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Let E/F be a quadratic extension of p-adic fields, p # 2. Let « +— T be the involution
of E over F. The representation 7 of GL(3, F) normalizedly induced from the triv-
ial representation of the maximal parabolic subgroup is invariant under the involution
o(g) = Jtg—1J. We compute — by purely local means — the o-twisted character X7
of m. We show that it is o-unstable, namely its value at one o-regular-elliptic conjugacy
class within a stable such class is equal to negative its value at the other such conjugacy
class within the stable class, or zero when the o-regular-elliptic stable conjugacy class
consists of a single such conjugacy class. Further, we relate this twisted character to
the twisted endoscopic lifting from the trivial representation of the “unstable” twisted
endoscopic group U(2, E/F) of GL(3, E). In particular 7 is o-elliptic, that is, xZ is not
identically zero on the o-elliptic set.

Keywords: Admissible representations of a p-adic group; twisted characters; endoscopy;
stable conjugacy.
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1. Introduction

Let F be a finite field extension of Q,, G’ be a reductive connected linear algebraic
group over F' and o be an involution of G’ over F. Put G’ = G/(F) for the group
of F-rational points on G’. Denote by o also the induced involution on G’. Let 7
be an admissible (see [1, 2]) irreducible representation of G’ in a complex vector
space. It is called o-invariant if it is equivalent to the representation “m, defined
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by “m(g9) = w(cg), g € G’. In this case there is an intertwining operator A on the
space of m with 7(g)A = Am(og) for all g € G'. Since 02 = 1 we have 7(g)A? =
A’rn(g) for all g € G'. As 7 is irreducible A? is a scalar by Schur’s lemma [2].
Multiplying by a scalar we may choose A with A? = 1. This determines A up to a
sign. Extend 7w to G’ x (o) by 7w(c) = A.

Let K’ be a maximal compact subgroup of G’ with c K/ = K’. A representation
7 is called unramified if the space of w contains a nonzero K’-fixed vector. The
dimension of the space of K'-fixed vectors is bounded by one if 7 is irreducible. If
7 is o-invariant, irreducible and unramified, and vg # 0 is a K’'-fixed vector in the
space of 7, then Awvg is also K’-fixed, hence is a multiple of vg. Thus Avg = cuvg,
with ¢ = +1. Replace A by cA to have Avy = vg.

Since 7 is irreducible, by Schur’s lemma there is a character w’ of the center 7’
of G’ with 7(zg) = W'(2)n(g) for all z € Z’, g € G’. Fix a Haar measure dg’ on
G'/Z’ [2]. Denote by H' the convolution algebra of complex-valued locally constant
measures ¢dg’ on G/ which are compactly supported on G’ modulo Z’ and which
transform under Z’ by w'~1.

For any admissible representation m and any ¢dg’ € H' the convolution oper-
ator w(pdg') = fg,/z, #(g)m(g)dg’ has finite rank. If 7 is o-invariant, denote by
tr(¢dg’ x o) the trace of

(o’ % 0) = 7(6dg) <70 = [ olg)(o (o)’

The distribution ¢ +— trm(¢dg’ X o) is represented by a function xZ, named the
o-twisted character of m. Thus x7 is a locally constant complex-valued function on
the o-regular set of G’ (where go(g) is regular) which transforms under the center
7' via ' and is o-conjugacy invariant (thus x2(h~tgo(h)) = x2(g) for all h € G'),
which satisfies tr(¢dg’ x o) = fG,/Z, X2(g")p(g')dg’ for all ¢ € H' supported on the
o-regular set (in fact for all ¢ € H' as x¢ is locally integrable on G’ (see [3, 9, 10]),
hence it is uniquely determined by its restriction to the o-regular set).

It is a basic question in representation theory to compute xZ. Methods to carry
out such computations are scarce. The question is related to the theory of liftings,
and can be studied by global techniques of comparison of trace formulae. We study
here one particular interesting example by a purely local technique, based on the
usage of a convenient model for the representation in question. This extends a
technique first introduced in [5] and then extended by us in [6-8] in more involved
cases, the case considered in this paper being the most advanced of them all. It will
be interesting to develop a local proof of our theorems to cover the archimedean case
as well. Naturally our purely local approach is useful to compare with the global
approach [4].

Our example concerns G’ = GL(3, E), and the involution o(g) = J'g~1J, where
E/F is a quadratic extension of p-adic fields,  — T denotes the nontrivial auto-
morphism of E over F, J = (? —12) and g = (gij) if g = (gij). Then G’ = G/(F)
where G’ is the F-group R, p G obtained from the unitary group G = U(3, E/F)
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(regarded as an E-group) of the form J, upon restricting scalars from F to F. Thus
G = {g € G';0(9) = g}. Note that 7 ~ 7 means that T ~ 7, where 7 is the
contragredient (see [2]) of m and 7(g) = 7 (7).

A Levi subgroup M’ of a maximal parabolic subgroup P’ of GL(3, E) is isomor-
phic to GL(2, E) x E*. A representation m of GL(2, F) extends to P’ to have a
trivial central character and be 1 on the unipotent radical N’ of P’. Let ¢ denote
the character of P’ which is trivial on N’ and whose value at p = mn is |det(a=1h)|
if m corresponds to (h,a) in GL(2, E) x E*. Explicitly, if P’ is the upper triangu-
lar parabolic subgroup of type (2,1), and m in M’ is represented in GL(3, E) by
("6/ "?u), then 6(m) = |(det m’)/m”?| (m' lies in GL(2, E), m” in GL(1, E)). Denote
by I(m) = Ind(6"/?7; P/, G') the representation of G’ normalizedly induced from
m on P’ to G'. It is clear from [2] that when I(m;) is irreducible it is o-invariant
if and only if 71 ~ 71, and I(7) is unramified if and only if 77 is unramified. Here
K}, = GL(2,Rg) and K’ = PGL(3, Rg), where Rg denotes the ring of integers
of E.

We regard the twisted character x? as a function on the set of regular o-
conjugacy classes in G’. These are naturally packed in stable o-conjugacy classes. We
explain the classification of these later, but note here that the norm map, defined
using g — go(g), defines a bijection from the set of regular stable o-conjugacy
classes in G’ to the set of regular stable conjugacy classes in G = U(3, E/F) = {g €
G';0(g) = g}. The centralizers of such regular classes in G are tori of four types.
Put E' = {z € EX;27 = 1}.

(0) The diagonal torus (up to conjugacy) T* = {diag(a,b,a"');a € EX,b € E'}.

(1) Elliptic torus ~ (E1)3.

(2) Elliptic torus which splits over the biquadratic extension EL of F. It is isomor-
phic to (EL/K)! x E', where (EL/K)! is the kernel of the norm from (EL)*
to K*, where K is the quadratic extension of F' other than E, L.

(3) Elliptic torus which splits over a cubic extension of E.

Let h be an element of the subgroup H = {(cv;); a;; = 0if i + jisodd} ~ Hx E'
of G =U(3,E/F). Its eigenvalues are «, 3 = g, 7. We view H = U(2, E/F), the

unitary group of the form w = (? (1))7 as the subgroup H x 1 (a2 = 1) of G.

Then H = HZ, where Z ~ E' is the center of G. An element, conjugacy class,
or stable conjugacy class in H defines one in G. But note that the three distinct
stable conjugacy classes in H with eigenvalues «, 3, v in E* define the same stable
conjugacy class in G.

Fix a character x of E* which is trivial on NVE*, but nontrivial on F'*. Put
k1(h) = k(=1 — a/B)(1 —~/B)). If h = diag(a, 3,7) then v = @~ !, and sy (h) =
k(a/B). A o-conjugacy class of type (0), (1) or (2) has a representative g = (g1,b)
in Zg(diag(1l,—1,1)) ~ GL(2,FE) x E*, which is unique up to o-conjugacy in
Zgr(diag(1, —1,1)). Put det; g for det(g1/b). Then x(det; g) = x(det;(h'go(h')~1))
(W' € Zg/(diag(1l,—1,1))) is well-defined. Note that |z|g = |Nz|r = |z|% defines
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|z|p for  in E. Here N is Ng,p, the norm from E to F. Then [e|3 is |[Ne|p. Write
Ad(u)X =uXu~t For g€ G, h € H, put

A(g) = [1 — det(Ad(g)) | Lie(G/Za(9)) 1,

Ai(h) = |1~ det(Ad(h))| Lie(H/Zm (h))[}{*.

Then A(g) = |(a—B3)%(y— B)*(a— 7)2/(ozﬂ’y)|}/2 if the eigenvalues of g are «, 3, 7,
and Ay (h) = |(a— 7)2/(a7)|}/2, as we may work with G over the algebraic closure.

Our result is the following. Suppose that E is unramified over F' and p # 2
(throughout this paper, unless otherwise specified).

Theorem 1. If my is the trivial representation of GL(2,E),m = I(m), and g is
an element of GL(3,E) with elliptic regular norm Ng of type (1) or (2), then
ANg)xZ(g) = > A1(Ng¥)k1(Ng®)/k(dety g*). The sum is trivial except in
case (1), where it ranges over the Weyl group Ss of permutations of the eigen-
values of g, quotient (S2\S3) by the analogous Weyl group So of GL(2, E) where
g is viewed in Zg (diag(1l,—1,1)). If g is an element of GL(3, E) of type (3) then
Xz(g9) = 0.

In this paper we deal only with case (1), as our main interest is in showing
that the transfer factor is k1(Ng)/k(det; g) (and the corresponding representation
of H =U(2,E/F) is the trivial representation), so that it can be compared with
the transfer factors formulated by Langlands, Kottwitz—Shelstad, Waldspurger, in
general settings. We checked the theorem for case (2), but a full treatment of case
(2) would require another paper.

The theorem was found by global techniques, using the trace formula, as a case
of the unstable twisted endoscopic lifting from H = U(2,E/F) to G’ = GL(3, E),
see [4, pp. 207-208] (note that in [4, p. 208, line 25], e is meant to be b o e) which
is the counterpart of the endoscopic lifting from H = U(2, E/F) to G = U(3,E/F)
and the basechange lifting from G to G’ = GL(3, E); see [4, Proposition II1.5.1.1,
p. 340]. The proof in [4] uses the Weyl integration formula and its twisted form.
Our work provides an alternative, purely local and elementary, verification of this
highly complicated relation. The works [5, 6] deal with an analogous computation
related to (the unstable counterpart of) the symmetric square lifting from SL(2)
to PGL(3), while [7, 8] deal with a computation related to the lifting from the
(semisimple) rank two symplectic group GSp(2), to GL(4).

Although the representation 7 of the theorem is (properly) parabolically induced
(see [1, 2]), we study in the theorem the character of its extension to GL(3, E) x (o).
This extension is not induced from any proper o-invariant parabolic subgroup of
GL(3, E). Hence its twisted character is nonzero on the regular o-elliptic set. Ellip-
tic representations (ones whose character is nonzero on the regular elliptic set) of
a connected reductive p-adic group include the square integrable representations,
in particular the cuspidal representations. Cuspidal representations of connected
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reductive groups can be constructed by compact induction (see the recent sur-
vey [12], with references to previous works by Bushnell-Kutzko, Moy—Prasad, Yu
and others). This construction can be used to compute their characters. It will
be interesting to extend this theory to nonconnected groups, as in our example.
Computations of twisted characters are useful to compare with character identities
obtained by global techniques, as in [4]. Our example of an unramified nontem-
pered representation is of course another extreme in a direction away from cuspidal
representations.

For transfer to local fields of positive characteristic see [11].

To compute the character of m we shall express m as an integral operator in
a convenient model, and integrate the kernel over the diagonal. Denote by us the
character pgs(z) = |ac|§§+l)/2 of E*. It defines a character ps p of P’, trivial on N’,
by ps p(p) = ps((detm’)/m”?) if p = mn and m = (”8/ "?//) with m’ in GL(2, E),
m' in GL(1, E). If s = 0, then u, p = §'/2. Let W be the space of complex-valued
smooth functions ¢ on G’ with ¢¥(pg) = ps,p(p)i(g) for all p in P’ and ¢ in G'.
The group G’ acts on Wy by right translation: (7s(g)v)(h) = 1 (hg). By definition,
I(m) is the G’-module Wy with s = 0. The parameter s is introduced for purposes
of analytic continuation.

We prefer to work in another model V of the G’-module W. Let V denote the
space of column 3-vectors over E. Let V; be the space of smooth complex-valued
functions ¢ on V — {0} with ¢(\v) = ps(A)~3¢(v). The expression us(det g)é(*gv),
which is initially defined for ¢ in GL(3, E), depends only on the image of g in
PGL(3, E). The group PGL(3, E) acts on Vi by (75(g9)9)(v) = us(det g)p(tgv). Let
vg # 0 be a vector of V such that the line {Avg; A in E'} is fixed under the action of
!P’. Explicitly, we take vg ="(0, 0, 1). It is clear that the map Vy — W, ¢ — 1) =1y,
where ¥(g) = (75(9)®) (vo) = ps(det g)p(*guvo), is a PGL(3, E)-module isomorphism,
with inverse 1 — ¢ = ¢y, p(v) = ps(det g) 1(g) if v="gvy (PGL(3, E) acts tran-
sitively on V' — {0}).

In this section (only), |-| denotes |-|g. For v = ¥(x,9,2) in V put |jv| =
max(|z], y],|2]). Let VO be the quotient of the set of v in V with [[v|| = 1 by
the equivalence relation v ~ aw if « is a unit in Rg. Denote by PV the projective
space of lines in V — {0}. If ® is a function on V — {0} with ®(\v) = |A\|2®(v) and
dv = dzdydz, then ®(v)dv is homogeneous of degree zero. Define

/P @) 1o be /V a(0)dv.

Clearly we have

/PV O (v)dv = /PV D (gv)d(gv) = |det g| /PV D(gv)dv.

Put v(z) = |z| and m = 3(s — 1)/2. Note that v/ps = u_s. Put (v,w) = vJw.
Then (gv,o(g)w) = (v, w).
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Lemma 1.1. The operator Ts : Vg — V_g,

(Ts¢)(v) = (w)[(w, v)|™ dw,

PV

converges when Re s > 1/3 and satisfies Tsts(g) = 7—s(0g)Ts for all g in PGL(3, E)
where it converges.

Proof. We have

(Tu(ra(9)9)) (v) = / (72(9)6) () w0 TT|™dw = pa(dlet g) / ot gw) w5 dw
— |det g| " jue(det g) / o(w)|' (L~ w).Jo™dw
— (ue/w)(detg) [ o(w)l'w] - Ig~ Io" du

— (s ) (et g) / 6(w)(w, o (*g)v) ™ duw

= (v/ns)(detog) - (Tsd)(o("g)v)
= [(7-s(09))(T5¢)] (v).

Further, [, o [w|™dw = (1—q7) [, o, ™ d*w = (1-¢7) 3,50 g~ (m+n
converges if and only if Re(m) +1 > 0. O

The spaces V; are isomorphic to the space W of locally constant complex-
valued functions on V°, and Ty is equivalent to an operator 79 on W. The proof of
Lemma 1.1 implies also the following corollary.

Corollary 1.2. The operator T2 o 75(g~ 1) is an integral operator with kernel
(us/v)(det og)[(w,o("g~ o)™ (v,w in V°)
and trace

ulT oo™ = (v/)det) [ [og ol

Remark. (1) In the domain where the integral converges, it is clear that tr[T9 o
7s(g71)] depends only on the o-conjugacy class of g if and only if s = 0. (2) We
evaluate below this integral at s = 0 in a case where it converges for all s, and
no analytic difficulties occur. However, we claim that to compute the trace of the
analytic continuation of T o 7,(g~1) it suffices to compute this trace for s in the
domain of convergence, and then evaluate the resulting expression at the desired s.
Indeed, for each compact open o-invariant subgroup K of PGL(3, E) the space Wi
of K-biinvariant functions on W is finite dimensional. Denote by px : W — Wk
the natural projection. Then pg o T o 74(g~ 1) acts on W, and the trace of the
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analytic continuation of pr o T? o 74(g~!) is the analytic continuation of the trace
of pgoTo7,(g1). Since K can be taken to be arbitrarily small the claim follows.

Next we normalize the operator T so that it acts trivially on the one-dimensional
space of K’'-fixed vectors in V. This space is spanned by the function ¢ in Vi with
¢o(v) = 1 for all v in VO, Fix a local uniformizer mx in Rg. Let ¢ = qg be the
cardinality of the quotient field of Rp. Normalize the valuation |- | by |7g| = ¢~ 1.
Normalize the measure dx by fla:lﬁl dx = 1, so that flxlzl dr = 1—q¢~'. In particular,

the volume of VO is
1-¢?)/A-gH)=1+¢"+¢>

Lemma 1.3. We have (Ts¢o)(vo) = (1 —q36H0/2) (1 — ¢(1=35/2)) =1 (vg). When
s =0 the constant is —q~Y?(1+q "2 + ¢ 1) = —¢ 3 2(1 + ¢"/% + q).

Proof. We have
/¢0(v)|thig\mdv:/ |x|" dxdydz
VO

— (1 _q—3(5+1)/2)/ $|mdl”// dl‘,
jel<1 jol=1

as required. 0
/
To prove the theorem we have to compute tr[To7,(g~1)] where T' = — ﬁTf.

For this purpose, in Sec. 2, we describe the o-stable conjugacy classes and find
explicit representatives for the o-conjugacy classes within the stable classes. We
begin with a description of conjugacy and stable conjugacy, after which we will
come the study of the twisted analogue. In Sec. 3, we state the main theorem of
this paper. In particular we introduce the parameters n; and ny, and observe that
it suffices to deal with three cases, where (n1,n9) is (0,0),(1,0) and (1,1). The
proof requires numerous and lengthy computations that took us many years to
complete. To improve the readability and the clarity of this exposition, we put the
computations later in the paper. They are put into the corresponding Appendices.
Thus, in Sec. 4, we deal with the case ny = 0,n2 = 0, postponing the needed
computations to Appendix B. In Sec. 5, we deal with the case n; = 1,n, = 0,
postponing the needed computations to Appendix C. Finally, in Sec. 6, we deal
with the case n; = 1, no = 1, postponing the needed computations to Appendix D.

2. Conjugacy Classes

Let G be a connected reductive group defined over a local or global field F. Fix
an algebraic closure F. Denote by G = G(F) the group of F-points on the variety
G. Now Gal(F/F) acts on G. The group G(F) of fixed points is denoted by G. An
F-torus T in G is a maximal F-subgroup F-isomorphic to a power of G,,. Its group
T of F-points is also called a torus. An element ¢ of G is regular if the centralizer
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Za(t) of t in G is a maximal F-torus T (it is often named “strongly regular”). The
elements ¢, t' of G are conjugate if there is g in G with ¢’ = gtg~!. They are stably
congjugate if there is such a g in G. Tori T and 1" are stably conjugate if there is
g in G with T" = ¢gT'g~', so that the map Int(g) : T — T’, Int(g)(t) = gtg~", is
defined over F. Then g, = g~ '7(g) centralizes T for all 7 in Gal(F/F), hence lies
in T, since G is connected and reductive.

Of course the notion of stable conjugacy can be defined by ¢ = g~ 'tg, which
will lead to the definition of the cocycle as g, = g7(g~!). The change from g to g—*
should lead to no confusion, and we use both conventions.

We shall now list all stable conjugacy classes of tori in G. Let T* be a fixed
F-torus, N be its normalizer in G and W = T*\N = N/T* be the absolute
Weyl group. For each T there is g in G(F) with T = gT*g~!. Since T is defined
over F', g, normalizes T*, and the cocycle 7 +— g, defines a class in the first
cohomology group H!(F,N) of Gal(F/F) with coefficients in N(F). Denote by {g’}
the image of {g,} under the natural map H'(F,N) — H'(F, W), obtained from
N —-W.

The stable conjugacy classes are determined by means of the following.

Proposition 2.1. The map T — {g.} injects the set of stable conjugacy classes of
tori in G into the image in H'(F, W) of ker[H'(F,N) — H(F,G)|. This map is
also surjective when G is quasisplit.

Proof. If T = gT*g~! and T' are stably conjugate, then there is z in G with T' =
2Ta~ ! = 2gT*(xzg)~!, and (vg9), = g ‘2,9 g, has the image ¢g. in H'(F, W),
since g 'z, g lies in T (x, in T). Hence the map of the proposition is well-defined.

Conversely, if T = gT*g~!, T/ = ¢T*¢'~! and g, = a(r)g.. with a(r) in T,
then a(1) = ¢’ tx(7)g’ with z(7) in T', and the map ¢ — g9’ " t(gg’~H)"! [t in T/}
is defined over F. Hence the map of the proposition is injective.

For the second claim, if {g, } lies in ker[H!(F,N) — H'(F, G)], then it defines a
new Gal(F/F)-action by 7(h) = g7 '7(h)g- (h = t* in T"). If h is a fixed F-invariant
regular element, then 7(h) = g,hg; ', and the conjugacy class of h in G is defined
over F'. When G is quasisplit, a theorem of Steinberg and Kottwitz [13] implies the
existence of b/ in G which is conjugate to h in G, since the field F is perfect. The
centralizer of A’ in G is a torus whose stable conjugacy class corresponds to {g:}.
Hence the map is surjective. O

Remark. Implicit in the proof is a description — used below — of the action of
the Galois group on the torus. Let us make this explicit. All tori are conjugate in G,
thus T = g’lf*g for some ¢ in G. For any ¢ in T there is t* in T with t = g t*g.
For t in T', we have

og lotog=ot =t =g 't*g,
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hence ot* = g, 't*g, € T". Taking regular ¢ (and t*), g, € N is uniquely
determined modulo T, namely in W. For any ¢* in T" we then have

alg~'t*g) = g~ (9o (g ) (t*)(o(9)g™ ")y,
hence the induced action on T is given by
ot (t*) = goo(t*)g, .

The cocycle p = p(T): Gal(F/F) — W, given by p(c) = go (mod T"), determines
T up to stable conjugacy.

Let A(T/F) be the pointed set of g in G(F') so that T/ = 9T = gTg~! is defined
over F'. Then the set

B(T/F) = G\A(T/F)/T(F)

parametrizes the morphisms of T into G over F', up to inner automorphisms by
elements of G. If T is the centralizer of x in G then B(T/F) parametrizes the set
of conjugacy classes within the stable conjugacy class of x in G. The map

g A{r— g, =g '7(9);7 € Gal(F/F)}
defines a bijection
B(T/F) ~ ker[H'(F,T) — H'(F,G)].

Let p : G — G9°r denote the simply connected covering group of the derived
group G4 of G. If T is an F-torus in G, let T5¢ = p~}(T9e") of TIer = T N Gder,
Then G = TG and G/p(G*) = T/p(T*°). Then the pointed set B(T/F) is a
subset of the group C(T/F), defined to be the image of H'(F,T¢) in H'(F,T).
If HY(F,G*¢) = {0}, for example when F is a nonarchimedean local field, then
B(T/F) = C(T/F). If F is a global field with a ring A of adeles, then we put
C(T/A) = @,C(T/F,), B(T/A) = @, B(T/F,). The sums are pointed. They
range over all places v of F.

Let K be a finite Galois extension of F over which T splits. Denote
H-Y(Gal(K/F),X) by H}(X) and Hom(G,,,T) by X.(T). In the local case
the Tate—Nakayama duality (see [14]) identifies C(T/F) with the image of
H7Y(X,(T*)) in H~1(X,(T)). In the global case it yields an exact sequence

C(T/F) — C(T/A) — Im[H ' (X.(T*)) — H ' (X.(T))].

The last term here is the quotient of the Z-module of y in X, (T5°) with 7 =0
(sum over 7 in Gal(K/F)), by the submodule spanned by p — 74, where p ranges
over X, (T) and 7 over Gal(K/F).

We denote by W(T') the Weyl group of T"in G, by W = S5 the Weyl group of
(the algebraic group) T* in G, and by W/(T') the Weyl group of T in A(T/F). We
write o for the nontrivial element in Gal(E/F).
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We shall now discuss the above definitions in our case where G = U(3, E/F).
The centralizer £’ of T in the algebra M (3, E) of 3 x 3 matrices over E is a maximal
commutative semisimple subalgebra. Hence it is isomorphic to a direct sum of field
extensions of E.

There are three possibilities.

(1) FE=EoEdEL.
(2) E'=E"®E, [E": E] =2.
(3) E’ is a cubic extension of E.

The absolute Weyl group W is the symmetric group on three letters, generated
by the reflections (12), (23), (13). Note that ¢(12) = (23), ¢(13) = (13). In view
of Proposition 1, the stable conjugacy classes of G are determined by H'(F, W).
We also note that if the eigenvalues of g in G are «, 5, in K, then 7 in Gal(K/F)
whose restriction to E is nontrivial, maps «, 3, v to ra~!, 7871, 7y~!. The lattice
X, (T) is the group of u = (z,y, 2) in Z3, and X.(T*°) is the subgroup of y with
x4y + 2z =0.Indeed, G* = SU(3). If 7|E # 1 it maps the set {z,y, z} to the set
{—z,—y,—z}.

Proposition 2.2. (1) There are two stable conjugacy classes of F-tori in G =
U(3, E/F) which split over E. One, named of type (0), consists of a single
conjugacy class, represented by the torus T* with

T* = {diag(a,b,0a");a € E*,b € E' = {x € EX;z00 = 1}}.

We have W'(T*) = W(T*) =Z/2.
The other stable conjugacy class, named of type (1), consists of tori T with

T = (EY)3, and C(T/F) = {(a,b,c) € (F*/NE*)3 abc = 1}. We have
W'(T) = S3. This group acts transitively on the nontrivial elements in (and
characters of ) C(T/F).

(2) The stable conjugacy classes of F-tori in G whose splitting fields are quadratic
extensions of E, named of type (2), split over biquadratic extensions EL
of F. Then Gal(EL/F) = Z/2 x Z/2 is generated by o which fizes L and T
which fives E; put K = (EL)°T. Each such torus is T ~ {(a,b,ca"');a €
(EL/K)Y,b € E'}. Here (EL/K)! = {a € EL;aota = 1}. Further, C(T/F) =
K* /Ny x(EL)* = Z/2 and W/(T) = Z,/2.

(3) The stable conjugacy classes of F-tori in G whose splitting fields are cubic
extensions of E, named of type (3), are split over cubic extensions ME of
E, where M is a cubic extension of F. Fach stable class consists of a single
conjugacy class. If EM/F is not Galois then W (T') is trivial. If Gal(EM/F) =
Ss or Z/3 X 72 then W'(T') is 7./ 3.

Proof. A cocycle in H'(Gal(E/F),W) is determined by w, in W = S with
1 =w,2 = wyo(we). Thus we is 1 or (13), or (12)(23) or (23)(12). As

0((23))[(12)(23)](23) = 1 = 0((12))[(23)(12)](12),
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the last two are cohomologous to 1. The cocycle w, = 1 defines the action o*(t*) =
o(t*) on T". To determine C(T*/F), note that H'(F, T*) = H'(Gal(E/F), T*(E))
is the quotient of the cocycles t, = diag(a, b,c) € T*(E) = E*3, ty0(ty) =ty2 = 1,
thus t, = diag(a,b,0a), a € EX, b € F*, by the coboundaries t,o(t;!) =
diag(acc, bob, coa). Since G*¢ is the subgroup of G of elements of determinant 1,
the cocycles which come from H!(F, T**¢) have the form t, = diag(a, 1/aca, oa).
These are coboundaries: u,o(u,!), with u,=(a,1/a,1), hence C(T*/F) is
trivial.

The cocycle w, = (13) defines the action o*(diag(a,b,c)) = (ca=t, 00t oc™ 1)
on T . Then T = ¢g~'T*g for some ¢ in G with go(g~*) = J (mod T"), and
T = T(F) = g (E')3g. A cocycle t, = diag(a,b,c) € (E*)3 of Gal(E/F) in
T*(FE) satisfies 1 = t,2 = t,0*(t,) = diag(a/ca,b/ob,c/oc), thus a,b,c € F* and
it comes from T*5¢(E) if abc = 1. The coboundaries take the form t,o*(t,)~! =
diag(aca, bob, coc), hence C(T/F) = {(a,b,c) € (F*/NE*)3; abc = 1}.

Consider next an F-torus T in G which splits over a quadratic extension L; of
E, but not over E. We claim that L1 /F is Galois. Indeed, the involution ¢(x) = J'Z.J
stabilizes T'= T(F'), and its centralizer L;" x E* in GL(3, E). It induces on Ly an
automorphism whose restriction to E generates Gal(E/F). Hence L1 /F is Galois.

We claim that the Galois group of L1 /F is not Z/4. Indeed, if Gal(L,/F) = Z/4
were generated by 7, then 72 be trivial on E, (w;2)? = w;« = 1 implies w,> = 1
or (13) up to coboundaries. But (13) = w,2 = w,7(w;) = w,(13)w,(13) implies
w? = (13), which has no solutions, and w,> = 1 implies that T splits over E. Then
Gal(L1/F) =7Z/2xZ/2, and L; is the compositum of E and a quadratic extension
L of F, not isomorphic to E. There are two such L (up to isomorphism), both
ramified if £/F is unramified.

The Galois group Gal(LE/F) is generated by o whose restriction to L is trivial,
and 7 whose restriction to E is trivial. Up to coboundaries, w; is 1 or (13). If w, =
(13), then w, # 1is of order 2. Up to coboundary which does not change w,, we have
w, = (13), and replacing o by o7 (thus changing L) we may assume w, = 1. If w, =
1, wrwy = Wro = Wer = Weo(w;) = Wy (13)w,(13) implies that w, (# 1) commutes
with (13), hence w, = (13). Up to isomorphism, T consists of (a,b,c) € (LE)*3
which are fixed by o*(a,b,c) = (occ7t,0b71, 0a™t) and 7*(a,b,c) = (r¢,7b,Ta).
Thus b = 76 = ob~! lies in E', and ¢ = 0a~! = 7a, namely T ~ {(a,b,0a"});a €
(EL/K)Y,b € E'}, where (EL/K)' = {a € EL;aoTa = 1}.

It is simplest to compute C(T/F) using Tate-Nakayama duality. Locally, the
image of

H Y F, X (T*) ={X = (z,y,2) € Z>; 2+ y+ 2 =0} /(X —0X, X —7X)
in
H™YF X.(T)) =Z3/(X — 10X = (22,2y,22), X —7X = (. — 2,0, 2 — z))

is Z/2.
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Here is an explicit computation of H'(Gal(LE/F),T(LE)). We replace T
by T* if p € Gal(LE/F) acts by p*. To compute note that a cocycle in
HY(Gal(LE/F), T*(LE)) is defined by {t,,t,,t,,} satisfying the cocycle relations.
Thus t, = (a,b,c) € (EL)*3 satisfies 1 = t,2 = t,7*(t;) = (a,b,c)(rc,7b, Ta). So
b="b/7b andif g = (a,b', 1), replacing our cocycle {t,} by its product {t,g~p*(g)}
with a coboundary, we may assume that ¢, = 1. If t;, = (u,v,w) then

1

1 =tro)2 = tro(07)* (tre) = (u,v,w)(Tou™" , 7ov™ " TOW™).

Hence (u,v,w) € K*3. Here K is the fixed field of 7o in LE. Further, t,,(70)*(¢;)
to = t:7*(tr»). Hence t-5 = (u,v,w) = (tTw, 70, 70) = (U,v,7U), u € K*, v € F*.
We can still multiply our cocycle ¢, by a coboundary g~'p*(g) with g = 7(g)
(to preserve t, = 1). Thus g = (z,y,72), y = 7y € EX. Then g~ '(r0)*(g)
(1/u,1/yo(y),1/7(u)), u = z7o(z). Now H'(Gal(LE/F), T*(LE)) is spanned by
the tro = (u,v,7u), v € K*/Ngp,k(EL)*, vuru = 1. Then Im[H'(F,T*) —
H'(F,T)] is represented by

(u,1/utu,7u), we€ K*/Npy x(EL)" ~7/2.

Consider next an F-torus T in G which splits over a cubic extension M; of F,
but not over E. The involution «(z) = J'ZJ stabilizes T' = T(F), and its centralizer
M in GL(3, E). It induces on the field M; an automorphism, denoted o, whose
restriction to E generates Gal(E/F). Define M to be the subfield of M; whose
elements are fixed by o. It is a cubic extension of F, My = MFE, and M,;/F is
Galois precisely when M/F is. If M’ is a Galois closure of M7 /F, then there is 7 in
Gal(M'/F) with 7(x,y, z) = (2,z,y) (up to order). But X —7X = (z,y, —x —y) if
X = (z,2 4+ y,0). Hence C(T/F) is {0}.

There are two possible actions of the Galois group of the Galois closure of M;
over F'. In both cases we may assume that 7*(z,y, 2) = (72,72, TY).

If o*(z,y,2) = (6271, 0y~ !, 0x7!) then 70 = 072, the Galois group is S3, and
T* consists of (z,7z,72x), * € My with z7ox = 1.

If o*(2,y,2) = (cx=t, 0y~ 1, 0271) then 70 = o7, the Galois group is Z/3 x Z/2,

and T* consists of (x,7x,722), © € M; with zoz = 1. O

In the case of H = U(2), each torus T splits over a biquadratic extension of F,
and C(T/F) is trivial, unless T splits over E and o acts by o(z,y) = (—z, —y),
where C(T/F) is Z/2 in the local case.

We also need a twisted analogue of the above discussion. Let G' = R /p G be
the group obtained from G = U(3, E/F) upon restricting scalars from E to F. It
is defined over F. In fact, G'(F) = G(F) x G(F), and Gal(F/F) acts on G'(F)
by 7(z,y) = (ra,7y) if 7|E = 1, or by 7(x,y) = u(rz,7y) if 7| E # 1. Here
t(z,y) = (y,z). Further, we have G/'(F) = G(F) x G(E), and G' = G/(F) con-
sists of all (z,0x),  in G(E) = GL(3,E). The group G embeds in G’ as the

diagonal.
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Denote by Zg(zt) the t-centralizer of x = (a/,2”) in G'. It consists of the
y= (v, y”) in G’ with (v/,y") (2", 2") = (2, 2")(y’,y"). These y satisfy y'2’z" =
22y Y =27y I x = (2, 0(2)) lies in G, T = Zg/(x1) is defined over F,
since ¢ is. The group T of F-rational points consists of such y with y”” = oy’. The
t-centralizer T is isomorphic to the o-centralizer of 2’ in G.

The elements z and z! in G’ are called (stably) o-conjugate if there is y in G’
(respectively, G'(F)) so that yx = x'4(y). In this case 7z = z for all 7 in Gal(F/F),
and 7(y)x = x'4(7y). Hence the o-conjugacy classes within the stable o-conjugacy
class of x are parametrized by the elements {7 + y, = y~17(y)} of the kernel
B"(T/F) of the natural map from H'(F,T) to H'(F,G’). Here T denotes the
-centralizer of z = (¢/,2”) in G'.

The conjugacy class in G(F) of 2'z” = a'c(a’') is defined over F. Hence it
contains a member Nz of G by [13]. The element Nz is determined only up to
stable conjugacy. The group T is isomorphic to the centralizer of Nx in G, over F,
by the map y = (v/,y”) — %'. Recall that y satisfies y'2'z" = 2’2"y, y' = o' ~1y'a’.
The pointed set H'(F,G’) is trivial. Hence B”(T/F) = H*(F,T).

We introduce the notion of (stable) o-conjugacy since we shall use below orbital
integrals [ ¢(gzo(g)~')dg/dt over G’ /Zc/(z) of functions ¢ which transform under
the center Z' = E* of G' = GL(3, E) via a character w'(z) = w(z/%) of z € E*.
In particular ¢ transforms trivially on F'*. Hence the actual notion of stable o-
conjugacy that we need is yxu(y)~! = zx, for z in FX, viewed as (z,0(z) = z71)
in G.

The map z — {2, = (2,1)7(2,1)7'} embeds F* in B"(T/F). Here z, acts
on x in G’ by (z,1)a(z,1)"! = za(= (2a',0(22")) if z = (2/,02")). Thus z
maps the member {y, = y~'7(y)} of B”(T/F) to {(2y),}, which sends = to
[(z, Dylze[(z, D)y] ! = (2, 27 Vyxe(y~1). The quotient of B”(T/F) under this action
of F* is denoted by B'(T/F). Put B'(T/A) = @, B’ (T/F,) (pointed sum) if F' is
global.

The Tate-Nakayama theory implies that B’(T/F) (in the local case) or
B'(T/A)/Image B'(T/F) (in the global case) is the quotient of the Z-module of the
X in X, (T) modulo Z with >_7X =0 (7 in Gal(K/F)), by the span of X —7X
for all X in X, (T) and 7 in Gal(K/F'), where K is a Galois extension of F over
which T splits.

The map = — Nz gives a bijection from the set of stable o-conjugacy classes
in G’ (parametrized by B’(T/F)) to the set of stable conjugacy classes in G. In
fact, for our present work it suffices to consider regular z in G (2 with distinct
eigenvalues), and o-regular x in G’ (N is regular). Hence there are three types
of stable o-conjugacy classes of o-regular elements in G’ denoted by (1), (2), (3)
as in the nontwisted case. Using the Tate-Nakayama theory we see (in the local
case) that B'(T/F) is trivial if T is T* (the diagonal torus), and in case (3); it is
Z/2 in case (2); it is Z/2 @ Z/2 if T splits over E but T is not (stably) conjugate
to T™.

To compute orbital integrals, we need explicit representatives.
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Lemma 2.3. If T splits over E but is not T*, H*(F,T)/F* is F*3/FXNE*3,
where F* /NE* embeds diagonally into F*3/NE*3. If T splits over a biquadratic
extension LE of F,Gal(LE/F) = (r,0),L = (LE)°, E = (LE)",K = (LE)°"
are the quadratic extensions of F in EL, then H'(F,T)/F* is K* /Ny gk (LE)*,
which is 7./ 27.

Proof. If T splits over E but is not T*, a cocycle t, = (a,b,c) in H*(E, T(E))
satisfies

1=ty =t,0"(t,) = (a,b,¢)(cat,ob~ "t oc™t).

Thus (a,b,c) lies in F*3. A coboundary has the form t,0*(t,)"! =
(a,b,c)(ca,ob,oc). Hence we get NE*3, and H'(F,T)/F* is F*3/F*NE*3.

If T splits over a biquadratic extension LE of F, the group H'(Gal(LE/F),
T(LE)) is computed in the proof of Proposition 2. Then H!(Gal(LE/F),
T(LE))/F* is represented by tr, = (u,1,7u), v € K* /Ny k(LE)*.

We also need an explicit realizations of the twisted stable conjugacy classes
in the cases that they contain several twisted conjugacy classes, namely the cases
corresponding to the tori T = (E')3 and T = (EL/K)' x E'. This is useful in
computations of twisted orbital integrals and twisted characters. We consider only
classes whose norm is regular (has distinct eigenvalues) in G = U(3, E//F'). We name
such classes twisted-regular or o-regular.

Proposition 2.4. (i) A sel of representatives for the o-conjugacy classes within
the stable o-conjugacy class of a twisted regular z in GL(3, E) with norm in an
anisotropic torus which splits over E, thus Nz = h~! diag(a/a, b/b,c/T)h in a
torus

Ty =h 'T*(EYh, h= 1 :
-1 1

distinct a/@,b/b,c/e, is given by x; = h~'diag(a,b,c)h, xo = h~!diag(a,
bp,c)h,x3 = h~1diag(ap,b,c)h, x4 = h~!diag(a,b,cp)h, where a,b,c lie in
EX,pc F— NE.

If y = h=Ydiag(a, B,7)h then yrioy~' = h~' diag(aaa, b33, cy7)h.

(ii) Let L= F(VA)=(EL)’,E = (EL)” = F(VD), and K = (EL)°™ = F(v/DA)
be the distinct quadratic extensions of F. Here {A, D,AD} = {m,u,ur} and

u € Rg — RzE
A set of representatives for the o-conjugacy classes within the stable o-
conjugacy class of a o-regular x in GL(3, E) with norm in a torus which splits
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over a biquadratic extension EL of F can be realized by
(a+bVA)
t=t,=nh""! c h,
(a — bV A)T(a)

1 A/D
h = 1 :
_vDb/A 1
2 2

where a,b,c € E* and o € K* /[Ngp x(EL)*. Then (Nt is regular) and
Nt = to(t) = h~ " diag((a + bVA) /(@ — bVA), ¢/z, (a — bV A) /(@ + bV A))h.

The norm map is surjective.

Proof. First note that x; = h~! diag(a, b, c)h satisfies
Nz = z10(x) = h™ diag(a, b, ¢)h - o(h™ ") diag(1/¢,1/b,1/@)a(h).
Since o(h™1) = h and h? = diag(2, —1, —2).J, this is
= h~!diag(a/a,b/b, c/c) diag(2, —1, —2)"h .

But diag(2,—1,—2)'h~1J = h. In particular the norm N is onto the torus 7' =~
(EY)3, which we realize as Ty = h~'T*h.

The stable (-conjugates of 1 are given by y'x1y" ! where y, = ' 1o (y”) lies in
HY(F, Ty)/F*, T = h~'T*h, where T* denotes the diagonal torus, as discussed
in the paragraph where (stable) o-conjugacy is defined, prior to Proposition 2.3.
A set of representatives for the stable (-conjugates of x1 up to t-conjugacy is given
as y, ranges over h~'th, where t ranges over T*(F)/Z(F)NT*(E); Z is the diag-
onal. Choose p € F — NE. Thus we may take ¢ to be 1, diag(1, p, 1), diag(p, 1,1),
diag(1,1, p). Taking y” to be 1, we choose 3’ = h™1th, to get z; (1 <i < 4) of the
proposition.

In the case of the torus splitting over EL and isomorphic to ker Npp/x ¥ B,
note that o(h) = h, and that o*(a,b,c) = (oc ™, 0b7, 0a™1). We write ca = @,
and o fixes V/A. The o-conjugacy classes within the stable o-conjugacy class are
parametrized in Lemma 3. O

Remark. (1) Define a’, b in E by ¢/ +b'vA = (a+bvVA)a in EL = E(/A). Then
a’ v A/ND
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(2) If E/F is unramified then K/F and L/F are ramified. We may take D to be a
nonsquare unit in F'. Hence we may choose the a # 1 to be v AD, which is in
K but not in NEL/K(EL)

3. Elements in G with Norm in the Torus (E')3

In the case of an element whose norm in G lies in the torus (E')3, the expression
A(Ng)x2%(g) of Theorem 1 is the value at s = 0 of the expression (a, b, ¢ in E*,
distinct a/@, b/b, ¢/¢ in E'; take x; in Proposition 2.4, use Corollary 1.2 and

Lemma 1.3; | -| = |- | and |1p|p = ¢ there; |z|p = [N, pa|” = |2|%)
3/2
q a b c b a c 1-s
és(aybyc):_%/z'<:_:) (:—=> <:—:>' labe| 52
qe +qg +11\a b c b a ¢/lp
times
_ ., a — = C _m 3
/ —byy-l——(x—i—z)(x—i—z)——(x—z)(x—z)‘ dedydz, m=—=(s—1).
Vo 2 2 E 2

In this and the following sections, ¢ is gp, | - | is | - |r, R is Rp.

Since the o-character depends only on the o-conjugacy class, we may replace any
of a, b, ¢ by its multiple with an element of NE*. Suppose that E/F is unramified
and that the residual characteristic p is odd (# 2). Then we can take p € F* — NE*
to be a generator 7 of the maximal ideal in the ring R = Rp of integers in F, and
E = F(VD), D € R* — R*?. We may assume that |b| > |a|, |c|, and that a/b
and ¢/b lie in Ry, or in wR},. Since the central character of the representation 7
is trivial, thus x2(bg) = x%(g) for b € E*, we may replace a,c by a/b,c/b, hence
assume that b = 1, and that a, ¢ are in Ry, or in 7Rj. Fix ¢ € E with Nv = 2.
After the change of variables: ' = (x + 2)/t, 2/ = (x — z)/t, renaming (2’, z") back
to (z, z), and noting that —1 € NE*, the integral becomes

/VO laN (x) + N(y) + cN(2)|5dedydz.

Let a = a1 + V' Das and ¢ = ¢1 + v/ Dea, where ay, as, c1, ¢2 € R. Replace (z,9)
by (y,x). Set
Qi(z,y,2) = N(z) + aaN(y) + a1 N(z), Q2(z,y,2) = a2N(y) + 2N (2).
Then our integral can be written as
Nae) = [ 10112 + VD@al. .2l ddyd.
By definition,
Q1+ VDQ2lr = 107 — DQ3| = max{|Q1%,|Q2/?}.

Theorem 2. Ifa = a;++/Day,c = c1 +v/Dey lie in R} and a/a # c/c # 1 # a/a,
thus ag # 1 # ¢ and v = ayca/ase; # 1, at s = 0,&(am™ | 1, en™2) I (am™ , cn™2)
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s equal to
(—1)™* ™2 (agcg)|azcy — arca| + (—1)"2k(az(azer — ares))|es|
+ (=1)" k(c2(azer — aicz))las|.

As noted above, it suffices to show this for ny, ny € {0,1}. Obviously, the
expression of Theorem 2 does not change if (am™ , cr™?) is replaced by (ex™2, am™ ).
For each n > 0 we define the set

Vala,¢) = {v = (z,y,2) € B% ||(2,y, 2)|lp = 1, max{|Q1],|Q2[} = ¢},

where Q1 = Q1(z,v,2), Q2 = Q2(x,y,2). The space V? = V/~, where V = {v €
R%;||v|lg = 1} and ~ is the equivalence relation v ~ av for o € R}, is the disjoint
union of the subspaces

V)=V

(a,¢) = Vp(a,c)/~, n>0.

Thus for s with Re(s) sufficiently large to assure convergence we have
oo
Is(a,c) = Z q 2" vol(V2(a, c)).
n=0

Note that vol(R}) =1 — ¢~2. The problem is to compute the volumes
vol(V;)(a, ¢)) = vol(Vi(a,¢) /(1 —q™2) (n>0).

Notations. Write a = a1 + agx/ﬁ, c=c + 62\/5 with a1, as, ¢1, co in F. Put
u = 2. The condition a/@ # ¢/¢ means that u # 1.

The proof of Theorem 2 consists of three cases, the case of n;y = 0, ny = 0 is
dealt with in Sec. 4, that of ny = 1, no = 0 in Sec. 5, and that of ny =1, no =1
in Sec. 6. Each of these cases consists of several subcases. To clarify the structure
of the proof, the computations of vol(V,?), n > 0, used in each of these sections are

stated and proved in the appendices to these sections.

4. Case of ny = 0,2 =0
In this section || is |- |, ¢ is ¢r, R is Rp. In Sec. 3 we defined the quadratic forms
Qi(z,y,2) = N(z) + axN(y) + 1N (2), Q2(2,y,2) = aaN(y) + c2aN(2),
where max{|ay|, |az|} = max{|c1], |c2|} = 1 and the set
Vo ={(z,9,2) € R (2,9, 2) | = 1, max{|Qu(x,y, 2)|, [Q2(,y, 2)[} = ™"}

Note that if |a1] < 1 then |az| = 1 and we can replace Q1 with @1 + Q2. Since in
this case |a; + az| = 1, without loss of generality we can assume that |a;| = 1, i.e.
ay; € R* is a unit in R. Recall that u = ajca/(azc1). Then, we have the following
possible cases:

(41) C1, a2/C2 € R* and |]_ — u| = 1’
(4.2) ¢1, agf/ca € R* and |1 —u| < 1;



Int. J. Number Theory 2012.08:1153-1230. Downloaded from www.worldscientific.com
by OHIO STATE UNIVERSITY SERIALS & ELECTRONIC RESOURCES on 10/05/12. For personal use only.

1170 Y. Z. Flicker € D. Zinoviev

(4.3) |az| < 1, |az| # |ca|, max{|eil, |c2|} = 1;
(44) Co, Q2 € RX7 |Cl| < 1.

The case a1, as, ¢1 € R*, |ca| < 1 can be reduced to that of case 4.3 on interchanging
a, c.

4.1.

We proceed to prove the theorem when n; = 0 = no, a1, ¢1, u, u — 1 are units
in R*. When |az| = |c2| = ¢~%, to emphasize we denote V,, by V;, 4. Similarly we
denote V.V by Vé{d7 thus vol(V,9) is vol(V;,) /(1 — ¢~ 2). These volumes are computed
in Lemma B.4.1.

Proof of Theorem 2. Denote I;(a,c) by I 4. Recall that the integral I 4 is
equal to

Zq nm ol(V, )

When d = 0, by Lemma B.4.1, this is equal to

1-2¢%4+(1—q¢)(1+q" Z

2n(m+1) This sum is equal to

1-2¢2+(1-q¢ )1 +q ")l —a) ™"
In our case, when s = 0, thus m = —3/2 and « = ¢, this equals
=1-2¢°—(1+q¢ ")’ =3¢ 1+q¢ " +q7?.
When d > 1, the sum

where a = ¢~

d
3 vol(ve,)
n=0

by Lemma B.4.1, is equal to

l—q ' +q 2+ 0= )0 —¢ " +q ) @+ (1 —q =g —q "™,

which is
= (1-2¢7%)¢*" = ¢**vol(Vgy).
Note that, by Lemma B.4.1, vol(V,? ;) = ¢~4vol(V,)_; ;) (n > d). Thus
d
Sd—Zq 2m VOIVO)—Z(fzm”VOI Z q "™ vol(V, d)
n=0 n=d-+1

_ Z q72mn VOl(Vod +q —d(142m) Zq 2jm VOl VO ) qfd(l+2m) VOI(VOQO)'
n=0 7=0
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The sum in the middle of last line is equal to ¢~ +2™ [ 4. At s = 0, thus m =
—3/2, the other two terms cancel each other by the equality found in the last
paragraph, and we obtain

Ing=q" oo = =3¢ x ¢ *(1+ q + ¢°).
In our case |aclp = 1, |a/a — 1| = laz|, |¢/c — 1| = |c2] and |a/a — ¢/¢| =
lager — arcy| = lager||l — u| = |ag|. We put |a| = [Ng pa|'/? = la|*. Here g is
qr = Q%E/27 so —q3(1 + g + ¢?) is canceled by the factor — /2(qE + ql/2 + 1)t

fO(av b7 C). Hence 60(047 1, C)IO(av C) = 3|a2|'
The H-side, namely the displayed formula in Theorem 2, is equal to

k(azce)|azer — arca| + k(az(azer — ajea))|ea| + k(ea(azer — area))las|.

Note that k(a2) = k(c2) = k(aze; — ajeg) = 1. Since |azer — ajea] = |e2| = |asg),
each of the three summands is equal to |az|. Theorem 2 follows for ny = ny = 0,
ai, c1, azfca € R, Ju— 1] = 1. |
4.2.

Consider the case of ny = 0, ng = 0, a1, ¢1, v € R*, and |u — 1] < 1. When
las| = |ca] = ¢~¢, as in case 4.1, we denote V;, by Vp,a- Similarly we denote V.2 by
V9 4> thus vol(V,?) is vol(V;,) /(1 — ¢~ 2). The vol(V,? ;) is computed in Lemma B.4.2.

Proof of Theorem 2. Denote Is(a,c) by I 4. Recall that the integral I 4 is
equal to

Zq nm ol(V, )

We split this sum into two: a finite sum over n, which we evaluate at once at s =0
(m = —3/2), and an infinite sum, in which we first take big m, to have convergence,
then add up the sum and only then evaluate the result at m = —3/2.

Thus when |1 —u| = ¢~ and d = 0, by Lemma B.4.2, we have the sum of

A+q? =)+ —q)
2k—1 2k—2
+(1-q? (Z (g ) Y q")
n=2
and

Atg ' =g 2207~ +(1-g )0 +q") Z a”
n=2k+1

where the first sum is taken over the odd n (3 < n < 2k — 1), the second over the
even n (2 < n < 2k —2) and the third over all n > 2k + 1, and a = g~ 2n(m+1),
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We have
2k—1 2k—2
gt =D gt =01-g ) -1,
n=3 n=2
and
o0
Z a" = —(1—a" ) ta?k
n=2k+1
At m = —3/2, thus a = ¢, the above expression equals

2—¢ P+ 24+q¢  +a )PP -1
+(l4+g =g =20 ¢ = (144"
The coefficient of ¢2*,
2072 4q gl v —g P -2 g 1 -3¢ =3¢ —q 7,
is equal to —2¢~ (1 + ¢~ ! + ¢~2). Hence we obtain
—¢ (1 +q+¢*)(1+2¢%).

When |1 —u| = ¢ 27! and d = 0, by Lemma B.4.2, we have the sum
2%—1

2k
2-¢ +(1- q%(Z ¢4 4 Zq”) +(1+q e,
n=3 n=2

where the first sum is taken over the odd n and second over the even n. To make
both sums of the same length, we split the term n = 2k from the second sum. Once
the sums are computed, our expression is equal to

2+ (1+¢ ' ¢ ¢+ CHa D@ - D+ (1 +g e
= ¢ Y1 +q ¢ —2¢% ).
When |1 — u| = ¢!, by Lemma B.4.2, we have the sum
1+¢ 2 —q¢ +@(@ P+ == A+ +¢ ) +2(1+q " +¢77),
which coincides to the odd case when k£ = 0. Thus we see that, if d = 0, then Iy
is equal to

—(1+26(1— w1l —ul g 31 + g+ ¢?),

2k —2k—1

where /(1 —u) is 1 when |1 —u| = ¢ *" and is —1 when |1 —u| =¢

When d > 1, the sum

d
Z q3n VO](Vr?,d) )
n=0

by Lemma B.4.2, is equal to

U

—1
l—qg ' +q2+1-q¢Hl-q¢ +q ) " +1-qg ),
1

n



Int. J. Number Theory 2012.08:1153-1230. Downloaded from www.worldscientific.com
by OHIO STATE UNIVERSITY SERIALS & ELECTRONIC RESOURCES on 10/05/12. For personal use only.

Twisted Character 1173

which is
(1+4q7% = ¢ )™ = > vol (V).
Moreover, since, by Lemma B.4.2, VOI(VT?’d) =q1 Vol(Vr?fd,O) for n > d, we
have the same equality as in Lemma B.4.1:
Ioa = q*Iop.

In our case |ac|lg = 1, |a/a — 1| = |az|, |¢/¢ — 1| = |c2| and |a/a — ¢/¢| =
|ager — ajca| = |ager||1 — u|. Here ¢ is gp = q}s %50 —q3(14 g+ ¢?) is canceled by
the factor —qE/ (¢e + q1/2 + 1)~ Y in &(a, b, ¢). Hence &(a,1,c)lg(a,c) is equal to

lagcr — arca| + 2k(1 — w)|az].

The H-side is equal to

k(azce)|azer — arca| + k(az(azer — ajea))|ea| + k(ea(azer — area))las|.

Note that k(agce) = 1, and k(az(azc1 —aicz)) = k(1—u). Thus the above expression
is equal to |azc; — arca| + 2k(1 — u)|az|. Theorem 2 follows when ny = 0, ny = 0,
ai, c1, azfca € R*, |1 —u| < 1. O

4.3.

Consider the case of n; = 0,n2 = 0,a1 € R, max{|c1|,|c2|} = 1, |az| < 1, |az| #
|ca|. Recall that we are dealing with the quadratic forms

Qi(z,y,2) = N(z) + a1 N(y) + e1N(2), Qa(w,y,2) = a2N(y) + c2N(z2).

Thus we can interchange (a,y) with (¢, z) to reduce the case of |az| = 1, |¢1] < 1
to the case |as| < 1, |c1] = 1 of Lemma B.4.3. When |c3| = ¢~ ¢, to emphasize we
denote V;, by V,, 4. Similarly, as in case 4.1, we denote V,) by V,?;, thus vol(V}?) is
vol(V,,)/(1 — q~?). The vol(V;) ;) are computed in Lemma B.4.3.

Proof of Theorem 2. Denote Is(a,c) by I 4. Recall that the integral I, g4 is
equal to

Zq n VolVO)

Note that vol(V,? ;) (d > 0 and 0 < n < d) of Lemma B.4.3 are equal to vol(V,) ;)
of Lemma B.4.1, thus when m = —3/2, we have

Z g*" vol(V, d = ¢’ VOI(VO 0)-

Moreover vol(V,)) (n > 0) of Lemma B.4.3 are related to those of Lemma B.4.2.
Namely, when |ag| of Lemma B.4.3 is equal to |1 — u| of Lemma B.4.2
then vol(V,?;) of Lemma B.4.3 is equal to vol(V,?;) of Lemma B.4.2. Since
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vol(V)? ;) = g~ vol(V2_, ) for n > d, we have the same equality as in Lemma B.4.2:

Ing = ¢*'Io0 = —|ca| > (1 + 26 (az)laz| g *(1 + ¢ + ¢%),

2k —2k—1

where k(az) is equal to 1 when |ag| = ¢~*" and to —1 when |as| = ¢
In our case |aclg = 1, |a/a — 1| = |as|, |¢/¢ — 1| = |c2l, and |a/a — ¢/¢| =
lager — aica| = |ea| (since |ager| < 1). Here q is qr, qg is ¢%, so —q~3(1 +q + ¢?) is
canceled by the factor —q%/Q(qE + q};/2 +1)"Yin &(a, b, c). Hence &(a, 1,¢)lo(a,c)
is equal to |az| + 2k (az).
The H-side is equal to

k(ases)|azer — area| + k(az(azer — area))|ea] + k(ca(azer — ares))laz].

Note that k(ca(azc1 —aica)) = 1. Since |c2| = 1, we have then k(asca) = k(az(azer —
a1¢2)) = k(ag2). Thus the above expression is equal to |as| + 2k(az). Theorem 2 fol-
lows when nq = 0, no = 0, a1 € R*, |az| < 1, |az| # |c2|, and max{|c1],|c2|} = 1.

O

4.4.

Consider the case of ny =0, no =0, ay, ag, ca € R*, |c1] < 1. As in the previous
sections, the computation of vol(V,? ;) is done in Lemma B.4.4.

Proof of Theorem 2. Note that the vol(V,?) of Lemma B.4.4 is the same as the
vol(V,) of Lemma B.4.1. Thus, Iy(a, c) is equal to —3¢~3(1 + ¢+ ¢*).

In our case |aclp =1, |[a/a—1| = |az| =1, |¢/c¢— 1| = |c2| =1 and |a/a — ¢/c| =
lagc1 — ajcz| = 1. Here ¢ is qp = q}s 2, so —q~3(1+q+ ¢?) is canceled by the factor
—qSE/Q(qE + q}E/2 + 1)~ Y in &(a, b, ¢). Hence &(a, 1,c)lp(a,c) = 3.

The H-side is equal to

k(azca)|azer — arcs| + k(az(azer — aje))|ea] + k(ea(azer — ares))|as|.

As each of the three terms on the right, namely the H-side, of the identity of the
theorem, is equal to 1 (as |az| = |c2| = |azc1 — ajca| = 1), Theorem 2 follows when
ny =ng =0, a1, az, co € R* and |¢1| < 1. O

5. Case of ny = 1,12 =0
In this section |- | is |- |, ¢ is gr, R is Rp, and the quadratic forms are
Ql(x7yvz) = N({E) + al"rN(y) + C]_N(Z)7 QQ(x7y7 Z) = ag'/rN(y) + CQN(Z)7

where max{|a1], |az|} = max{|ci1], |c2|} = 1. As in the case of nq = ng = 0, without
loss of generality we assume that |a1| = 1. Then, we have the following possible
cases:

(5.1) c2 € R™;
(5.2) |e2| <1, ¢1 € R, |agm| > |cal;
(5.3) |co| <1, ¢1 € R™, |agm| < |cal.
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5.1.

We proceed to prove the theorem for ny = 1, no = 0, ¢co € R*. The computation of
vol(V,9) is done in Lemma C.5.1.

Proof of Theorem 2. The integral I;(ma,c) is equal to

Z q 2 vol(V0).

By Lemma C.5.1, the sum is vol(Vy)) + 2,,1 vol(V}?). When s = 0, thus m = —3/2,
this equals

L+q 2 +q " =1+¢" +q ?=gxq (1 +q+d).
Here q is qp = q}g/z, so —q¢ 3(1 + q + ¢?) is canceled by the factor —qSE/z(QE +
1/2 + 1)1 in &(ma, 1, ¢). Moreover \ﬂac\;;lm = q§1/2 =q7 Y la/a — 1| = |aal,
|c/c — 1| = |e2] = 1, and |a/a — ¢/¢| = |azc1 — arcz|. Hence &y(mwa, 1, ¢)Iy(ma, c) is

equal to —|ascr — ajcal|as]. Note that this is equal to —|as| when |ageq] < 1 and to
—|azer — ajea| when |ager| = 1.
The H-side is equal to

—k(agzes)|azer — ajea| + k(az(azer — area))|ea] — k(ca(azer — ajes))|az.

When |agcr| < 1 thus |ager —arca| = 1, k(az(azer —arcz)) = k(az), and k(ca(azer —
aicz)) = 1, so the H-side is equal to

—k(ages) + k(az) — |az| = —|as|.

When |agcr| = 1 we have k(ages) = 1, and —k(az(azei —ajez))+r(ca(azci —aics)) =
0, so the H-side is equal to

—|a261 — a1(32|.

This establishes the theorem for ny =1, nos =0, co € R*. O

5.2.

We proceed to prove the theorem for ny =1, no =0, a1, ¢; € R* and |ea] < |agm|.
When |az| = ¢~%, to emphasize we denote Vj, by V;, 4. Similarly we denote V! by
V,) 4. The computation of vol(V,? ;) is done in Lemma C.5.2.

Proof of Theorem 2. Denote I4(ma,c) by I 4, where |az| = ¢~%. Recall that the
integral I, 4 is equal to

Zq ™ vol( V0 a)-

We split (as in Lemma B.4.2) this sum into two: a finite sum over n, which we
evaluate at once at s = 0 (m = —3/2), and an infinite sum, in which we first take
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big m, to have convergence, then add up the sum and only then evaluate the result
at m = —3/2.
Thus, when |co/(aom)| = ¢~

I—g¢gH+a +q2—qP)

2k and d = 0, by Lemma C.5.2, we have the sum of

n=3 n=2
and
oo
(1 +q—1 _ q—2 _ 2q—3 _ q—4)q2k+2 + (1 _ q—2)(1 +q—1>2 Z O(n—‘—l'
n=2k+2

The first sum is taken over the odd n (3 < n < 2k — 1), the second over the even n
(2 < n < 2k) and the third over all n > 2k + 2, and o = ¢ 2™+ We have

2k—1

Z T =(1-q )P - Zq (1—q ) (=1,

and
Z o (1 - a ) Tla2k2,
n=2k+2
At m = —3/2, thus a = ¢, the above expression equals to the sum of
g '+ +a—¢? + (@ - D+ A+q " +a )™ —d)
and

(T+g ' =g =20 —¢7") = (L+4¢ 1))
Once simplified, this is equal to
—q (14 q+¢*)(1 +2¢°).

When |e2/(asm)| = ¢~ %71 and d = 0, by Lemma C.5.2, we have the sum of
1-g¢H+a (¢ +q?—¢°) and

2k+1
Q=g HA+q " +q ) ) ¢ +(1—-q7 Zq +(1+q D2,

where the first sum is taken over the odd n (3 < n < 2k + 1), the second over the
even n (2 < n < 2k) and the third over all n > 2k + 2. Once simplified, this is
equal to

—¢ (1 +q+¢*) (1 —2¢%).
Thus we see that, when d = 0, I(a, ¢) is equal to

—q2(1+ g+ ¢*) (1 + 26(ca/ (aom))** 1),
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where k(ca/(agm)) is 1 when |ca/(aom)| = ¢~ 2F (k> 1) and —1 when |cz/(azm)| =

qukfl(k > 0).
When |as| = ¢~%, d > 1, the sum
d+1
Zq3" VOI(V'r?,d)v
n=0
by Lemma C.5.2, is equal to
d
L= '+ =g+ )+ —qH)D ¢
n=2

+(1=g ) +a " +q )P
which is ¢* + (1 — ¢7*)(1 + ¢ + ¢*)¢*
=(*+q+1—q"" —q )¢ = ¢ (vol(Vg)) + ¢’ vol(Viy)).-
Moreover, since VOI(VnO,d) =q ¢ Vol(VnOfd’o) for n > d + 2, we have

d+1

Isq= Z > vol(V, Z q>" vol(V, Z q "™ vol(V, )

n=d-+2

d+1
= Zq3" VOl(V,rad) _d(1+2m) Zq M yol(V, )

- q_d(1+2m)(V01(V(J,0) +q VOI(VLO))'

The sum in the middle is q’d(HQm)Is,o. At s = 0, thus m = —3/2, the other two
terms cancel each other by the equality above, and we obtain that Iy 4 = q2d10,07 is

equal to
—q?fas| (1 4+ g + ¢*)(1 + 2r(ca/(aom))g* )
= —¢ (L +q+q)laz| " (|az| ™" + 26(ca/(azm))le2| ).
In our case \7rac|}5/2 =q7 Y |la/a — 1] = |ag|, |c/¢ — 1| = |c2| and |a/a — ¢/¢| =

lager — ajca| = |ag|. Here ¢ is qp = q}E/Q, so —q 3(1 + q + ¢?) is canceled by the

factor —qE/ (qe + ql/2

+ 1)~ in &(a, b, ¢). Hence &y(mwa, 1, ¢)Ig(ma, ¢) is equal to
lea| — 2k(c2/az)|az],

where k(ca/(aam)) = —k(c2/asz).
The H-side is equal to

—r(ages)|ager — area| + Kk(az(azer — area))|ea| — k(ca(azer — ajez))|as]
= —2k(azc)|as| + m(a%)\cﬂ = |ea| — 2k(agca)|as|.

Note that x(ca/a2) = k(azez). Theorem 2 follows for ny = 1, no =0, a1, ¢ € R,
|CQ| < 1. O
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5.3.

We proceed to prove the theorem for n; = 1, ng = 0, a1, ¢; € R*, |c2| < 1 and
|Tas| < |cal.

Proof of Theorem 2. Denote Is(ma,c) by I 4, where |c2| = ¢~¢. Recall that the
integral I, 4 is equal to

Z g~ nm vol(Vr?,d).
n=0

Applying Lemma C.5.3, when |aam| < |c2] and d = 1, we have
Q=g H+d@ +a?+a)=U+q " +q7?).

Applying Lemma C.5.3, when d > 2, we have

d—1

l—g '+ = a7 +a )+ 1 -a)) " +(1+q g™
n=2

This is equal to
=g '+ = 14+¢" + ("= + 1+ NP =+ g+ ¢ )P

When |asm| = |c2|, we split this sum into two: a finite sum over n, which we
evaluate at once at s = 0 (m = —3/2), and an infinite sum, in which we first take
big m, to have convergence, then add up the sum and only then evaluate the result
at m = —3/2. Set o = ¢~ 2™+ thus when m = —3/2 we have a = ¢. When
d =1, we have

Q=g+ +q ¢ =)+ (1 —qg HA+¢" Za

=1l-q¢ '+ +d - 1—-q¢ =g =P +q ")
=—(1+4 gt qu)(l + 2¢q).
When d > 2, we have

L= '+ =g+ H+(0—q?)D ¢

F(l4g =g =207 g NP+ (1 =g )1 +¢ )" > o™

This is equal to
CHPT =)+ +q " =g =20 g NP = (L4
—(L+q '+ a1 +29)8* 2
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Thus we see that, when |cz| = ¢~%, d > 0, the integral Iy 4 is equal to
P+ a+ ) =g 1+ 9+ ¢°)
when |agm| < |c2| and to

—q 21+ g+ )1 +29)¢* 2 = —¢ 2(1 + g+ ¢*)(1 + 2az|co| ")|az| 2

62‘_2

when |agom| = |ca].

In our case \7rac|}5/2 =q7 Y |la/a— 1| = |ag|, |c/e — 1| = |c2| and |a/a — ¢/¢| =

lager — ajca|. Here q is qp = q}E/Q, so —q 3(1 + q + ¢°) is canceled by the factor

—q%/z(qE + q}g/z + 1)~ in &(a, b, ¢). Hence &y(ma, 1, ¢)I(ma, ¢) is equal to
—laz|lea| Hazer — area| = —|az],
when |ag| < |co| (thus |azcr — arca| = |ez]), to
—las|lea| ~Hager — area| = —|azer — arcal,
when |as| = |c2| and to
|c2| + 2[as],
when |aom| = |eo| (thus |agc; — ajca] = |az]).

The H-side is equal to
—k(agzes)|ager — ajea| + K(az(azer — area))|ea| — k(ca(azer — ajes))|az.

When |as| < |ea], thus k(az(aze; — arca)) = k(agcs), and k(cg(aze; — ares)) =
k(c3) =1, the H-side is equal to

—k(azca)|ea| + K(azer)|ca| — k(c3)laz| = —|asl.

When |ag| = |ez|, thus k(az(ager — arca))|ca] — k(ca(ager — aica))|az| = 0, and
k(ages) = 1, the H-side is equal to

—|a261 — a1(32|.
When |maz| = |e2| we have that k(azco) = —1, k(az(aze; — arcz)) = k(a3) = 1 and
k(ca(azer — arca)) = Kk(coaz) = —1. Then the H-side is equal to

laser — arca| + |c2| + |az| = |ca| + 2|az].

Theorem 2 follows for ny = 1, no =0, a1, ¢1 € R*, |c2] < 1 and |mas| < |c2|. O

6. Caseof ny =1, n, =1
In this section |- | is | - |, ¢ is gr, R is Rp. The quadratic forms are
Q1(z,y,2) = N(z) + axmN(y) + axmN(2),  Q2(x,y,2) = aewN(y) + comN(2),
where without loss of generality |a1| = 1, max{|c;|, |c2|} = 1 and, as in Sec. 3,
Vo = {(2.y,2) € R [|(z, 9, 2)l|p = L max{|Qu(,y, 2)], |Q2(z,y, 2)[} = ¢ "}
Recall that w = aqca/(az¢q). Then, we have the following possible cases:

(61) C1, a2/02, u e RX and ‘1 — ’U,‘ = 1’
(6.2) ¢1, az/c2, u € R* and |1 —u| < 1;
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(63) c2 € RX, |a2| < 1
(6.4) c1 € R*, |az| < 1, |ea] < 1 and |az| # |cal;
(65) Co, Q2 € RX, |Cl| < 1.

The case a1, as, c1 € R*, |ca| < 1 can be reduced to that of case 6.3 on interchanging
a, c.

6.1.
We proceed to prove the theorem for ny = 1, ns = 1, a1, ¢; € R*, |u— 1] = 1,

where u = ajco/ascy.

Proof of Theorem 2. Denote I (wa,nc) by I 4, where |as| = |c2| = ¢=¢. Recall
that the integral I, 4 is equal to

Zq 2 vol(Vy) ).

By Lemma D.6.1, this sum is finite. Hence we may evaluate at s = 0 already at this
stage. Thus we take m = —3/2. When d = 0, we have
vol(Vy) +¢* vol(V) =1+ ¢*(¢* +¢7") = ¢ " (1 + g+ ¢*).

By Lemma D.6.1, when d > 1, we have

d
1+ (¢ =g )+ (1 —g )Y ¢+ 1+ )

n=2

This is equal to

a+a NP =)+ (g + D@ =g 1+ g+ ¢*)|as| e TH

In our case \7r2ac\11,3/2 = q7 2, |a/a — 1| = |az|, |c/c — 1| = |c2| and |a/a@ — c/e| =
lagcr — aice| = |az|. Here ¢ is qp = q}g/z, so —q3(1 + q + ¢?) is canceled by the
factor —qE/ (ge 4—q}5/2 +1)7in &(a, 1,¢). Hence &y(ma, 1,mwe)I(wa, wc) is equal to

—|az].
The H-side is equal to

k(ases)lazer — area| — k(az(azer — area))|ea] — k(ca(azer — area))laz].

Since |az| = |ea|, we have k(azcs) = Kk(az(azer —ajca)) = 1, so the above expression
is equal to —|ag|. This establishes the theorem for ny = 1, no = 1, a1, ¢1, az/ca,
u—1€ R*. O
6.2.

We proceed to prove the theorem for ny = 1, ng = 1, a1, ¢ € R* and |u — 1] =
g% (k>1,e=0,1) and u = ajca/asc;. When |az| = |ca] = ¢ ¢ <1 (d >0)
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to emphasize as usual we denote V,, by V;, 4. Similarly we denote V.0 by VT?’ 4> thus
vol(V}9) is vol(V,,)/(1 — ¢?). Tt is computed in Lemma D.6.2.

Proof of Theorem 2. Denote I (ma,mc) by I q, where |as| = |ca| = g~ ?. Recall
that the integral I, 4 is equal to

Z g 2m Vol(V,?7d).
n=0

We split this sum into two: a finite sum over n, which we evaluate at once at s = 0
(m = —3/2), and an infinite sum, in which we first take big m, to have convergence,
then add up the sum and only then evaluate the result at m = —3/2.

Applying Lemma D.6.2, when |1 — u| = ¢~ and d = 0, we have

2k—1
1+q3(q2—q3)+(1—q2)<(1+q Y+ Z q +Zq”+1>

+(14 g7,
where the first sum is taken over the odd n (3 < n < 2k — 1), the second over
the even n (2 < n < 2k) and the third over all n > 2k + 2. The above expression
equals to
g+ 1+q¢ "+ )@ =)+ (T -+ A+ g
Once simplified, this is equal to
—q (14 q+¢*)(1 —2¢%%).

2k—1

Applying Lemma D.6.2, when |1 —u| = ¢~ and d = 0, we have the sum of

2k+1
1+¢ (@2 —¢ ) +(1-q7?) ((1 +q " +q7?) Z "+ Z q”“)

+(1 +q ) 2k+1
and

(1 + q—l _ q—2 _ 2q—3 _ q—4)q2k’+3 4 (1 _ ) 1 + q 1 Z q—2(m+1)
n=2k+3

where the first sum is taken over the odd n (3 < n < 2k + 1), the second over
the even n (2 < n < 2k) and the third over all n > 2k + 2. Taking the sum and
evaluating at m = —3/2, the above expression equals to

G+ 0+ +¢ )@ =+ (@ -+ (U +q =g P =200 =g HP?
—(1+3¢ " +3¢ 2+ q %)
Once simplified, this is equal to
—q ' (14 g+¢°)(1+2¢°).
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When d > 1, by Lemma D.6.2, we have

d+1 d+1
Zq3"vol oy )=14+¢3 g2 —q3)+(1—q2) —1Zq2n: 2d+1

Thus, when d > 1, we have
d+1

Z ¢*" vol(V, (VOl(Vo 0) +a VOl(V1 0))-

Moreover, since VOI(VT?’d) =q VOI(V£7d70) for n > d + 2, we apply same com-
putations as in Sec. 5.2 to obtain that at s = 0, we have

Ioa = ¢*Io0.
Thus we see that, when d > 0, Ip(wa,mc) = Iy 4 is equal to

—q (14 q+¢*) (1 = k(1 —w)2[L —u[7H)|az| " eo| 7,

where £(1 —u) is 1 when |1 — u| = ¢2¥ and —1 when |1 — u| = ¢~ 2F~1.
In our case \7r2ac\11,3/2 q 2, |la/a—1| = |ag|, |c/c — 1\ = |co| and |a/@ — ¢/¢| =
lagcr — arcz| = |az||l — u|. Here q is qp = q%E/Q, so —q3(1 + q + ¢?) is canceled

1/2

by the factor —qE/ (g + qf~ + 1)t in &l(a,1,¢). Hence éo(ma, 1,me)lo(wa, me) is

equal to
lager — ajca| — 26(1 — u)|as).
The H-side is equal to

k(ages)|azer — area| — k(az(aser — area))|ea] — k(ca(azer — ares))laz].

Note that k(az(azc1 — ares)) = k(1 — w), |az| = |e2] and so k(azez) = 1. Thus
the expression above is equal to |agc; — ajca| — 26(1 — u)|ag|. This establishes the
theorem for ny =1, no =1, a1, ¢1, az/ce € R* and |1 —u| < 1. O
6.3.

We proceed to prove the theorem for ny = 1, no = 1, a1, c2a € R, |e1| < 1, |ag| < 1.

Proof of Theorem 2. The integral I(ma,mc) is equal to

Z q 2" vol(V0).

Applying Lemma D.6.3, the sum is vol(V{) + 2m vol(V}?). When s = 0, thus m =
—3/2, this equals

I+ (g2 +¢ " -¢=q¢"1+q+¢).
Moreover |1r2ac\}5/2 q 2, |la/a— 1| = |as|, |¢/c — 1| = |c2| = 1 and |a/a@ — ¢/¢| =
lascr — ajco| = 1. Here ¢ is qp = qE/ , 50 —q3(1+ g+ ¢?) is canceled by the factor

3/2 1/2

—qy (qe +qy~ + 1)V in &(mwa, 1,mc). Hence &y(ma, 1,mwe)Ip(wa, wc) = —|as|.
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The H-side is equal to
k(asca)|azcr — arca| — k(az(azer — area))|ea| — k(ca(azer — ares))|as|.

Note that k(az(azc1 — aic2)) = k(azc2) = k(az2), and k(ca(aze; — a1ce)) = 1, thus
the H-side is equal to —|as|.
This establishes the theorem for ny =1, no = 1, a1, ca € R*, Jas| < 1. O

6.4.

We proceed to prove the theorem for ny =1, no =1, a1, c1 € R, |az| < 1, |e2| < 1
and |az| # |ca|. Set |ca| = ¢7*.

Proof of Theorem 2. The integral I(mwa,mc) is equal to

ZqQ vol(V2).

Applying Lemma D.6.4, when s = 0, thus m = —3/2, this equals

k+1

Z " vol(V,0)
n=0

When |ca| = ¢, we have the sum

k
L+ (@2 =g )+ (=g g Y "+ (1 +q g @Y,
n=2

which is equal to
¢+ (> =g " (@2 = 1)@ 1)+ L+ T

=g (1+q+¢) =q¢ 1+q+¢)|ea| %

Moreover \7r2ac|}5/2 q 2, la/a — 1] = |azl, |c/c — 1| = |e2| and |a/a — c¢/¢| =
|agcr — arca| = |ea| (since we assumed |as| < |ca]). Here ¢ is gp = q}E/Q, so —q3(1+
q + ¢%) is canceled by the factor —q%/ (qe + q1/2 + 1)~ in &(mwa, 1,mc). Hence
&o(ma, 1,me)lp(ma, me) = —|as.

The H-side is equal to
k(azce)|azer — arca| — k(az(azer — ajea))|ea| — k(ea(azer — area))las|.

Note that |asc; — ajca| = |ea|, and k(ca(azer — ajea)) = 1, thus the H-side is equal
to —|ag|. This establishes the theorem for ny =1, no = 1, a1, ¢1 € R™, |ag| < 1,
lca| < 1 and |as| # |eal- O
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6.5.

We proceed to prove the theorem for ny = 1, ng = 1, ag, ca € R, |e1| < 1.

Proof of Theorem 2. According to Lemma D.6.5, the proof is identical to that
of Sec. 4.3. This establishes the theorem for ny =1, ny =1, as, ca € R*, |e1] < 1.
O
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Appendix A. Auxiliary Lemmas

In this section, we state and prove various auxiliary lemmas which are used in the
proof.

Lemma A.1. When E/F is unramified, c € R*,n > 1 and 0 < 2k < n, we have
vola-({z € B;|N(2) —en®| < q7"}) = ¢ "(1+¢7")

and volg,({z € E;|N(2) — en?*| = ¢™"}) = ¢ (1 — ¢ 2).

Proof. Using the exact sequence 1 — E* — RX — R* — 1 we see that voly.(E')

is 1+¢ 1. Hence voly,({z € E;|N(2) —1| < ¢~ "}) is (1+¢ )¢ ™. This deals with
the case of k = 0. But

/ dz:q‘%/ dz=q "(1+q7"),
(€ B;|N(2)—cn2k | <|mn |} (€ B;|N(2)—c|<|mn—2k[}

as required. O

Lemma A.2. When E/F is unramified, ¢ € R*,k > 1. Let w € R* such that
lu — 1| = ¢~ *. Then we have

vola:({z € B;|N(2) + cul = ¢ ", IN(2) + c| = ¢ " "}) = ¢ (1 —¢7?),
when t > 1, and

vola:({z € E; [N (2) + cul = ¢ % IN(2) + el = ¢ *}) = ¢ *(1 - (¢ +2)q7?).

Proof. Let uw =1 + "¢, where ¢ € R*. According to Lemma A.1, we have

volg.({z € E;|N(2) + cu| = q’k}) = q’k(l —q7?).
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Note that |[N(2) + ¢| < ¢7F, so our set equals the disjoint union
Utz € BiING) +eul = g IN() el = 7).
t=0
Suppose that N(z) + cu = 7% N(w) where w € Rj. Then
N(2) 4+ ¢ =7"(N(w) — ec).

Thus the equality |N(2) + cu| = ¢~* is equivalent to N(w) = 1 and [N (2) + ¢| =

q %=t is equivalent to |N(w) — ec| = ¢~t, where |ec| = 1. By Lemma A.1, when

t > 1 we have
volguw({w € E; [N (w) —ec| = ¢7'}) = ¢~ (1 - ¢q7?%)
and moreover
volgw({w € E; |N(w)| = 1,|N(w) —ec| =1}) =1 — (¢ + 2)q >

The lemma follows. O

Definition. For any integer n, we set o(n) to be 0 if n is even and 1 if n is odd.

Our method of computation of volumes is that of “divide and rule”. A first
example is the following.

Lemma A.3. When E/F is unramified and n > j > 1, the volume of the set
{(z,y,2) € RE:; IN(y)| = LIN(y) + N(2)] < ¢’ [N(x) + N(y) + N(2)| = ¢7"},
1s equal to

(1 _ q—2)2qj—cr(n—j)—2n.

Proof. The volume of this set is given by the integral

/ / / dxdzdy,
IN()|=1J|N(y)+N(2)|<gi=" J|N(2)+c|=¢—"

where ¢ = ¢(y, z) = N(y) + N(z). It is equal to

/ / / dxdzdy,
n—j y)|=1 y)+N(z IN(@)+ci|=q"

where |¢;| = ¢~t. Note that the integral over z depends only on |c;|. Thus we can

t=

assume that ¢; = wlcg, where cg is an arbitrary element of R* and take the integral
over y and z, so that it is now equal to

(1—-q~ / dx.
Z IN(2z)+ce|=q~

t=n—j
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When t > n + 1, thus |¢;| < ¢7™ and the volume of the set |[N(z)| = ¢~ is equal
to ¢~"(1 — ¢~2) when n is even and to zero when n is odd. The contribution from
this term is zero when n is odd and

(=g (A +g g™
When n is even. When ¢ = n, the volume of the set {|N(z) + ¢,| = ¢~ "} is equal

to ¢717"(1 — (¢ + 1)g~2) when n is even and to ¢~"~2 when n is odd. Thus, the
contribution of all terms with ¢ > n — 1 is the product of (1 — ¢~2)? and

(1-0+Qq g+ +q¢ g =q¢"

when n is even and ¢~2?~! when n is odd.

When n — j <t <n—1, the volume of the set {|N(x) + ¢;:| = ¢ "} is equal to
zero when t is odd and to ¢~ "(1 — ¢~2) when t is even. Thus, when n is even, the
even values of t (n—j <t <n—2)areof the formn—j+o(n—j),...,n—4,n—2,
and the sum is

G E T = (=) T ) 1),

When n is odd, the even values of t (n — j <t < n — 1) are of the form n — j +
on—7j),...,n—3,n—1, and the sum is

T P+ =T (1 = ) T (I ),

Thus, the contribution of all terms with n—j < ¢ < n—2is the product of (1—¢~2)?
and
g )
when n is even and
g g )
when n is odd. The lemma follows. O

Lemma A.4. When E/F is unramified and n > j > 1, the volume of the set
{(z,y,2) € Ri; IN()| = LIN(y) + N(2)] < ¢, IN(z) +7(N(y) + N(2))| = ¢ "}
is equal to

(1 _ q—2)2qj+0(n—j)—2n—1 )

Proof. The volume of this set is given by the integral

/ / / dxdzdy,
IN(W)I=1JIN(y)+N(2)|<g7~™ J|N(2)+c|=¢~"

where ¢ = ¢(y, 2) = w(N(y) + N(2)). It is equal to

Z/ / / dxdzdy,
t=n—j; Y INWI=1JIN(y)+N(z)|=q~* JIN(z)+ci|=q—"
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where |¢;| = g7t~ 1. Note that the integral over x depends only on |¢;|. Thus we can
assume that ¢; is an arbitrary element so that |¢;| = ¢~'~! and take the integral
over y and z, so that it is now equal to

(1-q¢7%)7° q‘t/ da.
2 IN(2)+erl =g~

t=n—j
When ¢ > n, thus |¢;| < ¢~™ and the volume of the set |[N(z)| = ¢~ is equal to
q¢ " (1—¢~?) when n is even and to zero when n is odd. The contribution from this
term is zero when n is odd and

1=¢)PA+q g™
when n is even. When ¢ = n — 1, the volume of the set {|N(z) + ¢p_1| = ¢ "} is
equal to ¢~ (1 — (g+1)g~2) when n is even and to ¢-"~! when n is odd. Thus, the
contribution of all terms with ¢ > n — 1 is the product of (1 — ¢~2)? and

-1 +q)g g "+ (g +q ) =4

when 7 is even and ¢~2" when n is odd .

When n — j <t <n— 2, the volume of the set {|N(z) + ¢;| = ¢~"} is equal to
zero when t is even and to ¢~"(1 — ¢~2) when ¢ is odd. Thus, when n is even, the
odd values of t (n—j <t <n—2) are of the formn—j+1—0o(n—j),...,n—5mn—3,
and the sum is

qfn(q?) + q5 4t qulJrU(nfj)) — qlfn(l _ q72)71(qj+a(n7j)72 _ 1)
When n is odd, the odd values of t (n —j <t <n —2) are of the foormn —j+ 1 —
on—7),...,n—4,n—2 and the sum is

qfn(qQ + q4 I qj71+cr(n7j)) _ qin(]. _ q72)71(qj+a(n7j)71 _ 1)

Thus, the contribution of all terms with n—j <t < n—2is the product of (1—¢~2)?
and
q172n(qj+tr(n7j)f2 _ 1)7
when n is even and
q—2n(qj+cr(n—j)—1 _ 1)
when n is odd. The lemma follows. O

Lemma A.5. When E/F is unramified, the volume of the set
{(z,y,2) € R (2,9, 2) |5 =1, IN(x) + N(y) + N(2)| = ¢7"}
1s equal to
1-aPa"1—q ' +q7?)
when n > 1 and to
R (C e

when n = 0.
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Proof. Consider the case of n > 1. Then this set is the union of the following subsets
according to |N(z)| = 1, and three subsets corresponding to |N(z) + N(y)| > ¢ ™,
IN(z) + N(y)| = ¢ ™ and |N(z) + N(y)| < ¢~ ™, and the subset which corresponds
to |[N(z)| < 1.

(A) Case of IN(z)| =1 and |[N(x)+ N(y)| > ¢~ ™. Note that when |N(z)+ N(y)| =
g7 > ¢~ ™, then j should be even and the volume of this subset is given by the
following integral

(nto(n))/2-1

Z / / / dzdzdy,
z)|=1 z)+N(y)|=q=2* J|N(2)+c|=¢"

where c = N (x) + N(y). Note that when k = 0, the integral over y runs over the set
|N(x) + N(y)| = 1is equal to (1 — (¢ +1)g~2). When k > 5, applying Lemma A.1,
the sum over k is equal to
(nta(n))/2—1
(1—q 2™ oo g H | =0-¢ (g —q ™)
k=1
and to (1 — ¢72)3¢™™ x ¢~2 when n € {3,4}. Note that this sum is empty when
n € {1,2}. When n > 5, the value of the integral is equal to
1=¢ 2P "1—q ' —qg ) +0—-q¢ ¢ "¢ =g ™).
When n = 3 or 4, this integral is
L-a "1 -q ' —q ) +(1-q)P¢ " xq ™
When n =1 or 2, this integral is
I-a ) "(1-q'—q7?).

(B) Case of [IN(x)] =1 and |[N(x) + N(y)| = ¢~™ and n > 1. The volume of this
subset is given by the following integral

/ / / dzdxdy,
IN(2)|=1J|N(2)+N(y)|=¢=" /N (2)+c|=¢—"

where ¢ = N(z) + N(y). Applying Lemma A.1, when n is even this integral is
equal to

e N A B
When 7 is odd the integral over z runs over the set |N(z)| < ¢~ "', and this integral
is equal to

(1 _ q72)2q72n71.

(C) Case of IN(x)] =1 and |N(x) + N(y)| < ¢~™ and n > 2. The volume of this
subset is given by the following integral

/ / / dzdxdy.
IN(z)|=1 J|IN(z)+N()|<qg—"~ ' JIN(z)|=¢~"
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Applying Lemma A.1, this integral is equal to
(1—q¢2)?A+q g
When n is odd the contribution from this subcase is zero.

(D) Case of IN(z)| < 1 and n > 1. The volume of this subset is given by the

following integral
/ / / dzdzdy,
IN(@)[<1J|IN(y)|=1/|N(2)+c|=q~"

where |¢| = |[N(z) + N(y)| = 1. Applying Lemma A.1, this integral is equal to
(1—q )2 %™
Thus the contribution from cases (B), (C) and (D) is equal to
Q=g+ (1 —q %)

Adding the contribution from (A) when n = 2, n = 4 and n > 6, the lemma follows.
When n > 5 is odd, we have the contribution from (A), (B) and (D) is the

product of (1 —¢=2)2¢™™ and

=g =g )+ @@= NH+ea " +g?=1-qg +q %

When n = 3, the contribution from (A), (B) and (D) is the product of (1—¢~2)%2¢™"
and

I-¢'=a)+A-q¢ ) +a +q2
When n = 1, the contribution from (A), (B) and (D) is
I=¢Pqa "0 —q ' —a?+q 2 +q77).
Consider the case of n = 0. Then this set is the union of the following subsets

according to [N (z)+ N(y)| <1 and |N(x)+ N(y)| = 1. The corresponding integral
is equal to

/ / / dzdyda:+/ / / dzdydz
IN(2)|<1 JIN(y)|<1 J|N(2)|=1 IN(z)|=1 /[N (z)+N(y)|<1J|N(2)|=1
—|—/ / / dzdydx
IN(z)|<1 J|N(y)|=1 /|N(2)+c|=1

—|—/ / / dzdydz,
IN(z)|=1J|N(y)+N(y)|=1 J|N(2)+c|=1

where ¢ = N(x) + N(y) so that |c| = 1. This is equal to the product of 1 —¢~2 and
e O L (I e € R e [ e
—l—ql4q2

The lemma follows. O
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Appendix B. Section 4 Computations

This section contains the computations used in Sec. 4.

Lemma B.4.1. Suppose that ci,u,u — 1 are units in R* and |as| = |ca| = ¢~,
where d > 0. Then

1-2¢3 ifn=0, d=0,
l—qg'+q7 ifn=0, d>1,
vol(Vaa) =4 (1—¢2)g"(1—q¢'+¢2) ifl<n<d-—1,
l—q?—-q¢?—q¢gHe™ ifn=d, d>1,
(=g (A +q 1)t ifn>d+1.

Proof. Making a change of variables y' = ay where a € R}, such that N (o) = a4
and renaming 3’ back to y, without loss of generality we can assume that a; = 1.
Similarly, we can assume that ¢; = 1. Thus we have that Q1 = Q1(z,y,2) =
N(z) + N(y) + N(2) and Q2 = Qa(w,y,2) = aza;'N(y) + cac;'N(2). As
lag/ay1| = |ca/c1| = ¢~¢, and we are interested only in |Qz|, we can assume that @y
(z,y,2) =7 (N(y) +uN(z)), where u € R* has |u — 1| = 1.
We first compute vol(Vy,). Here
Voa = {(x,y,2) € Rimax{|N(2) + N(y) + N ()|, [7*(N(y) + uN(2))[} = 1}.

When d = 0, we compute the volume of the complement of Vo in {v € R%;
ol =1}:

{(z,y,2) € R (2,9, 2) |5 = 1, IN(x) + N(y) + N(2)] <1,IN(y) +uN(2)| < 1}.
Note that if |V (z)| < 1 then max{|N(y)|,|N(z)|} = 1 implies

max{|N(z) + N(y) + N(2)|, IN(y) + uN(2)[} = 1.

Thus |N(z)| = 1, and consequently |N(y)| = |N(z)| = 1. Thus the volume of the
complement is given by the integral

/ / / dxdydz,
IN(2)|=1J|N(y)+uN(z)|<1J|N(2)+c|<1

where ¢ = ¢(y,z) = N(y) + N(z) and |¢| = 1. From Lemma A.1 it follows that
the volume of the subset {|N(x) + ¢| < 1} where |¢| = 1 is equal to (¢ + 1)/¢*> =
¢ (14 ¢~ 1). The above integral is equal to

(1—-q¢ ) ?A+q ">

As the volume of {v € Ry;||v|lg = 1} is (1 — ¢ 2)(1 + ¢~ 2 + ¢~ *), the volume of
Vo,0 equals to the product of 1 — ¢~2 and the difference

l+q¢ 2 +q —q?(1+q )P =1-2¢"
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When d > 0, we have
Voa = {(z,y,2) € R IN(2) + N(y) + N(2)| = 1}.
To compute its volume, we apply Lemma A.5.
To computevol(V,? ;) (1 <n < d —1) recall that since w4 (N (y)+uN(2))| < ¢~ ™,
we have that
Vo = {(z,y,2) € Rz IN(2) + N(y) + N(2)| = ¢ ", (2,9, 2) || = 1}.
To compute its volume we apply Lemma A.5.
To compute VOI(VT?’d) (n = d) recall that V,, 4 is
{(z,y,2) € Rpymax{|N(z) + N(y) + N(2)|, [7*(N(y) +uN ()]} =7,
I(z,y,2)lle = 1}.
The set V}, ¢4 is the disjoint union of two subsets
{(z,,2) € Rip; IN(2) + N(y) + N(2)| < ¢, [N(y) + ulN(2)| = 1}
and
{(z,y,2) € R [N(2) + N(y) + N(2)| = ¢, [N(y) +uN(2)| < 1}.
We will compute the volume of each subset.
(A) Case of |[N(z) + N(y) + N(2)] < ¢! and |[N(y) + uN(z)| = 1. We consider
the subcases of [N(z)] = 1 and |N(z)|] < 1. When |N(z)| = 1 then |N(y) + N(z)|
can be equal or less than 1. Moreover the condition |N(y)+ N(z)| < 1 implies that
|N(y)+uN(z)| = 1. The volume of the set {|N(y)+N(z)| =1, |N(y)+uN(z)| = 1},
when |1 —u| = 1 is equal to 1 —2(¢+1)g—2. Thus, the contribution from |N(z)| = 1

is given by two integrals.
The first integral is

/ / / drdydz.
IN(2)[=1 J|N(y)+N(2)|<q=* J|N(x)+N(y)+N(z)|<qg— 1

Applying Lemma A.1 to the integral over y and Lemma A.3, with j =n — 1, to the
integral over x, this is equal to the infinite sum

(1=q¢ 222 > ¢m=0-¢?)g " *(1+q¢7")

m=n+1

The second integral is

/ / / dxdydz.
IN(2)|=1 JIN(y)+N(2)|=1 JIN(z)+N(y)+N(z)[<g—"~!

Similarly to the first integral, applying Lemma A.3, with j = n — 1, to the integral
over x, and taking the infinite sum, its value is

(1—=q¢ )" '1+qgH1-2¢""—2¢77).
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The contribution from |N(z)| < 1 is given by the integral

/ / / dxdydz,
IN(2)[<1 J|N(y)|=1 J|N(x)+N(y)+N(z)|<g—m 1

which is equal to
(=g g " P(+g ).

(B) Case of IN(z) + N(y) + N(z)| = ¢~ and |N(y) + uN(z)| < 1. Note that
|N(y) + uN(z)| <1 is always satisfied, and according to Lemma A.5, the volume
of this set is equal to

(1—¢ )¢ "1—q " +q7?).

Adding the contributions from cases (A) and (B), then dividing by 1 — ¢~2, we

obtain the product of ¢—" and

20+ N+ @+ )1 -2 -2¢)+(1—q¢g )1 —q ' +q7?),

which is equal to

To compute VOI(VT?’d) (n > d + 1) recall that V,, 4 is the set of (z,y,2) € R3,
with ||(z,y,2)||g = 1 and

max{|N(z) + N(y) + N(2)|, 7 (N (y) + uN ()|} = ¢

Assume that |N(z)| < 1. Then |N(y) + uN(z)| < 1 implies that |N(y)| < 1 and
from |N(x)+ N(y)+ N(z)| < 1 it follows that |N(z)| < 1 which is a contradiction.
Thus |N(z)| = 1 and V,, 4 is the disjoint union of two subsets

{(z,y,2) € Ry IN(2)| = 1,IN(z) + N(y) + N(2)| < ¢,
IN(y) +uN(z)| = ¢* "}

and

{(z,y.2) € RL;IN(2)| =1, |N(z) + N(y) + N(z)| = ¢,
IN(y) + uN(2)| < ¢ "'}

We will compute the volume of each of them.
Note that since |u — 1| = 1 and |N(y) + uN(z)| < 1, we have

IN(y) + N(2)| = IN(y) + uN(z) + 1 —w)N(2)| = |1 —w)N(2)] = 1.
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(A) Case of IN(z) + N(y) + N(2)| < ¢~ and |[N(y) + uN(z)| = ¢*~". The volume
of this subset is equal to the integral

/ / / dxdydz,
IN(2)|=1 JIN(y)+uN(z)|=q?~" J|N(z)+c|<qg™™

where ¢ = ¢(y,z) = N(y) + N(z) so that |¢] = 1. By Lemma A.1 the integral is
equal to

(I—g ) x(1=qg2)g" " x(1+q g™

(B) Case of [IN(z)+N(y)+N(2)| = ¢ ™ and |N(y) +uN(z)| < ¢®~"~1. The volume
of this subset is given by the integral

/ / / dxdydz,
IN(2)[=1 J|N(y)+uN(2)|<q?="= J|N(z)+c|=g—"

where again ¢ = ¢(y,z) = N(z) + N(y) and |¢|] = 1. Applying Lemma A.1 and its
corollary the above integral is equal to

(L—gHxQ+qg g ' x(1-qg g™

Adding the expressions of (A) and (B), then dividing by (1 —¢~2), the VOI(VT?’d)
is equal to

(1—q (A +q ")
The lemma follows. O

d

Lemma B.4.2. Suppose that ¢1,u, are units in R*, and |as| = |ca| = ¢~¢, where

d>0. When |u—1|=q 2% (k > 1), we have

14+q2-q3 ifn=0, d=0,
1—q¢g ' +q¢2 ifn=0, d>0,
(1=¢?)g"1-q"+q7?) ifl1<n<d,

wol(V0,) (1—g g™ ifn=d, d>0,

’ 1—q DA +q " +q %)t ifd<n<2k+d, 2|n—d,

(1—g 2?2t ifd<n<2k+d, 2¢tn—d,
(I4+qgt—qg =202 —qg 4" ifn=2k+d,
(1—g 2 (14q 1)l if n > 2k +d.
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When |u — 1| = ¢~ %=1 (k > 1), we have

14+q2-q3 ifn=0, d=0,
1—q¢g'+q¢? ifn=0, d>0,
(1—q¢ g ™1—-q¢'+q¢? ifl<n<d,
vol(V,) = (1—gHg™ ifn=d, d>0,
’ 1-—g2)A+qg +q )2 ifd<n<2k+d+1, 2|n—d,
(1—q 2)gt2t ifd<n<2k+d+1, 2fn—d,
(1+q Mgt ifn=2k+1+d,
0 ifn>2k+1+d.

Proof. Making a change of variables y' = ay where a € R}, such that N (o) = a4
and renaming 3’ back to y, without loss of generality we can assume that a; = 1.
Similarly, we can assume that ¢; = 1. Recall that u = (ajc2)/(azc1). Thus we have
that Qi(z,y,2) = N(z) + N(y) + N(z) and Q2(z,y,2) = 22(N(y) + ulN(2)). As
as/ay is assumed to be a unit, we can assume that Qs(z,y,2) = N(y) + ulN(2),
where u € R* has |u — 1| = 1/¢?**¢, where 2k + ¢ > 1 and ¢ =0, 1.

To compute vol(V,), when d = 0, recall that

Voo = {(z,y,2) € Riymax{|N(2) + N(y) + N(2)|, [N (y) + uN(2)[} = 1}.

(Note that the condition ||(z,y, 2)||r = 1 is satisfied.) This set is the disjoint union
of two subsets

{(z,y.2) € R IN(2) + N(y) + N(2)| < L |N(y) + uN(2)| = 1}
and
{(z,y,2) € Rg; IN(2) + N(y) + N(2)| = L[N (y) + uN(2)| < 1}.
We will compute the volume of each of these subsets.

(A) Case of [IN(x) + N(y) + N(z)| <1 and |[N(y) + uN(z)| = 1. Note that since
[1 —u| < 1 the equality |N(y) + ulN(z)] = 1 is equivalent to |N(y) + N(z)| = 1
whereas the inequality becomes |N(x)| < 1. Then the volume of subset (A) is given
by the integral

(/ / +/ / )/ dxdzdy.
IN(y)I<1J|N(z)|=1 IN()I=1JIN(y)+N(2)|=1/) J|N(z)|<1

This is equal to

Pl =q¢ )+ Q=g )1 (¢+1)g ) =0—-¢ A —q").
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(B) Case of IN(z) + N(y) + N(2)| = 1 and |N(y) + uN(z)] < 1. Since |1 —u| < 1

we have

IN(y) + N(z)| = [N(y) + uN(z) + (1 — u)N(2)|
< max{|N(y) + uN ()|, [1 - u| N ()]} < 1,

and thus |N(x)| = 1. Then the volume of subset (B) is given by the integral

(/ / —|—/ / )/ dxdzdy,
IN(y)|<1J|N(2)|<1 IN(y)|=1J|N(y)+uN(z)|<1/ J|N(z)|=1

which (by Lemma A.1 with k = 0,n = 1) is equal to the product of 1 — ¢~2 and
g P+ A=A +qg g =g+ =g
Adding the expressions of (A) and (B) we obtain that vol(Voqd) is equal to
Q-aH+@ +a g ) =1+q?~q"

When d > 1, the claim of the lemma follows from Lemma A.5.
To compute Vol(Vfd), when d = 0, recall that

Vio = {(z,y,2) € Rizmax{|N(z) + N(y) + N(2)|, [N (y) + uN(2)|} = ¢ '}.

Note that the condition ||(z,y,2)||g =1 is satisfied. If not, |[N(z)| < ¢72, [N (y)| <
g %and |[N(z)| < ¢~% implies that [N (z)+N(y)+N(z)| < ¢~2 and |N(y)+uN(z)| <
¢~ 2. This set is the disjoint union of two subsets

{(z,y,2) € R [N(2) + N(y) + N(2)| < ¢7", IN(y) + uN(2)| = ¢~}
and
{(z,y,2) € RE; IN(2) + N(y) + N(2)| = ¢ 71, IN(y) + uN(2)] < ¢~ '}
Note that from
IN(y) + N(2)| < max{|N(y) +uN(2)], |(1 —u)N(2)[},

it follows that |[N(z)| < 1. In particular |N(z)| < 1/g. This implies that |u — 1| =
g1, so the second subset is empty when |u — 1| < 1/q. When |u — 1| = 1/q its
volume is given by the integral

/ / / dxdydz,
IN(2)|=1J|N(y)+uN(z)|=1J|N(z)+c|=¢~*

where |¢| = |[N(y) + N(2)| = ¢~! (thus |N(z)| < ¢~?). The value of the integral is

(1—q¢ ) xq?Q+q ") xq>
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For the first subset we have |N(y)| = 1 and its volume is given by the integral

/ / / dzdydzx.
IN(2)|<1J|N(y)|=1 J|N(y)+uN(z)|=¢—*

The value of the integral is
1= q ) xq (1—q7?).

We obtain that vol(V/’y) is equal to ¢~3(1 — ¢~2) when |u — 1| < 1/¢ and to
¢ 3(14¢ 1) when [u— 1] =1/q.

When d > 1, the claim of the lemma follows from Lemma A.5.

To compute vol(V,? ;) (0 < n < d—1) recall that since |w(N(y)+uN(2))| < ¢~ ™,
we have that

Voa ={(2,y,2) € Rigs IN(2) + N(y) + N(2)| = ¢7", | (z,, 2) ||z = 1}.

To compute this volume, we apply Lemma A.5.
To compute vol(V, ;) (n = d) recall that V, 4 is

{(z,y,2) € Riymax{|N(z) + N(y) + N(2)|, [7/(N(y) + uN(2))|} = ¢ "},
where ||(z,y, 2)||[g = 1. The set V,, q is the disjoint union of two subsets
{(z,y,2) € Rp;IN(2) + N(y) + N(2)| < ¢ [N (y) +uN(2)| = 1}
and
{(z,y,2) € Ri; IN(2) + N(y) + N(2)| = ¢, IN(y) + uN(2)| < 1}.
We will compute the volume of each subset.

(A) Case of IN(z) + N(y) + N(2)] < ¢ ™ and |[N(y) + uN(z)| = 1. Note that since
|1 —u| < 1 we have |[N(y) + N(2)| = |N(y) + uN(z)| = 1. The volume is given by

the integral
/ / / dzdydx
IN(2)|<1J[N(y)|=1/|N(z)+c|<qg~™

+/ / / dzdydzx,
[N (2)|=1J|N(@)+N(y)|=1/|N(2)+c|<qg—

where ¢ = N(z) + N(y) so that |¢| = 1. This is equal to
1=¢ ) "Q+g e +1-¢ —q ) =01—-q?)°¢"

(B) Case of [IN(z)+ N(y)+ N(2)| = ¢ ™ and |[N(y) + uN(z)| < 1. Since |1 —u| < 1
the second inequality is equivalent to |N(y) + N(z)| < 1. Moreover, if |[N(y)| <
1 then |[N(z)| < 1 and consequently |N(z)| < 1 which is a contradiction. Thus
[N(y)| = 1, and applying Lemma A.3 with j = n — 1 so that o(n — j) = 1, the
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contribution from this subcase is equal to
(1—q?)%¢ "2

Adding the contributions from cases (A) and (B), then dividing by 1 — ¢~2, we
obtain (1 — ¢~ 2)(1+ ¢ %) .

To compute vol(V, ;) (n > d and ¢~™ > |w%(1 — u)|) recall that
Vaa = {(2,9,2) € R;max{|N(z) + N(y) + N(2)|, 7" (N (y) + uN()[} = ¢ "},
where |[(x,y,2)||g = 1. Assume that |[N(z)| < 1. Then |N(y) + uN(z)| < 1 implies
that [N (y)| < 1 and from |N(x)+ N(y)+ N(2)| < 1 it follows that | N (z)| < 1 which
is a contradiction. Thus |[N(z) = 1| and V;, q is the disjoint union of two subsets

{(,9,2) € RE; [IN(2) + N(y) + N(2)| < ¢~ [N(y) +uN(z)| = ¢ "}
and
{(2,y,2) € Ry IN(2) + N(y) + N(2)| = ¢7"|, IN(y) +uN(2)| < ¢* "'}
We will compute the volume of each of them.

(A) Case of IN(z) + N(y) + N(2)| < ¢~ and |N(y) + uN(z)| = ¢*~". The volume
of this subset is equal to the integral

/ / / dxdydz,
IN(2)|=1 JIN(y)+uN(z)|=q?~" J|N(z)+c|<qg™™

where ¢ = ¢(y, 2) = N(y) + N(2) so that || = ¢*~".
When d = 0, note that since |1 —u| < ¢~™ we have |N(y) + N(2)| = |[N(y) +

uN(2)] = ¢ ™. It follows that the first inequality is equivalent to |N(x)| < ¢~ ™.
Thus the volume of this subset is equal to the integral

/ / / dxdydz.
IN(2)|=1 JIN(y)+uN(z)|=¢~" J|N(z)|<g™"

The volume of set {|N(z)| < ¢~ "} is equal to ¢~™ if n is even and to ¢
odd. Thus the integral is equal to the product of

(1=q%) x (1-¢7%)g™"
and 1 if n is even and ¢~ if n is odd.

When d > 0, the volume of the set {|N(x) 4 ¢| < ¢ "} is zero when n — d is
odd. Thus, the integral is equal to (1 —¢~2) x (1 —¢ 2)¢% " x ¢~ (1 + ¢~ '), when
n — d is even, and zero when n — d is odd.

(B) Case of |[N(z) + N(y) + N(2)| = ¢~™ and |[N(y) + uN(z)| < ¢®~™. Note that
inequality |N(y) + uN(z)| < ¢¢=" is equivalent to |N(y) + N(z)| < ¢%~™. The
volume of this subset equals the integral

/ / / dxdydz,
IN(2)|=1 JIN(y)+N(2)|<g=m =t JIN(z)+c|=g—"

where ¢ = ¢(y,z) = N(y) + N(2).

—n=1lifnis
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When d = 0, thus |¢| < g7, and the volume of this subset equals the integral

/ / / dxdydz.
IN(2)|=1JIN(y)+N(z)|<qg=m=t J|N(z)|=¢~"

This integral is equal to zero when 7 is odd and to
=g ) x(A+qg g " ' x(1—g g™
when 7 is even. Thus, vol(V, ) is equal to
L=a g x(1+q7 " +q7?),
when n is even and to
(1—q ) >,

when n is odd.
When d > 0 the volume is given by the integral

/ / / dxdydz,
IN(2)|=1J|N(y)+N(2)|<qi="=1 J|N(x)+c|=g—

where ¢ = ¢(y,z) = N(y) + N(z). Applying Lemma A.3, it is equal to

(1 _ q—2)2qd+a(n—d+1)—2n—1.

Thus, adding contributions from cases (A) and (B) and dividing by 1 — ¢~2, the
vol(V,) ;) is equal to

(1—q g x (1+q " +q77),
when n — d is even and to
(1 _ q—2)qd—2n—1

when n — d is odd.
To compute vol(V,) ;) (¢ = [w(1 — w)]) recall that V, is

{(‘r’yvz) € R%W ||(ac,y,z)||E =1,
max{|N(z) + N(y) + N(2)|, [79(N(y) + uN(2))[} = ¢ "}.

As in the previous cases we can show that |[N(y)| = |[N(z)| = 1 and V,, 4 is the
disjoint union of two subsets.

(A) Case of [N(z) + N(y) + N(2)| < ¢, IN(y) + uN(2)| = ¢* " and [N(z)| = 1.
When d = 0, we have

IN(y) + N(2)| < max{|N(y) +uN(2),|(1 - u)N(2)[} < ¢" "

Thus |N(z)] < ¢~™ and the volume of this subset is given by the integral

/ / / dxdydz.
IN(2)|=1 J|N(y)+uN(z)|=¢=" J|N(x)|<qg—"
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Applying Lemma A.1 the value of the integral is
(1=q ) x(1—q )" xq "
When d > 0, then for any ¢ > 0, we define the following subset
We(2) = {y € E;[N(2)| = 1, IN(y) + uN(2)| = ¢" ", [N(y) + N(2)| = ¢* """}

The volume of the set is given by the integral

/ / / dxdydz,
IN(2)[=1 /Wi (2) J|N(z)+ee|<g—m

where ¢; = N(y) + N(2) and |c;| = ¢%~'~". Note that the integral over z depends

only on |c;|. Thus without loss of generality, we can assume that ¢; = 79t "¢,

where |co| = 1 is an arbitrary fixed element of R*, and take the integral over y
and z. The integral is equal to

(1—-q~ Zvol (W) / dz.

[N (z)+ci|<g™m
Applying Lemma A.2, this is equal to the product of (1 —¢~2)? and
(1-(g+ 2)q’2)qd*”/ v+ qd*t’"/ dz.
[N(z)+col<qg™™ t=1 IN(z)4ce|<q—™

If t > d so that |¢;] < ¢7", and thus |N(x)| < ¢~". The integral over x is equal
to ¢ "7, Recall that we put o(n) = n — 2[n/2] (= 0 if n is even, 1 if n is odd)
before Lemma A.3. The sum of the terms which correspond to t > d is equal to

(1 —q 2 2 —2n U(n)zqd t 1 —q )(1 +q—1)q—2n—a(n).

If 1 <t <d-—1 then the set |[N(z) + ¢;| < ¢~ ™ is empty when n — d +t is odd and
is (1+¢ 1)g " whenn—d+tiseven. Set j =n—d+t, thenn—d+1<j<n-—1
and the even j are of the form

n—d+1l+ocn—d+1), n—d+3+ocn—d+1),....,n—1—0c(n—1).

Since o(n —d+1) =1—0(n —d) and o(n — 1) = 1 — o(n), this sequence can be
written as

n—d—on—d)+2, n—d—on—d)+4,...,n+0o(n) — 2.
So the sum is the product of (1 +¢~')¢g~" and
q—(n—d—a(n—d)+2) + q—(n—d—a(n—d)+4) N q—(n+a(n)—2)

_ (1 _ q—2)—1(q—(n—d—a(n—d)+2) _ q—(n+o(n)—2)—2)'
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Thus, the contribution from 1 <t < d — 1 is equal to
(1 + q—l)(l _ q—2)(q—2—2n+d+a(n—d) o q—2n—0(n))
and the contribution from ¢ > 1 is equal to
(1 + qil)(l o q72)q7272n+d+0(n7d).
If t = 0, applying Lemma A.2, the contribution from this term is
(1—q¢ (1= (g+2)g H(1+q g"™,
when n — d is even and zero when n — d is odd.

(B) Case of [N(z) + N(y) + N(2)] = ¢, IN(y) + uN(2)| < ¢"~" and [N(y)| =
|N(z)| = 1. Since |N(y) + uN(z)| < ¢*~", we obtain

IN(y) + N(2)| = [N(y) + uN(2) + (1 = u)N(2)] = [L —u| = ¢* ™.

Thus, when d = 0 the volume of this subset is given by the integral

/ / / dxdydz,
IN(2)|=1 JIN(y)+uN(z)|<qg=™ J|N(z)+c|=¢~"

where ¢ = ¢(y,2) = N(y) + N(2) and |¢| = ¢~™ when n is even and by

/ / / dxdydz,
IN(2)[=1 J|N(y)+uN(z)|<g=™ J|N(x)|<g—"~!

when n is odd. Applying Lemma A.1 the value of the integral is equal to
(L=g %) x (L+g g " I x (1= (g+1)g)g "
when n is even and to
(L=g ) x(1+qg g x gt

when n is odd. When d > 0 the volume of this subset is given by the integral

/ / / dxdydz,
IN(2)|=1 JIN(y)+uN(z)|<q?~™ J|N(z)+c|=¢~"

where ¢ = ¢(y, z) = N(y) + N(z) and |¢| = ¢®~". Applying Lemma A.1 we see that
the value of the integral is

(L—g ) x1Q+qg g™ x(1-qg g "

when n — d is even and zero when n — d is odd.
Adding the contributions from cases (A) and (B) when d = 0, then dividing by
1 —1/¢?, we obtain

(I+¢HA-q¢ ' +q¢ ' A= (g+Dg )™
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when n is even and
(1+q g

when n is odd.
Adding the contributions from cases (A) and (B) when d > 1, then dividing by
(1 —1/¢?), we obtain

(L+g " (¢ +1-(g+2)a >+ (1 —g g™ ")
=(1+qg D)1 —g2 =g )"
when n — d is even and
(1+q71)qd7172n

when n — d is odd.
To compute vol(V, ;) (¢~ < |w%(1 — u)]|) recall that

Voa = {(z,y,2) € Ry max{|N(z) + N(y) + N(2)|, [ (N(y) + uN(2))[} = ¢~"},
where ||(z,y, 2)||g = 1. Then |[N(z)| =1 and |N(y) + uN(z)| < ¢¢~", we have
IN(y) + N(2)| = |1 —u)N(z)| = [1 — ul.
Thus V,, 4 is the disjoint union of two subsets
{(z,y,2) € Ry IN(2)| = 1,IN(2) + N(y) + N(2)| < ¢ ",
IN(y) +uN(z)| =q "}
and
{(z,y,2) € R IN(2)| = 1,IN(2) + N(y) + N(2)| = ¢ ",
[N(y) +uN(z)] < ¢}
We will compute the volume of each of them.

(A) Case of |[N(x) + N(y) + N(2)| < ¢ ", |N(y) + uN(2)| = ¢*~™. The volume of
this subset is given by the integral

/ / / dxdydz,
IN(2)|=1 JIN(y)+uN(z)|=q%=" J|N(z)+c|<qg™m

where ¢ = ¢(y,z) = N(y) + N(z) and |c| = |1 — u| = ¢~ ?#7¢, where ¢ is 0 or 1.
Applying Lemma A.1 the value of the integral is equal to

(1—g ) x(1=qg )" " x(1+qg g "

when € = 0 and to zero when ¢ = 1.
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(B) Case of [IN(x) + N(y) + N(2)| = ¢, IN(y) + uN(z)| < ¢?~". The volume of
this subset is given by the integral

/ / / dxdzdy,
IN(2)|=1 J|N(y)+uN(z)|<q?=" J|N(x)+c|=g—"

where ¢ = ¢(y,z) = N(y)+N(z) and |¢| = |1 —u|. Applying Lemma A.1 we conclude
that the integral is equal to

(=) x(A+q g™ x (L—q)g™"
We obtain that vol(VnO,d) (when n > 2k) is equal to
¢ (=g (g

when € = 0 and zero when ¢ = 1. The lemma follows. O

Lemma B.4.3. Suppose that ny = 0,n9 = 0,a; € R*,|c1| < 1,|cal = ¢~ d > 0.
When |as| = ¢~ % |ca| (k > 1), we have

1+q2-q3 ifn=0, d=0,
l—qt+q2 ifn=0, d>1,
(1—q2) "1—q¢t+q7?) ifl<n<d-1,

wol(V9 ) = (1=qg?=q? =g g™ ifn=d, d>1,

’ (1—qgH(1+qgt+qg gt if0<n—d<2k 2|n—d

(1 —q2)gt—2n—1 if0<n—d<2k, 2¢fn—d
(1+ q’l —q =203 —qg Mg ifn=2k+d,
(1—q (1 +q )22 if n > 2k +d.

When |as| = ¢~ 2 |ca| (k > 0), we have
14+q¢2—¢3 ifn=0, d=0,
1—qgt4q2 ifn=0, d>1,

(1-q 2) "1—q¢ ' 4+q2)  ifl<n<d,

(1- e ifn=d, d>1,

VOI(VT?,d):
1—qg )1 +q +qg ) ifo<n—d<2k+1, 2|n—d
(1—q2)gd—2n~1t if0<n—d<2k+1, 2fn—d
(1+ g 1)gt—2n1 ifn=2k+d+1,

0 ifn>2k+d+1.
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Proof. Making a change of variables y' = ay where a € R}, such that N(a) = a4
and renaming 3y’ back to y, without loss of generality we can assume that a; = 1.
Since we are interested in |Qs|, we can assume that c; = . Thus we have that
Q1(x,y,2) = N(x) + N(y) +c1N(2) and Qa(z,y, z) = asN(y) +7?N(z). Note that
d > 0 (thus |c2| < 1) implies |¢1| = 1.

To compute VOl(Voqd) recall that

Vo = {(2,y,2) € Rpsmax{|N(2) + N(y) + e1N(2)|, [az N (y) + 7N (2)[} = 1},

|E = 1. When d = 0, this set is the disjoint union of two subsets

where ||(z,y, 2)
{(z,y,2) € Rj [N (2)] < L,IN(y)| <1,|N(2)] = 1},
and
{(z,y,2) € R IN(2) + N(y) + 1N (2)] = 1IN (2)| < 1},

where the second one splits further according to |[N(x)] < 1 or [N(z)| = 1. Then
the volume of the first subset is (1 — ¢~2) and that of the second

/ / / dydxdz
IN(2)|<1 J|N(z)|<1/|N(y)|=1

—|—/ / / dydxdz.
IN(2)[<1 J|N(z)|=1J|N(z)+N(y)+c1N(z)|=1

Then vol(Vp,0) is equal to
A=) +q A=)+ Q=g+ 1)) =1~ )1 +q~q7).
When d > 1, we have that
Vo.a = {(z,y.2) € Ry IN(2) + N(y) + N(2)| = 1},

and we apply Lemma A.5.
To compute vol(V,? ;) (1 <n < d—1) recall that since |agN (y)+7*N(z)| < ¢~ ",
and |c1| = 1 (thus can assume it to be 1) we have

Via = {(2,y,2) € Rigs IN(z) + N(y) + N(z)| = ¢~"},

where ||(x,y, z)||g = 1. To compute its volume, we apply Lemma A.5.
To compute VOI(VT?’d) (n = d) recall that since |az| < ¢~", we have

Vaa = {(@,9,2) € Rmax{|N(2) + N(y) + elN ()| [r"N ()]} = ¢ 7",
H(xvyvz)HE — ].}

Since |co| < 1, we have |¢1]| = 1, and without loss of generality we can assume it
to be 1. The set V,, 4 is the disjoint union of two subsets

{(z,y,2) € R [N(2) + N(y) + N(2)| < ¢7" 71, |N(2)| = 1}
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and
{(z,y,2) € R IN(2) + N(y) + N(2)| = ¢"}.
We will compute the volume of each subset.

(A) Case of |IN(x)+N(y)+N(2)|] < ¢ " ! and |N(z)| = 1. We consider the subcases
of IN(z)] = 1 and |N(z)|] < 1. The volume of this set is equal to the sum of two
integrals.

The first integral is

/ / / dxdydz.
IN(2)|=1 J|N(y)+N(z)|<qg=! J|N(2)+N(y)+N(z)|[<g—m~!

Note that this is the same integral as in case 5.1 (n = d) and is equal to
1= " A +q ).

The second integral is

/ / / dxdydz.
IN(2)|=1 /IN(y)+N(z)|=1 /[N (z)+N(y)+N(z)|[<g "

Note that this is the same integral as in case 4.1 (n = d) and is equal to

(1—q¢ g " 'A+q¢gHl—2¢"—2¢77).

(B) Applying Lemma A.5, the volume of this subset is (1 —¢2)2¢ " (1—q¢ ' 4+¢2).

Adding the contributions from cases (A) and (B) and dividing by 1 — ¢~ 2, we

obtain
(1—q?=q?—qg g™
To compute VOI(Vrad) (g~™ > |az]) recall that
Voa = {(2,y,2) € REsmax{|N(z) + N(y) + 1N (2)|, [aaN(y) + 7N (2)[} = ¢ 7"},

where [|(x,y,z)||z = 1. Note that |N(y)| = 1. Indeed, the condition |N(y)| < 1
implies |N(2)| < |[N(y)| < 1 and |N(z)| < 1 which is a contradiction. Since |az| <
q~ "™ it is the disjoint union of two subsets

{(z,y,2) € R%;IN(y)| = 1,|N(z) + N(y) + a1 N(2)| < ¢~ |N(2)| = ¢}
and
{(z,y,2) € R IN(y)| = 1,IN(2) + N(y) + eiN(2)| = ¢ ", IN(2)| < ¢ "7}

Note that the term c¢;N(z) can be dropped and the volumes are given by the
same integrals as in Lemma B.4.2 (case of ¢°" > |1 — ul|). Thus VOI(Vygd) is
equal to

(L—g g x (14+q¢ ' +q¢?)
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when n is even and
(1—q " xq!

when n is odd.
To compute vol(V,) ;) (q~" = |az]) recall that V;, 4 is

{(z,y,2) € Riymax{|N(z) + N(y) + e1N(2)|, |azN (y) + 7N (2)|} = ¢ "},

where ||(z,y,2)||p = 1. As in previous cases we can show that N(y) =1 and V,, 4
is the disjoint union of two subsets

(A) Case of [N ()+N(y)+c1N(2)| = ¢7", lasN (y)+7'N(2)| < ¢~ and [N (y)| = 1.
Since a2 N (y)| = ¢~ ™, the volume of this subset is given by the integral

/ / / dxdzdy,
IN(y)|=1/|N(z)|<q?=™ J|N(z)+N(y)+c1N(z)|=g~"

where |N(y) + ¢1N(2)| = 1. Applying Lemma A.1 the integral is equal to
(L1-g ) xg" " x(1—qg?)g™"
when n — d is even and
1-g ) g™ x(1-q?)g™"
when n — d is odd.

(B) Case of |[N(z) + N(y) + ciN(2)| < ¢ "1 |aeN(y) + ®?N(2)| = ¢ " and

|N(y)| = 1. The volume of this subset is given by the integral

/ / / dxdzdy,
IN(@)|=1 J|N(2)+azm =N (y)|=q*~™ J|N(z)+N(y)+c1N(z)|<qg !

where |N(y) + c1N(2)| = 1. Applying Lemma A.1 the value of the integral is
L=¢)xA-q¢ =g )" " x(1+qg g
when n — d is even and
(1=q" ) x g™ x (T+q g !

when n — d is odd.
Adding the expressions of (A) and (B), and dividing by 1 — 1/¢?, we obtain

A (S [
when n — d is even and
qd—2n—1(1 _|_q—1)

when n — d is odd.
To compute vol(V,) ;) (¢~ < |az]) recall that V,, 4 is

{(z,y.2) € Rjzmax{|N(z) + N(y) + e1N ()|, [azN(y) + 7N (2)[} = ¢7"},
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where ||(z,y, 2)||g = 1. By the same argument as in previous cases, we can assume
IN(y)| = 1. Set a}, = agm~?. Thus V,, 4 is the disjoint union of two subsets

{(z,y,2) € RE:; IN(y)l = LIN(2) + N(y) + 1N (2)| = ¢ 7",
@y N (y) + N ()| < ¢}
and
{(2,9,2) € Ry IN(y)| = L,|N(2) + N(y) + aN(z)| < ¢,
|asN(y) + N(2)| = ¢*"}.
We will compute the volume of each of them.

(A) Case of [N(z) + N(y) + 1N (2)| = ¢~ ™, |abN(y) + N(2)| < ¢*~". The volume
of this subset is given by the integral

/ / / drdzdy,
IN(y)|=1J|N(2)+a2N(y)|<g?=™ J|N(x)+c[<g—™

where ¢ = ¢(y,2) = N(y) + c1N(z) and |¢| = 1. Applying Lemma A.1 the integral
equals

(1=q¢ ) x(1+qg " " x(1=q g™

2k —2k—1

when |as/ca| = ¢7*" and zero when |as/ca| = ¢

(B) Case of IN(z)+ N(y)+c1N(2)| < ¢ "4, |abN(y) + N(2)| = ¢°~". The volume
of this subset is given by the integral

/ / / dxdzdy,
IN(y)|=1/|N(2)+a2N(y)|=q*~" JIN(2)+c[<qg !

where ¢ = ¢(y,2) = N(y) + c1N(z) and |¢| = 1. Applying Lemma A.1 the integral
equals

(L—g ) x1-—gHg" " x1+qg g ™!

2k 2k—1

when |as/co| = ¢~ and zero when |as/co| = ¢~
We obtain that VOI(VT?’d) (when n > 2k) is equal to

A -g )1+ g7

2k and to zero when |ag/ca| = ¢72*~1. The lemma follows. O

when |as/ca| = g~
Lemma B.4.4. Suppose that ny = 0,ny = 0,a1,a2,c0 € R*. When |¢1| < 1,
we have
1- 243 ifn=0,
vol(V))) =
(=g (1 +q )¢ ifn>0.
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Proof. Making a change of variables y' = ay where a € R}, such that N(a) = a4
and renaming 3y’ back to y, without loss of generality we can assume that a; = 1.
Similarly, we can assume that co = 1. Thus we have that Q1(z,y,2) = N(x) +
N(y) + c1N(z) and Q2(z,y, 2) = a2N(y) + N(z).

We first compute vol(Vy). Here we can drop the term ¢; N(z) so that

Vo = {(2,y,2) € Ry max{|N(z) + N(y)|, |azN(y) + N(2)[} = 1}.

We first compute the volume of the complement of Vo in {(z,y,2) €
Ry (2, 2) e = 1}:

{(z,9,2) € R (2,9, 2)|| 5 = 1, IN(2) + N(y)| < 1,|a2N(y) + N(2)| < 1}.

Note that if |[N(x)] < 1 then |N(y)| < 1 and |N(z)| < 1 which is a contradiction.
Thus |N(x)| = 1, and consequently |N(y)| = |N(z)| = 1. Consequently the volume
of the complement is given by the integral

/ / / dxdzdy.
IN(y)|=1/]azN(y)+N(2)|<1 /|N(z)+N(y)|<1

This integral is the same as in Lemma B.4.1, case of n = d = 0. Thus, the volume
of Vo is equal to (1 — ¢~ 2)(1 —2¢73).
To compute vol(V,?) (n > 1) recall that

Vn = {(x7y’z) S R3E7 H(x,y,Z)HE = 1,max{|Q1|, |Q2|} = q—n}'

Assume that |[N(y)| < 1. Then |aeN(y) + N(z)| < 1 implies that [N(z)| < 1 and
from |N(z)+ N(y)+c1N(z)| < 1it follows that | N(z)| < 1 which is a contradiction.
Thus |[N(y)| =1 and V,, is the disjoint union of two subsets

{(z,9,2) € Ris IN(y)| = 1, Q1] < ¢7",[Q2] = ¢}
and
{(2,9,2) € Ry IN(W)| = 1,1Q1] = ¢, Q2] < ¢~ "*V}.
We will compute the volume of each of them.

(A) Case of IN(z) + N(y) + e1N(2)] < ¢~™ and |aaN(y) + N(z)| = ¢~ ™. Thus the
volume of this subset is equal to the integral

/ / / dxdzdy,
IN(y)|=1J]|azN(y)+N(z)|=¢=" J|N(z)+c|<g~"

where ¢ = ¢(y,2) = N(y) + c1N(z) and |¢| = 1. By Lemma A.1 the integral is
equal to

1-qg)xQ=q¢ g " x(1+q g™
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(B) Case of [IN(z) + N(y) + ci1N(2)| = ¢~™ and |a2N(y) + N(2)| < ¢ L. The
volume of this subset is given by the integral

/ / / dxdzdy,
IN(y)|=1/]azN(y)+N(z)|<g="~' JIN(z)+c|=¢~™

where again ¢ = ¢(y,z) = N(y) + ¢1N(z) and |¢| = 1. Applying Lemma A.1, the
above integral is equal to

(1—g ) xQ+qg g ' x(1—qg g "

Adding the expressions from (A) and (B), simplifying and dividing by (1 — ¢~?2)
gives

vol(V,) = (1 —q ) (1 4+ ¢ 1)%q %"

The lemma follows. O

Appendix C. Section 5 Computations
This section contains the computations used in Sec. 5.
Lemma C.5.1. Suppose that co € R*. Then
1+q¢ 2 ifn=0,
vol(V)) = ¢ ¢~ ifn=1,
0 if n > 2.
Proof. We first show that V,, (n > 2) is empty.
Suppose (z,y,2) € V,,. Then |N(2)| < 1, since |caN(z)| = |N(2)| = 1 implies

Q2] =1 > ¢ ™. Also |[N(z)| < 1 since |[N(z)| = 1 implies |Q1] = 1. Hence
IN(y)| = 1. As E/F is unramified, |N(z)| < ¢~1, [N(2)| < ¢!, hence

n

max{|Q1],[Q2|} = max{|a1],[az[} X 7] = |7[ > ¢7".
Hence V,, (n > 2) is empty.
To compute vol(Vy) note that
Vo ={(z,y,2) € RE;max{|N(z) + c1N(2)|, [N (2)[} = 1}.

This is the disjoint union of the subset |N(z)| =1, |[N(x)| < 1, of volume 1 — ¢~2,
and the subset |N(z)| < 1, [N(x)| = 1, of volume ¢~2(1 — ¢~2). Hence the volume
of Vp is the product of (1 —¢~2) and (1 + ¢~ 2).

To compute vol(V,?) recall that V; is the set

{(z,y,2) € Rigymax{|N(2) + ma1N(y) + c1N(2)], ImazN(y) + c2N(2)[} = 1/g},

where ||(z,y, 2)|[|g = 1. If (x,y,2) € V1 then [N(2)| < 1, |[N(z)| < 1, |[N(y)| = 1.
Then the volume of V; is (1 — ¢=2)g~*, as required.
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Lemma C.5.2. Suppose that ai,c; € R*. Let |as| = ¢~%, where d > 0. When
lca/(agm)| = g k-1 (k > 0), we have

1—q! ifn=0,
g l4q?2—q° ifn=1, d=0,
g l—qg3+q ifn=1, d>1,
(I—q g™ if2<n<d,

vol(Vy ) = (1—g )1 +q  +q %)g " ifn=d+1,
(1 —q %)t if2<n—-d<2k+1, 2|n—d,
1—q¢HA+q P+ g2 jf2<n—d<2k+1, 2¢tn—d,
(1+¢ g2 ifn=2k+d+2,
0 ifn>2k+d+2.

When |ca/(asm)| = ¢~ 2F (k > 1), we have
1—q ! ifn=0,
R ifn=1, d=0,
et —q3+qt ifn=1, d>1,
(1—-q2)g™ if2<n<d+1,

vol(Vi) i) =S (1 — ¢~ 2)(1 + ¢~ + ¢ 2)g ™" ifn=d+1,
(1—g 2)g* " if2<n—d<2k 2|n—d,
(1=g )X +q " +q 2t f2<n—d<2k 2¢n—d,
(1+q ' —q2-2¢2—q M2 ifn=2k+d+1,
(1—¢ ) (A +q 1) giti2n ifn>2k+d+1.

Proof. Making a change of variables y' = ay where a € Rj;, such that N () = a4
and renaming 3’ back to y, without loss of generality we can assume that a; = 1.
Similarly, we can assume that ¢; = 1. We have that Q1(z,y,2) = N(z) + 7N (y) +
N(z) and Q2(x,y,z) = waaN(y) + caN(z). Since we are interested in |Q2| we can
assume that ay is 7¢. Thus without loss of generality we can assume Qs (z,y, z) =
7 IN(y) + caN(2).

To compute vol(Vy ) note that

Voa = {(z,y,2) € Rig; IN(2) + N(2)| = 1}.

This is the disjoint union of the subset [N(z)| = 1, |[N(x) + N(z)| = 1, of volume
(1—-¢ (1 —q ' —q?), and the subset |[N(z2)| < 1, [N(z)| = 1, of volume ¢—2
(1 — ¢=2). Hence the volume of Vj is the product of (1 —¢~2) and (1 — ¢~ 2).

To compute VOl(qud) recall that V; 4 is the set

{(z,y,2) € Riymax{|N(z) + 7N (y) + N(2)|, 7N (y) + 2N(2)[} = ¢},
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where ||(z,y,2)||g = 1. When d > 0, this set is the disjoint union of two subsets
{(z,y,2) € Ri; IN(y)] = 1,IN(2)| < L,[N(2)| < 1}

and
{(z,y,2) € R IN(y)l < 1,IN(2) + N(2)| = ¢7'}.

The volume of the first is equal to (1 — ¢~2)g~* and that of the second to (1 —

) xq !t x(1-g7?).
When d = 0, this set is the disjoint union of three subsets

{(z,y,2) € R}; IN(y)] = 1L,IN(2)| = 1,|N(z) + N(2)| < ¢},
{(z,y,2) € R}; IN(y)] = 1,IN(2)] < 1,|N(2)] < 1}
and
{(z,y,2) € RE;IN(y)| < 1,|N(2) + N(2)| = ¢~ '}.

The volume of the first is equal to (1 — ¢=2)%¢~*(1 + ¢~ 1), of the second to (1 —
¢~ 2)g~* and of the third to (1 — ¢=2)2¢3.

To compute vol(V,? ;) (2 < n < d+ 1) recall that since |7 N (y) + c2N(2)| <
q~", we have

Vi = {(2,y,2) € Rz [N(2) + TN (y) + N(2)| = ¢ 7"},

where ||(x,y, 2z)|[|g = 1. As in the previous cases |N(z)| = |N(z)| = 1. The volume
of this subset is given by the integral

/ / dxdz.
IN(2)|=1J|N(z)+N(z)|=¢—"

Applying Lemma A.1 this is equal to
(1=q?)x(1-q¢)g "

To compute vol(V,) ;) (n = d + 1) recall that V, 4 is the set of (z,y,2) € R},
with [[(z,y,2)||r = 1 and

max{|N (z) + 7N (y) + N(2)|, 7" N(y) + 2N(2)|} = ¢ 7"

As in the previous cases we have that |[N(x)| = |N(z)| = 1. Moreover |71 N (y) +
caN(2)] < ¢~ ™. So the set V,, 4 is the disjoint union of two subsets

{(z,y,2) € RE; IN(z) + 7N (y) + N(2)| = ¢ "}
and
{(z,y,2) € RE; IN(2) + 7N (y) + N(2)| < ¢ "1, [N(y)| = 1}.

We will compute the volume of each of them.
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(A) Case of |IN(z) +wN(y) + N(z)| = ¢~ ™. The volume of this subset is given by

the integral
/ / dzdz.
IN(2)|=1 /|N(x)+N(z)|=¢~"

Applying Lemma A.1 this is equal to
(1-¢*) x (1-¢)g "

(B) Case of [IN(z) + N(y) + N(2)| < ¢ "', [N(y)| = 1. The volume of this subset
is given by the integral

/ / / dxdydz.
IN(2)|=1 /N (y)|=1/|N(z)+N(z)|<g="~!

Applying Lemma A.1 the value of the integral is
(1-¢)xA-g?)x(1+qg g
Adding the contributions from (A) and (B) and dividing by 1 — ¢~2 we obtain
L—a ) +a " +a )"
To compute VOl(Vrgd) (d+1<n<2k+d+1) recall that
Vo ={(2,y,2) € RE;
max{|N(z) + 7N (y) + N(2)|, 7™ N (y) + 2N (2)[} = ¢7"},

where ||(z,y,2)||[g = 1. As in the previous cases |N(z)| = |N(z)| = 1. Moreover
lcaN(2)| < ¢~ ™. So V,, 4 is the disjoint union of two subsets

{(z,y,2) € Ry IN(2) + 7N (y) + N(2)| = ¢ " IN(y)| < ¢**7"}
and
{(z,y,2) € Ry IN(2) + 7N (y) + N(2)| < ¢ " IN(y)| = ¢ 7"}
We will compute the volume of each of them.

(A) Case of |IN(z) + N (y) + N(2)| = ¢, [N(y)| < ¢?T'=". The volume of this
subset is given by the integral

/ / / dxdydz.
IN(2)|=1J|N(y)|<q?+t= J|N(z)+N(2)|=¢~"

Applying Lemma A.1 and since the volume of the set |N(y)| < ¢~™ is ¢~ "7, the
value of the integral is

(1 _ q—2) > qd+1—n—a(n—d—1) > (1 _ q—2)q—n'
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(B) Case of |[N(x) +7N(y) + N(2)| < ¢ "1, [N(y)| = ¢*+1 ™. The volume of this
subset is given by the integral

/ / / dxdydz.
IN(2)|=1J|N(y)|=q?*t'~™ JIN(2)+N(z)|<q !

Applying Lemma A.1 the value of the integral is
(1=¢ ) x g™ "1 -¢ ) x (1+¢ g "

when n —d — 1 is even and zero when n —d — 1 is odd.
Adding the contributions from (A) and (B) and dividing by 1 — ¢~2 we obtain

1—q ) A +q ' +q %) 2
when n —d — 1 is even and
(1—q 2)g* >

when n —d — 1 is odd.
To compute vol(V,? ;) (=™ = |ca|) recall that

Voa = {(2,y,2) € Ri;
max{|N(z) + 7N (y) + N(2)|, 7™ N (y) + 2N(2)[} = ¢ "},

where ||(z,y,2)||g = 1. If [N(2)| < 1 then |N(x)| < 1 which is a contradiction. Thus
|N(z)| =|N(2)| =1 and since |c2| = ¢~", V,,,q is the disjoint union of two subsets

{(z,y.2) € RE; IN(2) + 7N (y) + N(2)| = ¢ " [N(y)] < ¢ 7"}
and
{(z,y.2) € Rjgi N (2) + 7N (y) + N(2)] < ¢,
IN(y) + eam™TIN(2)| = "7
We will compute the volume of each of them.

(A) Case of IN(z) + 7N (y) + N(2)| = ¢, |N(y) + comr~@"IN(2)| < ¢+~ The
volume of this subset is given by the integral

/ / / drdydz.
IN(2)|=1 /N (y)|<qi+i=n J|N(2)+N(z)|=¢~"

Applying Lemma A.1, the value of the integral is

(1=¢ ) x g™ " x (=g )"
2k (thus n —d — 1 = 2k is even), and
(1= ) xg" " x(1-g?)g™"

when |ca/(agm)| = ¢72¢7! (thus n —d — 1 = 2k + 1 is odd).

when |ea/(agm)| = g~
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(B) Case of [N (z) +mN(y)+ N(2)] < ¢~"L, [N(y) +cam 41N ()] = 1", The
volume of this subset is given by the integral

/ / / dxdydz.
IN(2)|=1 J|N(y)+com =4~ 1N(z)|=q? 1= JIN(2)+N(z)|<qg !

Applying Lemma A.1 the value of the integral is

A—g)xA=qg " =g )™ " xA4+q g !

2k and

when |eo/(azm)| = g~
(1=g¢) x g " x (1+q g

when |co/(agm)| = g~ 2F 1.

Adding the contributions from (A) and (B) and dividing by 1 — ¢~2 we obtain

(1 + q—l _ q—2 _ 2q—3 _ q—4)qd+1—2n

2k

when |ca/(asm)| = ¢~ °* and

(1+q g

when [co/(agm)| = ¢~ 21

To compute vol(V,) ;) (q~" > |cz) recall that
Vn,d = {(xaywz) € R%’
max{|N(z) + 7N (y) + N(2)|, 7' N(y) + 2N (2)[} = ¢},

where ||(z,y, 2)||g = 1. As in the previous case, we have that |[N(x)| = |N(2)| =1
and V,, 4 is the disjoint union of two subsets

{(z,y,2) € RE;IN(2) +7N(y) + N(2)| = ¢,
IN(y) + com™ 7N (2)] < ¢}
and
{(z,y,2) € RE;IN(z) + N (y) + N(2)| < ¢ "7,
IN(y) + cam 47N (2)] = ¢ 7}

Note that according to Lemma A.1, this set is empty when |cz/(aom)| = ¢~2F 1.

We will compute the volume of each of them when |co/(asm)| = ¢~ 2.

(A) Case of |IN(x) +7N(y) + N(2)| = ¢, IN(y) + comn 471N (2)| < ¢¢*1~". The
volume of this subset is given by the integral

/ / / dxdydz.
IN(2)|=1 J|N(y)+eam—94=1N(2)|<q?H1=n J|N(2)+N(2)|=¢—"

Applying Lemma A.1 the value of the integral is

(1—gHxQ+gHe™™ T x(1—qg g™
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(B) Case of [N (2) + TN (y) + N(2)| < g1, [N () +eam4= N ()] = g7 The
volume of this subset is given by the integral

/ / / dxdydz.
IN(2)|=1 J|N(y)+com =41 N(z)|=q? =" JIN(2)+N(z)|[<qg "'

Applying Lemma A.1 the value of the integral is
(L=q ) x(1=g )™ " x (L+q g
Adding the contributions from (A) and (B) and dividing by 1 — ¢~2 we obtain

(1 _ (]72)(1 + q71)2qd+172n' 0O

Lemma C.5.3. Suppose that ay,c; € RX. Let |ca| = ¢~ where d > 1. When
lagm| < |c2|, we have

1—q! ifn=0,
Tt +qi+qgt difn=1, d=1,
-1 -3 -4
¢ —q¢ +qg " ifn=1 d=2
VOI(VnO’d) =
(1—-q2)g™m ifl<n<d,
(1+q He™ fn=d, d>2,
0 ifn>d.
When |asm| = |ca|, we have
1—q ! ifn =0,
¢ g gt gt =g fn=1, d=1,
—1 -3 —4 .
¢ —q +q ifn=1, d=>2,
VOI(V7?7d) =
(1—q2)g™ if 1 <n<d,
(1+ q‘l ¢?=2¢%—q g ifn=d, d>2,
(1—q2)(1+q 1) 2" if n> d.

Proof. Making a change of variables y' = ay where a € Rj;, such that N (o) = a4
and renaming 3’ back to y, without loss of generality we can assume that a; = 1.
Similarly, we can assume that ¢; = 1. We have that Q;(z,y,2) = N(z) + 7N (y) +
N(z) and Q2(x,y,2) = waaN(y) + caN(z). Since we are interested in |Q2| we can
assume that ay is 7¢. Thus without loss of generality we can assume Qs (z,y, 2) =
7N (y) + caN(2).

To compute vol(V,) note that |asmN(y) + coN(2)] < 1 and

Voa = {(z,y,2) € Ri; [N (z) + N(2)| = 1}.
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The volume of this subset is given by the following integral

/ / da:dz+/ / dxdz,
IN(2)|=1 J|N(z)+N(z)|=1 IN(2)|<1 J|N(z)|=1

which is equal to the product of 1 —¢ 2 and 1 — (¢+1)/¢> +1/¢> =1—-1/q.
To compute vol(V,;) recall that, when d > 1 we have |agm| < [ca| < ¢~ " thus

Vaa = {(2,y,2) € Rig; IN(2) + 7N (y) + N(2)| = ¢, (2,9, 2) || e = 1}.

Note that the condition |[N(x)| < 1 implies |[N(z)| < 1 and |N(y)| = 1. Thus the
volume of this subset is given by the following sum of two integrals

/ / / dzdydx + / / / dzdydzx,
IN(2)|=1J|N(y)|<1 J|N(2)+c|=¢~* IN(2)|<1 JIN(y)|=1 N (2)[<1

where ¢ = c(y, z) = N(x)+mN(y), |c| = 1. Thisis equal to (1—¢~2)(¢ 1 —¢3+q¢*).
When d = 1, the volume of this subset is given by the following sum of two
integrals

/ / / dzdydx+/ / / dzdydz,
IN(2)|=1J|IN(y)|<1 J|N(2)+c|<q~! IN(z)|<1J|N(y)|=1/|N(2)|<1

where ¢ = ¢(y, z) = N(z)+wN(y), |c| = 1. Thisis equal to (1—¢~2)(¢ *+¢ 2+q*).
To compute vol(V,) ;) (1 < n < d) recall that [agm| < |ca| < ¢~" and

Vaa={(2,y,2) € Rz IN(z) + 7N (y) + N(2)| = ¢ ", [l(2, 9, 2)l|lz = 1}.

Note that the condition |N(x)| < 1 implies |[N(z)] < 1 and |[N(y)| = 1, thus
IN(z) + 7N (y) + N(z)| = ¢~ which is a contradiction. The volume of this subset
is given by the following integral

/ / / dzdydzx,
IN(z)|=1 /N (y)|<1 /N (2)+c|[=g"

where ¢ = c(y,2) = N(z) + ®N(y), |¢| = 1. This is equal to (1 — ¢=2)g (1 — ¢~ 2).
To compute vol(VnO,d) (n = d), when |agmw| < |ea| = ¢~ recall that V;, 4 consist
of (x,y,2) € R, with ||(z,y,2)||z = 1 and

max{|N(z) + 7N (y) + N(2)|, [e2N(2)[} = ¢

If IN(z)| <1 then |N(x)| <1 which is a contradiction. Thus |N(z)| = |[N(z)| =1
and since |co| = ¢7", V.4 is given by

{(z,y,2) € R [N(2) + TN (y) + N(2)| < ¢7",|N(2)| = 1}.

The volume of this subset is given by the following integral

/ / / dedydz = (1 — ¢ 3)g (1 +q1).
IN(2)|=1 J|N(y)[<1 [N (2)+c|=¢~"
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When |agm| = |ca] = ¢~ (set ¢ = ca(aam)™1), the set V}, 4 consists of the (z,vy, 2) €

R3, with ||(z,y,2)||g = 1 and
max{|N(z) + 7N (y) + N(2)|,IN(y) + oN(2)[} = ¢~

If IN(z)| < 1 then |N(x)| < 1 which is a contradiction. Thus |N(x)| = |[N(z)| =1
and V;, 4 is the disjoint union of the two subsets

{(z,y,2) € R IN(2) +7N(y) + N(2)| = 7" IN(y) + 4N (2)| < 1}
and
{(z,y,2) € R IN(2) + 7N (y) + N(2)] < q7" 1 IN(y) + 3N ()] = 1}.
We will compute the volume of each of them.

(A) Case of [IN(x)+7N(y)+ N(z)] = ¢~™ (the |N(y) + 4N (z)| < 1is trivial). The
volume of this subset is given by the integral

/ / / dxdydz.
IN(2)|=1 J|N(y)|<1 /N (2)+N(z)|=¢="

Applying Lemma A.1 the value of the integral is
L—ag ) x1—-qg g™

(B) Case of [N(x) +7N(y) + N(2)| < ¢ "1, IN(y) + ¢4 N(z)| = 1. The volume of
this subset is given by the integral

/ / / drdydz.
IN(2)|=1 /N (y)+cu N (2)|=1 /N (z)+N(2)|<g7 !

Applying Lemma A.1, the value of the integral is
1=¢ ) x(1-g" =¢?) x (1+¢ g " "
Adding the contributions from (A) and (B) and dividing by 1 — ¢~2 we obtain
(Lt =g =207 —q7 Mg

To compute vol(V,) ;) (n > d) note that the condition |[N(z)| < 1 implies that
N(z)] < 1 and thus |[N(y)| = 1 and |N(z) + N (y) + N(2)| = ¢! which is a
contradiction. Thus |N(z)| = |[N(z)| = 1 and when |aom| < |c2| = ¢~ we have
|asmN (y) + e2N(2)| = |e2N(2)| = ¢4 < ¢

Thus the set is empty.
When |agm| = |ca| = ¢~ (set ¢y = ca(azm) 1) we have that |N(z)| = |[N(2)| = 1
and V;, 4 is the disjoint union of its two subsets

{(z,y,2) € Ry IN(2) + 7N (y) + N(2)] = ¢ ", IN(y) + 4N (2)] < ¢* 7"}
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and
{(z,y,2) € Rj; IN(2) + TN (y) + N(2)] < ¢ "' [N(y) + &N (2)| = ¢}
We will compute the volume of each of them.

(A) Case of IN(z) +TN(y) + N(2)| = ¢ ", |[N(y) + c4bN(2)| < ¢?~™. The volume
of this subset is given by the integral

/ / / dxdydz.
IN(2)|=1 JIN(y)+cu N (2)|<q?=m J|N(2)+N(2)|=¢—"

Applying Lemma A.1 the value of the integral is
(1= ) x L+ g™ " x (1—g g™

(B) Case of [N(z) +7N(y) +N(z)| < ¢ "', |N(y) +chbN(2)| = ¢®™. The volume
of this subset is given by the integral

/ / / dxdydz.
IN(2)|=1 J|N(y)+c4N(2)|=q*~™ J|N(z)+N(z)|<qg "

Applying Lemma A.1, the value of the integral is
Q=g ) x1—qg " " x(1+qg g " "
Adding the contributions from (A) and (B) and dividing by 1 — ¢~2 we obtain
(L—q )L +q )2

The lemma follows. O

Appendix D. Section 6 Computations

This section contains the computations used in Sec. 6.

Lemma D.6.1. Suppose that c; € R* and |1 —u| = 1. Suppose |az| = |ca| = ¢,
where d > 0. Then we have

1 ifn=0,

¢ +q ifn=1, d=0,

vol(V9) = ¢ —q? ifn=1, d>1,

(=g )¢t f2<n<d,
(1+q¢Hg ™t ifn=d+1, d>1,
0

ifn>d+2.

Proof. Making a change of variables y' = ay where a € Rj; such that N () = a4
and renaming y’ back to y, without loss of generality we can assume that a; =
1. Similarly, we can assume that ¢; = 1. We have that Qi(z,y,2) = N(z) + 7
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(N(y) + N(z)) and Q2(z,y,2) = asmN(y) + corN(z). Since we are interested in
|Q2| we can assume that ay is 7¢. Thus without loss of generality we can assume
Q2(z,y,2) =T (N (y) + uN(2)).

We first show that V,, (n > d + 2) is empty.

Suppose (x,y,z) € V,. Then |N(z)| < 1, since |N(z)| = 1 implies |Q1] =1 >
g~ ™. Since |1 — u| =1 we obtain that

IN(y) +uN(z)| = [N(y) + N(2) + (1 = u)N(2)| = max{|N(y) + N(2)|, [N (2)}.
This is equal to
max{|N (y)[, N (z)[} = 1.

Hence max{|Q1|, |Q2|} = |r9*1| > ¢~". We conclude that V,, (n > 2) is empty.
To show that vol(VY) = 1 — 1/¢? note that

Vo = {(,,2) € RiIN(2)| = 1, IN(y)] < 1,|N(2)| < 1}.

To compute vol(V}?) recall that, when d > 1 we have |71 (N (y)+uN(2))| < ¢ *
thus

Va{(z,y,2) € Rig; IN(2) + (N (y) + N(2))| = ¢7'},

where ||(z,y,2)||g = 1. Thus the volume of this subset is given by the following

sum of two integrals
/ / / dzdydx
IN(@)|<1 JIN(y)|=1 N (2)+N(y)|=¢~*

—|—/ / / dzdydz.
IN(z)|<1J|IN(y)|<1 /|N(2)|=1

This is equal to (1 — ¢~ 2)¢g 2(1 —¢~'). When d = 1, we have
{(z,y,2) € Rigymax{|N(z) + 7(N(y) + N(2))|, Im(N(y) + uN(2))|} = 1/q},
where ||(z,y,2)||g = 1. If (x,y,2) € V4 then |N(z)| < 1, and this set is equal to
{(z,y,2) € Rpymax{|N(y) + N(2)|,|N(y) + uN(2)[} = 1},

where ||(z,y, 2)||g = 1. Since |1 — u| = 1, the volume of this set is

(/ / —|—/ / )/ dxdzdy,
IN(y)|<1J|N(2)]=1 IN(y)|=1J|N(2)|<1) J|N(z)|<1

which is equal to
1 —q*) (L +q7?).
To compute vol(V,0) (2 < n < d) recall that |9+ (N(y) + uN(2))| < ¢~ and

Va{(2,y,2) € R IN(2) +m(N(y) + N(2))| = ¢ "},
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where ||(z,y, 2)||z = 1. The volume of this subset is given by the following integral

/ / / dzdzxdy,
IN(y)|=1/|N(z)|<1J|N(2)+c|=q "

where ¢ = ¢(x,y) = N(y)+N(x)/x, |c| = 1. This is equal to (1—q¢~2)g 2 x ¢! 7" (1—
—2
q ).
To compute vol(V)?) (n = d + 1), recall that we have

Vn = {(x,y,z) € R%’
max{|N(z) +m(N(y) + N (), 7" (N (y) + uN(2))|} = ¢},
where ||(z,y,2)||g = 1. If [N(2)| < 1 then |N(y)| < 1 which is a contradiction. Thus
IN(y)] = |[N(2)] =1 and |N(x)| < 1. Note that the condition |N(y) + N(z)| < 1,
implies that
IN(y) +uN(z)| = [N(y) + N(2) + (u = DN(2)| = |[(1 — u)N(2)].
Thus V,, is given by

{(z,y,2) € Rigs IN(2) +7(N(y) + N(2)| < ¢ [N(2)| = 1}.

The volume of this subset is given by the following integral
[ dydadz = (1~ q~)g™ x (147,
IN(2)|=1/|N(z)|<1 J|N(y)+c[<qg' ™

where ¢ = ¢(z,z) = N(z) + N(z)/m so that |¢| = 1. The lemma follows. O

Lemma D.6.2. Suppose that ny = 1,ny = 1,a1,¢1 € R*. Suppose that |as| =
lcal = ¢=%, d > 0. When |1 —u| = ¢~ %" (k> 1), we have

1 if n=0,
g 2—q3 ifn=1,
(1—q2)g ! if2<n<d,

vol(V,) 4) = (1—q2)g ! fn=d+l,

T e g 2 <n - d <2k, 2|n—d

(1_q*2)qd*2” if2<n—-d<2k-1, 2{n—d,
(1+q 1)g?2n ifn=2k+14d,
0 if n>2k+1+d.
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1 ifn=0,

g ?—q? ifn=1,

U ifl1<n<d,

(1—g2)g ! ifn=d+1,

vol(Vila) = (1 — ¢~ 2)(1 + ¢~ + g~ 2)gt+1—2n if2<n—d<2k 2|n—d,

(1—g gt if2<n—d<2k+1,
2¢n—d,

(I+q ' —qg?2=2¢3—q g2 ifn=2k+2+d,

(1 =g ) (A +q ")2gite2n ifn>2k+2+d.

Proof. Making a change of variables y' = ay where a € R}, such that N (o) = a4
and renaming 3’ back to y, without loss of generality we can assume that a; = 1.
Similarly, we can assume that ¢; = 1. We have that Q1 (x,y,2) = N(x) +7(N(y) +
N(z)) and Q2(x,y, 2) = aemN (y) + com N (2). Since we are interested in Q2] we can
assume that ay is w%. Thus without loss of generality we can assume Qo(x,y, 2) =
LN (y) + ul(2)).

To see that vol(V;) = 1 — 1/¢* note that

Voa = {(z,y,2) € RiiIN(2)| = 1,|N(y)] < 1,|N(2)| < 1}.
To compute vol(V,;) recall that V; 4 is the set
{(z,y,2) € Riymax{|N(z) +7(N(y) + N(2))|, |7 (N (y) + uN(2))[} = 1/},

where ||(z,y,2)||g = 1. When d = 0 then |N(z)| < 1, and since |1 —u| < 1 this set
is equal to

{(z,y,2) € R |(z,y,2) |2 = 1, IN(y) + N(2)| = 1}.

Then its volume is given by the integral

(/ / —|—/ / )/ dxdzdy,
IN(y)|<1J|N(2)]=1 IN(y)|=1J|N(y)+N(2)|=1) J|N(z)|<1

whose value is
' 1l-g ) +(1—g¢)A—(g+1)g g >=1—qg (1 —qg g2

To compute VOI(Vr(L),d) (n > 2 and ¢~™ > |w'*9|) recall that since d > 0 and
im+t4(N(y) + uN(2))| < ¢, we have that

Voa = {(2,y,2) € Rig; IN(2) + 7(N(y) + N(2))| = ¢ " |I(z, 9, 2) | = 1}.
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Assume that |N(y)| < 1. Since |N(z)| # [#N(z)|, it implies that |[N(z)| < 1 and
thus |N(x)| < 1, which is a contradiction. Thus |N(x)| < 1, [N(y)| =1 and
Voa = {(z,9,2) € R IN(y)| = 1,|N(2)| <1,
IN(z) +7(N(y) + N(2))| = ¢ "}

So, the volume is given by the integral

/ / / dzdyde = ¢ *(1— ¢ %)¢" "(1 — ¢ ),
IN(@)]<1 JIN(y)|=1J|N(2)+ec|=g1—n

where ¢ = ¢(x,y) = N(x)/m + N(y) so that |c| = [N(y)| = 1. Thus, vol(V,?,) is
equal to (1 — g~ 2)g~ 1™

To compute vol(V,) ;) (¢~™ = |w1+4|) recall that V;, 4 consists of the {(z,y,2) €
R3, with ||(z,y,2)||g = 1 and

max{|N(z) +m(N(y) + N(2)|, |7 (N (y) + uN ()|} = ¢7"}.

Assume that |[N(z)|] < 1. Since |N(x)| # |*N(y)|, it implies that |[N(y)| < 1 and
thus |N(z)| < 1, which is a contradiction. Thus [N (z)| < 1, |[N(y)| = |[N(z)| =1
and V,, 4 is the disjoint union of the two subsets

{(z,y,2) € R IN(2)] = LIN(2) +7(N(y) + N(2))| < ¢7",
IN(y) +uN(z)| =1}
and
{(z,y,2) € Rigs IN(2)] = 1, IN(2) + m(N(y) + N(2))| = ¢ 7",
IN(y) + uN(2)|] < 1}.
We will compute the volume of each subset.

(A) Case of IN(z) +w(N(y) + N(z))| < ¢7™ and |N(y) + uN(z)| = 1. Note that
since |1 —u| < 1 we have |N(y) + N(2)| = |N(y) + uN(2)| = 1. And the set
IN(z) + (N (y) + N(2))] < ¢ ™ is empty.

(B) Case of [N (z)+m(N(y)+N(2))| = ¢ "™ and |[N(y)+uN(z)| < 1. Since [1—u| < 1
the second inequality is equivalent to |N(y)+ N (z)| < 1. Applying Lemma A.4, the
volume of this set is equal to

(1 _ q—2)2q—2nqn—1'

To compute vol(V,? ;) (n > d+2and ¢~™ > |w' (1 — u)|) recall that V,, 4 is the
set of (z,y,2) € R, with ||(z,y, 2)|[|p = 1 and

max{|N(z) + 7(N(y) + N (), |7 TN (y) + uN(2))[} = ¢

Assume that |N(y)| < 1. Then |[N(y) + uN(z)| < 1 implies that |N(z)| < 1; from
|N(z)/m+ N(y) +N(z)| < 1/¢? it follows that |N(z)| < 1, which is a contradiction.
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Moreover, the inequality |w!T¢(N(y) + uN(z))| < ¢~ " is equivalent to |r'T¢(N
(y) + N(2))] < ¢~ Thus |[N(y)] = 1 and V,, 4 is the disjoint union of the two
subsets

{(z,y,2) € Ry IN(y)| = 1,|N(z) + ©(N(y) + N(2))| < ¢,
IN(y) + N(2)| = ¢""* "}

and
{(z,y,2) € Ry IN(y)| =1, IN(z) +7(N(y) + N(2))| = ¢7",
[N(y) + N(2)| < ¢}
We will compute the volume of each subset.

(A) Case of [N(x) +(N(y) + N(2))| < ¢~ and [N(y) + N(z)| = q"*4=". The
volume of this subset equals the integral

/ / / dxdzdy,
[N(y)|=1J|N(y)+N(z)|=¢'+d=" J|N(z)+c[<g—m

where ¢ = c(y, z) = (N (y) + N(2)) so that || = %",
When d = 0, thus |¢| = ¢~ and the volume of this subset equals the integral

/ / / dxdzdy.
IN()|=1 JIN(y)+N(z)|=¢'~" /|N(z)|<q™"

The volume of the set {|N(z)| < ¢~ "} is equal to ¢~™ if n is even and to ¢~ "~ ! if
n is odd. Thus the integral is equal to the product of

(1=q%) x (1-¢g)g' "
and 1 if n is even and ¢~ ' if n is odd.

When d > 0, the volume of the set {|N(z)+c| < ¢"} is zero when n —d is odd.
Thus, the integral is equal to (1 — ¢=2) x (1 — ¢~ 2)g' T4 ™" x ¢~ (1 + ¢~ 1), when
n —d is even, and zero when n — d is odd.

(B) Case of [IN(z) +7(N(y) + N(2))| = ¢~ ™ and |[N(y) + N(2)| < ¢'*?". The
volume of this subset equals the integral

/ / / dxdzdy,
IN(y)|=1 JIN(y)+N(2)|<q?=™ JIN(z)+c|=¢"

where ¢ = ¢(y, z) = w(N(y) + N(2)).
When d = 0, thus |¢| < g7, and the volume of this subset equals the integral

/ / / dxdzdy.
IN()I=1JIN(y)+N(2)|<qg= JIN(z)|=¢—"

This integral is equal to zero when 7 is odd and to

(I=g ) xA+g g " x1-g g™
when 7 is even. Thus, vol(V,) is equal to

(1—¢ )¢ > x(1+q " +q7?)
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when n is even and to
(1 _ q—2)q1—2n % q—l

when n is odd.
When d > 0 the volume is given by the integral

/ / / dxdzdy,
IN(y)|=1/|N(y)+N(2)|<q¢=" J|N(z)+c|=g—

where ¢ = ¢(y,z) = w(N(y) + N(z)). It is equal to
Z / / / dxdzdy,

t=n—d” INWI=1JIN(y)+N(2)|=¢~* J|N(z)+c:i|=¢—"

where |c;| = ¢~*~!. Applying Lemma A 4, it is equal to
(1 o q72)2qd+a(n7d)f2nfl'
Thus, vol(V;? ;) is equal to
(1 _ q72)qd+172n % (1 + qfl + q72)
when n — d is even and to
(1—q %)g* "

when n — d is odd.

1223

To compute vol(V,? ;) (¢ = [wi+d(1 — w)|) recall that V,, 4 consists of the

(z,y,2) € R, with |(z,9,2)||g = 1 and
max{|N(z) +7(N(y) + N (), |7 (N (y) + uN(2))[} = ¢

As in the previous cases we can show that |[N(y)| = |[N(z)| = 1, and V,, 4 is the

disjoint union of the two subsets.

(A) Case of [N () +m(N(y)+N(2))] < ¢~ [N(y) +uN(z)| = ¢"" and [N (y)| =

|N(z)] = 1. When d = 0, we have
IN(y) + N(2)| < max{|N(y) + uN(2)],|(1 - u)N(2)[} < ¢' "

Thus |N(z)] < ¢~™ and the volume of this subset is given by the integral

/ / / dxdzdy,
IN()|=1 JIN(y)/ut+N(z)|=¢'=" J|N(z)|<qg="

which is equal to
(147 x (1 g72)g" " x "o,
When d > 0, then for any ¢ > 0, we define the following subset
We(2) = {y € B;|N(2)] = L, IN(y) + uN(z)| = ¢" 7",
IN(y) + N(2)] = ¢"F77m)
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The volume of the set is given by the integral

Z/ / / dxdzdy,
2)|=1JWi(z) JIN(z)+e|<q™™

where ¢; = m(N(y)+N(z)) and |¢;| = ¢¢~*~™. Note that the integral over z depends

only on the |¢;|. Thus we can assume that ¢; is an arbitrary element so that |¢;| =

g%t~ and take the integral over y and z. The integral is equal to

(1—q~ Z vol(W;) / dx.
N(z)+ce|<g—m
Applying Lemma A.2, this is equal to the product of (1 — ¢~2)? and
(1—(g+2)g *)g" " N/ da:+zq1+d*t*"/ dz.
[N (z)+col<g™™ =1 [N(z)+ce|<g™™

If ¢t > d so that |¢t| < ¢~ ™, and thus |[N(z)| < ¢~ ™. The integral over x is equal to
¢~ ") The sum of the terms which correspond to t > d is equal to

(1 q 2 1 2n—o(n) qu t 1 —q )(1 +q71)q172n7¢7(n).

If 1 <t <d-1 then the set |[N(x) + ¢;| < ¢~ is empty when n —d +t is odd and
is(14+¢ 1)g " whenn—d+tiseven. Set j =n—d+t, thenn—d+1<j<n-—1
and the even j are of the form over

n—d+1l+on—d+1),n—d+3+ocn—d+1),....n—1—0o(n—1).

Since o(n —d+1) =1—0(n—d) and o(n — 1) = 1 — o(n), this sequence can be
written as

n—d—on—-d)+2, n—d—on—d)+4,....n+0(n) — 2.
1) 1-n

So the sum is the product of (1 + ¢ and

q—(n—d—a(n—d)+2) + q—(n—d—a(n—d)+4) N q—(n+0(n)—2)
— (1 _ q—2)—1(q—(n—d—a(n—d)+2) _ q—(n+a(n)—2)—2).
Thus, the contribution from 1 <t < d — 1 is equal to
(1 + q—l)(l _ q—2)(q—1—2n+d+a(n—d) o q1—2n—a(n))'
If ¢ = 0, the contribution from this term is
(1—(¢g+2)q (0 +q g™,
when n — d is even and zero when n — d is odd.

(B) Case of [N (z)+m(N(y) +N(2))| = ¢, [N(y) +uN(2)| < ¢"**" and [N (y)| =
|N(2)| = 1. Since [N(2)| = 1 and |N(y) + uN(z)| < ¢**9~", we obtain

IN(y) + N(2)| = IN(y) + uN(2) + (1 = u)N(2)| = [1 = u| = ¢"T47"
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Thus, the volume of this subset is given by the integral

/ / / dxdzdy,
IN(2)|=1J|N(y)+uN(z)|<q?~™ J|N(z)+c|=q~"

where ¢ = ¢(y,z) = 7(N(y)+ N(z)) and |¢| = ¢®~™. When d = 0, the integral over =
is taken over the set | N (z)| < ¢~"~! when n is odd and over the set [N (z)+c| < ¢~ "
when n is even. Thus, the integral is equal to

(1—g ) x1+qg g " xqg "
when n is odd and to
(1-q¢)xA+q¢ g " x(1—(g+1)g g "

when n is even.
When d > 0 and n — d is odd the set |N(z) + ¢| = ¢~ is empty and the integral
is zero. In the case of n — d being even, the volume is equal to

(I—g ) x(1+qg " " x(1-qg g™

When d = 0, adding the contributions from cases (A) and (B) (and dividing by
(1 —1/¢?%)), we obtain

¢ (+qh
when n is odd and
Mg+ 1—-q =27 —q7?)

when n is even.
When d > 0, adding the contributions from cases (A) and (B) (and dividing by
(1 -1/¢?)), we obtain

(1 + q—l)q1—2n—a(n) + (1 + q—l)(q—1—2n+d _ q1—2n—a(n))
(g DA =g )"+ (1= (1 = (g +2)g )1+ gt
_ (1 + q—l)q—2n(qd—1 + qd _ qd—2 + q1+d _ qd _ qu—l)
=(1+q " g—q" —q7?).
when n — d is even and
(1 + q—l)q1—2n—a(n) + (1 + q—l)(q—2n+d _ q1—2n—a(n)) — (1 + q—l)qd—2n
when n — d is odd.
To compute vol(V,? ;) (¢ < |ml+d(1 — u)|) recall that Vj, 4 consists of the
(z,y,2) € R, with |(z,9,2)||g = 1 and
max{| N (z) +7(N(y) + N(2))|, [x (N (y) +uN(2))[} = ¢~
Then we have |[N(y)| = 1. Since |[N(2)| =1, ¢'*9 " < |1 —u| and |N(y) +uN(z)| <
g4 we have

IN(w) + N(2)| = [(1 —w)N(z)[ = [T = ul.
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Thus V;, 4 is the disjoint union of the two subsets
{(z,y,2) € R IN(y)] = L, IN(2) + 7(N(y) + N(2))| < ¢7",
IN(y) +uN(z)| = ¢+
and
{(z,y,2) € RE; IN(y)l = 1,IN(2) + 7(N(y) + N(2))| = ¢7",
IN(y) +uN(2)| < ¢T3
We will compute the volume of each of subset.

(A) Case of IN(z) + m(N(y) + N(2))| < ¢, [N(y) + uN(2)] = g'+4~". Then
|N(y)] = 1. The volume of this subset is given by the integral

/ / / dxdzdy,
IN(y)|=1J|N(y)/ut+N(z)|=¢"td=m J|N(x)+c|<g—

where ¢ = ¢(y,2z) = ©(N(y) + N(2)) and |c| = |w(1 —u)| = ¢~ 2F717¢ < ¢
Applying Lemma A.1 the integral is equal to zero when ¢ is 0 and when ¢ is 1, to

(1-gHxQ—g ) " x (1+q g™

(B) Case of [N(z) +w(N(y) + N())| = ¢, [N(y) + uN()| < g4, Then
|N(y)] = 1. The volume of this subset is given by the integral

/ / / dxdzdy,
IN(y)|=1 JIN(y)/ut+N(z)|<q'+d=m J|N(x)+c|=g—"

where ¢ = c(y,z) = (N (y) + N(2)) and |c| = ¢~ 2*~17=. Applying Lemma A.1 the
integral is equal to zero when € is 0 and when € is 1, to

(1—q ) x(L+qg g™ " x(1-q g™

We obtain that vol(V,);) (when n > 2k 4 1 + ¢) is equal to zero if ¢ = 0 and if
e=1,to

(1 _ q72)(1 + q71)2q1+d72n'

The lemma follows. O

Lemma D.6.3. Suppose that a1,co € R*,|c1| < 1,laz| < 1. Then

1 ifn=0,
vol(V)) =< g 2+q¢* ifn=1,
0 if n > 1.

Proof. Making a change of variables y' = ay where a € R}, such that N (o) = a4
and renaming 3’ back to y, without loss of generality we can assume that a; = 1.
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Thus we have that Qi(z,y,2) = N(z) + 7#(N(y) + a1 N(z)) and Qa2(z,y,z) =
w(azN(y)+caN(z)). Moreover, if |¢1| < 1 and since |az| < 1 we can replace Q1 with
Q1 + Q2. So without loss of generality we can assume that |¢1| = 1 and thus ¢; = 1.
Since we are interested only in |Q2|, we can replace Qo with Q2/co and put as/ca to
be ag. So Q1(z,y,2) = N(z)+n(N(y)+N(z)) and Qa(z,y, 2) = w(azN(y)+ N(2)).

We first show that V,, (n > 2) is empty. Suppose (z,y, z) € V,,. Then |N(x)| < 1,
since |N(x)] = 1 implies |Q1] = 1 > ¢~". Moreover, from |Q1]| < ¢~2 the condition
IN(y)| < 1 implies |N(z)| < 1, which leads to a contradiction. Thus |N(y)| =
|N(z)] = 1. Since |az| < 1 we obtain |w(azN(y) + N(2))| = |[#N(z)| = ¢~ . Hence
max{|Q1],|Q2]} = ¢~ > ¢~ ". We conclude that V,, (n > 2) is empty.

To see that vol(V) = 1 — 1/¢* note that

Vo ={(z,y,2) € R IN(2)] = 1,IN(y)| < 1,IN(2)| < 1}.
To compute vol(V) recall that V; is the set
{(z,y,2) € Rpymax{|N(z) + (N (y) + c1N(2))], Im(a2N(y) + N(2))[} = 1/a},

where |[(z,y,2)||g = 1. If (z,y,2) € V4 then |N(x)| < 1, and since |az| < 1 this set
is equal to

{(z,y,2) € R (2,9, 2)| e = 1, max{|N(y) + N(2)|,IN(2)[} = 1}.

Then its volume is given by the integral

(/ / +/ / )/ dxdydz,
IN(2)|=1/|N(y)|<1 [N(2)|<1J|N(y)|=1) J|N(z)|<1

whose value is
T 1=-¢)+(1-q¢)g P =0-¢ A +q g > O

Lemma D.6.4. Suppose ai,c1 € R*,|az| < 1,|ca] < 1 and |as| # |ca|. Set |ca| =

g *. Then
1 ifn=0,
¢*-q7? ifn=1,
vol(V) =g (1 —¢7%) if2<n<k,
g1 "1 +qY) ifn=k+1,
0 ifn>k+2.

Proof. Making a change of variables y' = ay where a € Rj; such that N (o) = a4
and renaming vy’ back to y, without loss of generality we can assume that a; = 1
and similarly ¢; = 1. Thus we have that Q1(z,y,2) = N(z) + 7(N(y) + N(z)) and
Q2(x,y,2) = w(aaN(y) + c2N(z)). Without loss of generality, we can assume that
|a2| < |C2|.
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We first show that V,, (n > k + 2) is emply. Suppose (z,y,z) € V,. Then
IN(z)| < 1, since |[N(z)| = 1 implies |Q1] = 1 > ¢~™. Moreover, from |Q;| < g2
the condition |N(y)| < 1 implies |N(z)| < 1, which leads to a contradiction. Thus
|N(y)| = [N(2)] = 1. Since |az| < 1 we have |w(a2N(y) + caN(2))| = |wcaN(y)| =
q %=1 Hence max{|Q1],|Q2]} = ¢~ * 1 > ¢~™. We conclude that V,, (n > k + 2) is
empty.

To see that vol(V) =1 — 1/¢* note that

Vo ={(2,9,2) € Rj;IN(2)| = LIN(y)| < 1,|N(2)| < 1}.
To compute vol(V}) recall that V; is the set
{(z,y,2) € R |N(2) +m(N(y) + N(2))| = 1/q},
where ||(z,y,2)||lg = 1. If (z,y,2) € V4 then |N(z)| < 1, and this set is equal to
{(z,y,2) € Ry ||(z,y.2)llp = L[N (2)] < 1,|N(y) + N(2)| = 1}.

Then its volume is given by the integral

(/ / +/ / )/ dxdzdy,
IN(y)|=1J|N(y)+N(z)|=1 IN(y)|<1J|N(z)]=1 [N (z)|<1

whose value is
1= )1 =@+ g ) +A-q g =0 =g )7 ~a7).
To compute vol(V,0) (n > 1 and ¢~™ > |mes|) recall that V,, is the set
{(z,y,2) € Ry max{|N(z) + 7(N(y) + N(2))|, |7 (azN(y) + c2N(2))[} = ¢7"},

where ||(z,y, 2)||g = 1. It implies that |[N(z)| < 1 and thus |[N(y)| = |N(z)| = 1.
Then |Qz| = |mwe2| = ¢ ¥~ < ¢, s0 V,, is the set

{(@,y.2) € Rigi I(z,9,2) |5 = 1,IN(2)| < L,IN(y)| = 1, IN(y) + N(2)] = ¢ "}

Its volume is given by the integral

/ / / dxdydz,
IN(z)|<1 J|IN(y)|=1 /N (y)+N(z)|=¢" "

A —q ) (L —q7?).

To compute vol(V,?) (¢~™ = |mca]) recall that V,, is the set

whose value is

{(z,y,2) € Rpymax{|N(z) + (N (y) + N(2))|, |m(a2N(y) + c2N(2))[} = 7"},
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where ||(z,y,2)||g = 1. It implies that |[N(z)| < 1 and thus |[N(y)| = |[N(z)| = 1.
Then |Qs| = |was| = ¢ %=1 = ¢~ ", so V,, is the set

{(z,y,2) € Ry (2,9, 2)lle = 1,IN(2)| < 1,IN(y)| = L, IN(y) + N(z)| < ¢'7"}.

Its volume is given by the integral

/ / / dxdydz,
IN(@)|<1J|N(y)|=1 J|N(y)+N(2)|<q'

whose value is

¢ *(1—qg g "1 +q ). 0

Lemma D.6.5. Suppose that as,co € R*,|c1| < 1. Then

1 ifn =0,
vol(V)) =g 2+q7* ifn=1,
0 ifn>1.

Proof. Making a change of variables y' = ay where a € R}, such that N (o) = a4
and renaming y’ back to y, without loss of generality we can assume that a; =
1. Thus we have that Qi(x,y,2z) = N(z) + w(N(y) + caN(z)) and Q2(x,y,2) =
w(azN(y) + c2N(2)). Since we are interested only in |Qsz|, we can replace Q2 with
Q2/ca and put as/ca to be az. So Q1(x,y,2z) = N(z) + w(N(y) + c1N(z)) and
Qa(w, . 2) = n(@N(y) + N(2)).

We first show that V;, (n > 2) is empty. Suppose (x,y, z) € V,,. Then |[N(z)| < 1,
since |N(z)| = 1 implies |Q1] = 1 > ¢~". Moreover, from |Q2| < ¢~2 the condition
|IN(y)] < 1 implies |N(z)| < 1, which leads to a contradiction. Thus |N(y)| =
IN(z)] =1 and |N(x)| < 1. Since |¢1| < 1 we obtain |N(z) + (N (y) + 1N (2))| =
|mN(y)| = ¢~ 1. Hence max{|Q1],|Q2|} = ¢~ > ¢~". We conclude that V,, (n > 2
is empty.

To see that vol(VY) = 1 — 1/¢* note that

Vo = {(z,y,2) € R IN(2)] = 1, [N (y)| < LIN(2)] < 1}.
To compute vol(V}?) recall that V; is the set
{(z,y,2) € Rp;max{|N(z) +7(N(y) + c1N(2))|, [w(a2N(y) + N(2))|} = 1/a},

where |[(z,y,2)||g = 1. If (z,y,2) € V4 then |[N(z)| < 1, and since |¢1| < 1 this set
is equal to

{(z,y,2) € Ry ||(z,y. 2)[lp = L max{|N(y) + N(2)|, [N (y)[} = 1},

which is the same set as in case 6.3, n = 1. O
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