ON THE SYMMETRIC SQUARE:
TOTAL GLOBAL COMPARISON

YuvaL Z. FLICKER

Put G = PGL(3) and H = Hy = SL(2). Let F be a local field, and p, p', u”

complex-valued characters of F* . Denote by Ip(p) = Ind (55/2;/,; Py, H(F)) the
a b

0 a!

the upper triangular subgroup Py of H(F); here 50(<3 az)) = |a|?. Denote
by I(y', ") = Ind (6/2(p/, '"); P,G(F)) the G(F)-module normalizedly induced

H(F)-module normalizedly induced from the character — p(a) of

a *
from the character (u', p) : b — 1/ (a/b)pu" (b/c) of the upper triangular
0 c
a *
subgroup P of G(F); here 0 ( b ) = |a/c|?>. The Grothendieck group
0 c

K (H) is the free abelian group generated by the set of equivalence classes of the
irreducible H(F') -modules. Let [mp] denote the image in K(H) of an H(F)-
0 1
module 7. Put J = 1 ,and o(g) = Jtg~'J for g in G(F).
1 0

An irreducible G(F)-module 7 is called o -invariant if it is equivalent to the
G(F)-module 77 defined by “m(g) = m(0g). The notion of ¢ -invariance extends
to the Grothendieck group K(G) of G(F). The subgroup K(G,o) of K(G)
which is generated by the irreducible o -invariant G(F')-modules is a direct sum-
mand of K(G); its complement is generated by the irreducible non- o -invariant
G(F)-modules. Let [r] denote the image in K(G,0) of a G(F)-module 7. De-
note I(p,p) by I(u). It is clear that I(u) is o -invariant and [I(p)] # 0. We
say that [Io(p)] lifts to [I(1', p")], and To(p) to I(u', pu"),if [I(p', p")] = [I(p)] .
This is a trivial case of a definition in terms of character relations (see [II]) of a sur-
jective lifting monomorphism from K(H) to K(G,o). The trivial H(F)-module
lifts to the trivial G(F')-module, and consequently the Steinberg H(F')-module
lifts to the Steinberg constituent in [I(v)], where v(z) = |z|.
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If F is non-archimedean, let R denote its ring of integers , put K = G(R)
and Ko = H(R). A G(F)-module 7 is called unramified if it has a non-zero
K -fixed vector. An H(F)-module is called unramified if it has a non-zero Ky -
fixed vector. If I(y',u”) is o-invariant and unramified then there is p with
[Ty, 1) = [I(w)]. If [I(p', )] # 0 and it is not of the form [I(u)], then u', p”
and p'p” are characters of (strict) order two.

Let F' be aglobal field. Let A be the ring of adeles of F'. Denote the completion
of F' at its place v by F,. An irreducible G(A)-module 7 is the restricted
direct product ®m, over all places v of F of irreducible G, = G(F,)-modules
m, ; for almost all v the component m, is unramified and there are unramified
characters u, and p! of F¢ such that m, is the unique unramified subquotient
of I(py,pl). If m is o-invariant then m, is the unique unramified subquotient
of I(y,) for some unramified p, . Similarly an irreducible H(A) -module mp is
®mg, with unramified my, in Ip(py), py unramified, for almost all v .

We say that an irreducible H(A)-module my = ®mq, quasi-lifts to the irre-
ducible G(A)-module 7 = ®m, if for almost all v the induced representations
[I(pl, put)] determined by m, is [I(py)] where mo, determines [Io(p,)]. Let g,
be an irreducible H, = H(F,)-module, and =, an irreducible GL(2, F,)-module
whose restriction to H, contains my,. The packet of mg, is the set {[mp,]} of
the images [mg,] in K (H,) of the irreducible H, -modules 7, in the restriction
of wf, to H,; it is independent of the choice of =, ; it consists of at most four
elements, and it contains at most one unramified element. To simplify the notations
we write {mg,} for {[mp,]}; it is a set of H, -modules which are determined only
up to equivalence. The packet {my} (see [LL]) of the irreducible H(A)-module
Ty = ®moy 18 the set of all (equivalence classes of) irreducible H(A) -modules
T, = Qm, with w, ~ m, for almost all v and =, in {mg,} for all v. If =
quasi-lifts to 7 then each member of {my} quasi-lifts to 7 and we say that the
packet of my quasi-lifts to = .

Let L(H) be the space of smooth complex-valued slowly increasing functions 1
on
H(F)\H(A), and Lo(H) the subspace of ¢ with fU(F)\U(A) (ux)du = 0. Here
U is the group of upper triangular unipotent matrices in H . The group H(A)
acts on L(H), and on Lo(H), by right translation. An irreducible constituent of
L(H) (resp. Lo(H)) is called an automorphic (resp. cuspidal) H(A)-module.

Let K be a quadratic galois extension of F'. Let N denote the norm map from
K to F. Let K! denote the kernel of the map N : KX — F*X  thus K! = {x
in K*;2Z7 = 1}. Let Al be {zin AX;2T = 1}; A% is the group of K -ideles,
T is the image of = under Gal(K/F). Let 6 be a complex-valued character of
AL /K. If v splits K/F, namely K ¢ F, = F, & F, , then K! = {(z,y) in
F, ® F,;zy = 1} ~ F* | and the restriction of 6 to K! (in A} ) is a character
0, of F) . Let x denote the non-trivial character of A* with kernel F*NAJ
and y, its restriction to F* . There exists a unique H(A) -packet {mo(0)} which
contains an automorphic (cuspidal if 6 # 1) H(A) -module myp = ®mg, such that

for almost all places v of F we have that m, isin Iy(6,) if v splitsin K, and
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oy 10 Io(xy) if v stays prime in K . Not every member of the packet {m(6)}
is automorphic but if a cuspidal H(A) -module lies in a packet {mg(f)} then its
multiplicity in Lo(H) is one; see [LL] or [IV, (1.3)]. A cuspidal H(A)-module g
is called old if there exists a field K and a character 6 # 1 such that 7 lies in
{m0(0)} . A cuspidal H(A)-module is called new if it is not old. Each member of
a packet of a new H(A)-module is cuspidal; see [LL] or [IV, (1.3)].

In this article we prove a trace identity (see Theorem below), which, using the
techniques of [IV; §2] and the stable and unstable transfer of general test functions
(see [I], §3), and unit elements of the Hecke algebras (see [V]), implies the following
main theorem of the theory of the symmetric square. It is the following

Main Theorem. (1) Each cuspidal H(A) -modules occurs in the cuspidal spec-
trum Lo(H) with multiplicity one. (2) If the cuspidal H(A) -modules my = Qmo,
and ), = ®ny, have my, ~ w, for almost all v then their packets {my} and
{m4} are equal. (3) The relation of quasi-lifting defines a bijection from the set of
packets of new H(A) -modules to the set of cuspidal o -invariant G(A) -modules.

As shown in [IV, §2], this follows (not without effort) from the Theorem presently
to be stated. In the notations of [IV], it is clear that {my(f)} quasi-lifts to
I(m(0/0),x). It is also shown in [IV, §2] that the Theorem below implies: (4)
the "twisted” character of a o -invariant supercuspidal G, -module is a o -stable
function (it is constant on each stable o -conjugacy class of o -regular elements in
G, ), and (5) the o -invariant automorphic G(A) -modules which are not quasi-lifts
of automorphic H(A) -modules are of the form I(my) (or I(my,1)) where 7; is a
cuspidal or one-dimensional PGL(2,A) -module. Other applications of the theory
of the symmetric square are described in [IV, §2].

Put Hy = PGL(2). Let f, (vesp. fov,f1o) denote a complex-valued, smooth
(that is, locally-constant if F), is non-archimedean), compactly-supported function
on F, (resp. H,,Hy,). If F, is non-archimedean put K, = Hy{(R,), and let
[ (resp. [, f2) be the measure of volume one which is supported on K, (resp.
Koy, K1) and is constant on this group. Here we used the uniqueness of the Haar
measure (up to a constant) to identify the space of locally-constant compactly-
supported measures with the space of locally-constant compactly-supported func-
tions on G, (resp. H,, Hy,) once a Haar measure is chosen.

At any place v, the functions f, and fo, (resp. f, and fi,) are called
matching if they have matching orbital integrals (for a definition see [I, §3]; briefly,
they satisfy A(8)®%(4, f») = Ao(7)P%(v, fo,) for every 6 in G, with regular
norm vy = N§, respectively, A(5)DPU(4, f,) = A1(v1)P1(71, f1v) for every 4 in
G, with regular norm ~; = N16; ®%¢(6, f,) means "stable o -orbital integral of f,
at 67, and ®"5(0, f,) is the "unstable o -orbital integral of f, at 6”. These are
defined and studied in [I, §3].

The Theorem of [V] asserts that f2 and fJ, are matching, and that f0 and f
are matching. This local proof relies on recent work of Waldspurger. There are other
proofs of these assertions (see, e.g., [I, §4], for a proof of the first assertion), but they
are more complicated. Let f = &f, (resp. fo = ®fou, f1 = ®@f1,) be functions
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on G(A) (resp. H(A),H;(A)) such that (1) f, = f2, foo = f3, f1o = f3, for
almost all v, and such that (2) f, and fo,, and f, and fi, , are matching for all
v. The functions f, fo, f1 exist since the conditions (1) and (2) are compatible,
namely f0 and fJ aswell as f2 and f{ are matching.

In [ITI, §3] we defined various sums, denoted by I, of traces (such as tr {mo}(fo), trm1(f1),
tr(f x o)) of convolution operators ({mo}(fo), m1(f1) and w(f X o)) ; the sums
I,I' 1", I] depend on f; the sums Iy, I}, I depend on fy,and I; on f;. Put

1 1 1 1 1 1
T=I+-1I'"+=-1"+-I -1, — =I, — =1 — =1,.
Tt gt toh g e T oh
It follows from the proofs of [IV, §2] that the Main Theorem is a consequence of
the following

Theorem. We have T =0 for any matching f, fo, f1 as above.

It is also shown in [IV, §2] that when T'=0 then [ = I, I' = I}, 1" =1}, I, =
I;. In [IV, (1.6.3)], the theorem is proven in the case that there exists a place
w of F such that f;, = 0. Then f; =0 and Iy = 0, and T depends only
on the f and fy, with matching f, and fo,, such that f, and fo, satisfy the
conditions implied by fi, = 0. In particular, [IV, §2] uses the fact that f2 and
fO  are matching, but not the statement that f0 and fP, are matching. In [IV,
§2] the special case of the Main Theorem which concerns cuspidal H (A) -modules
with a square-integrable component (at « ) is deduce from the special case T = 0
if f1, =0 of the Theorem. The assertion that f) and f{ are matching is proven
by local means in [V]. Assuming this result, our Theorem becomes accessible to the
method of proof of [IV, §2], and the purpose of this article is to prove it. The proof
is a natural extension of the proof given in [IV, (1.6.3)] under the assumption that
fiw = 0. It is based on the usage of regular, or Iwahori type, functions.

It is clear from the proof given below that it applies to establish relatively ef-
fortlessly, and conceptually, the analytic part of the comparison of trace formulae
for general test functions in any lifting situation where all groups involved have
(split) rank bounded by one. In our case the ("twisted”) rank of G = PGL(3) is
one. In particular our technique establishes the comparison of trace formulae for
any test functions in the cases of (1) base-change from U(3) to GL(3,E) which
is studied in [F3], [F4], [F7; IV], and [F5] ([F6] contains another proof of the trace
formulae comparison for a general test function in the case of base-change from
U(3) to GL(3, E); it relies on properties of quasi-spherical functions, but does not
generalize to establish our Theorem), (2) cyclic base-change lifting for GL(2) (see
[F8] where our present technique is used to give a simple proof of this problem); (3)
base-change form U(2) to GL(2,E) (see [F2]); (4) metaplectic correspondence for
GL(2) (see [F1]).

The proof of the Theorem is based on the usage of regular functions in the sense
of [IV], [FK], and [F7; III, IV]. That such functions would be useful in this context
was discovered by us while working on the joint paper [FK]| with D. Kazhdan,
being inspired by the proof — see [FK]|, Sections 16, 17 — of the metaplectic
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correspondence for representations of GL(n) with a vector fixed by an Iwahori
subgroup. Although these functions can be introduced for any quasi-split group, to

simplify the notations we discuss these functions here only in the case of the group
GL(n) (and SL(n), PGL(n)).

Let F be a local non-archimedean field, R its ring of integers, 7w a local
uniformizer in R,q = m!,¢ the cardinality of the residue field R/(m),|-| the
valuation on F normalized to have |w| = ¢~! (thus |q| = ¢),G the group
GL(n,F),K = GL(n,R) a maximal compact subgroup in G, B the Iwahori sub-
group of G which consists of matrices in K which are upper triangular modulo
7, A the diagonal subgroup of G, A(R) = ANK = AN B, and U the upper
triangular unipotent subgroup; AU is a minimal parabolic subgroup.

The vector m = (mq,---,my) in Z" is called regular if m; > m;y; for all
i (1<i<mn). Let g™ be the matrix diag(q™',---,q™") in A. The matrix
a = diag(ay, -+ ,a,) in A is called strongly regular if |a;| > |a;11| for all 7, and

m -reqular if a=uq™ for a regular m and w in A(R). A conjugacy class in G
is called strongly (resp. m-)regular if it contains a strongly (resp. m-) regular
element. An element of G is called regular if its eigenvalues are distinct.

Denote by J the matrix whose (i,7) entry is &;,—;. Put o(9) = J'¢7'J .
The elements g and ¢’ of G are called o-conjugate if there is z in G with
g' = zgo(x)~!. For m = (my,---,my) in Z" put om = (—my,- -+, —ma, —m1) ,
and say that m is o -regular if m+ om is regular. The element a of A is called
m - o -reqular if m is o-regular and ac(a) is (m + om )-regular; a is called
strongly o -regular if it is m - o -regular for some m. A o -conjugacy class in G
is called strongly (or m-) o -regular if it contains a strongly (or m) o -regular
element in A. Note that if a is m-regular then a is m- o -regular since aoc(a)
is (m + o(m)) -regular. We have

Proposition 1. If a is m -reqular then (1) each conjugacy class in G which
intersects BaB is m -regqular; (2) each o -conjugacy class in G which intersects
BaB contains an m -reqular element in A ; in particular it is m - o -reqular.

Proof. We shall prove (2); (1) follows by the same method on erasing o through-
out. Write ¢’ ~ g if g is o-conjugate to ¢’ in G. We have to show that any
b'ab (b',b in B) is o-conjugate to an m -regular element. Since 0B = B, up to
o -conjugacy we may assume that o' = 1. Each element b in B can be written in
a unique way as a product bob_by with by in A(R), b =1+n_, by =1+n,,
where n_ (resp. ny ) is a lower (resp. upper) triangular nilpotent matrix. Put
a = abg. Then

ab =ab_b, ~o(by)ab_ = (ab_a Ha(b~'a to(by)ab )

~abZta to(bp)ab_)o(ab_a™t).

Denote by ||z|| the maximum of the valuations of the entries of a matrix =z
in G. Put ¥, =a 'o(by)a and b = o(ab_a '), and also n/, =¥ —1 and
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n’ = b_— 1. Since o stabilizes every congruence subgroup of G, and a is
m -regular, we have ||n/ || < [[n4|| and ||n_|| < ||n_||. Moreover, it is clear that
b=, b_b = bbb with max(||n” |, ||n’L|]) < max(||n"_]],||n’,|). Repeating this
process we obtain a matrix of the form a’(1+¢) with m-regular a’ and e with
|le|| smaller than any given positive number. The proposition follows.

Let f be a locally-constant compactly-supported complex-valued function on
G, dr a Haar measure on G, and ®7(v, f) = [ f(z7'yo(x))dz/d, the (twisted
or) o -orbital integral of f at the element v of G (the integration is taken over
Gg\G, where G7 is the o-centralizer of v in G, and d, is a Haar measure on
G? ). Denote by L(G) the Lie algebra of G'; if G = GL(n) then L(G) = M,, (the
algebra of n x n matrices). Put Ad (o)X = —J'XJ for X in L(G). Denote by
Ad () the adjoint action of v on L(G). We say that v is o -regularif yo(vy) is
regular (has distinct eigenvalues) in G'. If v is o -regular, its o -orbit is closed,
and the convergence of ®7(v, f) is clear; this is the only case to be used in this
paper, but the convergence of ®7(~, f) is known in general. Put

A?(v) = det{(1 — Ad (y0))|L(G)/L(G5)}*>.

This is well-defined since Ad(yo) acts trivially on G and therefore trivially
also on L(GY). Put F7(v,f) = A7(y)®7(v, f). Let U be the unipotent upper
triangular subgroup in G, A the diagonal subgroup, and K the maximal compact
subgroup G(R). Each of A, U, K is o-invariant, and A normalizes U . Put
A% ={ain A;oa=a}. For v in A put 07(y) = |det Ad (yo)|L(U)| and

fo(v) :50(7)1/2/0\A/U/Kf(a(k‘)_la(a)_lfyauk) dk du da.

A standard formula of change of variables (see, e.g., [FK], §7) asserts that for
any o-regular v in A we have F7(v,f) = ff(y). Consequently it is clear
from Proposition 1(2) that if f is (a multiple of) the characteristic function of
BaB, where a is an m -regular element, then F7(v, f) is a scalar multiple of the
characteristic function of the union of the o -conjugacy classes in G which contain
an m -regular element, namely of the set of the m - o -regular o -conjugacy classes
in GG . Consequently we can introduce the following

Definition. For any regular m in Z" let ¢m , denote the multiple of the char-
acteristic function of BqQ™B such that F7(y, ¢m,) is zero unless ~ lies in an
m - o -regular o -conjugacy class in G, where F7 (v, ¢pmo) =1.

Analogous definitions will now be introduced in the non-twisted case. We sim-
ply have to erase o everywhere. Thus the orbital integral of a locally-constant
compactly-supported complex-valued function f on G at v in G is denoted by
(v, f) = [ f(x7'yz)dz/d,;x ranges over G,\G, where G, is the centralizer of
v in G . If v is regular, namely it has distinct eigenvalues v1,..., v, , the orbit of
v is closed and ®(v, f) is clearly convergent. Put

A(7) = |det{(L — ad (7))|L(G)/L(G)}"*;
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it is equal to
|H’L<] (’Y 7])2|1/2/| det7|(n vz,

Put F(v,f) = AM)®(y,f). If v liesin A put 6(y) = |det Ad(vy)|L(U)|;
it is equal to ILicj|yi/v;|. Put fu(y) = 6(v)Y2 [, [ f(k~*ynk)dkdn . Since
F(v,f) = fu(y) for all regular v in A it is clear from Proposition 1(1) that if f
is (a multiple of) the characteristic function of BaB, where a is an m-regular
element, than F(v, f) is a scalar multiple of the characteristic function of the
union of the m -regular conjugacy classes in G'. Consequently we can introduce
the following

Definition. Denote by ¢, the multiple of the characteristic function of Bq™B
such that F(v,¢m) is 0 unless 7 lies in an m-regular conjugacy class, where

Let 7r be an admissible G -module. Let 7w(f) be the convolution operator
[ f(z)m(z)dz; it is of finite rank, hence has a trace, denoted by tr «(f). It
is easy to see that there exists a conjugacy invariant locally-constant complex-
valued function x on the regular set (distinct eigenvalues) of G, with tr 7(f) =
fG x(z)f(z)dz for any f supported on the regular set of G. The function x = xx
is called the character of = ; it is clearly independent of the choice of the measure
dx .

If V is the space of 7, then Viy = {m(u)v—wv;v in V', w in U} is stabilized by
A since A normalizes U, and V/Vy is an admissible (namely it has finite length)
A -module denoted by 7}, . The A-module 7y = 6~Y/2x}; is called the A -module
of U -coinvariants of m. The composition series of the admissible A -module 7y
consists of finitely many irreducible A -modules, namely characters on A (since A
is abelian), which we call here the exponents of 7. The character x(my) of my is
the sum of the exponents of 7.

If 7y # {0} then by Frobenius reciprocity 7 is a subquotient of the G -module
I(p) = Ind(6Y/?p; AU, G) normalizedly induced from the character p of A ex-
tended to AU by one on U ; here p is any exponent of 7. Let W = N(A)/A
be the Weyl group of A in G; N(A) is the normalizer of A in G. Put wpu for
the character a — p(w(a)) of A. Define J = (§; nt1—i). The Theorem of [C]
asserts that (Ax,)(a) = (x(7v))(JaJ) for every strongly regular a in A. Hence
X(I(p)v) =X wp (sum over w in W), and each exponent of 7 is of the form w
in W . Since ¢y, issupported on the m -regular set, the Weyl integration formula
implies that

tr w(m) = W17 [ (M) @) F (o b = (d(mo)@™) [ p(a)ia

A(R)

Namely the trace tr 7(¢m) is zero unless the composition series of 7y consists of
unramified characters, in which case (for a suitable choice of measures) tr m(¢m)
is the sum of p(q™) over the exponents (with multiplicities) of 7. We conclude:
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Proposition 2. If u is an unramified character of A then
tr(I(p))(¢m) = Ew(wp)(@™)  (win W).

Let V' denote the space of m, Vg(m) the subspace of B -fixed vectors in V ,
and Vp(p) the space Vp(m) when m = I(p). Then 7(dm) acts on Vp(w), and
we have

Proposition 3. If p in an unramified character of A then the dimension of
Vi (p) is the cardinality [W] of W . The set {iy;w in W} of functions on G
such that 1, is supported on AUwB and satisfies 1, (auwd) = (u6*/?)(a) (a in
A, u in U, b in B), is a basis of the space Vp(pu) .

Proof. This is clear from the decomposition AU\G = (AU)NK\(AU)NK -W -B.

For each i (1 <i < n) let e; be the vector (0,...,0,1,0,...,0) in Z™; the
non-zero entry is at the i-th place. A vector a;; = e; —e; (i # j) is called
here a root of A. It is called positive if ¢ < j, negative if ¢ > j, and simple
if j=i+1(1<i<mn). Put p=2X4soa(=(mn—-1n—-3,...,1—n)). Then
5(q™) = ¢»™) . Denote by U the unipotent lower triangular subgroup. We have

Proposition 4. (1) If m = (mq,...,my,) = X ;m,;e; satisfies my > --->m
and h = q™ , then the cardinality of the set BhB/B is 6(h) . (2) Put B_ = BN
Then for every w in W, the cardinality of the set

’

T3

wh™B_h/B_Nh 'B_hlw™'/UNnwh™'B_hw™"
is 6/2(h) /62 (whw™1) .

Proof. Tf By = BNU, By = BNA, then B= B_ByBy,h""B_h> B_,h~'B,h C
B_|_ and

BhB/B~h™'Bh-B/B=h"'B_h-B/B~h"'B_h/h"*B_hnN B_;
(1) follows; the proof of (2) is similar.

The Weyl group W is isomorphic to the symmetric group S,, on n letters. It
is generated by the simple transpositions s; = (4,7 + 1)(1 < ¢ < n). The length
function £ on W associates to each w in W the least non-negative integer ¢(w)
such that w can be expressed as a product of /(w) simple transpositions. It is
easy to verify that (m(dm)w)(u) is zero for every u # w in W with £(u) > ¢(w) .

Proposition 5. For every w in W we have (m(¢m)thw)(w) = p(whw™1) (where
h=q™), and ¢um is equal to |BhB|~*6Y/2(h) ch(BhB) .
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Proof. Compute:

(m(ch (BhB))tYy)(w) = / Yo (wz)dr = |B|X,eprp/BYw(wh - h~tx)
= |B|(M51/2)(th_l)gweh—lB_h/B_mh—lB_hl/)w(www_
= |B|(wp)(h) - 6"/* (whw™") - (672(h) /6 (whw ™))y (w)
= |B|(wp) (h)5?(h) 4 (w) = [BRB| - 6~ 2(h) - (wp) (h).

1.w)

Conclude:
tr 7[|BRB|~16Y/2(h) ch (BhB)] = Sy (wp)(h) = tr 7(dm).

Since ¢y, is by definition a multiple of ch (BhB), the proposition follows.

We conclude that the matrix of 7(¢m) with respect to the basis {t¢,;w in W}
of Vp(u) (this basis is partially ordered by the length function £ on W) is of the
form Z + N, where Z is a diagonal matrix with diagonal entries pu(whw=!) (w
in W), and N is a strictly upper triangular nilpotent matrix of size [W] x [W].
Thus we have NW1=0.

/

) satisfy m; > mpr,m; > my (1<

Proposition 6. If m = (m;) and m’ = (m]
=

i<n) then m(¢pm)7(Pm’) (Pmtm’) -

Proof. Since hB_h™' € B_ and h™'B,h C B, , we have Bq™Bq™ B = Bq™q™ B =
Bq™t™'B

We shall consider only operators m(¢y,) with regular m . Since the semi-group
of m in Z"™ with m; > m;y; > 0 (1 < i < n) is generated by X!_je; =
(1,...,1,0,...,0)(1 < j < n), we need only consider (products of finitely many
commuting) matrices of the form (Z+ N)™, m >0.

Proposition 7. Let Z be a diagonal matriz with entries z, along the diagonal.
Let N = (nq,) be a strictly upper triangular matriz with N®* = 0. Then (Z+N)™
is the matriz whose (a1, ;) entry is

Ef«:l[E{a1<a2<---<ar}”a1,a2"'”ar—l,arzlﬁkﬁv“(_l)k_lzzg H (Zai_zaj)/ H (zai_zaj)]-

1<i<j<r 1<i<j<r
i, i#k ==

Proof. This is easily proven by induction. To obtain this formula, we argue as
follows. The non-commutative binomial expansion, easily verified by induction,
asserts

(Z+N)"™ =572 (Bq6,)m

]:17/j

—mi1-n ZNZ?  NZ™).



10 YUVAL Z. FLICKER

Here _ _ ) _ )
Z"N..NZ'" = (zg,)(Na1,00) (26,) - - - (M 1,0, ) (20).)

Q2 Qo

- A W)
- (Eaz,ag,...,ar_lnal,aznag,ag e nar_l,ar zal Zar .

To take the sum over (i;) we note that by induction we have

Ezgzlijzmﬂ—rz? ez = S ()M H (zi = 25)/ H (2 = 2;)-
1gzlj<;gk<r 1<i<j<r

The proposition follows.

As usual, let p be an unramified character on A. Let g , be the function on
G defined by

Vi,u(pk) = (u6*?)(p)  (pin P = AN, kin K).

It lies in the space of I(p). Put p; = p(q®). Suppose that p; # qu; for all
i#j. Put

L— iy .
(7.1) ca(u):M if @ = a5,

and
cw(p) =Myco(p) (o> 0,wa <0).

The Weyl group W acts on the set of roots. Suppose that pu; # p; for all ¢ # j.
Then for each w in W there exists a unique G -morphism R, , from I(u) to
I(wp) which maps g, to k., ; this is the content of [C2], Theorem 3.1,
where our g is denoted by x, our ¢, (i) is denoted by c,(x)™! in [C2], and it
is shown in [C2], (3.1), that our R, , has the form c,(x) 'T, (in the notations
of [C2]). The uniqueness of R, , implies that if w =w;...wow; in W, then

(72) Rw,y, — th,wt_l...’wz’wlu e R’wz,’w1uR’W1,llr'

Put c¢;(p) for cg (p). The action of R, , on Vp(u) is described in [C2].
Theorem 3.4, which asserts the following

Proposition 8. For each i(1 <i<n), put R; =Rs, ,,. If L(s;w) > L(w), then

Ri(Yw) = (1= ¢i(1))w + ¢ ci(1) s,

and

Ri('@bsiw) — Cz(M)lbw + (1 - q_lci(u))wsiw-

Next we analyze in greater detail the case when G is H = SL(2). Here we put

4 9m> . Note that
0 «q

§(h) = ¢*™ . Let z be a non-zero complex number, and z the unramified character

m = (m, —m) where m is a positive integer, h = q™ = (
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a0 . q 0
Of A= {(0 a—l )} with /1’(( 0 1/q
the diagonal subgroup in GL(2), then z = [i;/fio in our previous notations. The
Weyl group W consists of two elements. If s denotes the non-trivial one, put
¢ for cs(p); then ¢ = (1 —2)/(1 — z/q). With respect to the basis {t1,vs},
1—c¢ c
the matrix of R = R, , is . Then @ =q(1 — — 2)? and
w30 1) = =11-9/(g—2)

det R =(1—¢qz)/(z — q) . Hence

)) = z. Thus, if i is an extension of p to

1 2=4q 1-c/qg —c ,_d 1—q —q¢ ¢
and )
R/R—1: q_ _q q'
G-d-D' 1 -1

Proposition 9. The matriz of the operator m(¢m), where m = 1(p) and ¢y =
|BhB|~'6"2(h) ch (BhB) , with respect to the basis {11,195} , is

(77 @D e =),

0 z—m

Proof. For w,u in W = {1,s}, we are to compute
|B|_1(7T(Ch (BhB))tw)(u) = Emehle,h/hle,hﬂB,ww(Uhx)'

If w = s weobtain |BhB|i,,(sh) , which is zero if w = 1 and |BhB|(ud"/?)(shs™1)
it w=s.If u=1 we obtain

(187730 3 gty 1) (@i R/mR)

Using the relation

1 0\ (1 1/t\[1/t 0\ [0 —1\ (/1 1/t

t 1) \O 1 0 ¢ 1 0 0 1
it is clear that when w = 1 only the term of z =0 in R/7?™R is non-zero, and
we obtain (ud'/?)(h). When w = s only the terms of x # 0 are non-zero; there

are (q—1)¢>™ %=1 elements z in R/w?>™R with absolute value ¢=*(0 < i < 2m),
and our sum becomes

2m—1 1—2m i 2m—1
m—i— 0 m—i— i+1-2m
a-0 3 ) (T L)) =0 Y e

=(qg—1Dz'"™(1 —2)"HzT™ = 2™).

Since (u6/2)(h) = (g2)™ and |BhB|~'6'/2(h) = ¢~™ , the proposition follows.
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Corollary 10. For any m > 0 we have

tr[R' - R™' - I(pt, $m)]
(101) = _(Z)_(Zl_){z_ ST = (g = Dl - ™ — ™).

We shall now use these computations to express the trace fomula for H = SL(2)
in a convenient form. Thus let F' be a global field, fix a non-archimedean place
of F, fix a function fo, for all v # u such that fo, = f3, for almost all v .

Proposition 11. There exists a positive integer my , depending on {fop;v # u},
with the following property. Suppose that m > mqg; fou 1S the function ¢m on
Hy,; fo is fou; and x is an element of H(F) with eigenvalues in F* . Then

Proof. Denote the eigenvalues of x by a and a™!. If fo(x) #0 then fo,(z) #0
for all v, and there are Cy, > 1 with Cy, = 1 for almost all v such that

(%) Cot < laly < Co,

holds for all v # w. Since a lies in F'* we have II,|al, = 1. Hence (x), holds
with Co, = I1y2£,Coy . But if fo, = ¢m and fo,(z) # 0 then |a|, = ¢} or ¢;™.
The choice of my with g*® > Cy, establishes the proposition.

We conclude that for fy = fo, as in Proposition 11, the group theroetic side
of the trace formula consists only of orbital integrals of elliptic regular elements;
weighted orbital integrals and orbital integrals of singular classes do not appear.

In the representation theoretic side of the trace formula there appears a sum of
traces tr mo(fo) , described as Iy, Ij), I5 in [III, (3.3)], Proposition (1), p. 207, and
[IV, (1.3)]. There are two additional terms, denoted by Sy, S| in [III], p. 207,
£. — 5. They involve integrals over the analytic manifold of unitary characters
p(a) = po(a)|al® (s in iR ) of A*/F*; each connected component of this manifold
is isomorphic to R. The first term, denoted by So/2 in [III], p. 208, is

(1) 350 [ L, o) o) s

The sum ranges over a set of representatives for the connected components, m(u)
is the quotient L(1,u)/L(1, ") of values of L -functions (see [III, §3]). Since all
sums and products in the trace formula are absolutely convergent we obtain

(1.1 /| AT

Here d(z) is an integrable functions on the unit circle |z| =1 in C. We used the

fact that tr (Io(py))(dpm) = 2™ + 2™, where z = Mu((g q91 ) -
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The second term, denoted by S;/2 in [III], p. 208, £. 6, is the sum over all
places w of the terms

(112 %, / b Ry R, o (1)) (Fow) - T (o (120))(fo) 1.

The summands (11.2),, which are indexed by w # u depend on fq, via tr [Io(p)](fou) =
2™ 4 z~™; they can be included in the expression (11.1)" on changing d(z)

to another function with the same properties. Left is only (11.2),, in which
tr[R, ' R. Io(fw, fow)] is given by Corollary 10.

This completes our discussion of the trace formula for H = SL(2). Clearly this
discussion applies also in the case of H; = PGL(2). Again we take a global function
fi = ®f1, (matching, as in the statement of the Theorem), whose component
fiu at w is sufficiently regular with respect to the other components, so that the
analogue of Proposition 11 holds. The group theoretic part of the trace formula for
H, then consists of orbital integrals of elliptic regular elements. There appears a
sum of traces trmi(f1), described as I] in [III], p. 209, £. 5 (where the left side
should be I;, not I as misprinted there), and [IV, (1.3)], and a term analogous
to (11.1) (or (11.1"), denoted by S;/2 in [III], p. 209, £. 5, and a sum of terms
of the form (11.2),, over all places w of F', which comes from the term S7/2 of
[ITI], p. 209, £.5. Note that the contribution of I; to J is multiplied by 1/2. We
need consider only the analogue for H; of (11.2), , since (11.2),, for w # u can
be included in (11.1)". Here write z for p(q), when the induced representation

Ii(p) of Hy(F,) from the character *> — p(a/b) is considered. Then

a
0 b
p1 = z,p2 = 2z~ and ¢ = (1 —2%)/(1 — 2*/¢) in the notations of (6.1). Hence
de — 22q(1 —q)/(q— #*)?, det R = (1 —qz%)/(2% - q),

= (1c7qc 1 —Cc/q>’ R = (2 iZcz(;l(l_—l)q»’«”z) <‘ij _611>

2™ (gD =27 /(2= 27

and

[1 (qsl,m) —

0 z—m

where I = I (p)(= I1(2)) and ¢1m is the function |BhB|~16'/2(h)ch (BhB)
qm

0 (1)) in Hy(F,). Namely we have

associated with h = (

Proposition 12. For every m > 0 we have

tr[R™ R 11 (4, f1,m)]
(20) = AL g (= s - (- )

This completes our discussion of the trace formula for Hy = PGL(2) .
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Remark. The above discussion applies for any group of rank one. For example it
applies also in the case of the unitary group U(3) in three variables, defined by
means of a quadratic extension E/F (see [F3], [F4] and [F5]). Here we take a place
u which stays prime in E', and note that the definition of ¢, (x) in the quasi-split
case is different from the split case discussed here; see [C2], p. 397.

It remains to carry out analogous discussion of the twisted trace formula of
G = PGL(3) for a function f = ®f, as in the Theorem whose component f,
at u is sufficiently regular with respect to the other components. Again the trace
formula consists of (1) twisted orbital integrals of o -elliptic regular elements only,
by virtue of the immediate twisted analogue of Proposition 11; (2) discrete sum
described as I,I',I" in [III], p. 201 and p. 203, and [IV, (1.3)]; (3) an integral as
in (11.1)", see S of [III], (2.2.4) on p. 202; (4) a sum over w of terms analogous to
(11.2) ,, , see S of [III], (2.2.5), p. 202. Note that the contribution to our formulae
is (S +5')/4, see the line prior to (2.2.4), [III], p. 202. Only the term at w = u
has to be explicitly evaluated, and we proceed to establish the suitable analogue of
Corollary 10 and Proposition 12 for PGL(3), twisted by o .

Recall that if 7 is a G -module we define 7 to be the G -module “7(g) =
m(og). The notion of a o -invariant G -module is defined in the introduction. If
p' is a character of A, put ou’ for the character p/' oo of A. Then “I(y)
is I(op'). We denote by m(c) the operator from I(y') to I(op’) which maps
¢ in the space of I(y') to 1 oo . In particular, when p’ is unramified, = (o)
maps Yy, in Vp(p') t0 Yoweu in Vp(op'). If I(y') is o-invariant then
[I(1')] and [I(op')] are equal as elements of the Grothendieck group K(G, o),
and there exists w in W with oy’ = wp'. If G = PGL(3) and p/ = oy’ then
there is a character p of F* such that p'(diag(a,b,c)) = p(a/c). Suppose in
addition that g’ is unramified, and fix as a basis of Vg(p') = Vg(ou') the set
Y1 = Yia, Y2 = P12y, Y3 = P(23), Y4 = Y23)(12), Y5 = P(12)(23), Y6 = Y(13) , Where
W = {id, (12), (23), (12)(23), (23)(12), (13)} . Then the matrix of 7(c) with respect
to this basis is the 6 X 6 matrix whose non-zero entries are equal to one and located
at (1,1),(2,3),(3,2),(4,5),(5,4),(6,6). Here m = I(y') . Denote by A the matrix
of m(¢m), with m = (1,0,0), with respect to our basis, and by B the matrix of
(¢pm) with m = (1,1,0). Then A™ (resp. B™) is the matrix of m(¢y) with
m = (n,0,0) (resp. m = (m,m,0)), and A"B™ = B™A™ by Proposition 6. A
direct computation, as in Proposition 9, shows that

z (¢g—1)z 0 0 0 q(g—1)z
0o 1 0 g-1 0 0
A— |0 0z (e-Dz (@-Dz (¢-1)%
|0 0 0 271 0 0
o 0 0 0 1 g—1
0 0 0 0 0 271
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and
z 0 (¢g—1)z 0 0 q(g—1)z
0z 0 (¢-1z (¢—-1z (¢-1)%
s_loo 1 0 g—1 0
0 0 0 1 0 g—1
0 0 0 0 z7! 0
0 0 0 0 0 271

Here z = p1(q) . Proposition 7 implies that

2" (g—1)za(n) 0 (¢g—1)%28(n) 0
0 (¢—1)d(n 0
An — zg (4= Dzv(n) (g~ 1())204(”) (= 1)*z(v(n) + B(n))
0 0 1
0 0 0

o O O o o
SO OO =

where a(n) = (2" —-1)/(z—1);

B(n) = ["(1 = =) = (z— 2™+ 27 (z = D]/ (z = DA — 27 (2 — =7
'Y(n) = (Zn — Z_n)/(z — z_l); 5(n) — (1 _ z—n)/(l B z_l);

and
Z™ 0 (¢—1)za(m) 0 (g —1)228(m) q(q — 1)zy(m)
0 2" 0 (¢ —1)za(m) (¢—1)zy(m) (¢—1)*2(8(m) +~(m))
P 1 0 (q — 1)8(m) 0
10 0 0 1 0 (g —1)d(m)
0 0 0 0 2™ 0
0 0 0 0 0 2z~ ™

In particular we conclude the following

Proposition 13. For any m = (mq, ms,m3) with m; > mg > mg we have
tr(m(¢m)m(0)] = 1 (hm) + 1/ (ThmT) = 1(hm (hm)) + (T hmo (hm) T),

where hym = q™ , that is, = z™M17M3 4 ZMma=m1

On the other hand it is easy to compute the twisted character x = x, of
m = I(p'); see [II, (1.4)]. Recall that x is a locally constant function on the
o -regular set of G with tr 7(f x o) = [ f(g9)x(g)dg for every locally-constant
function on the o -regular set of G. Now the twisted character x of © = I(y/)
is supported on the set of g in G such that go(g) is conjugate to a diagonal
element, where A(h)x(h) = 2™1~™3 4 ™37 at h = hy, . Using the Weyl
integration formula we conclude that

tr [T (Pm,o)m(0)] = 2173 f 2T

where ¢m, is the unique multiple of ch (BhmB) with F7(hm, pme) = 1. It
follows from Proposition 13 that we have
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Proposition 14. We have ¢m o = ¢m(= 0% (hm)|BhmB|™* ch(BhmB)) .

The operator R = R((13)) from Vg(y') to Vp(Ju') is the product of three
operators, according to (7.2). Write Vg (u1, pa, pg) for Ve(p') if p;(i =1,2,3) are
the parameters associated to g in (7.1). Then R is the product of Ry = R((12))
form Vg(z,1,271) to Vg(1,z,271), then Ry = R((23)) to Vg(1,271,2), and
then Rz = R((12)) to Ve(z~1,1,2). Put ¢ = (1 —2)/(1 — z/q), ca = (1 —
22 /(1 —2%/q). Put

-1 1 0 0 0 0
1/g —-1/qg O 0 0 0
0 0 -1 0 1 0
Av=1 0 0 -1 0 1 |
0 0 1/¢g 0 —1/¢g 0
0 0 0 1/¢q 0 —1/q
-1 0 1 0 0 0
0 -1 0 1 0 0
Ao | Ve 0 1/ 0 0 0
>~ o 1/¢ 0 —1/¢g O 0
0 0 0 0o -1 1
0 0 0 0 1/q —1/q

Then R1 = R3 =1 + ClAl and R2 =1 + CQAQ; further, R = R3R2R1 . Now
denote (the right side of) (10.1) by X(z;m), that of (12.1) by Y(z;m), and
tr[R~1R'A"B™n(0)] by Z(z;n,m). Then we have

Proposition 15. For every m,n > 0 we have

2X(z;n+m)+Y(z;n+m) = Z(z;n,m).

Proof. We proved this using the symbolic manipulation language Mathematica.
The difference of the two sides of the Proposition is denoted by DIFF in the file
given below, and it took the OSU Sun computer three minutes to arrive at the
conclusion that DIFF=0. The file is given as an appendix at the end of the paper.
In this appendix we denote A; by A, As by B, ¢; by ¢, ¢co by d, R; by Ri,
R=! by S, w(c) by s, a(n), etc., by an, etc., A", B™ by An, Bm, Z(z;n,m)
by Z, X(z;n+m) by X, Y(z;n+m) by Y.

Remark. The fact that Z(z;n,m) depends only on n + m is remarkable.

Corollary 16. The sum of twice (11.2),, for H = SL(2) with (11.2),, for Hy =
PGL(2) is equal to the term (11.2), for G = PGL(3) .

Proof. It follows from Proposition 14 that the function ¢, with m = (m +
n,n,0) matches the function ¢(min,—m—n)y on H = SL(2) and ¢@pmine) on
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H, = PGL(2). Using [III], p. 204, £. —4,p. 207, £. —5, and p. 209, £.5 (where
the left side is I; and not I{ as misprinted there), we obtain that J of [III], p.
209, ¢. — 3, is equal to

(S+5")/4—(So+Sy)/2—(S1+571)/4

in the notations of [III]. The S; are those leading to the (11.2), here. The corollary
then follows from Proposition 15.

The Theorem now follows as in [IV, (1.6.3)]. On the one hand T' of the Theorem
is a discrete sum of the form

Yol + 5"+ Y aE,
i j

where z; lies in the finite set {g,q¢7 ", q"2,q7 /2, —q"/2 —q='/2} [and 2 in || =
1 or o2 <z < q¥? or —q"/? < z; < —¢~'/%. On the other hand T is equal
to an integral of the form (11.1)". Here m is a sufficiently large positive integer.
The argument of [IV, (1.6.3)] implies that the coefficients ¢; and a; are zero. In
particular T'= 0, and the Theorem follows.

1/2
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Correction to [F9]. As noted in [F10], p. 3, the sentence on p. 141, £. 4-
5, of [F9], does not suffice to pass from Lemma 6.4 to Lemma 6.5 of [F9], but
Proposition 8 of [L] does. To complete [F9], this passage is carried out below. It
relies on a property of a spherical representation which distinguishes it from other
representations with an Iwahori fixed vector, which occur in [F9], (6.4). In an
attempt to make this correction readable, we reproduce here some material from
[F9]. We put this correction here as both this paper and [F9] use Iwahori-regular
functions.

Let G be a quasi-split reductive group over a local non-archimedean field F',
which splits over an unramified extension of F', and B = AU a minimal parabolic
subgroup over F (such that both the Levi subgroup A and unipotent radical U
are invariant under the automorphism o of [F9]). Denote by A a set of simple
roots of A on U. It is a subset of X,(A) = Hom (Gy,,A). There is a canon-
ical isomorphism X,(A) ® F*—A(F'); denote the image of a ®@ w, a € A,
7 = uniformizer in F', by a, . Any unramified character (7, in [F9], Lemma 6.4)
of A(F), can be written as the product nv, where 7 is a unitary unramified char-
acter of A(F), and v is an unramified positive valued character of A(F), with
v(ag) > 1 forall a € Ag. The set Ay = {a € A;v(ay) =1} is a basis for a set
of roots of A in UNM = N, where M is the standard (M D A) Levi subgroup
of a standard parabolic subgroup P = MU which is uniquely defined by this basis.
Further we fix an element w in the Weyl group Wp = Norm (A(F),G(F))/A(F),
of minimal length, such that “v(t) = ¥ (t) = v(w=(t)) satisfies “v(aq) < 1 for
all @ € A . The minimality implies that for a € A we have wa < 0 if and only if
a€A—Ay,and “via,) <1.

Consider the G(F)-module i§(“(nv)) which is normalizedly induced from the
character “(nv) of B(F) (extended from A(F) by 1 on U(F)). If M,, is the Levi
subgroup of the F' -parabolic P, defined by Ay, = {a € A;¥v(ay) = 1}, then “v
extends to a character of M,,(F), and i§(“(nv)) = i§ (“v@ilf (“n)) is induced in
stages. The normalizedly induced M, (F)-module i} (“n) is unitarizable, since
“n is a unitary character (of A(F), hence of B(F) N M, (F) = A(F)N,(F)).
Hence it splits as a direct sum of tempered representations @©7g , , where — accord-
ing to [K], Theorem, p. 400 — K, ranges over the set of good maximal compact
subgroups of M, . In particular, by [T] the adjoint group M, oq(F) of M, (F)
acts transitively on the set {7x_} of components of i} (“n).

By the Langlands’ classification ((BW], Ch. XI, or [S]), each of i§; (“v ® 7x,)
has a unique quotient L%’;[w (“v ® Tk,) , which is the image of the standard inter-
twining operator T, from i§; (“v®7xk,) to i§;(v®7k) . Here we write 7 for the
irreducible (tempered) constituents (in fact direct summands) of i’ (n); K ranges
over the good maximal compact subgroups of M (F'), and M,4(F') acts transitively
on the set of 7x . Then L (“v®7k,) is a subrepresentation of i (v ® 1) for
some K depending on K, , and the direct sum over K, , which we denote by

LG (“(nv)), is a subrepresentation of i§(nv) = @i§;(v ® 7k), obtained as the
K

image of the intertwining operator T, : i§ (¥ (nv)) — i§ (nu) .
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Since the character nv is unramified, the representation i§(“(nv)) is spheri-
cal, its K (F')-fixed vector ¢g(p) <) is defined by the characteristic function of
K (F)(=the fixed hyperspecial compact open subgroup of G(F)). According to
[C2], Theorem 3.1, p. 397, the image T, (¢x (), nv)) is the product of ¢r(rynw ,
and a product over @ € A with wa < 0 of some numbers c4(¥(nv)), which are
non-zero since |“(nv)(aq)| = “v(aq) < 1 for all such . Hence LG (¥(nv)) is
spherical, containing a non-zero K (F')-fixed vector.

Since LG (“(nv)) is a subrepresentation of the induced i§(nv), Frobenius reci-
procity ([BZ])

Hom g (ry (LG (“ (nv)), G (nv)) = Hom ay ey (LG (“ () v, i3 (1))

implies that there is a non-zero morphism LS (“(nv))n — i (nv) . Since the group
M,q(F') acts transitively on the set of irreducible constituents (direct summands)
of i¥(nv) =v®il(n), and on LG(¥(nv))n , this morphism is surjective. As a
functor ™ — 7y of coinvariants is exact, the morphism LG (“(nv))y — i (nv)y =
D, “n, we W(AF),M(F)), is onto. The constituents of the module 7y of
coinvariants will be called here exponents of m. We conclude that the exponents of
the orbit under Guq(F) of the spherical subrepresentation o of i§(nv) include
the characters “nv (w € Wy = W(A(F),M(F))), but no other Gu4(F)-orbit
of constituents of i§(nv) has these exponents. Denote by W (w) a set of w in
W =W (A(F),G(F)) such that the set of exponents of « is {“(nv);w € W(m)}.

Recall that Lemma 5 of [F9] asserts that for an irreducible G(F')-module 7,
and a regular function f = f; € CX(G(F)) as defined in [F9], p. 133 (f is
supported on the G(F)-orbits of tA(F), R =ring of integers in F', ¢t in A(F)
with |a(t)| # 1 for all @ € A, and the normalized orbital integral F'(z, f) is the
characteristic function of the G(F')-orbits of tA(R) in G(F)), the trace trm(f)
is 0 unless 7 is a constituent of some i§(nv) as above (v(ay) > 1 forall a € A),
in which case trz(f) is equal to Y.  “(nv)(t), where {“(nv);w € W(m)} is

weW (m
the set of exponents of w. If m,y derioi);es the orbit of the irreducible m under
Goa(F), the W(m) are chosen to be pairwise disjoint, and W(m,q) = |J W(n),

TEMTqd

then trmaq(f) equals >3 “(nv)(t). The set W(maq) contains Wy, precisely
TEW (mad)
when 7,4 contains the spherical constituent of i§ (nv) .
Similar observations apply for a spherical representation 7’ of G' = G(E)

(where E/F is unramified cyclic extension as in [F9]) which is ¢ -invariant (Gal(E/F) =
(). Such 7’ is the subrepresentation of an induced G(F)-module I'(y'), where
p' is an unramified character of A(F) with “p’ = p’. Since I'(y') is o -invariant,
it extends to a representation — denoted I"(y') —of G” = G(E) x Gal(E/F).
Let ¢ be a regular function on G(E) as in [F9], p. 131 (for some ¢’ in G(E)
with |a(Nt')| # 1 for all a € A, ¢ is supported on the o -conjugacy classes of
t'A(Rg) , and the normalized o -orbital integral F (¢ x o,¢ ) is the characteristic
function of this set in G(F)). A standard computation of the character of an
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induced representation implies that

tr I'(y', o) = /FaX(f(zS”' Zw

A(E) v

the sum ranges over the w in W’ = Norm (A(F)o,G(F))/A(F). Such w lies
in Wg = Norm (A(F),G(E))/A(E), and it satisfies o(w) = w, hence it lies in
W =Wpr = W]SJ[T) . Since “p’ = y' there is an unramified character p of A(F)
with p/(a) = p(Na) (a € A(E)). We write g = nv as in the non-twisted case
(n unitary unramified, v > 0, v(ay) > 1 for all @« € A), and ¢ = n'v/'.
The normalized module of U(F) -coinvariants of a G” -module 7" is denoted by
ngp; it is an A” = A(F) x (0)-module. The value of the character x(7”) at
t' x o, multiplied by the factor A(¢' x o), is equal — by the twisted analogue of [C]
recorded in [F9], Lemma 1, p. 131 — to the value of x(m;) at t' x o ; contributions
to this trace are obtained only from A" -modules whose restriction to A(F) is a
o -invariant character. Namely the o -exponents of any constituent of I'(n'v') are
among the *(n'v')(t') = “(nv)(Nt). From the discussion in the non-twisted case,
it follows that the exponents of the G,4(FE) -orbit of the spherical subrepresentation
of I'(n'v') include those parametrized by the w in Wy , but no other constituent
of I'(n'v') has these exponents. Since in the stable trace formula only orbits under
the adjoint group appear, rather than individual representations, Lemma 6.5 now
follows from Lemma 6.4 of [F9].
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Correction to [F7; I, §7]. We have used the regular-Iwahori functions in many
contexts, but the Theorem of [F9] was used only in [F7; IV]. We use this opportunity
to make the following corrections to [F7; I, §7].

p. 159, £. 4, add: For every M < G, put avy = ¥, w, where the sum ranges over
a set of representatives w in Wg for the w in Wg/Wy with w(M) = wMw?
equals M. Put 7gym = avayr orgm . Then 785, = r&yr o avy, . Note that
wo iy g = (Imgow)* is equal to i3, for any w in Wg with wM =M .

p. 160, £. 4, before ”This”, insert: Hence FngM =0 for M = L, and so for all
M .

page | line replace by
157 —11,-9 BZ BZ'
-1t ; -
159 1 Ram rGM
14 N M
21 LcG LcM
—3 iMy M avM O UM, M

6,11,15,16,20, 21, 23(x3), 24,28(x2) | 15 (or ranr) | Fias(or Faur)

160 2,7,8,9(%x2),17(x2) ditto ditto
2 sp avpr © Sp
2 where the where
4(x2) i avy o f*

12 iN, N aUN ©iN, N
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