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Abstract

Examples of “separation properties” for iterated function systems of similitudes in-
clude: the open set condition, the weak separation property, finite type. Alternate
descriptions for these properties and relations among these properties have been
worked out. Here we consider the same situation for “graph-directed” iterated func-
tion systems, and provide the definitions and proofs for that setting. We deal with
the case of strongly connected graphs. In many cases the definitions (and proofs) are
much like the one-node case. But sometimes we have found changes were needed.
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1 The Setting

Directed multigraph. Begin with a directed multigraph G = (V, E). So
V is a finite set (of “vertices” or “nodes”), E is a finite set (of “edges”), for
each u,v € V, E,, C FE is the set of edges from u to v. For convenience we
assume that E is the disjoint union of the sets E,,. If e € E,, then e has
initial vertex u and final vertex v. Again for convenience we assume that
every node u is the initial vertex for at least one edge. Write E*) for paths of
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length k, say 0 = ejey - - - e, where e; has initial vertex u, the final vertex of
each e; matches the initial vertex of the next one e;,1, and the final vertex of
er is v. Then EY) = U2, B is the forest of all paths in G, ordered by the
“prefix” relation. If o = eje5 - - €5, then its parent is 0~ = ejeq---e,_1. We
say that G = (V, E) is strongly connected if E{*) # @ for all u,v € V.

The IFS. For each u € V we have a metric space X,. For now we will let all
X, = R? for a certain d. (But it still helps to think of X, as separate spaces.)
For each e € F,, we have a similitude S.: X, — X, with contraction ratio

Pe:
|Se(x) - Se(y)| = pe|x - y|

Assume 0 < p, < 1. Write ppin = min{ p. : € € E'}, pax = max{p.:e € E }.
For o = ejey- - - ef write S, =S¢, 0 Se, 0---08,, and p(0) = pe, - - - pe,. This
formulation is found in [5,3].

The original version of an IFS, where no graph is specified, can be fit into this
scheme by using a graph G = (V, E') where V' has exactly one element. Then
all edges are loops from that node to itself. To emphasize this case, we will
sometimes call it the one-node case.

The family (S, ).cp is known as a (graph-directed) iterated function system
or IF'S. There is a unique family { K, : v € V' } of nonempty compact sets such
that

K.=) U Se(K.)

veV e€Eyy

for all w € V' [3, Theorem (4.3.5)]. These are the attractors or invariant
sets defined by the IFS (S,).

If R is a similitude, write p(R) for its contraction ratio. So in our setting,

p(Ss) = pl(o).

Definitions. Here are a few additional definitions formulated in terms of a
graph-directed iterated function system. Let u,v € V, 0 < a < b, I C R an
interval, 0 <r < 1, U C X, bounded, M C X, nonempty. Define

Ruw = { R: R is a similitude from X, to X, }
Ruw(Il)={ReRuw:p(R)el}
E)(Ja,b) = {0 € BS) : S, € Ruw(Ja, b)) |

uv
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o { 0 € EY(la,b]) }
un( { '0oS:T,S € F,(a,b)) } (These map X, to itself.)
wo(T) U Fun(]r0, b))

b>0

S 5

N

w= U Fuwlad)= U fuv(r):{ST_loSg:T,erqsz)}
0<a<b o<r<1

Fu(Ja,b), U, M) ={T € Fy,(Ja diamU,b diamU]) : T(M)NU # @&}

Yuv(Ja, 0], M) = sup { #F.,(Ja,b],U, M) : U C X, bounded }

Proposition 1.1 If EY) # @ then Fu(r) C Fuo(r) for all r. So if G is
strongly connected, then ]:W( ) is independent of u.

PROOF. Let 0 € E(). Any element of Fuu(r) belongs to Fy,(]rb,b]) for

some b > 0. So it has the form 77! o S where T,S € F,,(Jrb,b]). Then

S, 0T,S, 08 € Fu(|rop(c),bp(a)]), and (S, o T) o (S,08)=T"09, so
“to S € Fuullrbp(o),bp(0)]) € Fuu(r). O

Proposition 1.2 F,,(r) = Fu, N Ru(|r, r71).

PROOF. Let R € F,,(r). Then there is b so that R =T"'0o S with T, S €
Fu(Irb, b]). So p(R) = p(T)~p(S) < (rb)~'b = r~" and p(R) = p(T)~"'p(S) >
b= (rb) =7.So R € Fupy N Ruw(Jr,771)).

Conversely, let R € Fyu, N Rypo(]r,r71[). Say R =T 0 S. First take the case
p(T) < p(S). Let b = p(S) so that T\, S € F,,(|rb,b]) and R € F,,(r). For the
other case p(T) > p(95), let b = p(T') and again R € F,,(r). O

2 The Weak Separation Property

The weak separation property was formulated by Lau and Ngai [4] and
studied by Zerner [9]. Here we adapt [9] for the graph-directed setting.

Let us say that a set Y C R? is in general position iff it is not contained in
a hyperplane. So if Y is in general position, then the only similitude R with
R(y) =y for all y € Y is the identity.

Equivalent conditions. In [9], Zerner gave many equivalent formulations
for the definition of “weak separation property”. Here we have adapted them
for the graph-directed case. Let r €]0, pyin]. Consider these conditions:



(1a) For all v € V| there exist x € K, and € > 0 such that for all v € V' and
all R € F,,(r), either R is the identity or |R(z) — | > «.

(1b) For all u € V there exist x € X,, and € > 0 such that for all R € F,,(r),
either R(z) =z or |R(z) — z| > .

(2a) For all u € V there are {x,--,z4} C X, in general position and £ > 0
such that for all R € F,,(r) and all j, either R(x;) = z; or |R(z;) — x| > €.

(2b) For all u € V there are {xg,---, 24} C X, in general position and £ > 0
such that for all R € F,,(r), either R is the identity or |R(z;) — z;| > € for
some j.

(3a) For all u € V, the identity is an isolated point of F,.
(83b) For all u € V| the identity is an isolated point of F,(r).
(4a) For all u,v € V, all bounded M C X, and all b > 0, we have

Yuo (7, 0], M) < 0.

(4b) For all u,v € V there exist nonempty M C X, and b > 0 such that

Yuo (7D, 0], M) < 0.

(5a) For all u,v,w € V and z € X, there exists | € N such that for any
T E Efjg and any b > 0, every ball in X, with radius b contains at most [
elements of

{Sor(2) 1 0 € ES)(rb,0)) }.

(5b) For all u,v € V, there exist w € V, z € X,, and | € N such that for
any 7 € E{*) and any b > 0, every ball in X, with radius b contains at most
elements of

{Sor(2) : 0 € EG(rb,0) |-

Next we will prove that these conditions are equivalent for strongly connected
graphs G. For the most part, our proof follows [9] with appropriate changes for
the graph case. Note that [9] cites [1,8] as sources for some of these arguments.

Lemma 2.1 Let u,v € V. Assume (5b) holds, G is strongly connected, and
K, is in general position in X, = R%. Let w, z,1 be as in (5b). Then there is



a constant C' and 7 € E$?) such that for all y € X, and all b > 0,

#{T € Fu(Jbr,0]) : T(S7(2)) =y } < C.

PROOQOF. Because G is strongly connected, K, is contained in the closure
of the set A = {ST<Z) 7€ El) } Since K, is in general position, so is
A. Let zg,---,x4 € A be such that a similitude defined on X, is uniquely
determined by its values on x¢,---,24. Say z; = S, (2) (0 < j < d). Let
t =max{|z; — 20| : 0 <j <d}, let ¢, be the number of balls of radius 1 re-
quired to cover a ball of radius ¢, write m = (d+1)¢l and C = m(m —1)(m —
2)---(m—d+1).

Now let y € X, and b > 0 be given. The ball B(y,bt) is covered by ¢; balls of
radius b, so for each j € {0,---,d}

#{T(x;) : T € Fu(br, b)), T(x;) € B(y, bt) }
= # ({Sor,(2) : 0 € EG)(Irb, b)) } N By, bt)) < cil.

If T € F,,(Jbr,b]) and T'(zo) = y, then |T'(x;) — y| = |T(x;) — T'(x0)| < bt for
all 7. So

#{T(x;): T € Fy,(Jor,b]),5 € {0,---,d}, T(xg) =y } < (d+ 1)cil = m.

And a similitude is determined by its values on {xg,- -, z4}, so

#{T € Fu(Ibr,B)) : T(ao) =y} <m(m—1) -+ (m—d+1) =C.

Since zy has the form S.(z), this completes the proof. O

Lemma 2.2 Let K be a nonempty closed set in Euclidean space RY. Suppose
K is contained in the union of countably many hyperplanes. Then for some
x € K, there is a neighborhood U of x such that K NU is contained in a single
hyperplane.

PROOF. Say K C ;2 Ly, for hyperplanes L,,. Note K is itself a complete
metric space, so by the Baire Category Theorem K is not a countable union
of sets nowhere dense in K. If no neighborhood in K is contained in K N L,,
then (since it is closed) K N L,, is nowhere dense in K. O

Corollary 2.3 Suppose no K, is contained in a hyperplane. Then for all v €
V' there 1s x € K, such that for all R € U, Fuv, either R is the identity or



PROOF. Since no K, is contained in a hyperplane, and every neighborhood
in every K, contains a similar image of some K,, by Lemma 2.2, K, is not
contained in a countable union of hyperplanes. The sets F,, are countable,
and for each R € F,, other than the identity, { z : R(z) = x } is contained in
a hyperplane. So we may choose = € K, such that R(z) = x for R € U, Fu,
only if R is the identity. O

We say = € X, is generic for the IFS (S,) iff for all R € U, Fu, either R is
the identity or R(x) # x.

The following proof is adapted from [9], where parts of it are attributed to
[1,8,4].

Theorem 2.4 Suppose G is strongly connected, and all K, are in general
position. Let r €]0, pmin]. Then (1a)—(5b) are equivalent. Since (3a) in inde-
pendent of v, so are the others.

PROOF. (la) = (1b), (2a) = (2b), (3a) = (3b), (4a) = (4b), (5a)
— (5b) are trivial.

(4a) = (ba): Assume (4a). Let u,v,w € V and z € X,, be given. Then the
set

M:{ST(Z):TGES;J)}

is bounded. Let [ = 7,,(]r/2,1/2], M) < cc. Then for any 7 € E{*)

o any b > 0,
and any ball U in X, of radius b (and diameter 2b):

# ({ Sor(2) 1 0 € ES)(rb,0]) } N U)
<#{Te€ Fw(}rb b)) : T(S,(z)) € U}
SH#A{T € Fp(rd, b)) : T(M)NU # 2}
= #F,(r/2,1/2),U, M) < L.

(5b) = (4b): Assume (5b). Let u,v € V' be given. Apply (5b) to get w € V,
z € Xy, and [; then apply Lemma 2.1 to get xyp = S-(2) and C' > 0. Let
¢ be the number of balls of radius 1 required to cover a set of diameter 2.
We claim that ~,,(]r/2,1/2],{xo}) < ¢Cl. Indeed, let U C X, be a bounded
set. Write b = diam U. Now let B be a ball in X, of radius b/2. Write Q) =
{T(x9) : T € Fuo(Jrb/2,b/2]) } N B. Then #@Q <[, and



#{T € Fu(lrb/2.0/2)) : T(xo) € B}

= > #{T € Fu,(Jrb/2,b/2)) : T(zo) =y } < CL.
yeRQ

Then since U can be covered by at most ¢ balls of radius b/2,

#FE.(r/2,1/2],U, {x0}) < cCI.

This is true for all U, so vy, (]r/2,1/2],{z0}) < cClI.

(4b) = (4a): Assume (4b). Let u,v € V. There exist My # @ and by > 0
with Yy, (Jrbo, bo], Mg) < o0o0. Then since My # o, there is yo € My with

Yuw (J700, o], {yo}) < 0.

We claim now that 7,,(]rb, b], {yo}) < oo for all b > 0. Indeed, let ¢ be the
number of balls of diameter b required to cover a set of diameter by. Given
a bounded set U C X, write k = diam U, cover it by ¢ balls V; of diameter
kb/bg. Then

Foo(rb,0],U, {yo}) = { T € Fuo(Jrbk, bk]) : T(yo) € U }
:LiJ{T cF, Grbo’;i’,bo:fb Tyo) € v}

S0 #Fuv<]rb7 b]7Ua {y0}> < cVuv(]rb&bO]a{yO})' Taklng supremurmnl on U7 we
conclude

Yun (]70, 0], {90 }) < cYun(J7b0, bo]; {90 })-

Now we are ready to prove (4a). Let M C X, be bounded, and let b > 0. We
claim there exists b’ > 0 such that

Yo (Jr0, 0], M) < 7o (70, 0], {10 }).

To see this: let k = diam(M U {yo}), and v/ = b/(1 + 2bk). Let U C X, be a
bounded set. Define U’ = B(U, bk diam U), the open set of all points within
distance less than bk diam U of the set U. So diam U’ = diam U +2bk diam U =
(14 2bk) diam U. We claim that

Fuu(Jrd, 0], U, M) C Fuo (I8, 6], U", {yo})-

Indeed, let T' € F,,,(Jrb,b], U, M). So p(T') €]rbdiam U, bdiam U] and T'(M) N
U # &. So there exists y € M with T(y) € U. Now |y — yo| < k, and



T (y) — T(yo)| < bkdiam U, so T(ye) € U’'. Also

p(T) € LdiamU’, diamU'| .

b
1 + 2bk 1+ 2bk

Thus T € F,,(Jrt/, V], U, {yo}), as required. Now we have

#Fu(Irb, b, U, M) < #Fu(Jr6 0], U7 {yo}) < (1760, {10 })-

This is true for all U, so

Yur(Jr, ], M) < 7uv(]rb/’ bl]ﬂ {yo}) < oc.

This completes the proof of (4a).

(2b) = (4a): Let M C X, be bounded, and let b > 0. Then apply (2b)
with node v to get {xg, -+, 24} in general position in X, and ¢ > 0. Let
k = diam (M U {zg,---,zq}). We must show 7,,(]rb,b], M) < oco. Let U C
X, be bounded. Recall F,,(r) = F,,(r) by Proposition 1.1. Now if T, S €
Fup(Jrb,b],U, M), and T # S, then there exists j = j(S,T) € {0,---,d}
with |T71(S(x;)) — z;| > €, and thus |S(z;) — T(x;)| > rbediam U. This
choice of j(S,T) is a “coloring” of all pairs from F,,(|rb,b],U, M) in d + 1
colors. Ramsey’s Theorem asserts that if supy #F,,(]rb,b], U, M) = oo, then
supy #F[, = oo as well, for some choice of F};, C F,,(Jrb,b],U, M) such that
all pairs T, S € F}, have the same color. But suppose all pairs in F}; have
color j. Then the balls B(T'(x;), (rbe/2) diam U), T' € F{,, are disjoint, and all
their centers have distance at most bk diam U from U. So these balls are all
contained in a ball of radius (1 + bk + rbe/2) diam U. Comparing volumes we
see that #F], < (1 + bk +rbe/2)¢/(rbe/2)?, a bound independent of U. So in
fact Yuo (|70, b], M) = supy # Fu,(Jrb, b], U, M) < oo.

(4a) = (1a): Assume (4a). For each v € V, apply Corollary 2.3 to get generic
yy € K,. Now by (4a), for all u,v € V we have 7,,(]r,1],{yv}) < oo. There
are finitely many u, v, so there is a single bound for all u,v. Now for v € V'
write U, = B(y,, 1/2); for S € F,, write Us = S(U,) = B(S(y,), p(S)/2). For
u,v € V and S € F,,, define

Ly (S) = {T € Fu(lrp(S), p(S)]) : T(ys) € Us }.

Note I,(S) = Fuu(]7, 1], Us, {3 }), s0 sup,,, ¢ #1us(S) < 00.
Choose ug,vg € V', Ty € Fuyy, so that

#H g, (10) = sup{ #L,(T) :u,v e VT € Fp, } . (1)



Forallu € Vand all T' € F,,, we claim I, (T1) = Tl v, (To). We first prove
D. Let S € Ly, (Tp), so that rp(Tp) < p(S) < p( ) and S(yy,) € Ug,. Then
TS € Fy, p(TTy) < p(TS) < p(TTy), and T(S(y,)) € T(Un,) = Urn,
Thus T'S € L, (TTp). So we have Ty, (To) C Ly, (TTp). Since T is one-to-
one, we have #(T' L (10)) = #1lugwo(T0) > # 1w, (TT) by the maximality
(1). So by counting, we conclude that the subset is the whole thing, that is

<
nd

[uvo (TTO) = T[uwo (TO)' (2>

Now let 29 = To(Yu, ), To € Ky, Let

€1 = min{ |T/(yvo) - l’0| NS Iuovo (T())?Tl(yvo) 7é Lo } :

This is positive since I, (7o) is finite. Let e5 = p(Tp)/2 and g9 = min{ey, &2}
Now we claim: for any v € V and R € Fy,,(r), either R is the identity or
|R(xg)—x0| > &o. Now R = T~ 'oS for some b and some T, S € F,,,(]rb, b]). We
may assume p(.S) < p(7), since in the other case we may apply the following
to S~ o T and note that |T71(S(xg)) — zo| > |0 — ST (T (x0))| > 0.

First consider the case STy € Iy, (TTy). By (2), STy = TT' for some T" €
Luguo(To). Hence [T7(S(x0)) — ol = [T (STo(yu)) — ol = [T"(yu) — ol-
Either this is > &; or it is 0 and 77! o S is the identity.

Next consider the case STy & L, (TTo). This means STy(yy,) & Urn, or
1STo(yuo) = TTo(Yuo)| = p(TT5)/2. Thus |T71(S(x0)) — wo| = p(T0)/2 = €.

Finally, we must show that the same thing holds for any vertex v in place of
up. Because G is strongly connected, there is S’ € F,,,. Let x = S'(x), so
r € K,. Let ¢ = p(S’)ep. Now suppose R € Fyy(r). Then R = T~ ' o S for
T,S € Fuu(]Jrb, b]). Then T'S", SS" € Fuu,(Jbp(S")r, bp(S")]). And

T (S(x)) = x| =T (S8 (20)) — S'(wo)]
=p(SH(TS)H(8S')(0)) — wo| = p(S')e0 =,

unless (7'S") "' o (S9’) is the identity, and then T'S" = SS" and T = S, so R is
also the identity.

(1Ib) = (2a): Assume (1b). Let u € V be given. By (1b) we get z € X, and
€ > 0. Because G is stron ly connected, K, is contained in the closure of the
set A = {ST( ): 7€ EY L Since K, is in general position, so is A. So there
exist {zg, --,24} C A in general position. Say z; = S, (z) for 0 < j < d.
Define ¢/ = emin, p(7;). Let R € F,(r) and j € {0,---,d}. Then R=T"'0S
with T, S € Fu(]rb,b]) for some b. So T'o S;,,S 0 Sy, € Fuu(Jrbp(7;), bp(7;)])



and (T'o S;,) "' o (S0S,) € Fuul(r), so

T (S(x5)) — x5l = p(7) (T 0 85,) ™" 0 (S0 8y, )(2) — x| > ¢

if it is not zero.

(2b) = (3a): Assume (2b). Let u € V be given. Note that R, (]Jr,7"!]) is an
open neighborhood of the identity in R, and Fo.(r) = Fuu N Ruu(Jr, r71]).
Let {xq, -+, 24} and € be as in (2b). The set

{R € Fuu(r) : |R(z;) — xj] < e forall j}={id}

is an open neighborhood of the identity. So the identity is an isolated point of
Fuu-

(3b) = (2b): Assume (3b). Let u € V' be given. Then there exists a finite set
Y C X, and € > 0 such that for all R € F,,(r) \ {id}, there is y € Y with
|R(y) — y| > €. Let {xo, -, x4} be a set in general position. Then the map
R — (R(z), -+, R(z4)) is a homeomorphism since it is bijective and affine
from one Euclidean space onto another [from the set of affine maps on R? to
(R?)4*1]. So in particular for each y the value R(y) is a continuous function
of (R(xo), -+, R(x4)). Thus there exists € > 0 so that for all R € F,,, if
|R(x;) — x| < e forall j, then |R(y) —y| <& forallyeY. O

Definition. Let (S.) be an IFS with G strongly connected and K, in general
position for all u. We say (S, ) satisfies the weak separation property (WSP)
iff one of the equivalent conditions in the theorem holds.

Notes. For a graph that is not strongly connected, the conditions stated
here need not all be equivalent. We intend to consider that case in a future

paper.

The hypothesis of “general position” may be omitted in the following way.
For each u € V, let X, be the smallest affine subspace that contains K,. By
strong connectivity, each K, contains a similar copy of all the others, so all
of these spaces X, have the same dimension, and may therefore be identified
with R? for the same d. In practice, what this means is that for e € E,,, the
maps S, should be restricted to the subspace X,.

10



3 The Open Set Condition
The IFS (S,) satisfies the open set condition (OSC) iff there exist nonempty
open sets Q, C X, such that (i) for all u,v € V and e € E,,,
Qy 2 S(2)
and (ii) for all u,v,v' € V, e € Ey,, and €' € E,,y with e # ¢/,

Se(Qv) N Se/(Qv/) = .

We will say an IFS (S,) distinguishes paths provided

for all u,v € V and all 0,7 € EY). if 0 # 7, then S, # S,. (3)

uv

Proposition 3.1 Let G be strongly connected, and K, in general position
for w € V. Then OSC holds for (S.) if and only if (S.) has WSP and (S,)
distinguishes paths.

PROOF. (=) Suppose that the OSC holds, with open sets Q,. We claim
(1b) holds. Let w € V and r > 0 be given. Choose any = € €2,. Then there is

n > 0 so that B(z,n) C Q,. Also A= {a € EY:p(a) > r} is finite. Let

' =min{|Se(z) — x| :a € A, Sp(x) #x}.
Let ¢ = min{n,n'} > 0. Now let R € F,,(r). We must show that either
R(x) = x or |R(x) — x| > . Now there is b so that R = S-! o S, for some

7,0 € EY¥)(Jrb,b]). Take three cases: (a) o and 7 are incomparable; (b) o is a
prefix of 7; (¢) 7 is a prefix of 0.

(a) Since o and 7 are incomparable, the two images S, (€2,), S;(2,) are disjoint.

So S, (z) is not in the ball S;(B(x,n)) = B(S.(x), p(T)n). Thus

|R(x) — 2| = S (Se(2)) — 2l = p(7)""[So(2) — S-(x)] = n.

(b) Say 7 = oa. Note p(a) = p(1)/p(c) > r, so a € A. Then

|R(2) — x| = 87 (S, (7)) — 2 = |8, (z) — 2] = p(e) '|w — Sa()| = 7'

if it is not zero.

11



(c) is similar to (b): 0 = T, a € A,

|R(2) — 2| = |57 (Se()) — 2| = [Sa(z) — 2| > 7/

T

if it is not zero.

Next suppose 0,7 € E¥) and o # 7. Certainly if one is a prefix of the other
then S,,S; have different contraction ratios, so S, # S,. And if 0,7 are
incomparable, then S,(£2,) NS (2,) = &, so again S, # S;.

Conversely, suppose that WSP holds and (S,) distinguishes paths. Fix an r €
10,1} with 7 < pumin. By (4a), for all v € V' we have 7,,(]r, 1], K,) < co. There
are finitely many pairs u,v, so there is a single bound for all 7,,(]r, 1], K,).
Now for v € V' write

U, =B(K,,1/2) ={z € X, : dist(x, K,) < 1/2};

for 0 € E¥) write K = S,(K,) and U, = S,(U,) = B(K,,p(0)/2). For
u,v €V and ¢ € B define

uv

L(0)={ 7 € EQ(ro(0). p(0)) : K- N U, # 2 }
={7:5;, € F,(r1,U,,K,) }.

By (3) we have #1,,(0) = #Fu (|, 1], Us, Ky), so sup,, , , #1u(0) < 00.

Choose ug,v9 € V, 19 € E¥) so that

Uuovo

# 150, (T0) = sup { #I1,,(T) :u,v eV, 7€ Eq(jj) } ) (4)

For all u € V and all 7 € E{) we claim I, (770) = 71y (70). We first
prove 2. Let 0 € I,,,(70), so that rp(m) < p(o) < p(1) and K, NU,, # 2.
Then 7o € E$), rp(t70) < p(10) < p(770), and Ko N Uyrry = S;(So(K,)) N
S:(Ur,) # @. Thus 70 € I, (779). So we have 71,50, (70) € Luy, (770). So
#(TIUOUO(TO)) = #1v,(T0) > # 1L, (T70) by the maximality (4). So by count-

ing, we conclude that the subset is the whole thing, that is

Loy (770) = Ty, (T0)- (5)

Let u €V, e € Ey,€ € By, e # ¢, 7€ EY) . We claim dist(K, ,KBTTO) >
p(erty)/2. Let x € K. Then, because r < pmm, there is w € V and 7/ € EY)
so that x € K.~ and

rp(ermo) < p(e'r") < p(erTy).

12



Now by (5) we know that e'7" & I, (eT7) since e # €'. So by the definition
of L, (eTm9) we have Koo N Uprry = @. So dist(x, Kerry) > p(erTy)/2. This is
true for all x € K./, so

dist (Ko, Korry) > 2 (6;0). (6)

We are now ready to define the open sets for the OSC. Choose =z € K, C K.
For v € V and o € E) write G, = S,(B(x, p(10)/4)) = B(S,(z), p(c70)/4).
For all v € V' define

0= U G-

TEELY

We claim that the OSC holds using these open sets.

Let u,v € V and e € E,,. We must show that S.(£2,) C €,. Let y € £2,. Then
y € G, for some 7 € E;) so et € E() and S.(y) € Se(G;)) = Ger so that
Se(y) € Q.

et u,v
e’(Qv’)

nd y € Gg, for some 7 € E,EZ)LO. Assume without loss of generality that
(e'7") < p(er). Then z = Se.(z) € Kerry, with |y — 2| < p(er70)/4 and
"= S € Kerprry € Ko with |y — 2/| < p(€'1'19)/4. So

W e Ve € Ey, € € Eyu, e # ¢. We must show that S.(€,) N
= @. Suppose y € Se(2,) N Se (). Then y € G, for some 7 € E(?)

VuUQ

VD D Uy

| < Plerm) | pléT'm) _ plerm)

|z -2 4 i = 2

and this contradicts (6). So, in fact, Se(€2,) N Se () = @. O

4 Similarity and Growth Dimensions

The similarity dimension « of the graph-directed IFS (S,) is defined as
follows [5]. For each t > 0 let A(t) be a square matrix with rows and columns
indexed by V', and the entry in row u column v is

> Pe

eeEuv

Let ®(t) be the spectral radius of A(t). Then & is continuous, strictly decreas-
ing, ®(0) > 1 and lim; o, ®(t) = 0. So there is a unique a € [0,00) with
®(a) = 1. This « is called the similarity dimension of the IFS.

13



Suppose for each u,v € V we have a finite set L,, of similitudes. Then we
may consider this to be a new IFS with the same nodes V' but new sets of
edges. But still the above definition of similarity dimension makes sense. In
particular, we will write oy, for the similarity dimension obtained from the sets
F,,(]rb,b]). That is, if matrix A,(¢) has entry

> o1

TEFyu(|rb,b])

in row u column v, and its spectral radius is called ®,(t), then ®(ay) = 1.

The “growth dimension” [ for the iterated function system (S,) may be com-
puted in several ways. Write

F..(]a, b]) = U Fuv(]aa b])

u,veV

Fo(b)={S, aeEgU>,p()<b<p(a—)}.

Fa)= | F

u,veV

The following proof is adapted from the one-node case in [9].

Proposition 4.1 Suppose G is strongly connected. Then there is a constant
ro > 0 such that for all r €]0, o],

5= lim log # Fee(|rb, b])
b—0 —logb

exists and is independent of r. Also, for all u,v € V and all r €]0, 10|,

o log#F,(rb, b)) L log#FG(b)
P = ogb T gy W

PROOF. We will prove several claims.

(i) Claim. There is uy € V and r¢ €]0, pmin) such that #Fuguo (Jrob, b)) increases
as b decreases. For any u € V there exist ¢ € E*) with p(0) < puin. Let

rozmaX{p( ):o € EY for some u € V and p(o )<pmin}.

Then let ug € V and o9 € E{), be such that ro = p(09). Now if T € Fy,
then T o S,, € Fyu, and p(T o S,,) = rop(T). Also S,, is bijective. So as b

decreases, # Fu,(JT0b, b]) increases.
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(ii) Claim. For any u,v,u’,v" € V there is v > 0 such that for all b > 0 and all
r > 0, we have #F,,(]rb, b]) < #Fu(Jrby, by]). Since G is strongly connected,

there exist ¢ € E') and T € El()j Write v = p(o)p(7). If T € F,,(]rb, b)),

uu

then S, TS, € Fy(|rby,by]). Both S, and S, are bijective, so
#Fuv(]rb7 b]) S #Fu’v’ (]be% bIﬂ)
(iii) Claim. For any u,v € V there is ¢ > 0 such that if ¢b; > by then

#E,,(Jrob1, b1]) < #Fu(]roba, ba]). Choose « so that

#Fuv(]rb7 b]) é #Fuouo (]be% b’}/])

Choose 7' so that #F,gu, (Jrb, b)) < #Fu,(Jrby',0v']). Let ¢ = v+'.

#Fuv(]r()bla bl]) S #Fuouo (]TOblf% bl’Y])
< H#Fuguo(Jrobay/c, bay/cl) < #Fu(Jrob2, ba]).

(iv) Claim. There is ¢ > 0 such that if cby > by then #Feo(]robi,b1]) <
#EFye(|roba, bo]). Apply (iii) for each u,v, then take the minimum ec.

(v) Claim. For by, by > 0 we have

#F-.(]Toble, 5152]) < Q#F-.(]Tobh bl])#Fu(]Tobzc, 520])'

If p(o) €]robiba, bibs], then write o = o109 where p(o1) < by < p(o7 ). Then
p(02) €]roba, 5 'bs]. Now both by and ry by are > byc, so applying (iv) we get
the inequality claimed.

(vi) Claim. The limit

. log# Fy(]rob, b))
ﬂ_zlylino —logb

exists. Write H(b) = #Fe(]r0b,b]). So H(b1bs) < 2H(by)H (byc). For a,b €
10, ¢, let k = |logb/log(a/c)| + 1, so that b > (a/c)*. Then

k k—1

i) < 1 () < 2 (4] < o< 27 < ()

So

15



H(b) < (QH(G))log(b)/log(a/c)H

H(b)fl/logb < (2H(a>)—l/log(a/c)—l/logb

lim sup H<b>71/logb < (2H<a))—1/log(a/c)
b—0

Therefore

lim sup H (b) "/ 15" <inf (2H (a)) ~H/1#/
b—0 a

< lim inf H(a)~"108/9) = lim inf H(a) /82,

a—0

So limy, .o H(b) /'8 exists. Its logarithm is the limit claimed.

(vil) Claim. For all r €]0, 7],

lim log # Fee(|7b, b))
b—0 —logb

= 3.

Choose k € N so that r§ < r. Then for all b we have Jrb, b] C Uy<;<p, Jrib, o '0).
So

Fuu(lrob b)) € Faalrb, b)) € U Faullrib, i)

1<i<k

#Foa(Jrob, b)) < #Fou(Jrb, b)) < > #Fu(rob,rg b))

1<i<k

#Fua(Jrob, 0]) < #Fuu(]rb, b]) < k max # Fuu(rib, 7 18)])
log # Faa(]rob, b]) < log #Fee(Jrb, b]) < logk + max log # Fue(Jrb, 5 10])

log # Fee(Jrob; b)) _ log # Fua(Jrb, b])

—logb - —logb
log k I log(rib) log # Fue(J7ib, 74 10])
—logb 1<i<k  —logb — log(rib)

Now as b — 0, logk/(—1logb) — 0 and logb/log(rjb) — 1 for all 4, so both
extremes converge to

lim log # Fee(|rob, b])

b—0 —logb =p

and therefore the middle quantity also converges to (.
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(viii) Claim. For any u, v,

lim log # F,,(Jrob, b])
b—0 —logb

= 8.

By (ii) and (iii), there exists ¢ so that for all u, v, u'v" we have # Fy(Jrob, b]) <

#F ., (Jrobe, be)). So #F,,(Jrob, b)) < #Fu(]rob, b)) < (#V)2# .. (Jrobe, be]).
Take logarithm, divide by —logb and let b — 0 to get the result.

(ix) Claim. For any u,v,r,

lim log #F..,(]rb, b])
b—0 —logb

= 8.

The same argument as (vii).

(x) Claim. For r €]0, ppmin| there is a constant C' so that for all by, by, if by > by >
by, then #F, (b)) < CH#F,,(b1). Let C = #{ Sy : p(0) > 7pmin }- It is enough
to observe that every T' € F,,(by) can be written (perhaps not uniquely) as
T = T\T; with Ty € F,,(b1) and p(T3) > rpmin. If T = S, write 0 = 0109
with p(01) < by < p(oy ), then p(o2) = p(0)/p(01) = bapmin/b1 > TPmin-

(xi) Claim.
i 1287 e (0) _
b—0 —logb

Fix r and C as in (x), and s so that 1 > s > ppax > 0. Let k£ € N be such that
s* < r. Then

Now by (x), for 0 <14 < k — 1 we have #F,,(s'b) < C#F,,(b), so

#Feu(b) < #Fou(lrb, b]) < KCHF (D).

Then as usual, take logarithm, divide by —logb, and let b — 0.

(xii) Claim. B = limy_0 . Let ¢ € [0, 00). The matrix A(¢) has entry

> p(D),

TeFyuy (}Tbﬂ"])
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in row « column v. This lies between

(br)'#F,,(rb,r])  and  b'#F,,(rb,r)).

Suppose t < [, so that there is > 0 with ¢t + 0 < 8. Then for b close to 0 we
have

lOg #Fuv (}Tb, b])

140 <
+ —logb

so b0 < (br)t# F,,(Jrb, r]). Now rtb™% — oo as b — 0, so all entries of the
matrix A(t) go to oco. If b is close enough to 0 then all entries are > 1, so
®(t) > 1 and thus ¢ < . This is true for all t < 3, so we get § < liminf, a,.

Suppose t > 3, so that there is 6 > 0 with ¢t — ¢ > (3. Then for b close to 0 we
have

log #F,.,(]rb, b])
—logb

t—0 >

50 b° > b'#E,,(Jrb, r]). Now b° — 0 as b — 0, so all entries of the matrix A(t)
go to 0. If b is close enough to 0 then all entries are < 1/#V, so ®(¢) < 1 and
thus t > 4. This is true for all ¢ > 3, so we get 8 > lim sup, .

Therefore limy_gap = 5. O

The growth dimension for the IFS provides an estimate for the dimension of
the attractors K. If G is strongly connected, then each K, contains a similar
copy of all others, so they all have the same dimension. Here we will use “dim”
for the upper box dimension. In fact, many types of dimension all coincide for
the self-similar sets K, in particular the upper box dimension agrees with the
lower box dimension, the packing dimension, the Hausdorff dimension.

The next three proofs are adapted from [9].

Theorem 4.2 Suppose G is strongly connected. Let 3 be the growth dimension
of the IFS (S.). For any u € V we have dim K,, < 3.

PROOF. Let r €]0,7], let ¢ = max,ey diam K,,, and choose =, € K, for
each v. Now K, C B(z,,c¢), so

K= U T(K,)C Uv B(T(x), cb).

VEV TEFyy (b)) TEFouy (Jrb,b])
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Thus K, is covered by at most # Fee(]rb, b]) sets of diameter 2cb. This is true
for all b > 0, so the upper box dimension dim K, satisfies

dim K, < limsup log # Faa(Jbr 71)

b—0 — log(2cb) b

Theorem 4.3 Suppose G is strongly connected, K, is in general position, and
the IFS (S.) has the WSP. Then for allu € V, we have dim K,, = 3.

PROOF. Let v € V and r €]0, pyin). Choose z € K, and € > 0 as in (la)
and let &k = re/2. So if w € V and S,T € F,(]rb,b]) and S # T, then
|S(x) — T(x)| > rbe = 2kb. So in any cover of K, by sets of diameter kb, the
points 7'(z) must lie in different sets. Thus such a cover must contain at least
#F,,(Jrb,b]) sets. So the upper box dimension satisfies

dim K, > limsup log # Fuy(Jrb, b))
b—0 —logb

—B5 O

The relation between the growth dimension  and the similarity dimension «
is next. Recall that (S.) distinguishes paths means

for all u,v € V and all 0,7 € E¥), if o # 7, then S, # S,.

uv

Proposition 4.4 Let G be strongly connected. In general 3 < «. Equality
holds if and only if (S.) distinguishes paths.

PROOF. Recall that the similarity dimention « is the exponent so that ma-
trix A(a) has spectral radius 1. That is, by Perron-Frobenius, there exist
pu > 0 so that

S Y pepe = pu

UGV GEEuv

for all w € V. Now for b > 0, write E_, (b) = {a € EY :p(o)<b<p(o7) }
Then this forms a “cross-cut” of the forest of paths, so it follows that

o Y plo)*pe = pu

VeV ge By, (b)

for all u € V. Therefore 1 is the spectral radius for the matrix A, () with
entry

> plo)

oE€EE,,(b)
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in row u column v. Now of course deleting repeated terms produces the matrix
Ap(a) with entry in row u column v given by

Yoo opMr< Y plo)* (7)

TeF,,(b) c€E,,(b)

So the matrices are related A,(a) < A, (o) entrywise, and therefore the
spectral radius of Ay(«) is < 1. So ®,(c) < 1 and thus o, < a. Therefore
ﬁ = hmb (673 é Q.

In case (S.) distinguishes paths, we have equality in (7), and therefore in the
rest of the argument, so § = a.

Conversely, suppose S, = S, for some o # 7. Let b = p(0) = p(S,) for such a
pair. then for that b, the matrix with entry

>, A1) (8)

TeF;,(b)

in row u column v has at least one entry strictly smaller than matrix A, («).
Because G is strongly connected, these matrices are irreducible, so we conclude
the spectral radius of (8) is < 1. The IFS with maps F_ (b) then has similarity
dimension strictly less than a. But the previous reasoning still shows 3 < that
dimension. So we have § < «. O

5 Finite Type

Another way has been proposed for computing the dimension for overlapping
iterated function systems in certain cases, known as “finite type” in Ngai &
Wang [6]. This has also been adapted to graph-directed IFSs by Das & Ngai
[2]. For one-node IFSs, Nguyen [7] showed that finite type implies WSP. We
will verify this for graph-directed IFSs here.

The actual definition for finite type will not be needed here. We mention just
a few definitions and a consequence of the definition that we will use.

A new (infinite) graph G = (V, €) is defined. Fix a value r with 0 < 7 < ppin.
For k € N,
sz{v = (S,,u,v, k) :u,v € V,o € EY) plo) <r* < p(o7) },

V=W

k=0
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For notation: if v = (S,, u, v, k), write Sy, = S,. We will not need the definition
of £.

An invariant system of bounded open sets consists of a nonempty bounded
open set Q, C X, one for each node u € V|, such that S.(€,) C Q, for all
e € By, and all u,v € V. Write 2 = (Q,)ev for the system of open sets. For
u = (S,,u,v, k), 0 = (Syr,u,v' k) €V, define u and u’ are neighbors iff
u =" and S,(€,) N Sy (Qy) # &. The neighborhood 2(u) is the set of all
neighbors of u.

From finite type we conclude: there is an invariant system {2 and a bound
M < oo so that #Q(u) < M for all u (see [2]). This is the only consequence
of finite type we need in this proof. It is not equivalent to finite type (we will
provide a counterexample elsewhere).

The proof for the following theorem is adapted from the one-node case in [7].
Alternatively, note that [2, Lemma 3.1] is a proof that finite type implies (4a).

Theorem 5.1 Assume G is strongly connected and all K, are in general po-
sition. Let €2 be an invariant system of open sets, and let r €]0, pmin|. Assume
(Se) has finite type with respect to €2 and r. Then (S.) satisfies the weak sep-
aration property.

Assume finite type with data € and r. We will prove (5a). Fix u,v,w € V,
z € X,,. Since any r is the same, use the one in the finite type. Let

M, =sup{diamQ, :u' € V},
Mz:sup{ 1S:(2) — x| : 7 € EY)

vw?

x €, } )
For future use, write My = 2M; + 2M, + 2.

Lemma 5.2 There exist zg € €, and & > 0 so that for all b > 0 and all
o € Eg)(Irb,b]),
Sy (2,) 2 B(S, (), 0b).

PROOF. Take any zy € €2, then choose d > 0 so that B(zg, 7 'd) C
Now let ¢ € EY)(Jrb, b]). We claim B(S,(xq),5b) C Sy(B(zo,779))

N
&
<
~

Note S, is a similitude with ratio p(o), so

B(S, (o), 7 9p(0)) = Sy (B(xg,7716)).

Now o satisfies b < p(o) < b, so

B(S,(x0),6b) € B(Sy(x0),0r *p(0)) C S,(€,). O
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For any 7 € E*) and b > 0, consider a ball B of radius b in X,, = R%. Let

F = {SUT(Z) co € EY(|rb, b)) } N B.
We are to show that there is an [, independent of b, B, 7, so that #F < [. But
it is enough to do it for b of the form b = r* since any interval of the type

|rb, b] is contained in at most two intervals of this form where b is a power of
r. Say b = r*.

Let
F={v=(Syuuvk) €V:S, ()€ F}.

Then #}AW > #F. From finite type we get a bound M on the size of all
neighborhoods.

Lemma 5.3 There is G C F such that #@ > #]3/]\/[ and the family

{Su(QU) ‘u € é}
18 pairwise disjoint.

PROOQOF. Take any u; € F' and consider

Juy) = {ue F:8,(0) NS () #0}.

Then take uy € '\ J(uy) and consider

J(uy) = {u € F: Su() N Suy () # 2}

Then take uz € F\ (J(u;) U J(uy)) and so on. Continuing until

F\ (J(w) U U J(u)) = 2,

we obtain a set

Q(u;), and thus has at most M ele-

By definition of neighbor, each J(u;) (
#F/M. O

C
ments. So we get #F < mM, or #G >



Proposition 5.4 #F < M Mg~

PROOF. Apply Lemma 5.2 to get zy and ¢; then apply Lemma 5.3 to get
G. For each u = (S,,u,v, k) € G, we have B(S,(x0),0b) C S;(£2,), so these
balls are disjoint. For any u = (S,, u,v, k) € G and any y € S,(2,),

[y — Sor(2)| < |y — So(0)| + S5 (70) — So(S-(2))]
<pl(o) My + p(o) My < (My + Ms)p(o) < (My + Ma)b.

Now let

H = |J B(Su(wo),b).

ued

If y1,yo € H, then there exist u; = (S,,,u,v,k),us = (S,,,u,v,k) € G with
ly1 — Spyr(2)] < (My+ Ma)b, |y2 — Soyr(2)] < (My + Mz)b. By the definition of
F, both S,,-(z) and S,,.(z) are in the ball B, so their distance is at most 2b.
So the diameter of H is at most (2M;+2Ms+2)b = Myb, so H is contained in a
ball of radius Mob. So we have #G disjoint balls of radius db contained inside
one ball of radius Mob. Comparing volumes, we get #G < (Myb)?/(8b)¢ =
MZ5—?. Therefore #F < #F < M#G < MMd5 0

This completes the proof of (5a).

Finite type. Finite type can be used as follows. Begin with an IF'S consisting
of similitudes, but failing the OSC. This means there are “overlaps” and it
could happen that the attractors K, have dimension strictly smaller than
the similarity dimension « for the IFS. If the IFS has “finite type” then the
construction provides a new (finite) “induced graph” Gq = (Vq, Eq). (This
construction is in [6] for the one-node case, and [2] for the graph-directed
case.) Even if GG is a one-node graph, the result Gg need not be. And we get a
corresponding induced IFS. The attractors of the original IF'S are finite unions
of the attractors of the new IFS. We believe that the new IFS does satisfy the
OSC (if it is interpreted properly in case Ggq is not strongly connected; we
will deal with that case in a future paper). So the dimension of the original
attractors may be computed as the similarity dimension for the induced IF'S.

We had originally hoped to find cases where the finite type construction would
yield new examples of IFSs with overlap that can be analyzed. But Theorem
5.1 shows that any dimension computed by the finite type construction also
comes under the WSP. There could be cases where the finite type construction
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gives us a more explicit computation than the growth dimension, but it will
not yield completely new cases.
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