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0. Let F+#C be a local field of characteristic # 2, and 7 an integer = 1. Denote
by p:S,, ;= SL(n+1, F) the unique non-trivial topological double covering
group of SL(n+ 1, F). Choose a section s: SL(n+ 1, F)— S, corresponding
to a choice of a two-cocycle 8°:S,, xS, ;—~ker p which defines the group
law on S,, ;. Put G,=p '((G,)), where 1 is the embedding G,=GL(n, F)—
SL(r+1, F), by

g 0
£ (O detg_l>'

Let (.,.): F*xF*—={+1} be the Hilbert symbol. Identify ker p with {+1}.
Put (g, g")=p'(g, g’)(det g, det g’) (g, g’ G,). Denote by G, the group which is
equal to G, as a set, whose product rule is given by s(g){s(g"){' = s(gg")({'B(g, g')-
Let A and B be the groups of diagonal and upper-triangular matrices in G,,
and A and B their preimages in G,. The section s: G,~ G, is a homomorphism
on the group N of upper-triangular unipotent matrices. Put N=s(N). Let Z be
the center of G,, and Z the center of G,. Put A2=p 1(4?), where 42 is the
group of squares in A. Then ZA? is the center of A. Put z=s(z) for z in
Z=F*, and a=s(a) for a=diag(a,,...,a,) in A. Note that

n—1 1

ca=sGa)G, T a)), az=s@)( 11 af~

i

, 2).

! Partially supported by Seed, Nato and NSF-grants.
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Then Z=p YZ*=A2Np~Y(Z) when n is even. When »n is odd then Z=
r~'@).

Define a character §=46,:A—=C* by ddiag(a))=1],.,., |~ "+"2
Given a non-trivial additive character w:F—C*, define the function
y=p,:F*—>C* by

y@)=la|'? § w(—ax?/2)dx/ § w(—x*/2)dx;

dx is a Haar measure on F. Then y is trivial on F*2, and satisfies y(a)y(b) =
y(ab)(a, b) (see [W], p. 176). The function Z—C*, {s(z)~ {y(z""~"?) (¢ in
ker p, z in F* =Z), is a character. Define the function §=4,, ,: ZAY>C* by

3(s(za?) =ty VN3(@) (Lekerp, ze Z=F*, ae A).

There exists a unique (up to isomorphism) irreducible representation o =g, ,
of A whose restriction to 7,42 is 4. Extend o to a representation of B trivial on

N. Let (m, Vi) = (y, s V,,‘,‘}ﬂ.) be the G,-module normalizedly (see [BZ2], (1.8))
induced from g. Then (r, V") ha}s a unique irreducible subrepresentation (see
[KP1], p. 72), denoted by (®, V"°)=(©,, ,, V). This ©, which is sometimes

called exceptional, or unipotent, corresponds to the trivial G-module 1 by the

matanl tio arrecnandence of [FET (wh . ™m
metaplectic correspondence of [FK] (when n=3; for n>3, the statement

©,—1, follows from a certain conjecture concerning orbital integrals, see
[FK], p. 67, [KP2] and also Hales [H] and Waldspurger {Wa]). By [KP1], Thm
11.2.1, p. 118, this @ is unitarizable.

The representation @ of the two-fold covering group G, of G,=GL(n, F) is
probably the most natural generalization of the Weil representation [W] of the
two-fold covering of the sympiectic group Sp(n). Indeed, it has recently been
used (by Patterson and Piatetski-Shapiro [PS] when n =3, and then for general
n by D. Ginzburg (his proof was later simplified by Flicker-Rallis)) to construct
an integral presentation of the symmetric square L-function attached to a
cuspidal representation of GL(n). Analogous representations of higher fold
covering groups of GL(n) have not yet been found to afford such meaningful
applications.

The purpose of this paper is to construct an explicit model of @ =@, for all
n=3, and determine the unique unitary structure of @, thus generalizing the
Theorem of [FKS], using the methods of [FKS), from the context of n=3 to
that of any n=3.

In fact, as in [FKS] we construct a model of the extension of @ to the semi-
direct product G* =G x (o), where o is an involution of G defined as
follows. Let w= w(n) be the anti-diagonal matrix (- 1)'*'8, ,,,_;) in G, con-
sidered as an element of SL(n+ 1, F) via 1. Denote by & the involution &(g) =
w1 ‘g~ 'w of SL(n+1, F). The Steinberg group St(n+ 1, F) is generated by
elementary matrices (see [M], p. 39). Since & maps elementary matrices to
elementary matrices, and it preserves the relations which define St(n+ 1, F), it
lifts to an involution of St(n+1, F), hence to an involution ¢ of G. Since
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_ -1
(5 o-)=(7 o)y o )= D Duta™ e~ aputa™,

where
1
u=( ), de="uw),
0 i
it is easy to check that

S(stdiag(@) = stding(a; !y ) T ( 11 apa).

J=i+1

Gs@)=sz" N -1,2"" V2 for ze F*=12Z.

Put a(g) = (- 1,det p(g))""~""?6(g). Then gos=s°6 on ZA?, hence J,, ,0 0=
Oy,n ON ZA?. Consequently Qyn°0=g0,, on A, and 7, ,00=mn,, on G.
We conclude that &, ,c0=6, ,, namely there exists a non-zero operator
I: VP 1su guch that O(g)l = I@(ag) for all g in G. Since @ is irreducible, I*
is a scalar by Schur’s lemma. Multiplying 7 by a scalar we may assume that
[*=1Id. This determines / uniquely up to a sign. The choice @(g) =17 deter-
mines an extension of @ to the semi-direct product G* =G x (o). It is this
extension of @ to G* whose model we construct.

1. To state the Theorem we need more notations. Consider G;=GL(j, F),
for 1 <j<n, as a subgroup of G, via

g 0
& (0 In~j>-

Then G;=p~ 1((_?J-) is a subgroup of G,, and G is the direct product of F* and
ker p. Put H;=G;s(Z,).

A genuine representation g of a subgroup H of G =G, is one which satisfies
o(hl)={_o(h) for { in ker p,h in H. Let (@), V) be the genuine representation
of G, which is trivial on F*.

Let P; (2<j=<n) be the upper-triangular parabolic subgroup of G; of type
(j—1,1). Let U; be the unipotent radical of P;. Put Pj=p"(PjZ,,) and U;=
s(U)). Then P;=H,;U;. Consider the surjection pr;: Pi=F/~' {0}, (pg)~
(Pj 165 1=b<)). It yields an isomorphism P;_,U;\ P;=F/~'1-{0}. Denote
by e, the row vector of length j whose only non zero entry is 1, at the kth
place. Define a section s;: F/~' — {0} = P; by s;(x{/), ..., x})|) = s(A), where if

xP= o =xD=0, x), £0, then A4 is the j by j matrix whose rows, from top
to bottom, are ey, ..., €, €42, ---»€_1, (0,...,0,x1, ..., }{)1,0),@.

As in [BZ1] we denote by Ind the functor of (unnormalized) induction, and
by ind the functor of induction with compact supports. Denote by 7 and
normalized (as in [BZ2]) induction; thus

icro=ile; G, H)=ind((6/85)"%0; G, H),
where g is an H-module, and Ay, =3J5", A;=465" are defined in [BZ2], p. 444.
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Our definition of the model (@,, V,) of the G,-module (0,, V*®) is induc-
tive. Given any model (@, », V¢ ,) of @, _», let V?_, be the space of smooth
genuine functions f,: G,_,— V;_, which satisfy

Sokls(R)gn—2ugn-1) =227 " V40, _2(gn_2)fo(8n-1)

where
g:€G;,,uel,_, zep(Z,_ ), {ekerp.

The homogeneous space U,_,G,_»Z,_y\ G,_, is compact. Thus, putting
v(t)=|t|, we have

Vr?—l :ind(Vg—va_(n_l)M; Gn—l’ Un—lzn—lGn—Z)
Zi(Va—2®V71/2xv(n_3)/4; Gn—l) Un—lznlen—2);

here i is the normalized induction, while ind is not normalized.
Let G, ; act on V{_; by e(g)fo(h)=|det p(g)|'"*fy(hg). Then the G,_;-

b . . .
........ i} is isomorphic to

vl/2®ind(V,‘f,2X vf(nA 1)/4) — vl/4®i(V?v2®v— 1/4 % v(n—2)/4).

LEMMA 1. The G, ,-module i(®,_,®v ™ "*xv"=2%) has a unique irredu-
cible submodule.

PROOF. The G, _,-module @, _, is, by definition, the unique irreducible sub-
module of 7, _,. Since the functor i is exact, i@, ,®v Vixv"=24) is a
submodule of 7, | =i(m,_,@v "4 v~ Since @, _, is the unique irredu-
cible submodule of 7,_,, the lemma follows.

Denote by (@, ®@v'%, ¥ ) the unique irreducible submodule of
(0, V?_)). Denote the element

1 0 u
1 Up 1
0 1

of U, by u(uy,...,u,_,). Let V9 be the space of smooth genuine functions
f:P,—~V7_, which satisfy

© SUsRYgn— 24 upy) = Lw by )P~ V)O, 280 -2 f (D)),

where
p.€P,, geG ,uel, ,zep(Z,), {ekerp, u=u(u,...,u, )€U,

and are compactly supported on U,P, ,\ P,. Let V; be the space of f in
V9 such that there exist A¢>0 and f; in V;_;, with f(p)=fo(p) on the p=
$,(X1s oes X, _1) in P, which satisfy max(|x;|; 1 <i<n)<A,. Let dp: PmRZ, be
the character which maps pe P to the absolute value of the Jacobian of
u—pup ', U= U. Then V{ is a genuine P,-module under the action

(1 O,((e) f(p) =0p(8)*f(pg) (peP,geP,_ 1, {ckerp).
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In particular

2 O, f(p)=w( ¥ ux)f(p)

I=i<n

for all
u=u(u,....,u,_)e U, pry(p)=(;; 1 =i<n),

and
O, (@S, .. )=, )" Iy Y, L) (e FX=Z).
We will define ¥, as a space of smooth genuine (in each variable) functions
SiPyX o XPy ;X e 2C
which satisfy
Sy oo es QUUD, 253 Dy —2j_ 2y ---)
= Wty_2j-130p, , (@D *f(Pus vy Puo2js Puo2j—2ds---)s
for any 0=j=<(n—-2)/2 and
GQeEP,_5; 5, u=u(Uy,...;ty_o; YEU, _,;, w'elU, _,;_, p;eP;.

Moreover, for every j (1<j<(n-2)/2) there is an operator k;: V,—V, such
that

(kjf)(pm---’pn721+2’pn—2j9"')
= jf(pns--',pn72j+2)Qn—2j!"')Kj(qn-lj"";pn—Zja'--) H dqn—zi

i=j

for some kernel K;:(P,_5;X...)X(P,_,;X...)=C, with the following prop-
erty: For every fin V,, we have

f(pns ---yé‘(W(n_zj))pnijspn—Zj—Z’ "')
:(kjf)(pn’""pn—2j+2apn72j;'-')'

Since G, _,; 1s generated by P, _,; and s(w(n—2j)), such a function is com-
pletely determined by its values on

(n) ) . (=2 (n-2j) .

) JOG, L e xg ,...,xn_2j~],...)

- . . -2j -2/) y.
=f s, 0, o X s s, (x0T f),...,x,(l"_zjfjl),...).

Note that (©,, V;) is always taken to be the genuine G,-module which is
trivial on s(G)), and (@, V,) is the genuine representation of G,=Kker p.
Having defined the G,_,-module (®@,_,,V,_,) (n>1), using V?_,=V,_, we
obtain the G,_;-module (@,_,®v!’4 ¥$_,) and the P,-module (@,, V¢).

Put V,= V. Define an operator J on V, by

. n-2j 2 .
N5 X0 f),...,x,(l”_zjfj],...)

4) I .
=[Hoejcnn; (X129 2N (IS ),
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where

NI )= § Sy =20, yn2) | yin2i) oy

-y Y Y (_l)i—l (n— ZJ)xfln 231)l/x(n 2/’)]
O=<j=<n/2-1 Isisn—-2j-2
- T ay"
; .
iJ

Note that when n=3 the group G =G, x (o) is generated by P, and &. It
suffices to show that V, is a G-module, isomorphic to V. For then V,
is a G,-module, isomorphic to V:'°, and we obtain an inductive process,
beginning with (@, V), or (O, F,), to define an explicit realization of
(O3, V3),(Os, Vs), ..., or (O, V4), (O, V), ..., and finally (@,, V,), by means of
unitary operators.

THEOREM. (i) The space V, is isomorphic to V*°.

(i1} There exists c+0, unique up to a sign, and a representation (denoted ©,)
of G¥ on V,, given by (1)-(2) on P, and with ®,(a)=c/J.

(i) The GZ-module (®,,V,) is isomorphic to (0,, V'°).

(iv) By (3), the space V, can be regarded as a subspace of L*(F" ' x...x

F?). Then up to a scalar there exists a unique Hermitian scalar product on the
unitarizable f? -module (f) V \ It is on)pn hv I 2product

s LEUC RO rolule.

REMARK. (i) When n=2 the Theorem has been worked out in [FM]. For n=3
the Theorem coincides with the Theorem of [FKS]; our proofs generalize those
of [FKS], and put the example of [FKS] in a general framework, It is likely to

have annlicatiang haormanio ana alycic ag 3 in IFKQT huat tha will nat ha dico
nave appiicaticns i narimonic ar alyom as i [r'soj, out these wiu not oe ais

cussed here.

(ii) By (iv), the unitary completion of (@,, V) is (®,, L3 (F"~' x ... x F?)),
where @, acts by (1)-(2) on P,, and by ©,(g)=cJ. When n=3 and F=R, the
unitary G;-module (©;, L*(R?)), or at least its restriction to p~ (SL(3, R)), was
first constructed by Torasso [T].

(iii) The explicit realization (®,, V) of the G,-module ©®, is analogous to the
realization of the representation of the two-fold covering group Sp of the sym-
plectic group Sp in Weil [W]. See the example below for the case of n=2. As
noted in Section 0, our &, is the most useful (to the theory of L-functions)
analogue of the representation of [W], in the context of covering groups of
GL(n). Some experts are more attracted to the analogue for the n-fold cover
of GL{(n).

(iv) Our proofs are inductive, passing from n to n+ 2. Hence the study of @,
for odd # is completely independent of the study of @, for even n, and vice
versa,

EXAMPLE. As noted in [FM], when n=2, our model is easily obtained from
the well-known model of the genuine p~YSL(2, F))-model ¢ constructed in
Weil [W]. To see this, recall that there is a choice y(—1)~""? of a square-root
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of p(—1)7!, such that o of [W] acts on the space of even (p(—)=¢(t))
smooth compactly-supported complex-valued functions ¢ on F, by

oy | Jewr=vermen.  os(y 5o ))ew=raial utan,

9(§((1) _(1)>)¢(t) =9~ 1) (- =y(- 1)V | o(Y)w(—yr)dy

(beF,aeF™).

Since p~'(Z) is the center of p~!(Z-SL(2, F)), this @ extends to a
p~NZ-SL(2, F))-module by o(s(z))¢ =y(2)¢ (z€ Z=F*); note that ¢ is as-
sumed to be even. Then @, is ind(e®v"'?%; G,, p~ (Z- SL(2, F))). Choosing the

section
X x 0
N 0 l /

to the isomorphism p ~{(SL(2, F)) \ G,—F*, g~ det p(g), the space of @, con-
sists of f: F* x F~C with f(x,t)=|t!""? f(xt% 1) (note that f is even in ).
Putting f(x) =f(x, 1), the group G, acts as follows:

o(s(® “Vrw=iai@.  e(s(* °))rw = o,
o 1)) \Ho z/)

/1 b\ . . o pr s
@KO l)f(x)=W(DX/2)](X),

/70 =1\ . A >
@kbjkl 6))f(X)=Y(— D= y(0|x e }: YISy ) wxy)dy.

Since ¢ €9 is locally constant on F, in particular it is constant in some neigh-
borhood of 0 in F. Hence f(x, ¢) is constant near ¢ =0 for each fixed x, and for
every fe© there is A;, and fo: F*—>C* satisfying fy(xa®)=la|™"?fy(x)
(x,ae F*), such that f(x) =f,(x) for [x|<A,. This determines the space of 0,
and the action of G. It is easy to check that

(@) N)x)=y(—1)"2p(x)" "' (= x)

defines an extension of @ from G to G* =G X (o), unique up to a sign,
which is consistent with (4).
Of course the unitary structure on @ ={ f} is given by

(LS = £ J@)fCodx.

2. In the proof we use the functor r of coinvariants. Let y,: U=C* be a
character (possibly degenerate) of the unipotent radical U of a parabolic sub-
group P of G. Let V be a smooth P-module, and put

Vi, =V —yyu;veVue U).
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It is a Stab, (P)-module. Put ry, V=65""®Vy,, . Then ry, is the
normalized functor of coinvariants, from the category M(P) of smooth P-
modules, to the category M(Stab,, (P)) of smooth Stab, (P)-modules. Of
course, when yy is trivial, U acts trivially on Vy=Vy, and ry,, , which we
now denote by r;, maps M(P) to M(P/U).

The proof of the Theorem is based on a study of the restriction 7=®|P of
the G,-module (8@, V") to its subgroup P=P,. The space of 7 is ¥'= VP,
Put U=U,, and denote by w =y the character u(u,,...,u,_,)~w(u,_,) of
U; here w:F—~C* is the non-trivial character of F fixed in the definition of
©=0,,. In particular we have the (normalized) functors

ry: MP)—>M(G, - ), ryy s M@P)=M(@P, _y),
of coinvariants, and
iy MGy )= MB), iy Ty s MIP,_ )= M(P,)

of induction, as in [BZ2], § 3. The k-th derivative 78 eM(G,_,) (here
1<k<n) of 7is defined to be onr{‘,”wlr. The P,-module t has a composition

series (see [BZZ], (3.5)

T, =0C1,C...C1 =1, where 7, =i} orf 1) e M(P,).
The composition factors are

/Ty 1 =06, cip@®) =if ) eiyoryor (D) e M(P,).

For any k& (1<k<n), let rj,_,y) denote the normalized functor of coin-
variants with respect to the standard (containing B) parabolic subgroup P, _; ,
of G, of type (n—k, k). It maps M(G,) to M(G,_; X Gy), and M(P,) to
M(G,, _ , x Py). Similarly introduce o, _ «)-

LEMMA 2. (i) For each k (1 <k<n) we have
r(n—k,k)@n:v_k/4®@n—kxV(n\k)m@@k‘

(ii) The dimension of r(, Oy is one if k=2 and zero if k>2.

PROOF. (i) The functor ry: M(G,) > M(A,), where as usual N is the unipotent
radical of B=B,, vields an equivalence of the category M(A4,) with the sub-
category M, (G,) of M(G,,) consisting of the G,-modules whose irreducible
constituents are all subquotients of G,-modules of the form i(g; G,, A,N),
where 0 € M(A4,,) is extended trivially on N. Similarly the functor r,=ry X
I, establishes an equivalence of Ma, (Gu_ k) XMy (Gy) with M(A,). Since
the functor r is transitive, we have ryor, n=ry. The A,-module ry@, is
computed in [KP1], Thm I.2.9(e); it is irreducible. Using [KP1], Thm 1.2.9(e),
it is easy to see that rilr,_ s (@] is equivalent to r[v **®6,_,x

v =42 @,], and so (i) follows.

(ii) According to [KP1], p. 74, the space r, w@ is dual to the space Wh(@k)
of Whittaker functionals on &, and by [KP1], Cor. 1.
k=2 and O if k>2, as asserted.

fo IV 4 P VI/ £ 1 :f
3.6, dim Wh(B,) is 1 if
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REMARK. Cor. 1.3.6 of [KP1] is claimed only for F with |2/ =1, but the proof
there extends also to F with 2|1 once it is shown that @; corresponds to the
trivial G,-module via the metaplectic correspondence. This correspondence is
reduced (for £>3) in [KP2] and [FK] to a certain conjecture concerning non-
metaplectic orbital integrals. Progress towards a proof of this conjecture has
recently been announced by Hales [H] and Waldspurger [Wa].

PROPOSITION 1. There is an exact sequence 0—Vy—>V—=>V,—~0 of P=P,-
modules. The P-module V, is isomorphic to v'*® 6, _, as a G,_,-module; it
is trreducible. The P-module V, is irreducible; it is equivalent to

V(] = 5}1)/2
#

&)
x | =@ Y00, _1(g); P, PU | ;
1

*
®ind | {s(z) 1
0

< O 0o

here P'=P, ;.

PROOF. By Lemma 2(i), ryV is v *®@,_, as a G,_;-module, and 65°=

v2®1I, | as a G,_,-module. Hence V,=v"*®8&,_,.
Proposition 3.2(e) of [BZ2] asserts that the kernel V, of the P-module mor-
phism V-V, is 7,. Since the functor r is transitive we have (by Lemma 2(1))

rgortt=v @0, _ x v i@rl o,

Lemma 2(ii) asserts that r[",,‘u,l@k is zero for k=3. Hence 7,=0 for k=3, and
T, =7,/73. Consequently

Vo=1/13=1y, WO iyoryory {7

= i11‘1(5(In@ 2,2)@ A 1/29;1*2 X rU.W(V(n~2)/4® ), P, P(n~2,2))-

As
022 n=v®I,_ yxv " 2QI,
and
5}3/2=5(',{31,1)=v1/2®1,,_]xv‘(”'z)/“,
we have
g *
Vo=ind [ s(2) | 0 1 x | =@ Dy ?®6,_,)(e); P, P'U
0 0 1

=0}?Rind(y®6,_,; P, P'U).

Since the stabilizer in P of the character

.

In—l *)
x| ~wx)
o ... 01
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of Uis P'U, and w®®O, _, is an irreducible P’U-module, ¥V is irreducible by
Mackey’s Theorem 4.2(i) of [FKS], as required.

3. Asin [FKS], (4.1), given a group H and a smooth H-module V= V(H), let
V’(H) be the Hermitian dual of ¥, namely the smooth H-module obtained on
conjugating the complex structure of the smooth dual of V. Write V’ for V'(H)
when A is specified. Note that an H-invariant Hermitian form on V is equi-
valent to an H-invariant map from Vto V"

In our case, since (@, V) is unitarizable we obtain a sequence

Voo Vo V= Vg

of P-modules. Here V' =V (P), Vi=Vy(P). Mackey’s Theorem 4.2(iv) of
[FKS] implies that

[6F°®ind(y ®6, _»; P, P'U))

=05 2@ Ind[(8py/Ep)R (7 ™' ®O;,_,); P, P'UJ

as P-modules. Since ©,_,=0,_, (as G,_,-modules), and w '=y, and
Opy/0p=0p=dp on P'U, we conclude that
(6) Ve=65"Q@Ind(w®6,_,; P, P'U).

We shall now show that V is a P-submodule of ¥ and later characterize V
in Vj.

PROPOSITION 2. (i) The composition ¢ : V—V'—= V, is an embedding. More-
over, the map V'—Vy is also an embedding.

(i) We have Homp(Vy, V) =C. In particular the restriction of ¢ to V, is a
multiple of the natural inclusion

O*®ind(W®0O,_,; P, PU)SIH*®Ind(y @06, _,; P, P'U).

PROOF. (i) The kernel of ¢ consists of all ve V such that (v, vy> =0 for all
vo€ Vy. Since Vy=ker(V-Vy) is spanned by the vectors v—O)v, veV,
u € U, the space ker ¢ consists of vectors fixed under the action of U. The claim
then follows from the following variant of a result of Howe-Moore [HM],

L 11l 1115 il

Prop. 5.5, p. 85.

LEMMA 3. Let G be a covering group of GL(n, F), and V a non-trivial irre-
ducible unitarizable G-module. Then the only vector in V fixed by a one-
parameter additive subgroup of G is the zero vector.

The injectivity of ¥'— V} follows analogously.

(ii) By (6) and Frobenius reciprocity (see [BZ2], (1.9(b)), p. 445), we have
Homp(Vy, ¥§) = Hompy((Vo)y,y,» O R ® O, _2)).
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Since the functor of coinvariants is exact we have (V;)y, = Vu,y,- As in the
proof of Proposition 1, we have ry, V=iyoryory, V. By Lemma 2(i), we
have

-1 —-2)/4
r(n—2,2)@n:v /2®@”_2XV(" )®@2-

Since iy, is simply multiplication by 652, and ru,y,@2=Wwy, we conclude that

U,V =0n_2®wy. Hence Vy, =6*®ry, V=05"Q@¥w®6,_,). Conse-
quently

Homp( Vo, V(l)) = HomP/U(VU, Wy VU, WU)’

and this is one-dimensional since ©,,_, is irreducible. Hence (ii) follows.
We can now describe V as a P-submodule of V.

PROPOSITION 3. The space of V consists of all f in the P-module 5°*®
T A s ... 5 I » 1 & AN SUVERNY S MDY A P A | mxa A £ Fen tlan eiiatrern ssesn
lllu\(/lwl'yn_2, r, r U) Jor wruicr trere ﬂf}U, Urild Jo it LNC uriyue trre-
ducible subspace O, _,Qv'* (see Lemma 1) of

Y Pe A,,—l_/4‘.,,(n~2)/4\r>“l/4
O, @y~ " xy ®vE,

such that f=f, on the p=s,(xy,..., x,_1) in P with max(|x;|; 1 <i<nm)<A,,

PROOF. The space V is a subspace of V}=6’®Ind(y®6O,_,; P, P'U)
which contains V,=d05?®ind(w®@,_,; P, P'U). Write f for the class of
fe Vg modulo V. According to Proposition 1, V is the space of fin ¥} such
that f lies in V,=v"*®®,_,. Hence for any fin V we have that

|t|~¢ V2@, (diag(i%, ..., A D) F=F in v *®O,_ = V/V,.
Consequently
1|~ D@, (diag(t?, ..., 15 1)) f~f lies in ¥, (¢ in F).

Then there is A;>0, and c(0<c< 1/2), such that [¢|~D2f(p(r?)) = f(p(1)) for
P =5,(t*x), ..., 1%, _)) in P with max(|x|;1<i<n)<A; and c=<|t|=]
(since fis locally constant and the domain of ¢ is compact). But then this re-
lation holds for all # with 0<|z|=<1. Define f; by fo(p(1)) =t~V 2f(p(£*))
for ¢ such that max(|t2x,~|; 1<i<n)<Ay. It follows that given an fe V there is
A;>0 and f; in the space

ind(@, ,xv" ) =ind(@GF’ @[y~ 2®6, ,xv" V)
:i(v— 1/2®@"‘2 X v("—3)/4) — v—1/4®['(v~ 1/4®@n—2.x v(n——Z)/4)

[thus f,:G,_,—@,_, satisfies fO(gn—Zugn—]t2)= It‘—(n_l)On—2(gn~2)fO(gn-l)
(g:i€GhuelU,_D], such that f(s,(xp.cer Xp_ 1)) =So(Sn(X1sees X, 1)) for
max(|x;[; 1si<n)<A,. Note that G,_, acts on f; by g(@/fe(p)=
|det p(g)|'"*f5(pg). Hence f, lies in the G,_,-module

ind(@n—Z X v(" - 1)/4)®vl/2 — i(@n_2®v —-1/4 % v(n—2)/4)’
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which according to Lemma 1 has a unique irreducible submodule @, _,®v'*,
But Proposition 1 then asserts that f; lies in this submodule ©,_,®v!’4, and
the proposition follows.

4. Proposition 3 determines V" as a P-submodule of the induced P-module
Vi=0F?®Ind(w®O,_,; P, P'U). It remains to extend the action of P on V
to an action of G, or in fact G* =G X <{o), on V. Since G* is generated by
P and ¢ when n=3 (as we now assume), it remains to describe the action of
6. To do that we construct below an irreducible B-submodule Wy =W, , of the
P-module ¥V, and define (the restriction of) ¢ on W, by a formula which
extends to V. The first step in this plan is to find an irreducible P”-submodule
W of V,, where P"=p~!(P") is the pullback of the intersection P* of P with
a(P).

Let w' be the transposition (1, # — 1) in the Weyl group of G. Namely it is the
image under s of the matrix in G whose non-zero entries are 1, located at
GJj)=0,n=-1), (n-1,1), (k,k) (k=n or 1<k<n-—1). We have the disjoint
union decomposition

P=P'UP"UP'UwB=P'UP"UPUWP".

The subset P*=P,=P'Uw'B= P’ Uw’P” of P consists of all pe P with x, #0,
where pr,(p)=(x;; 1 <i<n). The space W of the elements f of V, which are
supported on P* is then a P”-module. It is

W=0’®ind[(y®6,_,)"; P, wP UwNP"].
Since the w'P’'Uw’N P’-module

1 0 ... 0 x
(W®O,_)":s(2) | 0 g H ey VO, 5 ()
0 ... 0 1

is irreducible, W is an irreducible P”-module by Mackey’s Theorem (4.2(ii)) of
[FKS]. Let W’=W'(P"”) be the Hermitian dual of the P”-module W. By
Mackey’s Theorem [FKS], (4.2(iv)), we have

W=62®Ind[(y®6,_2)"; P",wPUwNP].

This W’ consists of all functions f: P*— @, _, smooth under the action (1), (2)
of P”. Hence we have the following inclusions of P”-modules:

WCV,CVCV'=V(P)C V= Vy(P)C W = W(P").
PROPOSITION 4. Let J: W ->W' be a P"-module morphism such that
JWYC W, J2=Id, and JO(p")=O(ap”)J for all p" € P". Then J(V)CV and
J|V is equal to I (up to a sign).

PROOF. For any m € F let u(m) be the matrix in N whose only non-zero entry
above the diagonal is m1, located at (i, /) = (1, n). The subgroup N, , = {s(u(m));
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me F} of N acts on W', according to (2), by
O, w(m)f(x, ..oy X ) =L(5p(x1, ..y X, — Jt(112))
= f(umx))s, (X1, -y Xy - ) = w(mxy ) f(xq, ..o\ X2 1)

Hence the only N, ,-fixed vector in W is the zero vector (W’ consists of the
Jon x; #0). Moreover, for every fe W’ and m € F it is clear that @,(u(m))f—f
lies in W. Namely O,(u(m))f=fin W'/W, and N, , acts trivially on W' /W.
Since WC VC W’ it follows that

Homg(V/W, W) =0, Homp((V/ W), W')=0.
Since

Homg(W, V/W)asHomg((V/ W), W),
we further have that Homg(W, V/W)=0.

We conclude that 7: V=V maps W to W. TIf not th r
we concluae that / maps rv Y. il Ly L X

a non-zero P”-module morphism W-—V/W. But this is impossible since
Homg(W, V/W)=0.

Since W is irreducible, any P”-module morphism J: W— W with J 2—=]d and
JO(p")=6(ap”)J for all p”e P” has to be equal to I| W up to a sign.

l"ll'ld.lly we le.lIIl Lﬂdl [ﬂC I'Cbll'l(.LlUIl J i.I/ to I’ Ul J Ul LIlC prUpOSItlUIl lb Cqud.l.
to I, up to a sign. Indeed, if J| W= I] W then the P”-module morphism
J] V-I:V/W-W’' is well-defined. Since Homg(V/W, W')=0, the propo-
sition follows.
5. Put B"=BNwP'Uw’. Since P=P'UP"UP'Uw’'B, and P'U\ PUwB=
B”\ B, as a B-module the restriction of W to B is

W|B=6*®@ind(y®©, ,)"|B"; B, B").

Then W|B is reducible since @,_,|B,_, is reducible. We shall construct an
irreducible B-module Wy=W,, of W= W, by induction, as follows. By in-
duction on n, we have inclusions of B”-modules:

Wi 20C Wy 2 CVy 20C VYV, 2CV,_2C Vi 50C...

Here W, _, (is an irreducible B, _,-submodule of the irreducible P, _,-module
W, _,. This W, _, consists of the restrictions /| P,’_, (namely restrictions to the
subvariety of F"~?~ {0} determined by x\"~23£0) of the fe V,_,,. In turn
V,_2,0 1s the unique proper (necessarily irreducible) P,_,-submodule of
Vn—2=@n—2|3n—2-

DEFINITION. Put Wy= W, ;=85’®ind(w® W, _, ¢; B, B").
Then W, is an irreducible B-module by Mackey’s Theorem (4.2(iv)) of
[FKS], since W, _,, is irreducible. This W, is the desired irreducible B-sub-

module of
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W=W,=6y"

1 0 0 x
omd| 6@ |0 b | =@ "0, by B, B
0o ... 01

Note that W, consists of the f:P,X...XP,_,;X...»C in W which are sup-
ported on Py Xx...X P, 5;x.... If the elements f of W are regarded as func-
tions of (F" "= {0} X...x(F" ¥~ 1—{0})x... as in (3), then W, consists of
the restrictions of the fe W to the subvariety determined by
XM 20, ..., x12x0, .
Let W)= W;(B) be the Hermitian dual of the irreducible B-module W;. As

usual, we have inclusions of B-modules:

I’J/ 'a
Yo

-
R

e l/ w
(G 4 44D

-

r

PROPOSITION 5. Let J: Wy— Wy be a B-module morphism such that J(W;) C
Wy, J 2= Id, and JO(b) = @(cb)J forallbe B. Then J(V)CV and J | V is equal
to I (up to a sign).

PROOF. The proof follows that of Proposition 4. For any m e F let u'(m) be
the matrix in N whose only non-zero entry above the diagonal is m, located at
(4, /))=,n—1). The subgroup N, ,_;={s(u'(m)); meF} of N acts on W,
according to (2), by

Ot )L, ooy X 5 XD, ) = f s o, X )2, )

=0, _o(u(m)- f, ..., x5 X3,y = p(mxd D) f(, L),

Since W consists of f on the variety determined in particular by x}"‘z) #0, the
only N, ,_-fixed vector in W} is the zero vector.

Moreover, for every fe W and me F it is clear that @,(u’(m))f—f lies in
Wy. Namely @,(u'(m))f=fin Wy/W,, and N, ,_, acts trivially on Wy/W;,.
Since W,C V' C W we conclude that

Hom g(W,, V/Wol(CHompg((V/Wy), Wi))=0, Homg(V/W,, W) =0.

It follows that 7: V=V maps W, to W,. Otherwise the operator I induces a
non-zero B-module morphism W,— V/W,. But this is impossible since
Hom g(W,, V/W;,)=0.

Since W, is irreducible, any B-module morphism J: Wy,— W, with J I=1d
and JE(b) = O(agb)J for all be B has to be equal to I up to a sign.

Finally we claim that the restriction J | Vto V of J of the proposition is equal
to I, up to a sign. Indeed, if J|V'=I on W, then the B-module morphism
J|\V=1I:V/Wy— W} is well-defined. Since Hom gz(V/W,, W;)=0, the propo-
sition follows.
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6. To complete the construction of the model of @, it remains to write down
an explicit expression for J of Proposition 5. We shall use the notations of (3),
and claim that up to a scalar, which is unique up to a sign, J is given by (4).
To check that one needs to write explicitly the action of B= AN on fe W),. For
that, given ueF and 1<i'<j'<n, denote by u(u; ', j’) the unipotent matrix
whose only non-zero entry above the diagonal is u# at (i, /). Then

O(u; i, jNf(x,...)
25~ . -2 -2 . .
= w(uxf/jj/_”;)f(...,xj(.,”)+ux},"), el --~,x}[j J)+uxl(,”ﬁj Do)
in the last expression, only variables affected by the action of w(u; ', j’) are
written out. Since

o(uu; i, j)=u((— D' " uyn+ L=+ 1=,

we also have

M xl1sd20+ 57 47 AT — s L+i'+j i n+2-20
nu(u(u{u, 13 ,J }}Jf(/\g ), ---}— w{(= 1) j"‘x’(l"'zft/_}/)
. (m) R R AR A ) ;
JCo,x = (=1) UXp L jiseess
n—2j) N (1= 2)) .
...,xn+1_,.,_j~( 1) uxnﬂﬁj,_j,...,...).

It is easy to see that

Und= S =xP 20,y =20, 20000

r © ©« e oani— L (=2 n—=2) s An=2)3v 11 a,{n—27)
vl X r (=07 x50 I- II dy;
O<j<n/2~1 l=<i=n-2j-2 ij

satisfies Sy (@u(u; i/, j' N =O(o(uu; i', /)N S, for all i'<j’ and ueF.
Using the decomposition

~

(0,1,0,... ,0

XCp, ooy Xy )= | 0,...,0,1,0
Xyy ooy Xp_ 1,0

0,... 0,1
(1,0, ... 0) (0,1,0,...,0) [1Lx/x, ... Xy /%
=lo,...,1, 00| |0,...,0,1,0| |0,...,0, 1, 0, 0
0,... x,0| |1,0..00]|]0,.. 0, 1, 0
0,... 0,1J {0,... o0,1J (o0,.. 0, 1

and the multiplication law in G (see [KP1]), it is easy to verify that
$(X(xy, .ovs X - 1)) S(diag(ay, ..., a,))
=s(a,)- s(diag(a,/a,, ..., a,_/ay 1,1))
S(X(@1 X1 /8y ey @y X /) - (= 1)y, 0. a,)
Aap, I (mgy Dda,-1)" L

l=j<n
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Applying induction on j, and the recurrence relations
f(---,qpn—lj+2:pn~2ja )
=0p, (@ oy Puzjurs Pa2j ), AE€EP, 3,

it is easy to verify that
O(s(diag(ay, ..., a)NS (..., x" 2, ..)

=@ X @y sy X Vs @ x T

@y 2j1X0" zj)l/an-ﬁ---)' II [@n—Zj(é,(anfj/an~j+l))
I<j=n/2-1

_1 -25
(D" % T (@@ ) @ s
JHl<ks=n—j

(-pt 11 (_ak+j/an+l—j)k‘l)' I |ai/an—j‘1/2]‘

l<k<n—2j j<i<n~j

Here @, (s(a)) is multiplication by the scalar y(a™™~D’2).
Recall that o(g)=(— 1,det p(g))" ""*a(g) and that

G(s(diag(a)))) = s(diag(a, s _;)- H (1 a;, a;).

i= Jj=itl

Hence

O(a(s(diag(@y, .- G, X0, ) =(~ L, 415...a,) "~ "7

n/2-1
H( 1 ap @) 1l [On_2;(s(a;/a;,1))
=1 j=it+l i=0
(=D, m’ (ak/a)) (a;/a;, 1, (—=1)""!
k=j+1
11 (—aj/a,,+1_k_j)k_])' 11 ‘aj+l/an+l—itl/2]
l<k<n-25 j<i<n—jf

: -2j
S@x/ay .. ax Say; @ X . a

One can then check that

UG X2 =1 T (22020

0sj=n/2-1
SN X272, ),
satisfies
J(©(diag(a))).f) = (O(o(diag(a;)))J) /.

Hence J? is a scalar, and the product of J with some constant ¢ satisfies
(cJ)*=1d. This completes the proof of (i)-(iii) in the Theorem.

7. It remains to prove (iv) in the Theorem. By Proposition 2(ii) we have
dim Hom p(V,, V) = 1. By Proposition 2(i), we have V'S V. Hence the space
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Hom p(Vy, V') is a subspace of Hom p(V), V), necessarily one-dimensional.
Consider the map Hom p(V, V')~ Hom p(V,, V’), obtained by restriction from
V to V. Its kernel is Hom p(V/V, V*). Now V/Vy=V{, and U acts trivially
on V. On the other hand, the only vector in W’, and in particular in its sub-
space V7, which is fixed by U, is the zero vector. Hence Hom p(V, V') injects in
Hom p(Vy, V'), and it is one-dimensional. The L*product on V yields a
P-invariant Hermitian form on V, hence a non-zero P-module morphism
i: V- V", The unitary structure on V yields a non-zero morphism j: V— V"’ of
G-modules. In particular j is a P-module morphism. Since dim Homp(V, V") =
1, j is a multiple of i, as required.
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