d) we in turn obtain D;\, = F, = 0, although, as
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we just saw, DA\, # 0. (Here and below, i,j € {1, 2} are fixed, so as to satisfy
(a), and {k,1} = {3,4}.) Next, (17.7) and (17.6), for 0 = ¢, = (\,— \) 7},
give D,D;0 = E;D,0, while D;0 = 0 # D0 by (b) with DA, = 0 # DA,
Hence F; =0, that is, F/, = 0, as required in (c), and the rest of (c) is obvious
from (14.1). Also, combining (c) with the equality (o, — 0, )(D; F; — DE;) =
3(H,, — H,;)0y;, which is a special case of (14.4.i) or, respectively, with the
expression for D;o,, resulting from (14.2.c), we obtain (d), since a;;, # 0;;, and
o =0,=0y accordlng to (9.2.a) and (9.2.b), while we already saw, in the fifth
line of the proof, that D;\, = 0. O

18. Proof of Theorem 2.2(c): conclusion

Fixing 4,j with {i,j} = {1,2} and U” as in Lemma 17.2, for u,o,7, P,
@, appearing in (16.1) - (16.5), let us set P = P, and Q = Q,. We have

uP + 2XQ = 0,
P =Q; = E, = D= DG, =0,
D,P = 2PQ + PE; — 2(-1)'r,

)
|
(18.1) iv) DQ = P?+ Q?+ QE,
)
)

AP - Q%) = (= )NT
2(-1)"(2F;up — 5AP)T = 3A\Qo.

In fact, (16.5.v) amounts to (18.1.i); the definitions of P;, Q; preceding (16.5)
and Lemma 17.2(b)—(c), and (16.5.v) yield (18.1.ii); also, (18.1.iii)-(18.1.iv) are
trivial consequences of (16.8) and (18.1.ii). Next, (18.1.v) follows if one applies
D, to (18.1.i), uses (16.5.iv), (18.1.iii), (18.1.ii), (18.1.iv), and simplifies, with
the aid of (18.1.1), the resulting equality

(F; +3Q) (1P +27Q) + 22\(P> = Q) — (-1)’u7] = 0.

Finally, by (18.1.ii)-(18.1.iv) and (16.5.iii)-(16.5.iv), D; applied to (18.1.v)
shows that the left-hand side of (18.1.vi) coincides with

30Qo — 2(F; + Q)RACP? - Q%) — () pr] — 3(uP + 2AQ)a/2.
Thus, (18.1.v) and (18.1.i) give (18.1.vi). By (15.2.a) and Lemma 15.1(b),

(18.2) A=A, =X\ and F,; =F;=G, while ;=P and Q,= Q.
Now, from (16.5.1)) and (18.2), along with (14.4.i) and (18.1.iii)-(18.1.iv),
zk - ( )kp Q7
DyF; =[P - Q - E}]G,,

(183) D — ()M2PQ+ PE— 217 — (P*+ Q2+ QE,)

DB, = [)"P + QI(E, — Gy).
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By Lemma 17.1, restricting our discussion to an nonempty open subset of U”,
we may fix k,! with {k,{} = {3,4} and G, =0 everywhere. Then

either G, vanishes identically on U’, or G, # 0

(18.4) at all points of some open dense subset of U’

as a consequence of real-analyticity, cf. (2.1). Furthermore,

i) DF;=—(F} 4+ G} 0+ X+ 5/12),
(18.5) i) PE; = (1)t — p/2,

i) QF, + (0 —5/6)/2 = G,.B.

Namely, (18.5.i) is due to the first conclusion of Remark 15.2 with [}, = 0, cf.
(18.1.i), and G, = 0. To prove (18.5.ii)-(18.5.iii) we begin by observing that
(16.6) and (18.1.ii)-(18.1.iv) easily give

(a) DG+ Gi + G.F,; = 2QF; + 0 — s/6, _

(b) (DMDGy, + Gi = GyE,) = 2[PE; — (-1)'7] + u,

(¢) QE; — Gy + (0 —s/6)/2 = ()MPE; — (-1)'t + p/2],
(c) arising when one subtracts (b) multiplied by (~1)¥ from (a). Next, apply-
ing (14.4.v) to the triple (k,1,j) rather than (i,k,[), one obtains the equality
DyDE; + (B, + E;)D,E; = K ;D,E, + (F), — F;)H);. Equivalently, due to
(18.2), D,.D,F; = [(F), — E;)F + DE, — 2D,F;]G,, as (14.1) and (18.2) give
Hy; = E;G,. With F,, DF,, D,F; replaced by the expressions in (18.3) and
(18.5.1), this shows that D, D,F; equals 2G) times

E}+ Gy — ()™ 1+ X+ o +5/12.
Simultaneously, by (18.5.1), D,D;F; = —D,(E; + Gi + 0 + A 4 5/12) which,
evaluated via (18.3), (a), (16.3.c) and (5.3), equals 2G,, times
F2 + GE = QE, + GyFy — (C)FIPE, + /2] + A+ (o — 5/3) /2.
Equating the two displayed expressions, one easily gets
(18.6) [QF; — Gyl + (0 —s/6)/2 + (_1)k{PFij — (1)’ + p/2} Gy = 0.

In the first case of (18.4), (a)-(b) clearly yield (18.5.ii) and (18.5.iii). In the
second case, the two equal sides of (c) are, by (18.6), also each other’s opposites,
and so both vanish, proving (18.5.ii)-(18.5.iii).

Lemma 18.1. FEach of the following seven functions:
(_1)kP - Qa 2(_1)ZT + 3(_1)k07 >‘a 122 Pa Qa Dz/.t
is nonzero everywhere in some open dense subset of U’

Proof. Due to real-analyticity, cf. (2.1), it suffices to show that none of the
seven functions can vanish on a nonempty open subset U” of U’. For A, D,u
(and, consequently, p) this is clear from (16.7) and Lemma 17.2(a). If P were
identically zero on U”, so would be 7, and hence p, by (18.1.iii) and (18.5.ii),
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contrary to what we just showed about p. Thus, @ # 0 on U” from (18.1.i)
with pP # 0. In view of (18.1.i), vanishing of (—1)*P —Q on U" would give
2(-1)MAP = 20AQ = —puP on U” and, as P # 0, the equality pu = —2(-1)*\
would follow, even though D,y # 0 = D, A, cf. (18.1.ii). Finally, suppose that
2(-1)'7+3(-1)% = 0 on U". Using, successively, (9.2.b), (16.1.c) and (16.1.b),
we now get o;; — 0 = 0j; + (03 + 0y,) = 20 + 0y, = 20 + ()T —0/2 =
(DF2(-1)'7 + 3(-1)*0]/2 = 0, so that o;; = 0;;, which contradicts (9.2.a). [

2

Lemma 18.2. The second case of (18.4) cannot occur.

Proof. Let us assume that, on the contrary, G) # 0 everywhere in a dense
open set, and apply D, to (18.5.ii), using (18.5.1), (18.1.iv), (16.5.ii) with
(18.2), (5.3), (18.1.ii) and (18.3). We consequently get

(D)MG), — Fy) PGy + [QF; — Gl + (0 —s/6)/2]Q
+ [PE; — (1)'t 4 p/2]P — (uP+2XQ)/2 =0

which, by (18.5.iii), (18.5.ii) and (18.1.i), amounts to (G, — F,;)PG, = 0. As
Lemma 18.1 now gives PG, # 0, one has G, = F,. Replacing, in (16.9), the
triple (P, Q;, F;) with (P,Q,G,), we easily obtain the equality [(—1)*P —
Q][2(-1)*r + 3(-1)*0]G, p = 0. This contradicts Lemma 18.1. O

Lemma 18.2 and the line preceding (18.4) give G, = G, = 0, and so, by
(16.3.c), Lemma 17.2(b), and the first claim in (16.7)

(18.7) A is a nonzero constant,

if U” is connected (or replaced by a connected component). Also,
a) uP + 22Q = 0,

b) PE; = (-1)'1 — u/2,
¢) QF; = —(0 —s/6)/2,
(18.) d) 2(—1)_i(21~;ju — BAP)T = 3)\Qo,
) (D)7 — u/2lp = (o —s/6)A,
) (1)'(E;p — 2AP)T = (2X + 0 — s/6)AQ,
g) ()'E;ut = (10X + 20 — 5s/6)AQ,

h) 4-1)A7 + 8\ + o — 25/3)u = 0.

In fact, (18.8.a)-(18.8.d) are just certain parts of (18.1) and (18.5), with G, =0
in (18.5). Equality (18.8.e) arises in turn due to (18.8.a), if one adds (18.8.b)
multiplied by g to (18.8.c) times 2\. Let us now apply D, to (18.8.e), using
(18.7), (5.3), (16.5) and (18.2). The resulting relation

2(-1)"(F i — 2AP)T + (2 + 30/2)(uP + 2)Q)
— 2020+ 0 —5/6)AQ + 2{(c — s/6)\ — [(-1)'T — p/2Ju}Q =0
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becomes (18.8.f) when combined with (18.8.a) and (18.8.e), while (18.8.g) is
just the side-by-side difference of (18.8.f) multiplied by 5 and (18.8.d). Next,
subtracting (18.8.d) from 4 times (18.8.f) and cancelling the factor A, as al-
lowed due to (18.2), we get 2(-1)"Pt = (8\ + o — 25/3)Q. Multiplying this
by p and then replacing pP with —2AQ, cf. (18.8.a), we see that @) times
the left-hand side of (18.8.h) equals zero, and so (18.8.h) follows, since Q # 0
according to Lemma 18.1.

Now (18.1.vi) times p, with puP replaced by —2AQ as above, is nothing else
than 4(—1)"F;u*r = [3u0—20(=1)'A7]AQ, while (18.8.g) multiplied by 4y yields
4(—1)iEju27 = (10A+20 —58/6)uA@. As @ # 0 in Lemma 18.1, equating the
two right-hand sides, we easily get po = 20(—1)°Ar + (10A — 5s/6)u. However,
from (18.8.h), po = —4(-1)\r — (8\ — 2s/3)u. Equating, again, the two new
right-hand sides, we see that, due to (5.3) and (18.7) (that is, constancy of both
A and s), 7 = cu for some constant ¢, and so po is a constant multiple of
as well. By Lemma 18.1, ¢ must be constant. We have four further equalities:

(i) 2(-1)Pr — 3Qo = 0,

(i) uP + 20Q = 0,

(iii) 4(-1)'AT + 3uoc = 0,

(iv) (10X + o — 2s/3)pu® + 4(c — s/6)A% = 0.

Here (i) follows from constancy of o, by (16.5.ii) and (18.2), while (ii) is nothing
else than (18.1.1), repeated here for convenience, and (iii) amounts to vanishing
of the determinant of the system (i)-(ii), due to nontriviality of its solution
(P,Q) (see Lemma 18.1). Finally, (iv) is the result of subtracting (18.8.e)
multiplied by 4\ from (18.8.h) multiplied by .

Using (iii) to replace 4(—1)‘A7 in (18.8.h) with —3uo, and then cancelling
the factor p, cf. Lemma 18.1, we see that ¢ = 4\ — s/3, which allows us to
rewrite (iv) as (14\ — s)u? + 2(8X — s)A? = 0 By (18.7) and (5.3), this last
equality implies that p is constant, which contradicts the assertion about D,
in Lemma 18.1.

Appendix: The other curvature components in Theorem 11.1
Whenever {i,j} = {1,2} and {k,l} = {3,4}, with y, as in (9.7),
D,D;\; + D, D; A, (D)) + (Dj)\i)2

Rijij = 2N AN?

_ (Dk)‘i)é + (D) + Y +uf

N2

Dy DjA; (DA)DA (A +30)y DA Dy,

Ry = + (A —20) 53 3 - )
27 2X7 (A = A) AN (A + ) 27
Y Yy

Rklij = Dli - Dkf)lja

Ry = Ry = 0.
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