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Abstract
In this paper we study the asymptotic behavior of the eigenvalues of
the compact operator T'f(z) = folcp(x,s)f(s)ds, where f € C[0,1] with
f(0) =0, and

0, if1>s>2z
ez, s)=<1/2, if2x>s>20—1 (1)
1, if 22 — 1> s> 0.

We show that the eigenvalues {A, }nZ_ o of T satisfy

lim A, =0, lim An = -1, lim A == (2)

?
n— oo n—oo A_p n—oo Ap_1 4

and that A, ' are zeros of the power series

i Bpx™
m2—m)/2

m:02( )/2m)
where By, are the Bernoulli numbers. An asymptotic estimate of a partial
theta funcion is involved in the proof.
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1 Introduction

A “self-differential” function is a function satisfying an equation relating the
value of the derivative at a point to values of the function itself at other points.
So in a sense the notion is a mixture of the conventional differential equation
and the self-similar (or self-affine) function.

In previous work [5] we considered the very simple self-differential equations

f(z) = af(22) fo<az<i
() = af(2 - 2x) ifi<z<1 (1.1)
fO)=2—-a,f1)=2+a
and
fl(x) =af(2z fo<az<g
fl)=af(2-22) if3<z<1 (1.2)
f(0)=0,7(1) =

The main results were: Equation (1.2) has infinitely many solutions for values
of a € S where § = {22"! : n = 1,2, ...} while equation (1.1) has no solution
for a € S. When a ¢ S equation (1.1) has a unique solution and equation (1.2)
does not have a solution.
In the present paper we will consider another simple functional differential
equation:
f'(x) (2z),
f'(x) (2z —1),
f(0)=0,f(1) =d.

Without loss of generality we may assume d = 1. This was studied in [4]
Chapter 3, Case 4. An example is in the figure: a = 10.1952, the graph of f is
on the left, the graph of the derivative f is on the right, discontinuous at 1/2.
The graph of f’ consists of two affine images of the graph of f.
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In [4] we showed that (*) has a unique solution for values of a which are
zeros of a function G(z), and described G(x) as a power series. The power series




may be computed as G(z) = lim,, .o Gn(x), where G, (x) is a polynomial of
degree n — 1 defined recursively: Gi(z) =1 and

n—1 k
x
Gn(z) = Gpa(2) — Z 2nk—k/2—k2/2+1k!G"_k('r)'
k=1

In Section 3 of this paper we will show that G(x) is the power series

M?2—-M)/2
a2 )2 M1

where B); are the Bernoulli numbers.

The fact that the values of a for which (%) has a solution are zeros of G
is derived from the requirement that f’(0) = af(0) = 0. The smallest twelve
zeros of G are:

ap =10.1952 a_; = 2.53281
as = 37.9638  a_, = —52.1525
a3 = 145.083  a_3 = —143.617
as = 571596  a_4 = —571.602
as = 2277.598 a_5 = —2277.598
ag = 9101.829 a_g = —9101.829

These values of a,, suggest that the zeros of G(z) have the following pattern:
an = —a_, and ap11 =~ 4a, for large values of n. In Section 2 of this paper
we will show that the solutions of (x) are the eigenfunctions of the operator
T, defined in the Abstract, with eigenvalues A,, = 1/a,,. The properties of a,,
given above will follow from Theorem 2.1.

2 Eigenvalue Formulation

In this section we explain the relation between the eigenvalues of the operator
T and the solutions of equation (k).
Let f be a solution of (). The function f satisfies

2z

f(z) = f(0) +/Om f(t)dt = /Om af(2t)dt :% ; f(s)ds (2.1)
for 0 <z < i. From (2.1) with 2 = 1 we obtain

/ (;) - ;/01 7(s) ds.



When % <z <1 we have

s =1 (3)+ / ra=s(5)+ | / af (21— 1)di

=3 /0 Fs)ds+ 5 /0 T s (22)

From equations (2.1) and (2.2) the function f satisfies

1
f@) =a / (@, 3)f(s) ds

where ¢ : [0,1] x [0,1] — R is defined by (1) as in the Abstract. Define the
operator T' by

Tf(z) = / (. 5)f(5) ds.

The eigenfunctions of T" are differentiable on the intervals [O, %] and [%, 1} and
satisfy equations (2.1) and (2.2). Their derivative is discontinuous at x = 3
where the derivative from the left is ad and the derivative from the right is 0.
The solutions of equation (x) satisfy Tf(x) = 1 f(z) and the eigenfuncions of
T are solutions of (x).

Then by [4], the operator T has eigenvalues {A,}5° __ where A, = 1/a,

and a,, are the zeros of G.

Theorem 2.1. The eigenvalues of T' satisfy

2 1
(i) A, — % FrEsg for n sufficiently large positive integer.
e n n
2 1
(i) |A_p + l( < gicn for n < 0 and |n| sufficiently large.
e n —n

The proof is in Section 5. Properties (2) of the eigenvalues of T' follow from
Theorem 2.1.

3 The Coefficients of G

We now evaluate the coefficients b,, of the power series G(z) = >~
From [4], G(z) is the limit of the sequence of polynomials G,,(z) where

b,x".

n—1
xk

Gi(z)=1 and Gp(z)=Gp_1(z)— Z 2nk—k/2—k2/2+1k|Gn_k('r)'
k=1 )




Write this as

where

b(n, k) = onk—k/2—k? 2+ 1|

for 1 < k < n. Writing G, () = cno + a1 + cnox® + -+ + cpp_12" ! and
comparing the coefficients of # on both sides of (3.1) we obtain

M

Cn,M = Cn—1,M — Z b(n, k)cn—p,n—k- (3.2)
k=1

Also ¢,,,0 = 1 because the constant term of the polynomial Gy, is 1. Now

Cn1 = Cpn—1,1 —b(n,1)cn_10 = cn—1,1 — b(n,1)

. <! 1 1
== 3w = -3 5 = (1 )
k=2 k=2
because c1;; = 0. Then by = lim,,.ccpo = 1 and by = lim,ocCpni = —%.
Using (3.2) and letting n — oo we obtain for the coefficients by of G(z):
b= Y (=1)'b(n, k1)b(na, k2)b(ns, ks) - - - b(n, ki), (3.3)
ni,ki,t
where the sum is over all integers n;, k; and t satisfying
1<t<M
ki+--+k=M
ki > 1 for i=1,...,t (3.4)
Ty 2 kt +1
n; > niy1 + ki for i=1,...,t—1
Let
h(t, M) =" b(ny, k1)b(ng, ka)b(ng, ks) - - b(ne, k)
ni,k;
where n; and k; satisfy (3.4) with a fixed value of ¢. From equation (3.3)
M
by = Z(—l)th(t,M). (3.5)
t=1

Next we prove some formulas.



Claim 3.1. Let Sy, = > vy ki, Om = D ivy 8, and

2

Sm Sy,

Up =Om + — — — —
2 2

Then

o0 oo

> S i i <ﬁb(ni,ki)>:g: (3.6)

N =Nm+1+Em Mm—1=nm+km_1 na=nz+kz ni=na+k; \i=1

where
m

N,y = 2UmMmt1sm and D,, = H(25i _ 1)ki!
i=1

Proof. We use induction on m. When m = 1 we must show that

> Qu1—n281 2(3/2—n2)k1—kf/2—1
> b(nk) = =
(251 — 1)/{31' k1!(2k1 — 1)
n=nz+k1

because s1 = o1 = k1 and uy = (3/2)k; — k?/2 — 1. But

oo oo

1
Z b(n, k) = Z oniky—k7/2—k1 /241 |
n=nz+k1 n=na+k1
7 2k§/2+k¢1/271 o 1
B k1! onika
n=na+k1
B ok?/24k1/2-1 1 9k1
- kq! 9k1(nat+k1) 2k1 _ 1
2(3/27712)1@171@%/271
k1!(2k1 — 1) ’

as required. Now suppose that (3.6) holds for m — 1:

e} 0o oo m—1

_ Nmfl

e - - L Dm—l
Nm—1=Nm+km_1 na=nz+ko ni=ngs+k; \i=1

Then for m we have

00 00 00 00 m
> oy ey s ([T
N =Nm1+Ekm m—1=Nm+km_1 no=ns+ks ni=na+k; \i=1
oo o0 m
= Z b(nms km) Z T Z (H b(ni, kz))
N =Nm+1+km N —1 =N +Km—1 ni=na+k1 \i=1



o0

Ny —
= Z b(Mm, km)D !
N =Nm+1+Em m—1

o0

QUm—1—Nm Sm—1

= E 12 Jo_
Qnmkm =KL, [2=km /241 1D,

N =Nm+1+km -1
2u'rrL712k72n/2+k'rrt,/271 e 1
T kD > ma
mim=1 N =Nm+t1+Ekm
Qum_1+kfn/2+km/271 Sl 1
- koD, Z NMmSm
mm—l N =Nm+1+Ekm
20'w1—1+37n—1/2_s$n,1/2—m+1+k72n/2+k7n/2_1 1 95m
B koD O(my1+km)sm 2sm — 1

k

2
T+ 5m—KmSm—Tm+t15m

(25 — 1)k D1

2(7m+5m/2_m_5?n/2_nm+13m 2um_nm+15m Nm

20m,1+sm/2753n_1/27m+

D, - D, Dy’

as required. This completes the induction.

Claim 3.2.

o0 oo m

SRR DU SENED SN ) 00

N =km~+1 Npm—1=mm+km—1 ng=mg+kz ni=na+k1 \i=1

2Um78m/27m783n/2

[T7, (25 — 1)k;!

Proof.
oo 00 ) 00 m
> > o2 2 ek
N =km~+1 Ny —1=m +km—1 no=mg+ko ni=ns+k1 \t=1
0o ) [ m
= > b, k) > Y b(ng, ks)
N =km+1 N —1 =M +Em_—1 ni=na+k1 \i=1
> QUm —1—Tm Sm—1
= Z b(nnu km) m—1 ]
T [[im; (2% = D)k;!

oo

2um,71 Z 2_”msrn—1
= 155, ] 197m ke — K2, /2— ko /2+1
Hi:l (28 - 1)]{1' N =k +1 Fim!2
2‘7m71+sm71/2_3%1—1/2_(m_1)+k72n/2+km/2_1 & 1
= m—1 /0g. M Sm
k! TI, M (25 — 1)k! o S 1 2



20m_1+sm/27m752n’_1/2+k72n/2 1 9Sm

20m,—sm,/2—m—32L/2

m

k! H:’:ll(Q” — 1)k;! Okm+)sm 25m —1 [T, (25 — 1)k;!
O
Claim 3.3.
M—t+1 M—s,—t+2 M—s;_5—1 t—1 g1
1 M 281
h(t, M) = ———
e e (M) T
k1=1 ka=1 ke_1=1 i
where P(M) = M(2M — 1)2M°/2-M/2+1,
Proof. Recall the definition
h(t, M) =" b(ny, k1)b(ng, ka)b(ng, ks) - - b(ne, k)
’ﬂl,k}L
where the numbers n; and k; satisfy
ki+--+k =M
{ ki >1 for ¢=1,...,¢ (3.7)
and By
ng > ke +1
{ n; > niy1 + ki for i=1,...,t—1 (3.8)
So
I 0 e’} o0 (e’ t i
h(t,M) = Z Z Z Z Z (H b(ni7ki)>
ki | ne=kitlnm1=nit+ke na=nz+kz ni=na+k1 \i=1 ]
The first sum is over all {k;}!_, which satisfy (3.7). From Claim 3.2:
[ 20’t78t/27t78t2/2 1 20’t,1+st/27t753/2
h(t, M) =>" T e T =D |= . T
. |, (2% — 1! . [Ticikat (25 = DITiZ (25 = 1) |
Z [ A 9se/2-1-57/2 goia—t+1
4 [Tak! M =D [T - 1)
We have that s; = M. Then
(M 1 [Tz 2s
h(t7M) = ( > _7‘71
kzi I ki ko ... k) MI(2M — 1) (2M2/27M/2+1) HE:%(%’ —1)
M—t+1 M—s1—t+2 M—si_2—1 t—1 5.1
1 M 2%
S DD VR Sl [N 1=
k1=1 ka=1 ki 1=1 i=1
O




Denote
e = MI(2M — )M /2=M/2+1y
H(t, M) = MI(2™ — 1)2M°/2=M/2+ 14 0y,

Then ¢g =1 and ¢; = —1. From Claim 3.3 we have
o kiko ... ki) - 25 — 1
k‘1:1 k‘g:l k‘,t_lzl =1

so equation (3.5) becomes

M
e =Y _(=1)'H(i, M) (3.9)

i=1
Claim 3.4. A recursive formula for H(t, M):

M-1 2k:71

H(t,M)= > (Alj)%_lH(tl,k)

k=t—1

Proof. Substitute k1 = s; and k; = s; — s;_1 in the above formula for H.

M—t+1 M—t+2 M-1 M t—1 25i—1
H(t,M) = Z Z Z [<k1k2.“kt>H25i_1]
s1=1 s2=s71+1 St—1=8t_2+1 i=1
M—t+1 M —t4+2 M —t43 M =1 g5l
81= 1 So= 2 S3= 3 St— 1_t l<k1 kz T kt) =1 28i - 1

where the numbers s; satisfy 1 < s7 < s9 < 83 < -+ < 8§41 < M. Then
H(t,M)=

M—t+1 M—t+2 M-—1 t—1

>y Z > [ N s 2]
Al [0S I | Era—

s1=1 59=2 $po1—t—1 Stfl.k‘t.]{)l.kg. kt71~i:12 1

We have that k; + s;—1 = sy = M. So H(t,M) =

N M\ 9si—i—1 [M_tHl si1 =2 o1
S (M)ESS S (e )

St—1=t—1 s1=1 St_o=t—2

where 1 < 51 < 89 < 83 < -++ < 8;_9 < S¢_1. Hence

M—-1 ;
M 2s-1-1
H(t7M): Z (3 _1>2st_1_1H(t_17St1)
1

St—1=t—



By substituting k = s;_1 we obtain

M-1 k—1
H(t,M)= > (Z\Ij);_lH(t—l,k) (3.10)
k=t—1

as claimed. O

Claim 3.5. A recursive formula for c,,:

n—1
2k=1 /n
n=—1-3 le(k>ck

k=1

Proof. We have that H(1,n) = P(n)h(1,n) = nl(2" —1)2"°/2-n/2+1p(1 p).
Then
- 2 - 1
H(l,n) = P(n) Y b(i,n) =mnl(2" —1)2" /27021 3~

2in—n2/2—n/2+1nl
i=n+1 i=n+1 :

N I SNy S L
(2 1)2 . 9in (2 1)2 2n(n+1) an _ 1 1

From (3.9)

n

n n—1 n k—1
ch=—1+Y (“D)'H(t,n)=-1+> Y (-1 <k) ; —H(t-1,k)
t=2

t=2 k=t—1

By substituting s = ¢ — 1 then changing the order of summation we obtain

n n—1 (n 2k—1
cn=—1+ Z Z(—l)s— (k) ﬁH(s, k)
s=1 k=s

n—1

— 1+ () ) oy L CDHG B
s=1 k=s

Bernoulli Numbers

The sequence c,, satisfies:

n—-1 ok=1 /pn
00:1; C1 :—1, Cn:_l_ZQk—l<k'>Ck (311)



The first few terms:
C2 :17 03:07 64:71; Cs :07 06:37 07:07
Recall the Bernoulli numbers B,, satisfy By =1,
3 (Z) By, = By, (3.12)
k=0

En: <Z> 2¥ —1)Bj, = —(2" —1)B,, n>2. (3.13)

k=0

Proposition 3.6. Let B, be the Bernoulli numbers. Then co = 1,
cn=22" —1)B,, n>1 (3.14)
is the sequence that satisfies (3.11).
Proof. First note that ¢; = —1 in (3.14). In (3.12), cancel B, and use

By =1 to get
n—1
n
B, =-1
> ()

k=1
for n > 2. Then substitute (3.14) to get

[t | n
> ok 1 (k)ck =2

k=1

Similarly from (3.13) we get

Z (7) et =08 =20 - 15, > (3)ex = -2en

k=1
Therefore
n—1 n—1
2k=1 [ 1 1 n
= -1
9k — 1(k>c’c 2.3 ( TR 1> (k;)ck
k=1 k=1
n—1 n—1
1 1 1 n
_1 - — ¢, —1
2 (k)ck+222k—1(k>ck ¢
k=1 k=1
Therefore ¢,, defined by (3.14) is the solution to (3.11). O

11



Thus we see our problem is related to the Bernoulli numbers in this way:
cn =2(2" = 1)B,,
Cn _ Bn
n!(zn _ 1)2n2/2—n/2+1 - nlon?/2-n/2’

[eS) e Bm m
G(z) Z ™ = 2@1—75)/2@

m=0

by, =

4 Asymptotic Estimates for the Zeros of G

In Section 3 we determined the coefficients of the power series G:

B > B]y[l‘]w
Glz) = Z M2 /2—M/2 )|
M=0

The Bernoulli numbers B, satisfy: By =1, By = —% and
Bont1 =0 forn>1

e 1ciam)

where ((2n) = Y72 | 1/k®" is the Riemann zeta function. Then

B2n =

G( + Z 22n27n =l-3 + Z 7-(-2n22n22n27n(2n)
nC 2n n 2n
+ 2 Z 2n22n2+n + 2 Z Z 4712 2nﬂ-2nk2n
k=1n=

Define f, g and F' by

n=1 4”2

9@) =>f () (4.1)
k=1

) =3 ()




We have y > 0 and x = +7/2y. Define the functions G; and G35 by

Lt 1)m Y 2000 (12)

for i = 1,2, so that G(z) = G1(y(z)) when x > 0 and G(z) = Ga(y(z)) when
z < 0.

Equation (%) has a solution if a = a,, where G(a,,) = 0. We number them
so that a,, > 0 for n > 0 and a,, < 0 for n < 0 (except a_1). Then

Gi(y)

ap .
G, (27T2>=O if n >0 and

a2 ,
G2 ﬁ =0 ifn < —1.

Technical Estimates
Claim 4.1. The functions f(z) and F(z) satisfy

(i) 0<f(x)<§for0<x<1.

1
(i) 0 < F(z) < o for x > 1.

Proof. (i) First,
> 2n—1

f(z) = ;(_1)71—123”2 = 24?:271—1)2 (1 - 4434)

Note 1 — /44"~ > 0 and so f(z) > 0. Next

n n

0o n s .2
N n-1 % - X n—1 % - X x x
flz) = ;(71) ==t ;(71) =7~ g7 (1~ )

n=1

Then f(x) < x/4 because 1 — z/4*"+1 > 0.
(ii) follows from (i) since F(z) = f(1/x). O

Claim 4.2. The function f(x) satisfies the functional equations

(1) f(16x) =4z — 4o f(z)

13



0 . 16" 2™ o0 e .,L,n—l
F62) = Y (1 =S
n=1 n=1
— n—2 xn—l = n—1 z"
n=2 n=1
=4z —4daf(x)

(i) By differentiating (i) we obtain: 16f/(16z) =4 — 4f(z) — 4z f'(z). O
Define intervals I,, and J,,:

I,=[4-16" —8",4-16™ +8"], J,=[4-16" +8", 416" — 8"t
Claim 4.3. (i) 1—-z>e 2 for0 <z <1/3

x® x!
(i) 4?<4? forveJ,and1 <s<t<n+1

. _2x _ —2z _ __In
Proof. (i) Let h(z) =1—x—e 2" Then I/(z) = 2e2* —1 =0 for z = 2.

The function h(z) is increasing because %2 > 1 so h(z) > h(0) = 0.
(11) s > (4 . 16n)t75 — (42n+1)t75 > 4(t+s)(t—s) _ 4t2782 0

Theta Function

We will use a theta function and the corresponding partial theta function with
the notation:

T(p,(]) _ Z (_1)nqn(n71)/2pn
;O_

p(p, q) — Z(_l)nqn(n—l)/Qpn
n=0

The theta function satisfies the Jacobi triple product identity [8, Theorem 352]:

i (—1)"g" ™= D/2p — (). (p)os (2)00

n=—oo

@ = [T0=0. e = [Ta=pe o (4) =TT (1-%)

n=1 n=1 n=1

14



When ¢ =1/16 and p = z/4 the theta function becomes

z 1Y\ > " " _ i n "
T (4716) = ; <_1) 16n(n—1)/24n ; (_1) 4n?
and
oo oo 1
@ =[[0=am=1] _16”)

n=1 n=1 )
q - q" - 4 >
4 = 1-1 ) = 1— — -
(p)oo g ( p) oot ( z- 1671

So the Jacobi triple product identity for 7(z/4,1/16) yields

S T ) T ) T )

n=-—00 =1 n=1 n=

Now we find a convenient expression for f. Note that f(z) = p(x/4,1/16) — 1
where p is the partial theta function. Using our previous notation,

i(—mﬁ: i(_ 4n2+1+Z 4n2= F(z)+ 1+ f(z)
B AT (1 T (1t N 1
f(x)_}:11<1 16”)}:[1(1 4-16”1)711:[1(1 x.lGnl) 1—F(x)

From the triangle inequality we have the following estimates for | f|.

<H(1—16n>ﬁ(l—@)ﬁ(l—@)ﬂﬂx)wl
56 ) o )

n=1
From Claim 4.1: |F(z) < 1/(4z) < 1 for > 1. Then

1< T (1550 L0~ i) T (1 ) +2 09
|f(a:)|>f[1(1—1én>ﬁ( TRSIT= 1)H< o 1)-2 (4.4)

n= =

—

15



We will also use the following inequalities

1

!/ 1 ! 1
£(162)] = 4fal(F(@)] ~ 1), |f'(162)] = 7 o] 1" @) = 7 1F@)| = 7 (45)

l9()| > |f<w>\—ff\f(,f—2) Ll @) = |f’<x>|—fjki2 (%) @e
k=2 k=2

Gl 2 2 -m[2 -1, (G2 @I - = 4

Inequalities (4.5) follow from Claim 4.2 and the triangle inequality and (4.6)
and (4.7) follow from the definitions (4.1), (4.2) of g and G;. The main result
of Section 4 is the following theorem.

Theorem 4.4. The functions G;(x) have a unique zero in each interval
I, and have no zero on the intervals J,, for i = 1,2 and n sufficiently large.

We prove Theorem 4.4 in Sections 4.1 and 4.2.

4.1 The Intervals J,

In Section 4.1 we show that the functions G;(x) and Gz(x) have no zeros on
the intervals J,,, for sufficiently large values of n.
1 "

L 4.5. —
emma 4.5 |f(a:)|>1002n4n2

for x € J, and n > 2.

Proof. First,

“"“”ﬁml‘mn H‘l_W‘H‘l_W -

From Claim 4.3(i) we have 1—1/16™ > e=2/16" and 1—4/(z-16™) > ¢~8/(#16"),
So

1 _ i 2/16" _ 2 ¢~ 1 __—2/15
H(l 16")>H6 = exp 16216” =e (4.8)

i ") 8 1
1— —8/(x16 _ O N ) -8/
H( - 16") H - 16:57;1671 ‘

" " (4.9)

Now we estimate

T 1~ =558 = | = -5l o | T -5t

16



where " "
n) = (1= 60) (0 ge)

The function |h(z)| has minimum on the interval J,, at © =4 - 16™ 4 8™:

416" 4 8" 416" 48" 7
4.16" +8") = (1- ——— =) [1- =
h(4-16" +87) ( 4.16n )( 4~16”+1) 32.2n

Hence |h(x)| > 7/(32-2") for z € J,.

n—1 4. 16 00 z
H‘ 1 16’“‘ lH 1” m)l 11 ‘1_4~16’€‘
k=n+2
and
n—1 T B " B " B ﬁ
kli[g 4.16F = 4n16(n—1n/2 = gngn(n—1) = gn?
Then

e’} n—1 s}
T z" 7 416" T
1—7} — 1-— ‘1—7‘ 4.10
M- 5wl & 32.2"H’ z ’ IT '~ @10
k=0 k=0 k=n+2

We have
4.16% 4.16""1 <

1
z 116718 16

Q| =

for 0 <k <n-—1, and

x 416+ — gntl
<

|
116F = 41672 6 <

W =

for k > n+ 2. From Claim 4.3(i) and (4.10)

- 7 2" [ —8-16% /x —2x/(4-16%)
H ‘ A.16k ‘ ongn? H ¢ H ¢
4 - 16 32274 o it

ﬁ‘ ‘ l LA 8(16" 1) T
L 16k 39 gngnz P 15z 30 - 167+1

Next: for x € J,,

8(16™ — 1) N x - 8 16" —1 N 14167+ —gn+l
15z 30167+ T 154-16™ +8» 30 167 +1
8 16" 14-16"1 81 4 4

PR PR <77 -
<152-16" 30 16 ~ 154 30 15
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Then

xn

O P 76_4/15
1} - e > 2

4.16* 32  2n4n
k=0

(4.11)

From (4.8), (4.9), and (4.11):

o0
4
1-— ‘1 ‘ L= gt 2
16n H 4. 16n 4.16n-1 H ‘ x- 1671
4 - n
Te 15 Le,z/wefs/(lsz) _9 LWL —
32 2ndn* 32 24
1 2" Te14/15 1 x" 19
b - —2> 2% -2>0. O

4 n
Lemma 4.6. |f(z)| < 2 forze [4-16™,4-16""1] and n > 1.

4n
Proof. Since

ﬁ < 16”) <1 and ﬁ (1— xiG”) <1,

n=1 n=1

we have

(e’ 2 n—1 [ee) T
H‘14-16k‘[]}1‘ 4. 16k” [h(=)] 112‘14.1@‘

where " "
n) = (1= 7560) (- g ) -

The maximum of |h(z)| on J, is at © = 34 - 16™:

(30 162 = 200 16> 225

1
M@)l < Jezmt T aialryy

We have [],2, ., (1 —2/(4-16%)) < 1 because x < 4-16™**. So

n—1 n n

1 - X - X
H ( 4. 16k) H 4. 16k T 4ngn(n=1)/2 T y4n?

Therefore

> nt T 225 "
< [T il e < 2
H‘ 1- 16k <LHO 4-16’“] @) < 51 3

18



and

n=1 n=1 n=1
< 225 x" n
64 4n*

611 °7 61 a7 64

4.a" 31 2" 31 (4-16™)" 3142
Then4T€f|f(:1:)|> ° ( LIPS

Claim 4.7. The following inequalities hold for n sufficiently large.

4 n
W [£(2)] € iy foramt <k ann

gqn—m

a > ‘f(%)’<192$n for 1<m<n-—2

4n4n2
k:4n—m—1+1
E 192(n — 2)
T n—2)z"
- < -
(i) ;25 ‘f<k:2)‘ Argn?

Proof. (i) Let 4-16' < x/k? < 4-16"*1. We have that

z 4-16"+8" _ 4-16"

— > =4-16™
k.2 - (4n7m)2 — 16n—m

Then | > m. From Lemma 4.6

x 4. o
‘f (ﬁ)‘ = e
But l'l/4l2 < 30”/4”2 and 1/k% < 1/k*™ so

T 4. "
‘f (ﬁ)‘ < f2mgn?

4nm n
@ X @ X
gn—m-141

k=4n—m—141 k=4n
Q™ anm 1 Qg™ gn—m _ 4n7m71
4? Z 42m(n—m—1) — 47 42m(n—m—1)
k=4n-m—141
4™ 3. 4n—m-lL 1227 1
- F42m(n—m—l) - gn? 4(2m—1)(n—m—1)

19
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The minimum value of h(m) = (2m —1)(n—m —1) is h(1) =n — 2. So
gn-m
T 122" 1 192z"
Z ‘f (ﬁ)‘ < gn? gn—2 = Angn?
k=4n—m-141

gqn—m

w SPEES Y pET a

—4n—m— 1
Write f = max{8|f(z)| : 0 < 2 < 1024} and f, = max{|f'(z)| : 0 < z < 2}.

Claim 4.8. The following inequalities hold for n sufficiently large.

4 n
o Sl (5= B

8.4"—1

@ > |7 () <7
k=4n—141

@ Y |7(%)| <
k=8-4n

Proof. (i) We have x/k? > x/16 > (4-16™ +8")/16 > 4 - 16"~ ! and

. n+l _ qn+l
£<§<4‘16+8 < 16"t < 4.167+!

N‘
W~

Therefore z/k? satisfies the conditions of Lemma 4.6 with n — 1 or n and so

T 4an—1 T 4™
(@) <wvmr @ (@) <m

In both cases
4™

x
1 () < pomae
because 1/k?" < 1/k"~1 and m’“l/él(7‘*1)2 < m"/4”2 for x € J,,. Hence

__12.am  asen
Z‘f<k2)’ — k2(n 1) 477,2 — 922(n—1)yn? - gngn?

(i) We have 0 < z/k% < 4 - 16"+1/16“—1 =1024. So

‘f(m)‘ §(8'4"—4”‘1—1)§< 8';1”?:4"?

k=4m—141

20



(iii) We have 0 < 2/k2 < (4-16"+ —8"+1)/(64-16") < 4-16"*1 /(64-16") =
1, so by Claim 4.1(i) we have | f (a?/k’z)‘ <z/( 4k;2) Therefore

S (el X e iiemieer .
k=8-47 k=847

1 "

L 4.9. _—
emma 4.9. |g(2)] > 5o

for x € J,, and n sufficiently large.

Proof. By Lemma 4.5 we have |f(z)| > (1/100)3:"/(2”4”2). By Claims
4.7(iii) and 4.8

> T 192(n — 2)2™ 482"
> s (5)]- e

4ngn?

Then

o)l = 1) - 3 | ()]
k=2

1 2" 192(n — 2)z™ 482"

> - - —anf -
100 2n4n? 4ngn® 4ngn® /

Therefore for large enough n we have |g(z)| > 2—50% and therefore

1z 482™  192(n — 2)z™ ~
— - - A4 F >0 O
200 2747~ 4ndn? gnqn? frz>
1 z" )
Corollary 4.10. |G;(z)| > 200 747" fory e J, andi=1,2.
Proof. |G;i(z)| > 2|g(z)| — m/2/2 — 1 > (1/100)x ”/(2"4” ) —m/x/2 — 1.

Therefore |G;(z)| > (1/200)z"/(2"4"") for i = 1,2 and n sufficiently large. [

Corollary 4.11. For sufficiently large n, the functions G1(z) and Gy (z)
have no zeros in the interval J,.

Proof. If x € J,, we have

I S CED ) N S
200 2747* ~ 200 2747 200

Therefore G;(z) # 0. O

Gi(z)| >

4.2 The Intervals I,

In this section we show that the functions Gy and G5 have unique zeros on the
intervals I,,. Let sgn[z] =1 if 2 > 0 and sgn[z] = —1 if x < 0.
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Lemma 4,12, sgn(Gi(4- 16" — ")) = (~1)" and sgn[G(4- 16 + )] =
(—=1)"*L for i = 1,2 and n sufficiently large.

Proof. The numbers 4-16™ —8™ and 4-16™+8" are endpoints of the intervals
I, and J,. By the proofs of Lemma 4.9 and Corollary 4.10, the signs of g(z)
and G;(x) are the same as the sign of f(z) for sufficiently large values of n. By

Lemma 4.5,
sgn[f(x)] = sgn 10_0[ 1_L = (1 )ﬁ

n—=1 6"/ 4- 16" ! it T - 16” 1671
But

1—— 0 1-— 0
n_1< 16”) > 'JZII( 3916”) > U,
x x
1_W>0 fork2n+2,and 1_W<O forlgkgn

So

sgn[f [lj( 1 16’c 1)] e {1_ﬁ}

n X
= (=1)"sen {1 - 4~16"}

for x € J,. Hence

sgnlf(4- 16" + 8")] = (~1)"sgn [1 - ‘W} — (—1)mH
sgn[f(4-16" — 8")] = (—1)"sgn [1 - W} =(-1)"

O

Lemma 4.12 establishes the existence of zeros of the functions G; and G»

on the intervals I,,. It remains to show that these zeros are unique.

Claim 4.13. |f(z)| < 2-4" for z € [1,16" + 8"] and n sufficiently large.

Proof. Let n be large enough such that 2 - 4" > max{f(z)|1 < z <
162 + 8%}, Let 1681 + 81 < 2 < 16* + 8% where 4 < k < n. Then

4-16F2 <16F 1+ 81 <z <16 + 8" <4.16"

22



The comditions2 of Lemma 4.6 areQSatisﬁed withn=%k—2orn=%k—1. Now
4. xk=2/4k=2)" < 4. gh=1 /4= for x > 16F~1. Therefore

fa)] < d-atl 4l 4. (1684 85
4(k—1)2 4(k—1)2 4k*—2k+1

16K (14 1/20)" 0, 1\
= pa <4 (145

k—1
1 2 2
4k2 1o~ 1/2 4k 9. 4k
< ( +2(k—1)) <e <

because 2¥~1 > k — 1. Since k < n, the claim is established. O
Lemma 4.14. |f/(z)| < A=D*+2(=D/3=1 for 0 ¢ [1,16"+8"] and n > 2.

Proof. We use induction on n. When n = 2 we must show that |f’(z)| <
42/3 for x € [1, 320].

ad nx™ 1 1 x 3x2 428 ad nx" 1
— 71n71 - _ = o 71n71

nz::l( ) 4n? 4 128 + 49 416 +;( ) 4n?

1 x + 3?2 428 >zl
14 128 49 416 4n*
n=>5
The maximum value of
1 T 3z? 423

h - |- - — 4 = _
(@) ‘4 28 T s
for z € [1,320] is h(320) = 4541/4096 < 1.11. We have (n + 1)z"/4+D* <
(1/16)na"~1/4™" for n > 5. Then

Sz S (Bt st N1 5-320116
Z Z NICES ENv 3 AT <~z 15 <0-0001

because (n 4 5)z"+4 /45" < 544 /(167425). Therefore
|f'(z)] < 1.11 4 0.0001 = 1.1101 < 4%/3

Now suppose n > 2 and that |f/(z)] < 4D +2(=D/3=1 for 2 ¢ [1,16™ 4 8"].
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Now using Claim 4.13,

1, F@) |2f ()]

47 4 4

< i + %4”2 + 3(16” + 8”)%4”2—2"““”/3—2/3
= i + %4”2 + (1 + 2171) %3%4"2“"/3

But 1+1/2" <5/4 for n > 2, so

11,2 5431 o o0
|f’(16x)|<1+§4 + 111 +2n/3

and therefore

1 2 5.41/3\ 1 1 - 1
ZyniHen/3 1016 1— Zyqnt 23 Zynt
i |7 (16z)] > 16 )1 2" 1

5.4/3\ 1 1, 1
1— 742 +2'2/3_742 _ =
>< 16 >4 5 4>76>O

Therefore, | f/(16z)| < 47°+2n/3=1 for 2 € I,,. Also

16z > 16(4-16™ — 8™) =4- 16"+ — 2. 8" !
162 < 16(4-16™ +8") =4 - 16! 2.8 F!

Then )
‘f/(ﬂf)‘ < 4" +2n/3

for v € In4q C [4-16"TL —2.87FL 4. 167+ 2. 87 F1, O
1
Claim 4.15. |f(x)| < 52”4”2 for x € I, and n > 2.

Proof. We have []>7, (1—-1/16") < 1, [I7°; (1 —4/(z-16""')) < 1 and
‘1 —z/(4- 16"’_1)’ < 1 for k > n+ 2. Now we estimate:

(e’ x n+1 z o) T
H’1_4-16’“1‘:H’1_4-16’f*1‘ 11 ‘1_4-16’“*1’
k=1 k=1 k=n+42

n X X
i) b
<<kH1‘ 4.16k—1> 1 167

24



We have x < 4-16™ + 8", so

n—1

i x 4.16™ 4 8" 4.16™ 4 8"
1—7‘ 1l—-— =
T R VI e [
n—1
1 87L
- 1—16"7"
<4.2nk1:10 VT
1 1 1
= k(1 — -~
1 1.
< - H16n—k — 16n(n+1)/22—n—2 — Zonyn
4-2n 11 4
Then
s 1 ax 4 > x
1—— [ — ‘1—7 2
|f(x)|<£[1 167 nl:[l‘ 21671 g 11611
1 2 1 2
7277,411 2<72n4n
<1 + 2
for n > 2. ]

1
Claim 4.16. |f'(z)| > 54("—1)2”(”_1)/3 for x € I, and n sufficiently

large.

Proof. We use induction on n. When n = 2 we must show that |f'(x)| >
45/3 /5 for x € [960, 1088]. Compute:

1z 3 4a®  {N[@ntDa® (204 2)e !
4 58 + 479 N E Z 4(2n+1)2 - 4(2n+2)?

We have
(2n+1)a?"  (2n + 2)x?7H!

4@n+DZ 4(2n+2)? >0

for x € [960,1088] and the function

1 x 3x2 413
Me) =1~ T ~aw

has minimum h(960) = 10129/4096. Therefore

F'(z) > h(z) > h(960) > %
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Now let n > 2 and suppose that |f/(z)| > 4("=D*+2(n=1/3 for 2 € I, Then
1 1 1
"1 . ’ ot 2
17162 >+ a1/ (@)~ § @) - §

By Claim 4.15, | f(z)| < (1/2)274™",

1 1
! 1 - 4 . 1 n 4(TL 1) +2(n l)/3 2n4n _
7/(160)] > 14 16"~ 8") 1 SO
> %4 . 167’7, (1 _ 412,”) %4n272n+1+2n/372/3 _ é4’n22n _ i
Now 1 —1/(4-2") > 15/16 because n > 2. Then
3413 1 - 1
(1 4" +2n/3_74n +n/2 _ =
1 41/3 .15 — 16 1
/ n +2n/3 n?42n/3 n?4n/2 _ *
|/ (162)] — =4 >4 84 ;

The right-hand side is increasing and has minimum for n = 2, so

1 .2 41/3.15 — 16 1 1

116 LU +2n/3 7.416/3774577 30> 0

£ (162)] - ¢ > 20 ¥~ 1>

Therefore, |f'(x)] > (1/5)4”2”"/3 for x € I,41, since /16 € I,. O
1

Lemma 4.17. |¢'(z)| > — 4= 42(0=1)/3 for 3 € T, and n sufficiently

40
large.

Proof. We have (4 - 16" + 8")/k? < 16"~™+1 £ 8n=m+1 for 2. 4m~1 < |k <
2-4™ — 1. By Lemma 4.14, |f (z/k?)| < 4n=m)*+2(n=m)/3-1 Thep

2:4™—1 1 T n 2:4™—1 1 z
2 f/(?)‘zz 2 el
n 2:4™—1

< Z Z 4(n m)2+2(n—m)/3

m=2 k= 24m1

< 26 . 4mfli4(nfm)2+2(nfm)/3

m=2

1/3
3-4 / (n o 1)4(n72)2+2(n71)/3

because the maximal value of h(m) =m — 1+ (n —m)? + 2(n —m)/3 on the
interval [2,7n] is h(2) = (n —2)2 +2(n —1)/3+1/3. So

2.4™ -1 1
2 2

T 6 43("_1) 1)?+2(n—1)/3 _ —1)242(n—1)/3
f/(7>’<74<n Paam-1)/3 L -1 42(n-1);
k2 1671 <50
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because 6 - 41/3(n — 1)/16" "1 < 1/50 for n > 4. Recall fo = max{|f(z)|: 0 <
x < 2}. We have
— 1
2 =l ( )’ Z *—*f2<2f2
k=2-4n k=

because z/k? < 2 and Y ;- 1/k* = 72/6. Also
1 n—1 2(n—1)/3 3 n—1 2(n—-1)/3
Zkz <k2)’< 24n=1)%+ /ZkQ 4< )2+2(n—1)/

using r/k? < 2/4 < (4-16™ + 8*)/4 < 16" + 8" and Lemma 4.14. Then

L[ T S | L[ T 1,/
M)l X el 2ol ()l

< (3 n 1> A= 2An=1)/3 | 9F T 4(n=1)+2(n-1)/3
40

By Claim 4.16, | f'(z)| > (1/5)4(n=D*+2(1=1/3 fo1 3 € I,,. Therefore

€T
7 (=)l
%4(71—1)2-‘1-2(71—1)/3

@ > 1@ -
k=2

N 14(71—1)24-2(71—1)/3 _

_ 1 m-n2eam-1ys
40
as claimed. O
1
Corollary 4.18. |Gj(x)| > ﬁ4(”_1)2+2("_1)/3 for x € I,, and n suffi-

ciently large.

Proof.
Gl )| > 2o’ ‘ CR Cae ey S S
Gile)| > 2lg' (@) Nl 24/2(4-16 —8)
L -1242(n-1)3 _ _ T L 21y

>

— >
40 64v2 ~ 100
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4.3 Conclusion

We have shown that the functions GG; and G have zeros on the intervals I,
while they have no zeros on the remaining intervals .J,, when n is large enough.
From Corollary 4.18 the derivatives G () have no zeros on the intervals I,, and
the functions G;(x) are either increasing or decreasing on I,,. Therefore the
functions G; and G2 have unique zeros on the intervals I,, for sufficiently large
values of n.

5 The Eigenvalues of T

In this section we prove (as announced in Theorem 2.1) that the eigenvalues of
T satisfy

2 1
i) |A, — % FLEsE for n sufficiently large positive integer.
T n n
2 1
(i) [A_, + % < gimw for n < 0 and |n| sufficiently large.
T

For (i), let A,, = 1/a, be an eigenvalue of T" where n > 0 is large enough
that the results in Section 4 hold. The function G; has unique zeros on the
intervals I,, and Gy (a2/(27?)) = 0 where a2 /(27%) = 1/(2n%A2) € I,,_1. So

1
41 n—1__qn—1 41 n—1 n—1
6 8 < 727&4% < 6 +8
1 1
<A, <
V2r/4A-16nT 481 T T o /4 1671 — gn-1

The Mean Value Theorem states h(x) = h(zg) + h'(0)(x — xo) where 0 is a
number between x and xg. Applying this for h(z) = 1/\/x, we get

11 1
75 Tm  2ge® )
Using x =4-16""1 — 8" ! and g = 4- 16", we get

1 I S G
VA6 T -8l Vaignot 2 032

for some @ with 4-16""! — 8" ! <« 9 <4-16"1, 5060 >4-16""1 -8 1 >
3.9-16"! for n > 5. Thus

1 - 1 +8"‘1 1 <3+ 13
V4-16n—1T —gn—1 =~ 2.47—1 2 (3.9-167"1)3/2 " 4n  25.8"

(5.1)
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Usingx =4-16""1 48"t and g = 4-16""!, we get

1 _ 1 gt 1
VA6 48T VA 1enT 2 032

for some 6 with 4- 16" <0 < 4-16""1 +8"~! Thus

1 S 1 gn-t 1 < 2 13
V4 -16n—1 4 8n—1 9. 4n—1 2 (4 . 16n—1)3/2 4n 25 . 8"
From (5.1) and (5.2),

1 (2 13 A < 1 (2 . 13
V2r \4r  25-8n "7 2 \4n 2580
13 2 13
< A, - <
V2r25 - 8n V2r4n T /2725 - 8»
2 _ 13 _ 1
N V2r25 .87 8ntl

An

This proves (i).
(i) If A;, = 1/a,, is an eigenvalue of T with n < —1, then G (a2 /(27%)) = 0.
The proof of (ii) is similar to the proof of (i).

Remarks

Theorem 2.1 establishes upper and lower bounds for the asymptotic behavior
of the eigenvalues of T'. These bounds allow us to prove properties (2) for these
eigenvalues.

We showed that Theorem 2.1 holds for values of n large enough so that
all statements in Section 4 hold. Numerical calculations suggest that in fact
Theorem 2.1 holds for all integer values of n except n = —1 and n = —2.
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