TWISTED CHARACTER OF A SMALL REPRESENTATION OF PGL(4)

YuvAaL Z. FLICKER AND DMITRII ZINOVIEV

ABSTRACT. We compute by a purely local method the elliptic #-twisted character x, of the
representation m = I(31y(13) of PGL(4, F). Here F' is a p-adic field; 0 is the “transpose-
inverse” automorphism of G = PGL(4, F'); = is the representation of PGL(4, F) normalizedly
induced from the trivial representation of the maximal parabolic subgroup of type (3,1). Put
C = {(g91,92) € GL(2) x GL(2); det(g1) = det(g2)}/Gm (Gn embeds diagonally). It is a
0-twisted elliptic endoscopic group of PGL(4). We deduce from the computation that x is
an unstable function: its value at one twisted regular elliptic conjugacy class with norm in
C = C(F) is minus its value at the other class within the twisted stable conjugacy class, and
0 at the classes without norm in C. Moreover 7 is the unstable endoscopic lift of the trivial
representation of C.

Naturally, this computation plays a role in the theory of lifting from C(=“SO(4)”) and
PGp(2) to G = PGL(4) using the trace formula, to be discussed elsewhere.

Our work develops a 4-dimensional analogue of the model of the small representation of
PGL(3, F) introduced with Kazhdan in [FK] in a 3-dimensional case. It uses the classification
of twisted stable and unstable regular conjugacy classes in PGL(4, F) of [F], motivated by
Weissauer [W]. It extends the local method of computation introduced by us in [FZ].

INTRODUCTION

Let m be an admissible representation (see Bernstein-Zelevinsky [BZ], 2.1), of a p-adic
reductive group G. Its character x, is a complex valued function defined by tr«(fdg) =
fG X=(9)f(g)dg for all complex valued smooth compactly supported measures fdg ([BZ],
2.17). It is smooth on the regular set of the group G. The character is important since it
characterizes the representation up to equivalence. A fundamental result of Harish-Chandra
[H] establishes that the character is a locally integrable function in characteristic zero.

Let 0 be an automorphism of finite order of the group G. Define ®m by 7 (g) = w(0(g)).
When 7 is invariant under the action of § (thus 7 is equivalent to m), Shintani and others
introduced an extension of 7 to the semidirect product G x (f). The twisted character
Xx(g % 0) is defined by trn(fdg x 0) = fG X=(g x 0)f(g)dg for all fdg. It depends only
on the #-conjugacy class {hgf(h)~';h € G} of g. It is again smooth on the f-regular set,
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and characterizes the f-invariant irreducible 7 up to isomorphism. Moreover, it is locally
integrable (see Clozel [C]) in characteristic zero.

Characters provide a very precise tool to express a relation of representations of different
groups, called lifting. It was studied extensively by Shintani and others in the case of base
change. It was studied also in non base change situations such as twisting by characters
(Kazhdan [K], Waldspurger [Wa]), and the symmetric square lifting from SL(2) to PGL(3)
([Fsym], [FK]). In this last case twisted characters of -invariant representations of PGL(3)
are related to packets of representations of SL(2), and € is the involution sending g to its
transpose-inverse.

The aim of the present work is to compute the twisted (by 0) character of a specific
representation m = I(31y(13), of the group G = PGL(4, F'), F a p-adic field, p odd. This
is normalizedly induced from the trivial representation 13 of the standard (upper triangular)
maximal parabolic subgroup P of type (3,1). It is invariant under the involution (g) =

Jtg=1J, where J = (_Ow 18)) and w = ((1) (1))
A natural setting for the statement of our result is the theory of liftings to the group

G = PGL(4) from its f-twisted endoscopic group (see Kottwitz-Shelstad [KS])
C ={(g,9) € GL(2) x GL(2); det g = det g'}/Cun.

Here the multiplicative group G,, = GL(1) embeds as z — (zl,zl3), Is is the identity
2 x 2 matrix. The corresponding map A; of dual groups is simply the natural embedding
in G = 8SL(4,C) of C' = Z4(50) = “SO(4,C)"

= {g € G =SL(4,Q); giJtg=3J = (w‘il ‘g)} = S0 ((w‘ll ‘g) ,cc)

- {(aB ”B); (A: (“b) ,B) € (GL(2,C) x GL(2,C), det A-det B = 1)/<c><}.

cB dB cd

Here z € C* embeds as the central element (z,z7!), and § = diag(—1,1,—1,1) and w =

10
G by the same formula that defines # on G.

Our result can be viewed as asserting that the f-invariant representation m of G = G(F)
is the endoscopic lift of the trivial representation of C = C(F'). To state this we note
that the embedding A; : C — G defines a norm map. This norm map relates the stable
f-conjugacy classes in G with stable conjugacy classes in C. A stable conjugacy class is
the intersection G N (Int(G(F))(7)), for some v € G. The crucial case of the character
computation is that of f-elliptic elements. A stable #-conjugacy class consists of several
f-conjugacy classes. The stable #-conjugacy classes of elements in G, and the #-conjugacy
classes within the stable f-classes, have been described recently in [F], in analogy with
the description of the conjugacy classes and the stable classes in the group of symplectic
similitudes Gp(2, F') of Weissauer [W]. In fact in [F] we deal with #-classes in GL(4, F)
while here we deal with the simpler case of PGL(4, F'), so we give here full details of the
description in our case.

(0 -1 ) Thus C is the §-centralizer in G of the semisimple element §, and 0 is defined on
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There are four types of f-elliptic elements of G, named in [F], p. 16, and here (see the
next section) I, IT, ITI, IV, depending on their splitting behaviour. As in [F], our work relies
on an explicit presentation of representatives of the #-conjugacy classes within the stable
such classes in GG, except that here we present a better looking set of such representatives.

The norm map, which we describe explicitly here, relates #-conjugacy classes of types I
and III to conjugacy classes in C. It does not relate classes of types I, IV to classes in C.

We prove that the 0-character of 7, x(g x 0), vanishes on 0-reqular elements g of type IT
and IV. The stable f-conjugacy classes of types I and IIT come associated with a quadratic
extension F/F in type I and E/Ej3 in type III (in this case E3/F is a quadratic extension,
and E/F is biquadratic). The two #-conjugacy classes g, within the stable f-classes are
parametrized by r in F*/Ng,pE* in type I and by EJ' /N g, E* in type III. We show
that the value of x.(gr x 0), multiplied by a suitable Jacobian A(g,0)/Ac(Ng), is 2k(r).
Here & is the nontrivial character of F*/Ng,pE* in type I and of E5 /N g, E* in type
I11.

In particular the character x,(g x 6) is an unstable function, namely its value at one
f-conjugacy class within a stable #-conjugacy class of type I or III is negative its value at
the other #-conjugacy class.

Our result is a special case of the lifting with respect to A; to the group G = PGL(4, F)
of representations of the group C = (GL(2, F) x GL(2, F))’/F*, where the prime indicates
det g = det g’ for the two components (g,¢’'), and F* embeds diagonally. This lifting is
established in [F’] by means of a comparison of trace formulae, the fundamental lemma of
[F], and character relations, for generic and nongeneric representations. It can be viewed
as associating to a pair 7y, my of representations of GL(2, F) (the product of whose central
characters is 1) a product representation m = m; X w9, or A1(m X m2), of PGL(4, F).

The case that we consider here is that where m; and 7y are the trivial representations of
GL(2, F'). Their product via the lifting Ay, 1X 1 or A;(1 x 1), is our m = I(31)(13)-

This notion of multiplication should not be confused with that of induction from the
standard parabolic subgroup of type (2, 2) and 71 ®m, on its Levi factor, thus: I(3 2)(m1®72),
which plays the role of addition of 7m; and m3. This multiplication is interesting in particular
since conjecturally the notions of multiplication 71 K7e = Ay (71 X 72) and addition w1 Hre =
I(2,2)(m1®3) — suitably extended to all GL(n) — give a Tannakian structure on the category
of algebraic (= smooth) representations of all the GL(n, F), and its motivic Galois group
(see Deligne-Milne [DM]) plays a key role in the principle of functoriality.

However, the proof of [F'], based on trace formulae comparison and the fundamental
lemma of [F], is very involved. The current paper grew from an attempt to provide a purely
local and self contained proof of a key initial case, where the representations involved are
not generic, where all principal features can be explicitly viewed: the analysis of the 6-
conjugacy classes, the norm map, the Jacobian factors and the transfer factors, and the
character relations can be computed directly to verify them without relying on long and
complex theories.

This gives an independent verification of results obtainable by global techniques, by
purely local and essentially elementary techniques.

Our method here is based on using a novel model of our representation ™ = I3 1)(13),
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different from the standard model of a parabolically induced representation. It is a four
dimensional analogue of a three dimensional model introduced and used with Kazhdan
in [FK] to compute the twisted by transpose-inverse character of the representation w3 =
I(2,1)(12) of PGL(3, F') normalizedly induced from the trivial representation of the maximal
parabolic subgroup. The original interest of [FK] was in a case of the fundamental lemma
for the symmetric square lifting. But a purely local and simpler proof was given later in
[Fsym; Unit elements|. In our case the fundamental lemma is established in [F].

The work of [FK] uses local arguments to compute the twisted character of 73 on one
of the two twisted conjugacy classes within the stable one (where the quadratic form is
anisotropic), and global arguments to reduce the computation on the other class (where the
quadratic form is isotropic) to that computed by local means. A purely local computation
for the second class is given in [FZ]. Here we develop this local computation in our four
dimensional case. A global type of argument as in [FK] is harder to apply as there are
not enough anisotropic quadratic forms in our case. Anyway, here we give a simpler, local
proof.

We believe that our method of computation is applicable in many cases of character
computations, giving rise to a new theory of integration of functions on p-adic domains,
and we plan to return to this topic in future work.

CONJUGACY CLASSES

Let F be a local nonarchimedean field, and R its ring of integers. Put G = PGL(4), G =
G(F) and K = G(R). Put C = {(g1,92) € GL(2) x GL(2); det(g1) = det(g2)}/Gm (Gm
embeds diagonally), C = C(F) = {(g1,92) € GL(2, F) x GL(2, F); det(g1) = det(g2)}/F*
and Kc = C(R). Put J = (a;0;5—;), a1 = as = 1, a3 = as = —1, and set 6(§) = J~116~1J
for § in G. Fix a separable algebraic closure F' of F. The elements &, §' of G are called
(stably) 0-conjugate if there is g in G (resp. PGL(4, F)) with §' = g=166(g).

We recall some results of [F| concerning (stable) f-twisted regular conjugacy classes.
There are four types of -elliptic classes, but the norm map N from G to C relates only the
twisted classes in G of type I and III to conjugacy classes in C. We should then expect the
twisted character of the representation considered here to vanish on the twisted classes of
type IT and IV.

A set of representatives for the f-conjugacy classes within a stable semisimple #-conjugacy
class of type I in GL(4, F') which splits over a quadratic extension E = F(v/D) of F, D € F—
F?, is parametrized by (r,s) € F*/Ng,pE* x F* [Ng,p E* ([F], p. 16). Representatives
for the f-regular (thus t0(t) is regular) stable f-conjugacy classes of type I in GL(4, F) which
split over F can be found in a torus T' = T(F), T = h~!T*h, T* denoting the diagonal
subgroup in G, h = 6(h), and

0bb2 b1 O
a9 0 0 a1

ai 0 0 a2D
T = {t = < 0 01 52D 0 ) = h~Y*h; t* = diag(a,b,ob,0a) € T*}.

Here a = ay + a3V D, b = by + byvV/D € EX, and t is regular if a/oa and b/ob are distinct
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and not equal to +1. Note that here T* = T*(F') where the Galois action is that obtained
from the Galois action on 7.

A set of representatives for the f-conjugacy classes within a stable #-conjugacy class can
be chosen in T. Indeed, if t = h™'t*h and t; = h~'t}h in T are stably #-conjugate, then
there is ¢ = h™'uh with t; = gt0(g)~', thus t3 = ut*0(p)~! and t30(t}) = pt*O(t*)p= .
Since t is #-regular, y lies in the #-normalizer of T*(F) in G(F). Since the group W?(T*, G)
= N%(T*,G)/T*, quotient by T*(F) of the #-normalizer of T*(F) in G(F), is represented
by the group W9 (T*,G) = N?(T*,G)/T*, quotient by T* of the §-normalizer of T* in G,
we may modify g by an element of W?(T*, G), that is replace t; by a #-conjugate element,
and assume that p lies in T*(F). In this case pd(u) ! = diag(u,u’, ou’, ou) (since ¢, t; lie
in T*), with v = ou, v’ = ou’ in F*. Such ¢, t; are O-conjugate if g € G, thus g € T,
so p = diag(v,v',0v',0v) € T* and pf(p)~! = diag(vov,v'ov’,v'ov’,vov). Hence a set
of representatives for the 6-conjugacy classes within the stable #-conjugacy class of the 6-
regular ¢ in T is given by ¢-diag(r,s,s,r), where r, s € F* /Ng,pE*. Clearly in PGL(4, F)
the f-classes within a stable class are parametrized only by r, or equivalently only by s.

A set of representatives for the #-conjugacy classes within a stable semisimple #-conjugacy
class of type IT in GL(4, F') which splits over the biquadratic extension F = E;F5 of F with
Galois group (o, 7), where E; = F(\/D) = E™, Ey = F(vJAD) = E°", E3 = F(\/A) = E°
are quadratic extensions of F, thus A, D € F — F?, is parametrized by r € F*/Npg, / rE,
s € F*/Ng,,pE5 ([F], p. 16). It is given by

0 bss bis 0
asr O 0 ar

air O 0 as Dr
( 0 bisb2ADs 0 ) = h~'*h - diag(r, s, s, 1), t* = diag(a, b, 7b, 0a).

Here a = ay + aaV/D € E, b = by + bov/AD € EX, O(h) = h. In PGL(4, F) the f-classes
within a stable class are parametrized only by r, or equivalently only by s.

A set of representatives for the f-conjugacy classes within a stable semisimple #-conjugacy
class of type III in GL(4, F') which splits over the biquadratic extension E = E F; of F with
Galois group (o, 7), where Ey = F(v/D) = E™, Ey = F(VAD) = E°", E3 = F(\/A) = E°
are quadratic extensions of F, thus A,D € F — F?2  is parametrized by (= ry + Tg\/Z) €
ES/Ng/g,E* ([F], p. 16). Representatives for the stable regular f-conjugacy classes can
be taken in the torus T' = h~!T*h, consisting of

t= (: baD) = h~t*h, t* = diag(a, T, 0T, o),

where h = 0(h) is described in [F], p. 16. This ¢ is f-regular when /o, 7(a/o) are
distinct and # +1. Here

_ a1 agA _ b]_ b2A . _ T1 ’I"2A
a-(a2 al), b—<b2 bl)’ put also 1'—(r2 rl).

Further o = a + bv/D € EX, a:al—}—ag\/zEE;, b:bl—l—ng/ZEE';, oa=a—b/D,
Ta = Ta+ 7bv/D. Representatives for all f-conjugacy classes within the stable #-conjugacy
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class of t can be taken in T. In fact if t' = gtf(g)~! lies in T and g = h='uh, p € T*(F),
then pf(p)~t = diag(u, Tu, 0Ty, ou) has u = ou, thus u € ES. If g € T, thus p € T*,
then p = diag(v,7v,071v,0v) and pf(p)~! = diag(vov, TvoTv, TVOTV, VOV), With vov €
Ng/g, E*. We conclude that a set of representatives for the f-conjugacy classes within the
stable f-conjugacy class of ¢ is given by ¢ - diag(r,r), r € E5 /Ng g, E*.

Representatives for the stable regular #-conjugacy classes of type IV can be taken in the
torus T' = h~'T*h, consisting of

_(abD\ _ 3 —1,% * 7 3 2
t—(ba)—h t*h, t* = diag(o, 0, 0°a, %),
where h = 60(h) is described in [F], p. 18. Here « ranges over a quadratic extension
E = F(V/D) = E3(V/D) of a quadratic extension E3 = F(v/A) of F. Thus A € F — F?,
D = dy + daV/A lies in E5 — E§ where d; € F. The normal closure E’ of E over F is E if
E/F is cyclic with Galois group Z/4, or a quadratic extension of E, generated by a fourth
root of unity ¢, in which case the Galois group is the dihedral group D4. In both cases the
Galois group contains an element o with ov/A = —V/A, ovVD = VoD, 02VD = —/D. In
the Dy case Gal(E'/F) contains also 7 with 7¢ = —(, we may choose D = VA, 7D = D
and oD = ¢V/D.

In any case, t is O-regular when o # o2a. We write @ = a+bvV/D € EX, a = a14+a2VA €
EX, b=0by+byvVA€ E), oa=0a+obVoD, o%a =a—b/D. Also

a1 CLQA _ b1 b2A _ d1 dzA
o= (). =) 2=(R%):

Representatives for all #-conjugacy classes within the stable f-conjugacy class of ¢ can
be taken in T. In fact if #' = gtf(g)~! lies in T and g = h™‘ph, u € T*(F), then
pd(p)~t = diag(u,ou, 0%u,o?u) has u = o?u, thus uw € EJ. If g € T, thus p € T,
then p = diag(v,ov,03v,0%) and pd(u)~! = diag(vo?v,o(vo?v),o(vo?v),vo?v), with
vov € Ng/g, E*. It follows that a set of representatives for the 6-conjugacy classes within
the stable #-conjugacy class of t = h~1t*h = (Z baD), where t* = diag(a, oa, 03, 02a), is
given by multiplying o by r, that is t* by t; = diag(r, or, o3r, 0r), where r = o2r ranges
over a set of representatives for E5/Ng,/ g, E*. Now to = h=ltsh = (r r). Hence a set of
representatives is given by t - diag(r,r), r € E5 /Ng/p, E*.

NORM MAP
The norm map N : G — C is defined on the diagonal torus T* of G by
N (diag(a,b,c,d)) = (diag(ab, cd), diag(ac, bd)).

Since both components have determinant abcd, the image of N is indeed in C.
In type I we have a,b € EX = F(v/D)* and the norm map becomes

N (diag(a, b, ob,0a)) = (diag(ab, o(ab)), diag(ach, boa)).
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In type III we have a € EX, ara € EJ', acta € E5, and the norm map becomes
N(diag(a, Ta, o1, 0a)) = (diag(ata, caota), diag(aora, Taca)).

The diag(x, ) define conjugacy classes in GL(2, F'), and since both components of N (x)
have equal determinants in F'*, the norm map defines a conjugacy class in C' = C(F) for
each f-stable conjugacy class of type I or III in G = G(F).

In types II and IV no conjugacy class in C corresponds to the image of the map N.

JACOBIANS

The character relation that we study relates the product of the value at ¢ of the twisted
character of our representation m = I(31)(m1) by a factor A(t x ), with the product by a
factor Ag(Nt) of the value at Nt of the character of the representation ¢ of C' which lifts
to m.

The factor A(t x 0) is defined by

A(t x 0)® = | det(1 — Ad(t0))| Lie(G/T)|.

Here ¢ lies in the #-invariant torus T which we take to have the form T = R~ 'T*h, T* is

the diagonal subgroup and A = #(h). Thus in the formula for A(¢ x §) we may replace
t = h~1t*h and T by the diagonal t* and T*. Note that Lie(G/T*) = LieU & LieU~, and
the upper and lower triangular subgroups U, U~ are f-invariant. We have

| det(1 — Ad(t0))| LieU| = |H (1= B®)

BEO

where the product ranges over the orbits © of § in the set of positive roots § > 0, and the
sum ranges over the roots in the @-orbit. Thus for ¢t = diag(a, b, ¢, d) we obtain

(=52 (-22) (=9 (-2)

Further,
|det(1 — Ad(t0))|LieU~| = §(af) ™| det(1 — Ad(t0))| Lie U|
where b b
a a

=[O A ———( () =180 =@

© peod B>0
Altogether

A1) = (ac —bd)? (ab—cd)? (a—d)? (b—c)2|"?
N abed abed ad be
Similarly,
ab ac

Ac(Nt) = 65"%(Nt)| det(1 — Nt)| LieUg| =

cd bd

Iy )|
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and so
A(t0) 1/

Ac(Nt)

(a —d)? (- c)?
ad be

Then in case I if t = diag(a, b, ob,0a), a = a1 + asvV/D, b = by + ba/D, we get

1/2 1/2

(a—0a)® (b—ob)?

aoa bob

(2a2vD)*  (2b;v/D)?

a?—-aiD b2 -0iD

In case IIL, if t = diag(a, Ta, 07, 00), & = a + bVD, a = ay + agVA, b = by + byV/A,
ca=a—b/D, 7 = Ta+ 70VD, o — o0 = 2b\/D, T(a—oa) = 270/ D, and

At9)  |(a—oa)® T(a—oa)? 12 (4bTbD)? 12
Ac(Nt) aow TaTOQ (a2 = b2D)(1a? — 762D)
CHARACTERS

Denote by f (resp. fc) a complex-valued compactly-supported smooth (thus locally-
constant since F' is nonarchimedean) function on G (resp. C). Fix Haar measures on G
and on C.

By a G-module 7 (resp. C-module m¢) we mean an admissible representation ([BZ])
of G (resp. C) in a complex space. An irreducible G-module 7 is called 0-invariant if it
is equivalent to the G-module ®m, defined by °7(g) = 7(A(g)). In this case there is an
intertwining operator A on the space of © with m(g)A = An(0(g)) for all g. Since 62 = 1 we
have 7(g)A% = A?x(g) for all g, and since 7 is irreducible A2 is a scalar by Schur’s lemma.
We choose A with A2 = 1. This determines A up to a sign. When 7 has a Whittaker
model, which happens for all components of cuspidal automorphic representations of the
adele group PGL(4, A), we specify a normalization of A which is compatible with a global
normalization, as follows, and then put 7(g x ) = 7w(g) x A.

Fix a nontrivial character 4 of F' in C*, and a character 9(u) = %(a1,2 + a3 — as.4) of
u = (u; ;) in the upper triangular subgroup U of G. Note that ¢(0(u)) = ¢ (u). Assume that
7 is a nondegenerate G-module, namely it embeds in the space of “Whittaker” functions
W on G, which satisfy — by definition — W (ugk) = ¢(u)W(g) for all g € G, u € U, k in a
compact open subgroup Ky of K, as a G-module under right shifts: (7(g)W)(h) = W (hg).
Then %7 is nondegenerate and can be realized in the space of functions W (g) = W (6(g)),
W in the space of 7. We take A to be the operator on the space of # which maps W to *W.

A G-module 7 is called unramified if the space of m contains a nonzero K-fixed vector.
The dimension of the space of K-fixed vectors is bounded by one if 7 is irreducible. If 7 is
f-invariant and unramified, and vy # 0 is a K-fixed vector in the space of 7, then Avg is a
multiple of vy (since 0K = K), namely Avy = cvy, with ¢ = £1. Replace A by cA to have
Avg = v, and put 7(0) = A.

When 7 is (irreducible) unramified and has a Whittaker model, both normalizations of
the intertwining operator are equal. In this case 9 is unramified (trivial on R but not
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on 'R, where 7 is a generator of the maximal ideal of R), and there exists a unique
Whittaker function Wy in the space of m with respect to 1 with Wy =1 on K. It is mapped
by 7(f) = A to Wy, which satisfies “Wy(k) = 1 for all k in K since K is f-invariant.
Namely A maps the unique normalized (by Wy(K) = 1) K-fixed vector Wy in the space of
7 to the unique normalized K-fixed vector 9W0 in the space of 91, and we have W, = W,.
For any 7 and f the convolution operator ©(f)=[~f G g)dg has finite rank. If 7 is 6-
invariant put w(f x6) = [, f(g)7(g)7(6)dyg. Denote by tr 7r(f x ) the trace of the operator
w(f x0). It depends on the ch01ce of the Haar measure dg, but the (twisted) character
X= of m does not; x, is a locally-integrable (at least in characteristic zero) complex-valued
function on G' x 0 (see [C], [H]) Which is 6- conjugaey invariant and locally-constant on the
f-regular set, with tr w(f x 0) = [ f(g)x~(g x 0)dg for all f.
Local integrability is not used in this work; rather it is recovered for our twisted character.

SMALL REPRESENTATION

To describe the G-module of interest in this paper, note that a Levi subgroup M of
a maximal parabolic subgroup P of G of type (3,1) is isomorphic to GL(3, F'). Hence
a GL(3, F)-module m; extends to a P-module trivial on the unipotent radical N(= F?3)
of P. Let § denote (as above) the character d(p) = | Ad(p)|Lie N| of P; it is trivial on
N. Take P to be the upper triangular parabolic subgroup of type (3,1), and M = {m =
diag(ah,a)*; h € GL(3,F), a € F*}. Here g* denotes the image in PGL(4, F') of g from
GL(4,F). Then the value of § at p = mn is |deth|. Denote by I(m) the G-module
7 = Ind(6'/%7m;; P,G) normalizedly induced from 7; on P to G. It is clear from [BZ]
that when 7y is self-contragredient and I(7y) is irreducible then it is #-invariant, and it is
unramified if and only if 71 is unramified.

Our aim in this work is to compute the O-twisted character x. of the PGL(4, F')-module
m = 1(13), where 13 is the trivial P-module, by purely local means.

We begin by describing a useful model of our representation, in analogy with the model
of [FK] of an analogous representation I(51y(12) of PGL(3, F'). Indeed we shall express m
as an integral operator in a convenient model, and integrate the kernel over the diagonal to
compute the character of =.

Denote by p = ps the character pu(x) = |z|(*t1/2 of F*. Tt defines a character up = ;s p

m30
Om1

GL(3,F), m; in GL(1, F). If s = 0, then pp = 6'/2. Let W, be the space of complex-valued
smooth functions ¥ on G with ¥(pg) = pp(p)y(g) for all p in P and g in G. The group G
acts on Wy by right translation: (7s(g)v)(h) = ¢ (hg). By definition, I(13) is the G-module
Wy with s = 0. The parameter s is introduced for purposes of analytic continuation.

We prefer to work in another model V; of the G-module W,. Let V denote the space
of column 4-vectors over F'. Let V; be the space of smooth complex-valued functions ¢
on V — {0} with ¢(Av) = p(X)"%¢(v). The expression p(det g)¢(tgv), which is initially
defined for g in GL(4, F), depends only on the image of g in G. The group G acts on Vj
by (1s(9)¢)(v) = p(det g)p(*gv). Let vy # 0 be a vector of V such that the line {Avgy; A
in F} is fixed under the action of *P. Explicitly, we take vo = %(0,0,0,1). It is clear

of P, trivial on N, by up(p) = u((det mz)/m13) if p=mn and m = ( ) with mg in
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that the map Vi — Wy, ¢ — 9 = 1bg, where ¥(g) = (75(9)$)(vo) = p(det g)p(*gvo), is a
G-module isomorphism, with inverse ¢ — ¢ = ¢y, d(v) = p(det g)~*(g) if v = tgvy (G
acts transitively on V' — {0}).

For v = Y(z,y,2,t) in V put ||v|| = max(|z|, |y|, |z, |t|). Let V° be the quotient of
the set of v in V with ||v|| = 1 by the equivalence relation v ~ av if a is a unit in R.
Denote by PV the projective space of lines in V' — {0}. If ® is a function on V' — {0} with
®(A\v) = [A~*®(v) and dv = dz dy dz dt, then ®(v)dv is homogeneous of degree zero.
Define

[ ®(v)dv tobe [ ®(v)dv.
PV Vo

Clearly we have

| @(v)dv = [ @(gv)d(gv) = |detg| | ®(gv)dv.

PV PV PV
Put v(z) = |z| and m = 2(s — 1). Note that v/ps = p_s. Put (v,w) = *vJw. Then
(gv,0(g)w) = (v, w).
1. Proposition. The operator Ts : Vs — V_g, (Ts¢)(v) = [ ¢(w)|(w,v)|™dw, converges

PV

when Res > 1/2. It satisfies Ts1s(g) = 7—5(0(9))Ts for all g in G where it converges.
Proof. We have

(Ty(ro(9)9)) (v) = [(ro(9)$) () ['wIv [ dw = pu(det g) [ p(tgw) |"w.Tv|™ dw
— | det g| 2 u(det g) [ $(w)[(*g™ W) Jv|"dw
= (p/v)(detg) [ p(w)['WT - T~ g~ Jv["dw
= (n/v)(det g) [ ¢(w)|(w, 0("g)v)|["dw = (v/p)(det 0(g)) - (Ts)(*0(g)v)
= [(m—s(0(9))) (Ts¢)](v)
for the functional equation.

For the convergence, we may assume that ¢ = 1 and *v = (0,0, 0, 1), so that the integral
is [ |z|™dz, which converges for m > —1. Our m is 2s — 2, as required. O

The spaces V; are isomorphic to the space W of locally-constant complex-valued functions
on VO and T is equivalent to an operator TC on W. The proof of Proposition 1 implies
also

1. Corollary. The operator T o 7,(g~") is an integral operator with kernel

(n/v)(det6(g))(w,0(*¢ V)™ (v,w in V?)
and trace

tr[T o 75(g7 )] = (v/u)(det g) Vfo I*vgJv|™dv.

Remark. (1) In the domain where the integral converges, it is clear that tr[r_s(*g) o T?],
which is tr[T? o 74(g~!)], depends only on the o-conjugacy class of g if (and only if) s = 0.
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(2) To compute the trace of the analytic continuation of T? o 7,(g™!) it suffices to compute
this trace for s in the domain of convergence, and then evaluate the resulting expression at
the desired s. Indeed, for each compact open o-invariant subgroup K of G the space W of
K-biinvariant functions in W is finite dimensional. Denote by px : W — W the natural
projection. Then px o T2 o 75(9~ ') acts on Wk, and the trace of the analytic continuation
of pg o TY o 75(g~ ') is the analytic continuation of the trace of px o T2 o 75(g~!). Since K
can be taken to be arbitrarily small the claim follows.

Next we normalize the operator T' = T so that it acts trivially on the one-dimensional
space of K-fixed vectors in V. This space is spanned by the function ¢¢ in V with ¢o(v) =1
for all v in VO,

Denote again by m a generator of the maximal ideal of the ring R of integers in our
local nonarchimedean field F' of odd residual characteristic. Denote by ¢ the number of
elements of the residue field R/mR of R. Normalize the absolute value by |r| = ¢~ !, and
the measures by vol{|z| < 1} = 1. Then vol{|z| = 1} = 1 — ¢!, and the volume of V? is
Q-¢H/Q-g¢H)=1+g" " +qg>+q¢>

2. Proposition. If vo = £(0,0,0,1), then (T'¢o)(vo) = (1 — ¢~ 26+1) /(1 — ¢*=2%) o (vo).
When s = 0, the constant is —q~ (1 + ¢~ 1).

Proof. Indeed,

(T'ho)(vo) = /VO Bo(v)[tvIvy|"dv = /VO |z|™ dxdydzdt

= [/ —/ ] x| drdydzdt/ dr
i<t Jivii<r oot

= (1 - q—m—4) / <1 |-T|md.’L‘/ dx = (1 _ q_2(3+1))/(1 _ q1—2s)’

lz|=1

since m = 2(s —1) and [, [z|™dz = (1 - e Jioj=1 42 O

CHARACTER COMPUTATION FOR TYPE I

For the #-conjugacy class of type I, represented by g =t - diag(r,s, s, r), the product

air O 0 asDr 0 0 0 1 t
0 bis byDs 0 0 0 1 0 z
t _ 1 2
voTv=62550) | o s bis 0 0 -1 0 0]}«
asr 0O 0 air -1 0 0 O Y

is equal to
—t2a9Dr — 2%bsDs + 12bys + y2a2r.

Note that the trace is a function of g in the projective group, and r and s range over a set
of representatives for F'* /Ng/pE*.
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We need to compute

A(g0)

(;)(detg)m /VO *vgJv|™dv

- |I'S|1_S|4(J,2b2D|
~ |(ai — a3D) (b7 — b3D)|+/2

/ \22bys + y2asr — t2ay Dr — zzbgDs\2(S_1)dmdydzdt.
Vo
This is equal to

b
2D =D [ Ja? iy + DK DR Vdadydaa,
2 Vo

az

r—s / Cl12
—|=%14D )2
S - (5

Here r' = —325- As r ranges over F*/Ng,pE*, we may rename r’ by r. We get the

product of a factor whose value at s = 0 is 1, the factor [4Dr|, and the integral
Is(r,D) = / 22 — ry? — D22 + r D22~ Vdadydzdt.
Vo

Remark. If F is the field R of real numbers, then its only algebraic extension is the field
E = C = F(v/D) of complex numbers, and only case I occurs. We may take D = —1 and r
to range over the group {£1}. If r = —1 we get

I(-1,-1) = / 22 + 42 + 22 + 1226 Vdedydzdt,
Vo
which is 1 (and has to be multiplied by 4). Is
I,(1,-1) = / |22 — y? + 2% — 22 Vdadydzdt
Vo

equal to —1 (at least at s = 0)?

I. Theorem. The value of |[4rD|Is(r,D)/(T¢o)(vo) at s = 0 is 26 (r), where kg is the
nontrivial character of F* /Ng,pE*, E = F(V/D).

Proof. Consider the case when the quadratic form 2 —ry? — Dz? +rDt? does not represent
zero (is anisotropic). Thus D = 7 and r € R* — R*? (hence |r| = 1, |D| = 1/q), or
D € R* — R*? and r = w. The second case being equivalent to the first, it suffices to deal
with the first case. The domain max{|z|, |y|, |z, |t|} = 1 is the disjoint union of {|z| = 1},
{lz] < L, |ly| =1}, {|z| < 1,|y| < 1,|z| = 1} and {|z| < 1,|y| < 1,|z] < 1,|t| = 1}. Thus the
integral Is(r, D) is the quotient by f|w|:1 dx of

/ dx—l—// dxdy—}—q_m/// dxdydz
|z|=1 lz|<1,|y|=1 |z|<1,]y|<1,|2z]=1
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+g ™ / / / / dedydzdi
lz|<1,ly|<1,|z]<1,]t|=1

=14+q ' +q ™ 2 +g ™ =1+qg  +qg P +qg N

The value at s = 0 is 2(1 + ¢~ ). Since |[rD| = ¢!, using Proposition 2 the value of the
expression to be evaluated in the theorem is —2. Since kg (r) = —1, the theorem follows
when the quadratic form is anisotropic.

We then turn to the case when the quadratic form is isotropic. Recall that r ranges over
a set of representatives for F'* /Ny, pE*, E = F(VD). Thus D € F — F?, and we may
assume that |D| and |r| lie in {1,¢7'}.
I.1. Proposition. When the quadratic form z? — ry? — D22 4+ rDt? is isotropic, r lies in
Ng/rE>, and we may assume that the quadratic form takes one of three shapes:

2> —y? = D2+ Dt*, D€ R* — R*?; 2’ +my’ —m2® —nt?; 2% —y® — w2+’

Proof. (1) If E/F is unramified, then |D| = 1, thus D € RX — R*2. The norm group
Ng/pE* is m*2R*. If 2% — ry* — Dz% + rDt? represents 0 then r € R*, so we may take
r=1.

(2) If E/F is ramified then |D| = ¢! and Ng/pE* = (—D)?R*2. The form z* — ry® —
Dz% + rDt? represents zero when r € R*2 or r € —DR*2. Then the form can be taken to
be 2 + Dy? — D22 — D?t? withr = —D and |Dr| = ¢72, or 22 —y?> — D2? + Dt? withr = 1
and |Dr| = ¢~1. The proposition follows. O

The set VO = V/ ~, where V = {v = (z,y, 2,t) € R*; max{|z|, |y, 2|, [t|} = 1} and ~ is
the equivalence relatlon v ~ av for « € R*, is the disjoint union of the subsets

Vr? = VnO(I‘,D) = Vn(I‘, D)/ ~y
where
Vio = Viu(r, D) = {v;max{|z|, |y|, |2], |t|} = 1, \332 — ry2 —Dz2% + rDt2| =1/q"},

over n > 0, and of {v;x? — ry? — D22 + rDt?> = 0}/ ~, a set of measure zero.
Thus the integral I,(r, D) coincides with the sum

Z ¢ "™ vol(V.)(r, D)).

When the quadratic form represents zero the problem is then to compute the volumes
vol(V.2(r, D)) = vol(V,(r,D))/(1 - 1/q) (n>0).

We need the following Technical Lemma.
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1.0. Lemma. When c€ R*2, |c|=1, and n > 1, we have

2 1
/ dr = — (1 — —> .
|c—x2|=qg—™ qr q

Proof. Recall that any p-adic number a such that |a| < 1 can be written as a power series
in m:

oo
a= E a;m = ag + a1+ asm + ...,
i—=0

where a; lies in a set F of representatives in R for the finite field R/m. In particular
la| = 1/q™ implies that ap = a1 = --- = ap—1 = 0 and a, # 0. We can write

o0 o0 o) A
T = E T, c= g cm’, z? = E a;m", a; = g TiTi—j (x4, ¢iya; € F).
i=0 i=0 i=0 §=0

We have

C_$2:Zfi1ria f’iEF7
where f; = c¢; —a; (1 > 0). Since |c — 22| = 1/¢™ we have that fo = fi = ... = f,_1 =0 and
fn # 0. Thus we obtain the relations (for a, ¢ in the set F which (modulo 7) is the field

R/m)
ci—a; =0 (1=0,...,n—1), Cn — n 7 0.

From cg — ag = 0 it follows that zg = +c} (where ¢ = (cj)? (mod «), ¢, € F, since
c€ R*?). From¢; —a; =0 (i=1,...,n— 1) it follows that (since zo # 0)

vi= (= Y g )/ 200), (e — 3 g g)/ (20,

where in the case of © = 1 the sum over j is empty. Thus we have

2 /1\"! 1 2 1
/ de =2 (= 1—-)="1(1-2).
|c—$2|:q_" q q q qn q

The lemma, follows. U

I.1. Lemma. When D =7 andr = 1, thus |[rD| = 1/q, we have

vol(V)) = ¢ a7 (1 - 1/9)(2 + 1/a), ifn=1,
2 (1 - 1)1 +1/g),  ifn>2
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Proof. In our case
Vo = Vo(=1,7) = {(z,vy, 2, t); max{|z|, |y, 2|, [t|]} = 1, [2® — y* — w2? + 7t?| = 1}.
Since |z| < 1 and [t| < 1, we have |r(2% — ¢?)| < 1, and
1= 2% —y® —m2? +wt?| = |2 — y?| = |z — y||z + 9.

Thus |z —y| = |z +y| = 1, and if |z| # |y|, |x + y| = max{|z|, |y|}. We split Vj into three
distinct subsets, corresponding to the cases |z| = |y| = 1; || = 1, |y| < 1; and |z] < 1,
ly| = 1. The volume is then

vol(Vp) = / / / [/ ] dydxdzdt
[t|<1 Jz|<1 Vz|=1 | J]y|=1,|z—y|=|z+y|=1

o R T R N
[t|<1V]2|<1 [ /]z]|=1J|y|<1 lz|<1J|y|=1
2 1 1\?
- [/ ]()()
lz|=1 |/ |y|=1,lz—y|=|o+y|=1 q q q

Let us consider the case of V;, with n > 2. If |z| = 1, then put ¢ = c(z,t,2) = 22 +w(t2 -
z%). Since |7 (t? — 2?)| < 1, we have c(z,t,z) € R*?, and we can apply Lemma 1.0. Thus
we obtain

2
S oo S foy e = (1= 2) 25 (1= ) = 3 (1-5)
t1<1 /12| <1 S [z]=1 J je—y?|=qn a/) q" q a q

If |z| < 1 it follows that |y| < 1. Since max{|z|, |y|,|z|, |t|} = 1 and n > 2 it follows that
lt| = |z| = 1. Indeed, if, say, [t| = 1 but |z| < 1, then |z? — y? — w2? + wt?| = |xt?| = 1/q,
which is a contradiction. Further, dividing by 7 we obtain |22 + (y? — z?) /7 — t?| = ¢* ™.
Put ¢ = c(z,y, 2) = 22 + (y?> — 2?)/x. Since |(y? — 2?) /7| < 1, we have ¢ € R*2, and using
Lemma 1.0 we obtain

1 1\ 2 1 2 1\’
/ / / / dtdzdydr = — (1 — —) — <1 - —) = (1 - —) .
lz|<1 J|y|<1 J|z|=1J |c—t2|=¢l " q a/ q q q q
Adding the two subcases we have (n > 2)
2 2
2 1 2 1 2 1 1
vol(¥, :_(1__) +—(1__) :_(1+_) (1__> .
V)= q gt q) q" q q

Let us consider the case n = 1. The subcase |z| = 1, is exactly the same as for n > 2.
The contribution is 2/¢(1 — 1/¢)%. Now if |z| < 1 then |y| < 1 and max{|z|, [t|} = 1. We
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have |22 — y? — 722 + wt?| = |7(2%2 — t2)| = ¢~ 1. Dividing by 7 gives |22 — t2| = 1. The
volume of this subset is

ST R Y
(R (R Y (R BT

Adding the two subcases, we have
2 2 2
2 1 1 1 1 1 1
vol(Vl):—<1——> —|——2<1——) :—<2+—)<1——> .
q q q q q q q
The lemma follows. U

1.2. Lemma. When D =7 and r = —m, thus [rD| = 1/¢?, we have

1, ifn =020,

0y __ q_1<1_1/Q)a if’ﬂ:].,
IR =N 22 1y 2/g2), fn=2.
2" (1-1/q)(1+1/a),  ifn>3

Proof. To compute vol(Vp), recall that in our case
Vo = {(z,y, 2, t);max{|z], lyl, [2], [t]} = 1, |2* + w(y* — %) — w*¢*| = 1}.

Since |y| <1, |2] < 1, |[t| £ 1, we have |22 + 7 (y? — 2?) — n%t?| = |2%| = 1, and so

1
vol(Vp) = / / / / drdydzdt =1 — —.
<1 Jiz1<1 i<t Jizi=1 q

To compute vol(V,), n > 1, recall that
Vi = (@, 2, )3 max{fo, yl, |21, 4} = 1, |62 + (g — 22) — m22| = 1/g"}.
Assume that |z| = 1. Then
1= 2% = |22 +7(y? — 2%) —n’t?| = 1/q" < 1.

Thus we have that |z| < 1 and max{|y|, |z, |t|} = 1.
Consider the case n = 1. Then |y% — 22| = |y = 2| = 1. We have

vol(V7) :/ / l/ / —I—/ / ]dzdydmdt
t1<1 Jjzi<t |Jiyi=1 Jyzzi=1 Jiyi<1Jjz=1
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1

2103093 0-D]-30-2)

Consider the case n > 3. Asin the analogous case of Lemma 1.1, we consider the subcases
of |yl =1 and |y| < 1. Adding the two subcases we have (n > 3)

2 2
= 2 (Y2 ()22 () (1Y
q q q q q q q

Consider the case n = 2. If |y| = 1 we apply Lemma 1.0 (as in the case n > 3) and
the contribution is 2/¢*(1 — 1/¢)?. Now if |y| < 1 then |z2| < 1 and |t| = |z/x| = 1. The
contribution from this subset is

/ / / / dxdtdzdy = <1 — —) 1 (1 — g) )
ly|<1J|z|<1 J|t|=1J [t2—(z/7)2|=1 q q

Adding the two subcases (see Lemma 1.1 for details), we obtain

=36 (-0 0- D 612)

The lemma, follows. O

1.3. Lemma. When E/F is unramified, thus |[rD| = 1, we have

1—1/¢? ifn=20
D= s, nst
Proof. First we compute vol(V). Recall that in our case
Vo = {(z,y, 2z t); max{ |z, ly|, |2, [t[} = 1,[a® — y* — D(2* — ¢*)| = 1}.
Since |2? —y? — D(2? — t?)| < max{|z], |y, |z, [t|},
Vo = {(z,y,2,t) € R*|2? —y> — D(2* —t?)| = 1}.

Make the change of variables ' =z +y, vy =2 —vy, 2’ = 2+ t, ' = 2 —t. Renaming 2/,
y', 2, t as x, y, z, t, we obtain

% = {('/E’y’zat) S R4, |.7Jy — _thl = ]_}

Assume that |zy| < 1. Since |zy — Dzt| = 1, it follows that |zt| = |z| = [t| = 1. The
contribution from the set |zy| < 1 is

T N R A
tl=1J|z|=1 |J|z|<1/|y|<1 Jjz|=1 |y|<1
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(-2 e (- -0 62

Note that the contribution from |zy| =1, |zt| < 1, is the same and equals

1 1\’ 1
“(1=-2) (2--).
q q q
We are left with the case |zy| = |zt| = 1, i.e. x| =|y|=|z| =|t| = 1. If |z| = |y| =

|z| =1 we introduce U(x,y,z) = {t; |t| =1, |xy — Dzt| = 1}, a set of volume 1 —2/q. The
contribution from this subcase is

3
/ / / / dtdzdydr = <1 — 1) (1 — g) .
|lz|=1 |y=1| / |z|=1 J U (z,y,z) q q

Thus we obtain

2 3 2
2 1 1 1 2 1 1
i =2 (- () (1 (1 2) < (1) (1),
q q q q q q q
Next we compute vol(V},), n > 1. Recall that in our case
Vn = {(x,y,z,t);max{m, |y|7 ‘Z‘a ‘t|} = 17 |.’132 - y2 - D(Z2 - t2)| = 1/qn}
Making the change of variables u = x +y, v = x — y, we obtain
V= {(U,’U,Z, t);max{|u+ U|a ‘u - U'a |Z|, ‘t‘} =1, |UU - D(Z2 - t2)| = l/qn}
Since the set {v = 0} is of measure zero, we assume that v # 0. Then |[uv—D(2%2—t2?)| = 1/¢"
implies that u = D(2? — t?)v~! + wv™'x™, where |w| = 1. There are two cases.
Assume that [v| = 1. Note that if |2 —¢?| = 1, then max{|z|,|t|} = 1, and if |2 —?| < 1,

then (since n > 1)

|u| = |[D(2* = t*)v™' + wo™ '™ | < max{|z® — t?|,¢" "} < 1,

and consequently |u+v| = |v] = 1. So |v| = 1 implies that max{|u+v|, |u —v|, |2|, |t|} = 1.
Further, since |v| = 1, we have du = ¢ "dw. Thus the contribution from the set with
lv|=11is

d 1 1\?
/ / / / dudvdzdt:/ / —wdv:—<1——) .
1t1<1 Jz1<1 J Jv|=1 Jjuv—D(22—£2)|=1/q" lo)]=1J w|=1 4" qr q

Assume that [v| < 1 and |u| = 1. Thus max{|u + v|, |u — v|, |z, |t|]} = 1. We write
v=D(2? —t?)u™! + wu~ "™ where |w| =1 and dv = ¢~ "dw. Since

2% — ?| < max{[v],¢ "} < 1,
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it follows that |22 — #?| < 1. Note that

1\/2 1 1 1
[ wa= [ awf [ a=(-1)2L-1(01)
[22—t2]<1 lz|=1J |22 —#2|<1 lz|<1 J|t|<1 a; 9 49 q q

The volume of this subset equals

1 1
// / / dvdudzdt = — (2— —) —n/ / dwdu
|22—t2|<1 J |u|=1 J luv—D(22—t2)|=1/q™ q q |lul=1J|w|=1
2
()
qq" q q

Assume that |v| < 1 and |u| < 1. Then we have |u + v| < 1 and thus max{|z|, |t|} = 1.
Since |uv — D(22 — t?)| < 1 it follows that |22 — #2| < 1. So we have |z| = [t| = 1. Put
c=c(z,u,v) = 22 —uvD~1. Then c € R*? (since |[uvD~!| < 1). Dividing by D, we have

1 2 _ 42 2
— = |uv — D(z* —t%)| = |c—t°|.
q'n;

Applying Lemma 1.0, the contribution from this subset is equal to

2
/ / / / dtdzdvdu = lzz ( — 1) .
lul<1 Jv|<1 d|2z|=1 S |c—t2|=q~ qr q

Adding the contributions from |v| =1 and |v| < 1 we obtain
2 2 2
1 1 11 1 1 1 2 1
vol(V,,) = — (1——) +—— (1——) (2——) + 55— (1——)
qr q qq" q q q°q" q
“(0) (45 0)
¢ q ¢ @)

The lemma, follows. U

Proof of Theorem 1. We are now ready to complete the proof of Theorem I in the isotropic
case. Recall that we need to compute the value at s = 0 (m = —2) of the product
|rD|I(r, D). Here I4(r, D) coincides with the sum

Zq ™ vol(V,) (r, D))

n=0

which converges for m > —1 by Proposition 1 or alternatively by Lemmas 1.1-1.3. The value
at m = —2 is obtained then by analytic continuation of this sum.
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Case of Lemma 1.1. We have |[rD| =1/q, and I4(r, D) is equal to
vol(Vy)) + ¢~ ™ vol(V?) + )~ ¢~ "™ vol(V,))
n=2

1 1 1 1\ 1 1 1 1 \7!
:1——+—<1——>(2+—)—+2(1——>(1+—)q‘2<m+1)<1— ) .
¢ q q q) q™ q q gm Tl

When m = —2, this is

1 1 1 1 1 2
leg(em o D) e (120 (14 1) 1 <,
q q q q q) 1—gq

Multiplied by |[rD| = 1/q, we obtain —2¢~1(1+ ¢~ 1).
Case of Lemma 1.2. We have [rD| = 1/¢?, and I,(r, D) is equal to

o0
vol(VQ) 4+ ¢~ ™ vol(V) + ¢~ 2™ vol(Vy)) + g~ vol(V,0
0 2 n

n=3

1 1 1 1 2
S N G P
q q q q 4

1 1 1\ !
+2 (1——) <1+—)q—3<m+1> (1——1) .
q q qmt
When m = —2, this is
1 1 1 1 2 1 1 3
1+—<1——>q2+—2(2————2>q4+2<1——>(1+—> 7
q q q q q q q) 1—q

Once simplified and multiplied by [rD| = 1/¢?, we obtain —2¢~(1 + ¢~1).
Case of Lemma 1.3. We have [rD| =1, and I4(r, D) is equal to

oo

vol(VY) + Z g "™ vol(V0)

n=1

1 1 2 1 1 \!
.1 1 2o 4Y —me) (4 _
=1 q2+<1 Q>(1+q+q2>q (1 q’"“) '

When m = —2, this is

1 1 2 1 q
:1——+<1——> (1—|——+—>—:—2q_11+q_1.
q? q g ¢*)1—¢ ( )

In all 3 cases the value of the expression of the theorem is 2 by virtue of Proposition 2,
and indeed kg (r) = 1 in these cases as r lies in Ng,p E* by Proposition I.1. The theorem
follows. U
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CHARACTER COMPUTATION FOR TYPE II

For the #-conjugacy class of type II, represented by g =t - diag(r, s, s, r), the product

air O 0 a9 Dr 0 0 0 1 t
: . 0 bis byADs 0 0 0 1 0 z
vodv=(Lzsy) | o s b 0 0 -1 0 0]z
asr O 0 ar -1 0 0 O Y

is equal to
—t2a5Dr — 22b5 ADs + x2bys + y2a2r,

where a; +asvVD € EY (E; = F(vV/D)) and by +byV/AD € EY (Ey = F(V/AD)). The trace
being a function of g in the projective group, and r ranging over a set of representatives
for F* /Ng, ;pEy (and s for F'* /N, ,pE5), we may divide the quadratic form by bys and
rename —aor/bas by r. The quadratic form becomes z2 — y%r — 22AD + t?Dr.

Thus we need to compute the integral

I,(r,A, D) = /

22 — ry? — ADZ? + r Dt 2~ Vdzdydzdt.

Vo

The property of the numbers A, D and AD that we need is that their square roots gen-
erate the three distinct quadratic extensions of F'. Thus we may assume that {A, D, AD} =
{u,m, urw}, where u € R* — R*2. Of course with this normalization AD is no longer the
product of A and D, but its representative in the set {1,u,m, ur} mod F*2. Since r ranges
over a set of representatives for F'* /N, ,pE{, it can be assumed to range over {1,7} if
D = u, and over {1,u} if |D| = |«|.

In this section we prove

II. Theorem. The value of Is(r, A, D) at s =0 is 0.
To prove this theorem we need some lemmas.

I1.1. Proposition. The quadratic form z? — ry? — AD2z? 4+ rDt? takes one of siz forms:
2?2 — 2+ w(t? —u2?), 22 —wy? +un(t? — 22), 22 — y® + ut? —umw2?, 22 — y? — u2? + w2,
2 —wy? +um(t? — 22), 22 — uy? — uz? + unt?, where u € R* — R*2. It is always isotropic.
Proof. (1) If E1/F is unramified then D = u where u € RX — R*?. The norm group
NEI/FEI>< is m22R*. Sor =1 or w and A = w. We obtain two quadratic forms: z2 — y? —
umz? + ut?, and 22 — wy? — umw(22 — t2).
(2) If E1/F is ramified then D = w and Ng,/pE{ = (~D)?R*%. Then r = 1 or u, and
A = uor ur. Note that if A = umr we take AD = u. We obtain the following quadratic forms:
ifr=1, A=uwe have 22 —y? —mw(uz? —t?); if r = 1, A = um we have 2% —y? —uz? +xt?; if
r = u, A = u we have 2 —uy? —um(2? —t2); if r = u, A = um we have 2> —uy? —uz? +umnt®.
The proposition follows. O
The set VO =V/ ~, where V = {v = (2,9, 2,t) € R*; max{|z|, |y, ||, [t|} = 1} and ~ is

the equivalence relation v ~ av for a € R*, is the disjoint union of the subsets

VY =VOr, A, D)=V,(r,A, D)/ ~,
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where
Vi = Va(r, A, D) = {vimax{Jal, |y|,|2], |t} = 1, |¢? - ry* — ADz* + rDe?| = 1/q"},

over n > 0, and of {v;z? — ry? — ADz? + rDt? = 0}/ ~, a set of measure zero.
Thus the integral Is(r, A, D) coincides with the sum

Zq " yol(V0(r, A, D)).

The problem is then to compute the volumes
vol(V2(r, A, D)) = vol(V,(r,A,D))/(1—1/q) (n>0).

In the following lemmas, v is a nonsquare unit.

I1.1. Lemma. When the quadratic form is x> — y? + w(t? — uz?), we have

1-1/q, ifn=0,
vol(Vy)) = { 2/q —1/¢° + 1/¢°, ifn=1,
2¢7™(1 —-1/q), ifn > 2.

Proof. In our case
Vo = {(z,y, 2,1); max{|a], [y|, |2, [t]} = 1, |&* — y® + @(t* — uz®)| = 1}.

This is the same case as that of Lemma I.1. The volume is then

vol(Vp) = (1 _ 1>2.

q

Let us consider the case of V;, with n > 2. If |z| = 1, then put ¢ = c(z,t,2) = 22 +w(t2 -
uz?). Since |7 (t? — uz?)| < 1, we have c(z,t,2) € R*%, and we can apply Lemma 1.0. Thus
we obtain

2 1 2 1\?
/ / / / dydxdzdt = (1 — —) (1 — —) =— (1 — —> .
[t]<1 J|2|<1 J |z|=1 J |c—y2|=q— ™ qr q q q

If |z| < 1 it follows that |y| < 1. Thus max{|z|, [t|} = 1. Since t?> —uz? does not represent
zero non trivially, we have [t2 — uz?| = 1, which is a contradiction. Thus

vol(V,) = — (1 - 1>2.

q q
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Let us consider the case n = 1. Note that in this case |22 — y?| < 1.
(A) Subcase of [t? —uz?| < 1. Since t? —u2z? does not represent zero non trivially, it follows
that |z| < 1, [t| < 1. Thus |m(¢? — uz?)| < 1/¢%, and

Vi ={(z,y,21); max{|z|, |y} = 1, |2® — y*| = 1/q}.

Applying Lemma, 1.0, the contribution of this subcase is

2 1
/ / / / dyda:dtdz = (1 — —) — (1 — —) .
|z]<1 J[t|<1 V|z|=1 |22 —y2|=q~ q q

B1) Subcase of t2 - UZZ =1 and .’L‘2 —y? <1 q. Since t2 - ’LLZ2 does not represent zZero
Yy
1011 trivially, we have

1
// dzdt:/ / dzdt+/ / dzdt = (1—1) <1+—>.
[t2 —uz2|=1 [t|=1/]z|<1 [t|<1 J|z]=1 q q

Furthermore,

1\ 2 1
// dmdy:/ / dydx—i—/ / dydmz(l——>—2+—2.
lz2—y?|<1/q? lz|=1 |22 ~y2|<1/q? lz|<1 /|yl<1 7/ 4 q

Thus the contribution of this subcase is equal to

(=) 0-[0-)3 3]

(B2) Subcase of [t2 —uz?| =1 and |22 —y?| = 1/q. Set w = z—y, v = x+y (dwdv = dzdy).
Then |wv| = 1/q and |wv+m (%> —uz?)| = 1/q, and the contribution of this subcase is (there
are two integrals that correspond to |w| =1, |v| = 1/q and |w| = 1/q, |v| = 1):

2 / / / / dwdvdtdsz.
[t2—uz?|=1J|v|=1/q J |w|=1,|wv+n (t?—uz?)|=1/q

Since |(t? — uz?)(v/m)~ Y = 1, we have that w # 0, —(t* — uz?)(v/w)~! (mod =). So, the
above integral is equal to

(-2 (+20-(-2)

Adding the contributions from Subcases (A), (B1), and (B2) (divided by (1 —1/q)), we

obtain
2 1 1 1 2 2 1 2
( 1) q3 q q2 q q q q2 q

Once simplified this is equal to 2/q — 1/¢? + 1/¢3. The lemma follows. O
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2

I1.2. Lemma. When the quadratic form is x? — uy?® + umw(t? — 2%), we have

1+1/q, ifn=0,
vol(V2) = ¢ ¢72(1—1/qg), ifn=1,
2¢~ (1 (1 - 1/q), ifn > 2.

Proof. Consider the case of n = 0. Then
Vo = {(2,9, 2, t); max{|z[, [y], 2], [t|} = 1, [2* — uy® + um(t? — 2%)| = 1}.

2 _ uy? does not represent zero non trivially, we have

Since =
1= |2? —uy® + ur(t® — 2°)| = [#* — uy?| = max{|z], [y|}.

We obtain

vol(Vp) :/ / dyda:+/ / dyde =1- 241 (1_ 1) _ (1_ 1) (Hl)_
lz|=1J|y|<1 lz|<1 J|y|=1 7 4 q q q

Let us consider the case of n = 1. Then
Vi ={(z,y, z,t); max{|z|, |y], |2, [t} = 1, |2 — uy® + um(® — 2%)| = 1/q}.

If max{|z|,|y|} = 1, then |z? — uy?| = 1. It implies that |z| < 1, |y| < 1, and |22 — uy?| <
1/¢%. The contribution from this subset is equal to

1
/ / / / dtdzdydr = — / / dzdt + / / dzdt
lz|<1 J]y|<1 [t2—22|=1 q [t]=1 J|t2—22|=1 [t]<1 J|z|=1
2
00Dl
q q q q q q q

Let us consider the case of n > 2. Then

Vo = {(z,y, 2,t); max{lyl, |2], |t} = 1, [#* — uy® + um(t® - 2%)| = ¢""}.

If max{|z|,|y|} = 1 then |22 — uy?| = 1, which is a contradiction. Hence |z| < 1, |y| < 1,
and max{|z|, |t|} = 1. The latter implies that |z| = |t| = 1. Dividing by umr, we have

Vi = {(z,y,2,t); || <1, [y < 1, |z| =1, |t] =1, |z2—t2+7r((y/7r)2—u_1(x/7r)2)| = ql_"}.

Applying Lemma 1.0 (with ¢ = 22 + 7((y/m)? — v~ (z/7)?)), its volume is equal to

1 2 1 2
/ / / / dtdzdyde = — —— (1 . _) .
|$|<1 |y|<1 |z|:1 |C—t2|:q1—’n q q q

Dividing by (1 — 1/q) we obtain the vol(V,?). The lemma follows. O

In all other cased we get the same result for the volumes. Since the proofs are different,
we state the remaining cases separately as Lemmas 11.3, I1.4, IL.5.
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I1.3. Lemma. When the quadratic form is z? — y? + ut? — umz? or 22 — y? — uz? + wt?,

we have
1, if n =20,
vol(Vy) = { 1/q, ifn =1,
g "(1-1/¢%), if n > 2.

Proof. Since the quadratic form 22 — y? — uz? +wt? is equal to —(y? — 22 + uz? — mwt?), the
computations for this form are identical to those of 22 — y? + ut? — umz2.
Consider the case of n = 0. Then

VO = {(maya Zat); maX{|$|, |y|a |Z|a |t|} = 13 |$2 - y2 +Ut2 — ’U/ITZ2| - 1}

We have the following three subcases.
(A) Subcase of |t| < 1. It follows that |z — y?| = 1. The contribution of this subcase is

1
/ / // dydzxdtdz = — / / dydaH—/ / dydx
|z|<1J/]¢|<1 |22 —y?|=1 7 [Vz|=1 /|22 —y?|=1 lz]<1J|y|=1
2
A2 (DDA
q q q q q q q

(B1) Subcase of |t| = 1, |z — y?| < 1. The contribution from this subcase is equal to (we
apply Lemma 1.0):

/ / / dydxdt + / / / dydxdt
lt|=1J|z|=1 J |22 —y2|<q 1 tj=1J |z|<1 J |y|<1
2 1\? 1 1 1N /2 1
=(1-2) +5(1--)=(1-=)(>-5).
q q q q a9/ \q¢ ¢

(B2) Subcase of [t| =1, |22 —y?| =1. Set w =2 —y, v==2+y. Then |w| = |v] =1 and
also |ut?>w ™| = 1. Thus the contribution from this subcase is given by the integral

1\’ 9
/ / / dvdwdt = (1 — —) (1 — _) .
[t|=1J |w|=1J |v|=1,|lwv+ut?|=1 q q

Adding the contributions from Subcases (A), (B1), and (B2) (divided by (1 —1/q)), we

obtain
1 1 2 1 1 2
vol(Vy) = = (1——)+———2+<1——> (1——) =1
q q q q q q

Let us consider the case of n > 2. We have the following three subcases.
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(A) Subcase of |z| < 1. Since the quadratic form y? — ut? does not represent zero non
trivially, we have that |y? — ut?| = 1 if and only if max{|y|, |t|} = 1. It implies that |y| < 1,
lt| < 1, and thus |z? — y? + ut? — umz?| = |r2?| = 1/q, which is a contradiction.

(B1) Subcase of |z| = 1, |t| < 1. The contribution from this subcase is given by the following
integral (we apply Lemma 1.0):

2 1
/ / / / dyda:dzdt <1 — —) — (1 — —) .
[t|<1 Y/ |z|<1 J|z|=1 /|22 —y2|=q— q q

(B2) Subcase of |z| =1, || = 1. Set w = z —y, v = x +y. Then we have that |w| = |v| =1,
and from |wv + ut? — umz?| = ¢~", we have
1
w=u(rz? — vt +ev 1", dw = —de, le|] = 1.
qn
The volume of this subset is given by

/ / / / dwdvdtdz
|z|<1J|t|=1V |v|=1 J |w|=1,|lvw+tut?—urz2|=g—"
3
~(1-2) - (0)
q |€|=1q qr q

Adding the contributions from subcases (A), (B1), and (B2) (divided by (1 — 1/q)), we

obtain ,
2 1\ 1 1 1 1 1
=2 (- L Lo (1)
q q) q" q q q q

Let us consider the case of n = 1. We have the following three subcases.

(A) Subcase of |z| < 1. Since the quadratic form y? — ut? does not represent zero non
trivially, we have that |y? — ut?| = 1 if and only if max{|y|, |t|} = 1. Hence |y| < 1, |t| < 1,
and thus |z| = 1. The volume of this subset is equal to

/ / / / dzdtdydr = — (1 — —>
lz|<1 J|y|<1 J|t|<1 J|z|=1

(B1) Subcase of |z| =1, |t| < 1. Applying Lemma 1.0, we have

2 1
/ / / / dydxdzdt (1 — —) — <1 — —) .
[t|<1 J|z|<1 J|z|=1 J |z2—y?|=q— q q

(B2) Subcase of || =1, [t| =1. Set w =z —y, v = x +y. We have that |w| = |v| =1, and
we arrive to the same case as that of n > 2 (with n = 1). The contribution is

3
1 1
(1-2)
q q

Adding the contributions from subcases (A), (B1), and (B2) (divided by (1 — 1/q)), we

obtain )
1 2 1 1 1 1
vol(Vlo):—3+—(1——>+—<1——> = —.
q q q q q q

The lemma follows. O



TWISTED CHARACTER OF A SMALL REPRESENTATION 27

I1.4. Lemma. When the quadratic form is x? — wy? + um(t? — 2?), we have

1, ifn=20,
vol(Vy) = ¢ 1/g, ifn=1,
g "(1-1/¢%), if n > 2.

Proof. Consider the case of n = (0. Then
Vo = {(z,y, 2,t); max{|z[, [y|, [2], [t} = 1, [2* — 7y” + um (2 — )| = 1}.

Obviously we have
1
vol(Vo) :/ dr=1-1.
|$|:1 q

Let us consider the case of n > 2. It follows that |z| < 1, and dividing by 7, we have
Vo = {(z, 9, 2,1); max{lyl, |2|, [t]} = 1, [2] < 1, |2* = * + uy® — um(z/m)?| = ¢' "}

This case is the same as that of Lemma I1.3. We have that vol(V,?) is the product of 1/q
and the vol(V,?_,) of Lemma I1.3, which is equal to ¢~ (1 — 1/¢?)g= ™1 = (1 — 1/¢®)g~™.
Let us consider the case of n = 1. Then

Vi = {(z,y, z,t); max{|z|, [y, |2], [t]} = 1, |2* — 7y® +um(* - ?)| = 1/q}.
It follows that |z| < 1, and dividing by m, we have
Vi ={(z,y,2t); max{ly|, 2], [t[} = 1, |z <1, [z* = t* + uy® + um(z/m)*| = 1/q}.

The volume of this subset is the volume of Vj of Lemma I1.3 multiplied by 1/q. The lemma
follows. (|

2

I1.5. Lemma. When the quadratic form is 2 — uy? — uz? + umwt?, we have

1, if n =0,
vol(V,)) = § 1/g, ifn=1,
g "(1-1/¢%), if n > 2.

Proof. If —1 € R*2, the form is —u(y? + 22 — u~!2? — wt?), and its integral has already
been considered in Lemma I1.3. Thus we can take u = —1, so the form is 2 + 42 + 22 — wt2.

In the proof of this lemma we will use Theorem 6.27 of the book “Finite Fields” [LN] by
Lidl and Niederreiter. This Theorem 6.27 asserts that if f is a quadratic form in odd number
n of variables over the finite field IF; of g elements, then the number of solutions in F, of the
quadratic equation f(x1,%a,...,Tn) = b, b € Fy, is "1 + ¢~ D/2n((=1)~D/2p det(f)).
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Here det(f) is the determinant of the symmetric matrix representing the quadratic form
f, and 7 is the quadratic character of F,: its value on IF';‘2 is 1, on Fy — IF;‘2 its value
is —1, and 7(0) = 0. The case of even n is dealt with in [LN], Theorem 6.26. It asserts
that — putting v(b) = —1 if b # 0, and v(0) = ¢ — 1 — the number of solutions of f = b
is ¢" 1 + v(b)g"=2/2n((=1)"/2 det(f)); but it is not used here. The Theorem 6.27 implies
that the equation f = b, b = 0, where f is the form z?3 + 23 + 22 in n = 3 variables, has ¢>
solutions over IF,.
Consider the case of n = 0. Then

Vo = {(z,y, 2, t); max{|al, |y, [2], [t} = 1, [2* + y* + 2° — wt*| = 1},

namely Vo = {(z,y, 2,t); |22 + y> + 22| = 1}. By Theorem 6.27 of [LN], we have

1
/// drdydz = —.
|22 +y2+22]<1 q
Hence
1
vol(Vp) = / /// dxdydzdt =1 — /// dedydz =1 — —.
[t]<1 lz?+y2+22]=1 |22 +y2+22|<1 q

Let us consider the case of n > 2. As in Lemma 1.0, recall that any p-adic number a
such that |a| <1 can be written as a power series in :

oo
a= E a;m = ag+ a1+ asm + ...,
i=0

where a; lies in a set F of representatives in R for the finite field R/m. In particular

la| = 1/q™ implies that ag = a1 =--- = an—1 = 0 and a, # 0. We can write
o (e.e) o o0
_ i _ i _ i _ i
a:—E T, y—E YT, Z—E ZiT, t—E LT,
i=0 i=0 i=0 i=0
Their squares are
o0 o0 o0 o0
z? = E a;m", y? = E bym", 22 = E cim, t? = E d;,m",

where

a=Y Tmij, b= Yo, = zziog,  di=Y tiij,
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and z;, yi, 2, ti, a;, b;, ¢;, d; € F.
We have

x2+y2+z2—1rt2:Zfi1ri, fi €T,
i=0

where fo = ag +bg +co, fi = a; +b; +c¢; —d;_1 (i > 1). Since |22 +y2 + 22 — wt?| = 1/q"
we have that fo = f1 = ... = fn_1 = 0 and f,, # 0. Thus we obtain the relations (for a, ¢
in the set F which (modulo =) is the field R/m)

ag+bo+co=0, a;+b+ci—di-1=00GE=1,....n—1), an+by,+cn—dy_1#0.

If ag = b() =c9 =0, it follows that To=1Yo =20 =1ty = 0 (1e |.T‘ <1, |y\ <1, ‘Z‘ < 1)
Then a; = 2:17()561 = 0, bl = 2y0y1 = 0, C1 = 22021 = O, and thus d() = a1+ bl +c = 0,

i.e. [t| < 1. This is a contradiction, since max{|z|, |y|, |z, |t|} = 1. Assume that ag # 0 (i-e.
xo #0). From a; +b; +¢; —d;—1 =0 (i =1,...,n— 1) it follows that (since z¢ # 0)

i—1 n—1
2= (dimy — by — i — Y 7winj)/(230),  Tn # (A1 — by — Cn — Y _ TiTn_j)/(220),
j=1 j=1

where in the case of 7 = 1 the sum over j is empty. Thus, we have

1 n—1 1
/ / // dydzdtds = (_) (1 _ _) _
|lz|=1J¢|<1 |22 +y? 422 —mt2|=g—" q q

By Theorem 6.27 of [LN], we have

1
/// da:dydz-—(——).
|22 +y2+22| <1, max{|z|,|yl,]z|}=1 q
1 1 1 1 1 1
vol(V,,) = 1—= x—q2—1:(1——>(1——>—.
( ) qn—l ( q) q3 ( ) q q2 qn

Let us consider the case of n = 1. Recall that

Thus

Vi = {(z,y, 2, t); max{|z], |yl [2], t]} = 1, |2* +y* + 2° —wt*| = 1/q}.

We consider two subcases.

(A) Subcase of max{|z|,|y|, |z} < 1, ie. |z| <1, |y| <1, |2| < 1, and, consequently, |¢| = 1.
The contribution from this subcase is

/ / / / dtdzdydxr = — (1 — —>
lz|<1 J|y|<1 J|z|<1 J|t|=1
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(B) Subcase of max{|z|,|y|,|z|} = 1. This is the same as case n > 2 (with n = 1). It
contributes (1 — ¢~ 1)g~ (1 — ¢ 2).
Adding the contributions from Subcases (A) and (B) (divided by (1 —1/q)), we obtain

1 1 1 1
0

vol(V)) = p +5 <1 - —2> = —.
The lemma follows. O

Proof of Theorem II. We are now ready to complete the proof of Theorem II. Recall that
we need to compute the value at s =0 (m = —2) of I4(r, A, D). Here I4(r, A, D) coincides
with the sum

S ¢ vol(V2(x, A, D))
n=0

which converges for m > —1 by Proposition 1 or alternatively by Lemmas II.1-I11.5. The
value at m = —2 is obtained then by analytic continuation of this sum.

Case of Lemma I1.1. The integral I4(r, A, D) is equal to

o

vol(Vy) + ¢~ ™ vol(VY) + Z ¢ "™ vol(V.0)

Case of Lemma 11.2. The integral I4(r, A, D) is equal to

vol(Vy) + ¢~ ™ vol (V) + Z ¢ "™ vol(V.0)
n=2

-1
11 1y 1 2 1 1
:1+—+—§O——)7;+—<L~)qﬁm“)0— WH) :
¢ q a) " q q q

When m = —2, this is

1 1 2 1\ ¢?
I+-—4+1-—=-+=(1-= =0.
q g q q
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Case of Lemmas 11.3, 11.4, I11.5. The integral I(r, A, D) is equal to

o0
vol(Vy) + ¢~ ™ vol(V{) + Z g~ "™ vol(V,2)

n=2
1+ 11 + (1 1) (1+ 1) —2(m+1) (1 ! )_1
p— —_— _—— J— q —_— .
qqm q q gmtl

When m = —2, this is
1 1 1 2
1+—q2+<1——>(1+—> L
q q q) 1—gq

The theorem follows. U

CHARACTER COMPUTATION FOR TYPE III

For the #-conjugacy class of type III we write out the representative g =t - diag(r,r) as

a7 + ag’l‘gA (a1r2 + 0,2T1)A (blTl + bg’l‘zA)D (bl’l‘2 + bg’f‘l)AD
aira +azr1  airy +agre A (bira +bari)D (biry + boreA)D
b17‘1 + szzA (b1T2 + bQT‘l)A a171 + CLQ’I‘QA (al'rg + a2r1)A
bir2 + bary b1 + bora A airo + asri a17T1 + agraA

The product *vgJv (where tv = (z,y, z,t)) is equal to
(birg 4 bory) (12 + 22 A — y?D — 22 AD) + 2(byr1 + bary A) (2t — zyD),

where a1 + asVA € E and by + bov/A € EZ. The trace is a function of g in the projective
group, and 7 = 71 + r23/A ranges over a set of representatives in EY (E3 = F(v/A)) for
B3 [N/, EX.

By definition, the quadratic form can be written as

7"1)2—7\}}47‘1))(752 +22A —y?D — 22 AD) + (rb + 7(rb)) (2t — zyD).
Set I4(r, A, D) to be equal to
rb—T7(rb) o 2 2 2 26D
W(t +2°A—y°D — 2°AD) + (rb+ 7(rb)) (2t — zyD) dxdydzdt.
Vo

The property of the numbers A, D and AD that we need is that their square roots generate
the three distinct quadratic extensions of F. Thus we may assume that {A, D, AD} =
{u,m, urw}, where u € R* — R*2. Of course with this normalization AD is no longer the
product of A and D, but its representative in the set {1, u,w, uw} mod F*2.
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III.1. Proposition. (i) If D =u and A== (or wu) then VA ¢ Ng/g, E* = ALR}.

(ii) If A=u and —1 € R*?, and D == (or mu) then VA ¢ Ng/g, E* = (—D)ZR}*.

(iii) f A=u=—1¢ R*? and D = m (or wu) then there isd € R* withd>+1¢€ —R*? =

R* — R*2, henced+1i € R} — R}” (i=+A) and so d+i € EX — Ng/p, E*.

Proof. For (iii) note that R*/{1 + wR} is the multiplicative group of a finite field F of

g elements. There are 1 + (¢ — 1) elements in each of the sets {1 + 2%; 2z € F} and

{-vy% y € F}. As 2(1+ %(q — 1)) > g, there are z, y with 1 + 2?2 = —y2. But y # 0 as

—1 ¢ F*2, Hence there is  with 1 + 22 € F¥2, and our d exists. O
Since r ranges over a set of representatives for E5 /Ng /B, £, by Proposition II1.1 we

can choose br to be 1 or v/A or d +i. Correspondingly the quadratic form takes one of the
three shapes

t2 + 22A — y?D — 22AD, or zt — xyD, t? — 22 —y?’D 4+ 2°D + 2d(zt — zyD).

Recall that we need to compute

Y\ qet ) 20 [ imgy )
(M>(dtg)Ac(Ng)/Vo‘ gJv|™dv. (%)
Since det g = ar - o(ar) - 7(ar) - 7o (ar), we have
v e M — | det g|(1—3)/2 (ar — U(ar))2 . (o — U(ar))2 1/2
(M) (dets) Ac(Ng) |detg] aro(ar) 7(ar)To(ar)
|4br7(br) D

~ |r27r2(a2 — b2D)(1a2 — T62D)|5/2’
When s = 0, this is |br7(br)D|, and (*) is independent of b. So we may assume that b = 1.

ITI. Theorem. The value of |brr(br)D|Is(r, A, D)/(To)(vo) at s =0 is 26,5, (1), where
KE/B, 15 the nontrivial character of E§ /Ng g, E*, E = Es(v/D).

Proof. Assume that br = VA ¢ Ng/g, E*, thus [brr(br)D| = |AD|, and the quadratic form
is t2 + 22A —y2D — 22AD. If |A| = 1/q or —1 is a square, we can replace A with —A. The
quadratic form then becomes the same as that of type I. The result of the computation is
—2, see proof of Theorem I, case of anisotropic quadratic forms. Since rg/ g, (\/Z) = —
we are done in this case.

If A= —1,br = d+i ¢ Ng g, E*, the quadratic form is t2—22—y?D+22D+2d(2t—xyD).
It is equal to X2 —uY?2 — D(Z? —uT?) with X =t+dz, Y =2, Z =y +dz, T = z and
u=d>+1¢€ R* — R*2 Since |D| = 1/q the quadratic form is anisotropic and the result
of the computation is —2 by the proof of Theorem I, case of anisotropic quadratic forms.

Assume that br = 1, thus |br7(br)D| = |D| and the quadratic form is zt — zyD. Then it
is 1 times (z4+1¢)*> — (z—t)® — D[(z + y)* — (z — y)?]. Since max{|z|, |y|, |2/, |t|} = 1 implies
max{|z + yl|, |z — yl,|z + t|,|z — t|} = 1, the result of the computation is 2 by the proof of
Theorem I, cases of Lemmas 1.1 and I.3. The theorem follows. O
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CHARACTER COMPUTATION FOR TYPE IV

For the #-conjugacy class of type IV we write the representative g = ¢ - diag(r,r) (where
t = h=1t*h, t* = diag(a, oa, 03a, 0%a)) as
a1r1 + agre A (arre +agri)A  (byry + bhro AYD  (byre + bhri)AD
a1T9 + asry ai1r1 + U,2T2A (bll’f'z + b/27"1)D (bll’f'l + blz’l"gA)D
b17'1 +b27’2A (b17’2 + bQTl)A a17r1 + GIQTQA (a17'2 +a2r1)A
b17‘2 + b27‘1 b17'1 -+ bQT‘QA a17r2 + asr airy + angA

Here E5 = F(\/A) is a quadratic extension of F and E = E3(v/D) is a quadratic extension
of B3, thus A€ F— F? and D =d; +dyVA € Es — E2,d; € F.

If -1 € F*2 we can and do take D = v/ A, where A is a nonsquare unit v if E;3/FE is
unramified, or a uniformizer « if E5/F is ramified. If —1 ¢ F*2? and F3/F is ramified, once
again we may and do take A = and D = V/A.

If -1 ¢ F*? and E3/F is unramified, take A = —1 and note that a primitive 4th root
¢ =i of 1 lies in E3 (and generates it over F'). Then E/F3 is unramified, generated by
VD, D = d; + ids, and we can (and do) take dy = 1 and a unit d; = d in F* such that
d>+1¢ F*2. Then D = d+1i ¢ EX?. The existence of d is shown as in the proof of
Proposition III.1.

Further o = a + bvVD € E*, where a = aq +ayVA € EX, b=b + byVA € EZ, and
r=r1+r:VA € EY/Ng g, E*. The relation bD = b} + by\/A defines b} = bidy + bads A
and b’2 = b2d1 + bldg.

The product *vgJv (where ‘v = (z,y, z,t)) is then equal to

(birg + bory) (12 + 22 A) — (byre + byry) (y? + 22 A) + 2(byry + borg A) 2t — 2(byry + bhra A)zy.
Since bD = b}, + bh/A, this is
br — o (br)
2VA
brD — o(brD)
_ v
Note that r ranges over a set of representatives for E5 /Ng /B, £, and b lies in EX. As
b is fixed, we may take br to range over E5' /N, g, E*. Thus we may assume that b= 1.
Further, note that E3/F is unramified if and only if E//FE3 is unramified. Hence r can be
taken to range over {1,w} if E3/F is unramified, and over {1,u} if F53/F is ramified, where
7 is a uniformizer in F' and u is a nonsquare unit in F', in these two cases. Thus in both
cases we have that o(r) = r, and the quadratic form is equal to the product of r and
D — o(D)
2VA
Our aim is to compute the value at s = 0 of the integral Is(A, D) defined by

D—o(D), , 2 2e=1)
_ +2°A) — (D +0(D))x drdydzdt.
/VO o/ A (y ) — ( (D))zy Y

(t* + 22A) + (br + o (br))2t

(y? + 2%A) — (brD + o(brD))zy.

22t — (y* + 2%2A) — (D + o(D))zy.

2zt —
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IV. Theorem. The value of I;(A, D) at s =0 is 0.
To prove this theorem we need some lemmas.

IV.1. Proposition. Up to a change of coordinates, the quadratic form
D —o(D)
2VA
is equal to either z2 +my? — 22t or 2® —uy? — 2zt with u € R* — R*2. It is always isotropic.

Proof. In the cases when D = /A, we have (D) = —D. When D =d+i, oD = d — .
Thus the quadratic form takes one of the following three shapes

22t — (y* + 2%2A) — (D + o(D))zy

2zt — (y* + wa?), 22t — (y* — uz?), 22t — (y* — x?) — 2dxy.
For the third quadratic form we have
22t — (y* — 2%) — 2dwy = (z — dy)® — (d&* + 1)y* + 2zt.

Recall that u = d%2 + 1 € R* — R*2. After the change of variables ' = = — dy, followed by
x' — x, the quadratic form is 22 — uy? + 2zt. Change z — —z to get 22 — uy? — 2zt. O

IV.2. Lemma. When the quadratic form is z2 — uy® — 2zt, we have

1+1/¢2, ifn =0,
vol(V;0) = { /1 9 f

g "(1-1/q)(1+1/¢%), ifn>1.
Proof. Consider the case of n = 0. Then

VE) = {(maya z7t); max{\$|, ‘y‘7 ‘Z‘a |t|} = la |$2 - uy2 - 22:t| = 1}

(A) Subcase of |22 — uy?| = 1 and |2t| < 1. The contribution is the product of

1 1
// dxdy = / / dydx -I—/ / dydx = <1 — —) (1 + —)
|22 —uy?|=1 lz[=1J]y|<1 lz|<1 J]y|=1 q q
and
// dzdt:/ / dtdz+/ / dzdtzl—l-l(l—l):l(Q—l).
|2t|<1 lz|<1 J|t]<1 lz|=1J |t|<1 q9 9 q q q

(B) Subcase of |z?2 —uy?| < 1 and |2t] = 1 (i.e. |2| =1, |t| = 1). Since z? — uy? does not
represent zero non trivially, the condition implies that |z| < 1, |y| < 1. Thus we obtain

1 1\?
/ / / / dtdzdydr = — (1 — —) .
|| <1 J|y|<1J]|z|=1J|t|=1 q q
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(C) Subcase of |22 — uy?| = 1 and |2t| = 1. In this case, once z, y, and z are chosen, we
have that |t| = 1, and the condition |z? — uy? — 22t| = 1 implies ¢ # (2% — uy?)/(22z) (mod
m). Thus, we obtain

1)’ 1 2
// / / dtdzdxdy = (1 — —> (1 + —) (1 — —) .
|22 —uy?|=1J |z|=1J |t|=1,|z2 —uy? +=zt|=1 q q q

Adding the contributions from Subcases (A), (B), and (C) (divided by (1 —1/q)), we
obtain

=3 1e2)(-2) o (-2 (=D 0+ 0D

Once simplified this is equal to 1+ 1/¢2.

Consider the case n > 1. We have the following two subcases.
(A) Subcase of |z| = 1. Then z? — uy? — 22t = en™, where |¢| = 1, and t = (2% — uy? —
en™)/(2z). Further, dt = ¢~™de, and the contribution from this subcase is

1\ 1 1 1\?
/ / / / —dé‘dzdydx = (1 — —) —/ de = — <1 — —) .
lz|<1 J |y|<1 J|z|=1 J|e|]=1 9" q/ 9" Jie|=1 qr q

(B) Subcase of |z| < 1. If |[t| < 1, then max{|z|,|y|} = 1, and since 22 — uy? does not
represent zero non trivially, we have that |2 — uy? — 22t| = |22 — uy?®| = 1, which is a
contradiction, since n > 1. Hence [t| = 1. We have 22 — uy? — 22t = en™, where |¢| = 1.

Further, from
2 2
¥ —uy €

57 5T | = 2% —uy® —em™| < 1,

2| =

it follows that |22 — uy?| < 1, and thus |z| < 1, |y| < 1. The contribution from this subcase

is )
1 1 1
/ / / / —dedtdydm = — (1 — —) —-
lz|<1 J|yl<1 Jjt|=1 J]|e|=1 T" qr q) q

Adding the contributions from Subcases (A) and (B) (divided by (1 —1/q)), we obtain

vol(V9) = (1 — é) (1 + q%) qin

The lemma follows. O

Proof of Theorem IV. We are now ready to complete the proof of Theorem IV. Recall that
we need to compute the value at s = 0 (m = —2) of I4(A, D). Here I;(A, D) coincides with

the sum
o0

> q " vol(V,)(A, D))

n=0
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which converges for m > —1. The value at m = —2 is obtained then by analytic continuation
of this sum.

Case of % + wy? — 2zt. Make a change of variables z — 2u~'7/, followed by 2’ + z. Thus
the quadratic form is equal to

—u " (2 —t)? = (2 +t)* — uz?® — umy?).

Note that up to a multiple by a unit, this is a form of Lemma II.3. Since max{|z|, |t|} =1
implies max{|z + t|, |z — t|} = 1, the result of that lemma holds for our quadratic form as
well.

Case of % — uy?® — 2zt. By Lemma IV.2, the integral

I,(A, D) = vol(Vy) + ) g~ "™ vol(V,?)

n=1

-1
1 1 1 1
1 1 LY —mn) (4
1+q2+<1 Q> (1+q2>q (1 qm“) '

When m = —2, this is

is equal to

The theorem follows. O
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