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0. Introduction

Let E/F be a quadratic extension of non-archimedean local fields of character-
istic 0, put G’ = GL(3, F), and denote by G the unitary group in three variables
over F which splits over E. We realize G as the group of g in G’ with 6(¢) =g,
where o(g) = J'¢~'J, and

Similarly, we realize the unitary group H in two variables over E/F as a subgroup
of H' = GL(2, E), where J is replaced by

i
w =

1 0
in the definition of 0.

Our aim here is to give a complete description of the (equivalence classes of)
irreducible admissible G-modules 7, in terms of the (equivalence classes of) o-
invariant g-stable admissible irreducible G’-modules I1. This is done by means of
character relations with respect to the base-change lift b from G to ¢’, and the
endo-lift e from H to G, defined in [U]. Namely we now complete the second step,
local lifting, of the program initiated in [U], where the global quasi-lifting is dealt
with. Consequently, the third step, global lifting, of [U], can be carried out for
most automorphic representations. This is done in chapter II below.

We use the notations and definitions of [U]. Thus ¢, f, 'f denote matching
(U], Lemmas 2.7 and 3.3) complex-valued locally-constant functions on G’, G,
H. 'fis compactly supported; ¢, f transform under the center Z’, Z of G’, G by
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matching characters @’ ™', w ~! (w’(z) = w(z/2)), and are compactly- supported
modulo the center. Thus the stable orbital integrals of f match the twisted stable
orbital integrals of ¢, and the unstable orbital integrals of f match the stable
orbital integrals of 'f. We denote by y, the character [H] of x. It is a locally-
integrable function on G with tr n(fdg) = [ x.(2)f(g)dg (g in G) for all measures
Jfdg; it is locally constant on the regular set.

Definition. A G-module Il is called g-invariant if °I1 =~ I, where °Il(g) =
(o (g)).

The twisted character yp; of such I1 is a locally-integrable function on G’, which
satisfies

tr Ti(gdg X o) = f w@He)dg  (gin G

for all ¢dg. xn depends on the o-conjugacy classes; it is locally constant on the
o-regular set.

Definition. A c-invariant I1 is called o-stable if its character depends only
on the stable o-conjugacy classes in G’, namely tr I1(¢ X o) depends only on f.

Our purpose in this paper is to refine the following base-change result, which is
our initial assumption here. It is proven in [U”]. All of our modules are
admissibie and irreducible.

Local Base-Change. For every a-stable tempered G’-module I1 there exist
non-negative integers m’(n) which are non-zero for finitely many tempered
G-modules n, so that for all matching ¢, f we have

(») trIl(¢ X 6) =Y m’(z)r n(f).

In fact, this relation defines a partition of the set of (equivalence classes of)
tempered irreducible G-modules into disjoint finite sets.

Definition. (1) This finite set of 7 which appear in the sum on the right of
() is called a packet, and denoted by {n}, or {#(II)}. It consists of tempered
G-modules.

(2) Il s called the base-change lift of (each element 7 in) the packet {(IT)}.

To refine the identity («) we prove here that the multiplicities m’(z) are equal
to 1 (using [GP]), and count the z which appear in the sum. The result depends on
the o-stable II. It is clear from the work of [U], §4, that:

The o-stable Il are: the o-invariant I1 which are square-integrable, one
dimensional, or induced I(t ® k) from a maximal parabolic subgroup, where on
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the 2 X 2 factor the H’-module 1 ® k is the tensor product of an H’-module 1
obtained by the stable base change map of [U(2)] (b” in [U’], §1.3), and the fixed
character x of Ce/NCg from [U), which is non-trivial on Cg.

In the local case C; = E* and N is the norm from E to F. Namely 7 ® k is
obtained by the unstable map of [U(2)] (b’ in [U’], §1.3), from a packet {p} of H-
modules (defined in [U(2)]). From now on the IT are assumed to be g-stable. Our
main local results are as follows:

Local Results. (1) If1lis square-integrable, the packet {n(I1)} consists of a
single square-integrable G-module n. IfT1is of the form I(t ® k), and t is the stable
base-change lift of a square-integrable H-packet {p}, then the cardinality of
{m(I1)} is twice that of {p}.

Remark. In the last case we denote {z(II)} also by {n(p)}, and say that {n}
endo-lifts to {n(p)} = {(n(I(p ® K))}.

Let {p} be a square-integrable H-packet. It consists of one or two elements.

Local Results. (2) If {p} consists of a single element then {n} consists of
two elements, =+ and n~, and we have the character relation

rp(f)=tra*(f) —trz=(f)

for all matching'f, f. If (p} consists of two elements, then there are four members
in {n(p)}, and three distinct square-integrable H-packets {p;} (i = 1, 2, 3), with
{n(p:))} = {n(p)}. With this order, the four members of {n;} can be indexed so that
we have the relations

tr{p; }(f) = tr ;(f) + tr ;1 (f) — tr 7 f) — tr m(f)

for all matching f, 'f. Here i’, i” are so that {i + 1,i’,i"} = {2, 3,4}. A single
element in the packet has a Whittaker vector. It is n* if [{p}]=1, and =, if
[{p}1=2.

Remark. The proofthat a packet contains no more than one non-degenerate
member is only sketched, in the case of odd residual characteristic, as it depends
on a twisted analogue of [Ro], which is not yet available in print.

In the case of the special H-module s(8) and its one-dimensional complement
1(8), we denote their stable base-change lifts by s/(8’) and 1(8). B is a character of
C} = E' (norm-one subgroup in E*), and #’(a) = B(a/a) is a character of C;.

Local Results. (3) The packet {n(s(B))} consists of a supercuspidal n~ =
ng , and the square-integrable subquotient n* = ng, of the induced G-module
I =I(B"1v'?). I is reducible ([U’], §3.2), of length two, and its non-tempered
subquotient is denoted by n™ = ng* . The character relations are
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tr(sBYS) =tr a*(f) — tr a~(f),

tr(1BNCS) = tr n*(f) + tr = (f),
trIs'(B)® Kk, ¢ X a)y=tra* () +tr = (f),
tr I(1'(B) ® ;¢ X a)=tra*(f) —trx ().

As the base-change character relations for induced modules are easy
([U], Lemma 1.4), we obtained the character relations for all (not necessarily
tempered) a-stable G’-modules.

It will be useful to record here in a diagram our standard notations.

G = U(3)—> G'=GL(3,E)
Liftings "[ 'J ¢
H=UQ2)- H' =GLQ,E) ~—H

The notations are explained in [U’], §1.3. The diagram is commutative since we
put here the unstable base change map 4’ on the left, and the stable base change
map b” on the right.

S
Functions l \
f ‘¢
1——T Ix®k) I{)
Packets I L ],- »
p T®«k T—— P

In addition to an identity of trace formulae ([U’], Proposition 4.4), we use the
recent fundamental study by Kazhdan [K] which yields in particular the orthogo-
nality relations for characters conjectured in [U(3)]. Hence the present work is a
modified reproduction of most of chapter 7 of [U(3)]. Other parts of chapter 7, as
well as chapter 8, of [U(3)], appear in [U”]. The transfer of orbital integrals used
below is stated in [U], Lemma 3.3, for the case ¢ — fof base-change (for spherical
functions the proofis given in [Sph]). For the case f —’fof endo-lifting, it is stated
in [U], Lemma 2.7. Here, when E/F is unramified, the case of the unit element of
the Hecke algebra is due to Rogawski (thesis, unpublished), the extension to other
spherical functions is as in [Sph], and homogeneity of germs ([H]) implies the
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transfer f—'f for general functions. When E/F is ramified, the transfer f—'f
has been proven by Langlands and/or Shelstad (in preparation). We envisage
another proof, based on the ideas of [Sym; V], but have not carried it out as yet.
To obtain the above local results for an unramified £/F, no knowledge of any
ramified place is needed.

These precise local results can be used together with the identity of trace
formulae to obtain complete results about the global liftings. In this paper we
prove these global results only for automorphic representations with two elliptic
components. As we explain below, the global results can also be proven by means
of simple methods for a/l automorphic representations, but this we delay to
another paper (see [TF]). For the global results of the present work we need the
identity [U’], Proposition 4.4, of trace formulae, only for matching test functions
o, f, ’f with two local components whose orbital integrals vanish on the regular
split set (these components will be called discrete or elliptic below). For such
global functions, all weighted orbital integrals and integrals involving logarithmic
derivatives of intertwining operators in the trace formulae of the rank one groups
G’, G, H, are zero; (G’ = GL(3, E) has twisted rank one, and its twisted trace
formula is similar to that of a group of rank one (such as G and H)). Using regular
functions it is shown in [Sym; III (3.7.2)] and [Sym; IV (1.6.3)] that the required
equality of trace formulae of G/, G, H holds for matching ¢, f, /f with a single
discrete component (it is clear that the computations of [Sym] in the context of
the symmetric square hold also in the present easier situation). Consequently,
our global results hold also for automorphic representations with one elliptic
component.

It is important to note that working with a global function ¢ = ® ¢, which has
at least one discrete component ¢, at a place which stays prime in E, we may
choose the unstable transfer ‘g, of ¢, to be zero (namely we require the (twisted)
orbital integrals of ¢, to be stable). In this case the function ‘¢ on H is zero, and we
do not need to establish the unstable base-change transfer ¢, — ‘¢, from G, to H,
for any place v. This unstable transfer (stated in [U] as Lemma 3.4) can be proven
using combinatorics on the Bruhat-Tits building of PGL(3). A more abstract
proof of this unstable transfer can be given along the lines of [Sym; V], where the
analogous unstable transfer is proven in the context of the symmetric-square
lifting. But we have not yet carried out his “more abstract” proof. Here the crucial
case is that of the transfer of the unit element ¢? in the Hecke algebra of G, to the
unit element ‘¢ in the Hecke algebra of H,. Assuming this transfer (¢? —'¢%) we
prove in [TF] the equality of the trace formulae for G’ (twisted), G and H, for
arbitrary matching test functions (g, ¢, f,’f). The argument in [TF] is simple,
and relies on properties of pseudo-spherical functions (introduced in [TF]).
Consequently, our global lifting results are valid for all automorphic represen-
tations with no restriction at any place.
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Another proof for the identity of the trace formulae of G*, G, H for arbitrary
matching ('@, ¢, f,’f) is given in [Sym; VI] (in the context of the more difficult
comparison of the symmetric square), and in [BC] in the context of the easier
comparison of base change for GL(2). It relies on properties of regular functions.
The proofs of [TF] and [Sym; VI] are simple. An optimal choice of a component
of the test functions annihilates a priori the complicated terms (weighted and
singular orbital integrals) in the trace formulae. These “simple” proofs can be
carried out aiso in the context of cuspidal G-modules with a supercuspidal
component, where G is any reductive group (see [FK]). They are analogous to
Deligne’s conjecture on the fixed point formula in étale cohomology of correspon-
dences on a separated scheme of finite type over a finite field (see [FK']). In [U(3)]
we proposed yet another technique, based on computing all terms in the trace
formulae and “correcting” the weighted orbital integrals as in [U(2)] and [GL(3)].
However these computations seemed (and still do seem) to me to be too long and
complicated to be worth formalizing. The (two different) proofs of [TF] and
[Sym; VI] seem to me to be satisfactorily short and abstract.

Having made these comments, we shall now state our global results, in the
context of automorphic forms with “two elliptic components” (these results are
based on a straightforward comparison of trace formulae, and do not use the
unstable transfer ¢, —’¢,). Fix two places u, u’ of F, such that u is non-
archimedean and stays prime in E. Fix G, and G,~-modules n0 and n°. which are
one-dimensional, Steinberg or not contained in any modules induced from the
Borel subgroup. Let IT? (and I19) be the G.-(and G.-)modules which are the
base-change lifts of the packets {#{} (and {n}), and {p?} (and {p2}) the H, (and
H,) packets which endo-lift to {2} (and {z{.}); note that these p’s do not always
exist (p? does not exist if u splits in E/F and = is elliptic, and if E, is a field and n0
is one-dimensional or Steinberg). Denote by A(xn?, #2) the family (set with
multiplicities) of discrete-series automorphic G-modules # = ® n, whose compo-
nents at ¥ and u’ are n and #¥. Similarly, we introduce A(ITS, I1%) and
AP}, {p2}). Our global results concern only members of these three families.
To start with, we have:

Multiplicity One Theorem. Each discrete-series automorphic G-module
in A(n?, i) occurs in the discrete-spectrum of LG, w) with multiplicity one.

In particular, A(x?, z0) consists of inequivalent representations.

Our main global results consist of a definition and description of the packets of
discrete-series G-modules. To introduce the definition, recall that we defined
above G,-packets of tempered G,-modules at each v (if v splits then
G, = GL(3, F,) and 'a packet consists of a single irreducible). If x, is a non-
tempered irreducible G,-module then its packet {n,} consists of z, alone. For
example, the packet of 7,* consists only of #,X. Also we make the following
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Definition. The quasi-packet n(f,) of the non-tempered subquotient z,< =
n¢ of I(Bxyv,?), where B, is a character of Cf, =E), consists of 7, and
ﬂv— = nﬁ: .

This local definition is made for global purposes. Thus a packet consists of
tempered G,-modules, or of a single non-tempered element. A quasi-packet
consists of a non-tempered n,* and a supercuspidal #,” . The packet of ,” consists
of n; and n,", where n,' is the square-integrable constituent of 7(8x,v}?).

Definition. (1) Given a local packet P, for all v such that P, contains an
unramified member z? for almost all v, we define the global packet P to be the set
of products ® =, over all v, where =, lies in P, for all v, and n, = #? for almost
all v.

(2) Given a character u of CL = AL/E', the quasi-packet z(u) is defined as in
the case of packets, where P, is replaced by the quasi-packet n(u,) for all v.

(3) The H(A)-module p = ® p, endo-lift to the G(A)-module = = ® 7, if p,
endo-lifts to =z, (i.e. {p,} endo-lifts to {n,}) for all v. Similarly, 7 =®n,
base-change lifts to the G’(A)}-module II1 = ®II, if =, base-change lifts to II,
for all v.

A complete description of the packets is as follows.

Global Lifting. The base change lifting is a one-to-one correspondence from
the set of packets and quasi-packets which contain an automorphic G-module, to
the set of o-invariant automorphic G’-modules 11 whose components are a-stable
(these are described by the sums ®,, ®,, ®; in §1.1 below).

As usual, we write n(p) for a packet whiclrbase-changes to Il = I(t ® k), where
7 is the stable base-change lift of the H-packet p. We conclude:

Description of packets. Each discrete-series G-module n lies in one of the
Jollowing.

(1) A packet n(Il) associated with a discrete series o-invariant G’-module I1.

(2) A packet n(p) associated with a discrete series automorphic H-module p
which is not of the form p(6, w/6%).

(3) A quasi-packet n(u) associated with an automorphic one-dimensional H-
module p = u(det).

Multiplicities. (1) The multiplicity of a G(A)-module n = ® n, from a
packet n(IT) of type (1) in the discrete-spectrum of G is one. Namely each element
of n(I1) is automorphic, in the discrete-series.

(2) The multiplicity of m from a packet n(p) or a quasi-packet n(u) in the
discrete-spectrum of G is equal to one or zero; this multiplicity is not constant over
n(p) and n(u). It is given by
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mu, )= (1 + I;I &,(u,, nv)) /2

with e,(u,, n,)=1ifn, =n} and e, (u,, n,)= — Vifn, =z, ifnliesin n(u). If n
lies in n(p), and there is a single p which endo-lifis to n, then the multiplicity is

m(p, 7:)=(l +Iv'[ &(p,, nv)> /2,

where ,(p,, m,) = 1 ifm, lies in n(p,)*, and &,(p,, m,) = — 1 if @, lies in nlp,) . Ifn
lies in n(p,) = n(p,) = m(p;) where p,, p,, p; are distinct H-packets, then the
multiplicity of mis (1 + 2}, <&, n > )/4, where the signs {¢;, n) =11, (g, m,) are
defined in 11.1.2.

In particular we have the following

Rigidity Theorem. Ifn and n’ are discrete series G-modules whose compo-
nents n, and n, are equivalent for almost all v, then they lie in the same packet, or
quasi-packet.

Corollary. (1) Suppose that n is a discrete-series G-module which has a
component of the form n} . Then = lies in a quasi-packet n(u). In particular its
components are of the form m)} for almost all v, and of the form n, for the
remaining finite set of even cardinality of places of F which stay prime in E.

(2) If mis a discrete series G-module with an elliptic component at a place of F
which splits in E, or a one-dimensional or Steinberg component at a place of F
which stays prime in E, then = lies in a packet n(I1), where Il is a discrete-series
G’-module.

The discrete series G-modules with an elliptic component at a place v of F
which splits in £ can easily be transferred to discrete-series ’G-modules, where ’G
is the inner form of G which is ramified at v.

Our local results hold for every local non-archimedean field, of any characteris-
tic, since by the Theorem of [K’] our results can be transferred from the case of
characteristic zero to the case of positive characteristic. Consequently (once the
twisted trace formula for G and ¢ is made available in the function field case) our
global results hold for every global field, in particular function fields, not only
number fields.

Finally, we note that in this paper we concentrate on the description of G-
packets in the p-adic case, and we work with a global extension E/F which splits
at each archimedean place. The analogous results in the real case are well-known.
They are described in the Appendix to this paper. The main difference is that in
the p-adic case G = U(3) does not have inner forms non-isomorphic to itself,
while in the real cas¢ the quasi-split U(2, 1) has a compact inner form U(3).
Consequently, a discrete-series U(2, 1)-packet in the real case consists of three G-
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modules, while in the p-adic case the G-packet consists of one, two or four
elements. Of course in the real case there are no supercuspidal G-modules. In
particular, in the Appendix we use our global results to determine those automor-
phic G-modules which make a non-zero contribution to the cohomology outside
the middle dimension. These are the automorphic elements in the quasi-packets

n(u).

I. Local Lifting

§1.1. Trace formulae

Our aim here is to study the local liftings. Thus we fix a quadratic extension of
local non-archimedean fields. We start with the identity of trace formulae of [U’],
Proposition 4.4, We denote by £/F a quadratic extension of number fields such
that F has no real places and at the place w of F we obtain that E,/F, is our
quadratic extension. Denote by V a finite set of places of F including the
archimedean and those which ramify in E. The products below range over V; at
each v in V we choose matching functions ¢,, f;, ’f;, as in [U], Lemmas 2.7, 3.3.
We fix an unramified G,-module z at each v outside . The sums below range
over the automorphic G’, G or H-modules with component matching z¢ at all v
outside V. Proposition 4.4. of [U’] asserts the following

Proposition. The identity of trace formulae takes the form
O +10,+i0;=F —{F,—}F,+}F,

By the rigidity theorem for G’ at most one of the terms ®, is non-zero, and
consists of a single contribution, where

¢l = Z H tr nv(¢v X G),

n

the sum being over the o-invariant discrete-series (automorphic) G’-modules IT;
these are the (o-invariant) cuspidal or one-dimensional G’-modules;

(I)2=2 H trI(Tv ®Kv; ¢v XU),

the sum being over the g-invariant discrete-series (i.e. cuspidal or one-dimensio-
nal) H’-modules T which are obtained by the stable base-change map ” in [U];

(DB = Z H tl’I((ﬂ, ﬂ/a /‘l”); ¢v X 0)7

where the sum is over the distinct unordered triples u, 4, u” of characters of
Cy/Cp.
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On the right,
Fi=3Y m@) I trn,(f);

the sum is over the equivalence classes of discrete-series (automorphic) G-
modules 7; they occur with finite multiplicities m ().

FZ = 2 H tr{pv }(,ﬂ)a
p#p(6,0)
the sum ranges over the (automorphic) discrete-series packets p of H which are
not of the form p(8,’6) (see [U(2)]). These packets p are cuspidal or one-
dimensional (see [U(2))).

FS = 2 H tr{pv}(’f\‘r)’
p=p(8,6)
where the sum ranges over the packets p = p(8, '8), where 8, '6 and w/6-’0 are
distinct.

Fo=% II tr R@) @, £)— X 11 tr{p,}CA);

the first sum is over the characters u of C;/Crwith u* # w’. The second is over the
packets p = p(0, w/6%), where 6° # w.

§1.2. Coinvariants

Some of our proofs below are inductive on the rank, and depend on reduction
to the elliptic set of a smaller Levi subgroup.

In our rank one case there is only one induction step, and here we set up the
required notations. Let E/F be a quadratic extension of local fields.

Denote by A the diagonal subgroup, by N the unipotent upper-triangular
subgroup of G, and by K the maximal compact subgroup G(R) of G, so that
G = ANK;; R is the ring of integers in F. We use the analogous notations ‘4, ’N, 'K
in the case of H, and A/, N’, K’ in the case of G’, the even drop the primes if nc
confusion is likely to occur. Put

fil@)=8(a)" f [ s ranydndk (@ = (@, .67, 101 <),

K N

where d(a, B, @ ~') = |a|*is the modulus function on G. If (z, V) is a G-module,
then the quotient ¥ of ¥ by the span of the vectors z(n)v — v(nin N, vin v)isan
A-module 7y, whose tensor product with "2 is the normalized A-module
(ny, Vy) of N-coinvariants of n. The theorem of Deligne-Casselman [C] asserts
that at a =(a, #, & ") with |a| <1, we have x.(a) = x.[(a), hence Ax.(a)=
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Xn(@), where A(@) = |(a— B)B — &~ Y)| (= || tif |a] < 1). Consequently, if f
is supported on the conjugacy classes of the @ with |a| < 1, we conclude from the
Weyl integration formula that

tr n(f) = tr ny(fy)-

Similar definitions can be introduced in the cases of H and G’-modules.

Definition. A G-module 7 is called supercuspidal if my is {0}. In our case 7y
can have up to two central exponents (characters of 4). z is called tempered if they
are bounded, and square-integrable if it is strictly less than 1 on the a with
|a| < 1. In particular, a square-integrable z has at most one central exponent
in 7.

We shall use these results to study the following identity. Suppose that {p}isa
square-integrable H-module, and m(p, ), ¢ and ¢’ are complex numbers,
where 7 are (equivalence classes of ) unitarizable -modules, and the sum
Z, m(p, mitr n(f) is absolutely convergent. Moreover, suppose that this sum
ranges over a countable set S which has the following property. For every open
compact subgroup K, of G there is a finite set S(K) such that tr z(f) = 0 for every
nin S — S(K)) and every K;-biinvariant f. Suppose that for all matching (¢, f, /)
we have

(1.2.1) ctrl(t®K; ¢ X a)+c' tr{p}(f) =3 mp, m)tr n(f),

where 7 is the stable base-change lift of {p}. In this case we have

Proposition. (i) The set S consists of (1) square-integrable but not Steinberg
G-modules, and (2) proper submodules of G-modules induced from a unitary
character of A.

(ii) If {p} is supercuspidal then the n of (1) are supercuspidal.

(iii) If {p} is Steinberg then precisely one n of (1) is not supercuspidal; it is a
subguotient of an induced G-module I(uxv'?).

(iv) If the m(p, ) are all non-negative then the n are all square integrable.

Remark. (a) Then m mentioned in (2) above are not square-integrable, since
their central exponents do not decay. They exist, and are described in [U], (1) of
§3.2, but we need not use this fact. (b) In (iii), v(x) = (x| and u is a (unitary)
character of £ trivial on F*. Our proof implies that if the identity (1.2.1) exists,
then f(6xv'"?) is reducible. In this way, we recover a result of Keys, recorded in
[U], (3) of §3.2. In [U], §3.2, we give a complete list of reducible induced G-
modules. There we quote the work of Keys. Our work here gives an alternative
proof that the list describes all reducible induced G-modules.
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Proof. Let fbe acharacter of E*. For every n = 1 let f, be a function which
is supported on the conjugacy classes of (a,8,a&”!) with |a| =¢", with
F@a,f)=Ba+p@Y)ifa=(a1,& ) with |a| =g ~" If {p} is supercuspi-
dal then {py} is zero and so is I(t ® k)y. If p is Steinberg then I(t ® k), has a
single o-invariant exponent, which satisfies tr{/(7 ® x)y](¢y X 6) = tr{p }x('fv)
for any triple (@, f,’f) of matching functions, where fis in the span of the f,,
n = 1. In particular, (1.2.1) takes the form

(1.2.2) (¢’ +r{p}nCf) =L mp, mitr an(fy)

for f as above. It is clear that there exists a compact open subgroup K, of G,
depending only on the restriction of # to the group R of units in £ *, such that f
can be chosen to be K;-biinvariant. Hence the sum in (1.2.2) is finite. Applying
linear independence of finitely many characters of the form n — z", the proposi-
tion follows once we make the following observation. If # and =’ are irreducible
inequivalent G-modules which have equal central exponent, then they are the
(only) constituents of a reducible G-module /(#) induced from a character #
of A with n(a) = n(JaJ~!'); namely the composition series of I(1)y consists of
two equal characters, necessarily unitary. Then trzy(fy)=1tr t4(fy), and
m(p, m)tr Ay(fy) + m(p, a'Mr ni(fy) is zero if m(p, ) + m(p, n’) is zero. If
m(p, ) and m(p, n’) are both non-negative their central exponents cannot cancel
each other, and (iv) follows.

Remark. We have m(p, n) =c + ¢’ for the n of (iii).

§1.3. Local identity

As in (1.2), let E/F be a quadratic extension of local non-archimedean fields.
Let {p} be a square-integrable H-packet, and 7 its stable base chane lift. In this
section our aim is to prove the following

Proposition. For every square-integrable G-module n there exists a non-
negative integer m(p, 1) such that for every triple (¢, f,’f) of matching functions
we have the identity

(1.3.1) tr{p}Cf)+ul(t®k; ¢ Xa)=23 m(p, n)tr a(f).

Proof. We use the identity of Proposition 1.1. Thus we fix a quadratic
extension of global fields where F has no real places, such that for some place w of
F the completion E,/F, is the local quadratic extension of the proposition.
Denote by Z(E) the center of GL(2, E). Let H, be the group of g in GL(2, F) with
determinant in Ng,rE*. Using the relation Z(E)H, = Z(E)H, and the Deligne-
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Kazhdan simple trace formula for H,, it is easy to prove the existence of a
cuspidal H-packet {p} whose component at w is the H,-packet {p} of the
proposition, which has the following properties. At some place w’ = w of F which
is unramified (in particular non-split) in E/F the component p,, is the Steinberg
H,~module. At each place v of F which ramifies in E the component {p,} is
properly induced. At each v # w, w’ which is unramified in E/F the component
{p,} is unramified. At some v which splits in E/F the component is supercuspidal.

The packet {p} lifts to a g-invariant cuspidal H’-module 7 via the stable base
change map of [U(2)], and to 7 ® x via the unstable map. There are contributions
only in ®,, F, and possibly F, of Proposition 1.1, as we now choose the n° there so
that the packet {p} is the only term in F,. A priori the identity ®, + F, = 2F, holds
where V'is a “sufficiently large” set containing w and w’. However, foreach v # w,
w’ we may choose 7{ to be defined by the component {p,} of {p} in the natural
way, since the endo;lifting e: H,— G, is already defined for split places v, for
unramified v if {p} is unramified, and for properly induced H,-modules (at the
finitely many v which ramify in E/F). Then we can apply a standard argument of
“generalized linear independence of characters in an absolutely convergent sum
of unitary characters” at each v # w, w’ in V, to conclude that ®, + F, = 2F,
where V¥ consists of {w, w’} only (and = are fixed for all v # w, w”).

To write the identity ®, + F, = 2F, with ¥ = {w, w’} in a convenient form,
any object (such as a function or representation) x, with a subscript w will be
written simply as x (without a subscript), while an object with subscript w’, such
as x,., will be written as X. Then we have

trl(t ®k; ¢ X 0)-tr I(t ® x; ¢ X ) + tr{’YF)-te{p )} f)

@ =2 Y m(x, n)-tr #(f)-tr n(f).
The sum ranges over a set of equivalence classes of unitary G-modules 7 and
G-modules 7. The multiplicities m (%, #) are non-negative integers.

The identity (i) holds for any pairs (@, f, ’f) and (¢, £, ’f) of matching triples,
such that the unstable orbital integrals of either ¢ or ¢ (or both) are zero, so that
we need not use the twisted unstable transfer ¢ —~ ¢ from G’ to H of [U], Lemma
3.4. Had we used this transfer we would construct {p} such that {p,} is
unramified, and use “linear independence” of characters also at w’ to derive the
identity (1.3.1) as the case V' = {w} of the identity ®, + F, = 2F,. As the m(p, n)
would be non-negative multiplicities, the m in (1.3.1) are square-integrable by
Proposition 1.2, (iv).

To derive (1.3.1) from the identity (i), we use Kazhdan’s result [K] concerning
the existence of pseudo-coefficients. Namely, let n’ be a tempered elliptic G-
module. If 7/ is not supercuspidal then it is a constituent of a reducible properly
induced G-module I of length two, and we denote the other constituent by z”.
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This n” is non-tempered if n’ is square-integrable. Then [K] proves that there
exists a function f” whose orbital integrals vanish on the regular split set, such
that trz’'(f) =1, trz”(f)= —1 (if n” exists), and tr z(f’) = 0 for any other
irreducible equivalence class of G-modules. This f” is called a pseudo-coefficient
of n’. Since it is a discrete function (its orbital integrals vanish on the regular split
set), there exists ¢’ matching f* whose unstable twisted orbital integrals are zero.
We prove the following

Lemma. Denote by S the set of pairs (#t, n) which appear in the sum on the
right of (i) such that both % and n are square-integrable. Then for any pair (f, f)
such that at least one of f or f is discrete, the right side of (i) is equal to
= m(x, otr #(Fitr n(f), where the sum T’ ranges over S.

Proof. We first note that if neither # nor = is elliptic, then tr #()tr n(f)
vanishes if one of f and f'is discrete. Now if #” is non-square-integrable with
m(i, n”) # 0 for some 7, then we have the following possibilities:

(1) Both n” and 7 are not elliptic.

(2) m” is not elliptic and # is supercuspidal. Evaluating (i) with f being a
pseudo-coefficient of # we derive a contradiction from (iv) of Proposition 1.2.

(3) m” is not elliptic and 7 is one of the two constituents #’ and #” of a
reducible induced G-module. At least one of the two, say 7’, is tempered.
Evaluate (i) at a pseudo-coefficient of %', to deduce from Proposition 1.2 that
m(@’', n”y=m(", n”); we are reduced to the situation of (1) on writing 7 for the
sum of 7/ and #”.

(4) m” is elliptic, and n’ is the tempered G-module such that {n’, n”} are the
constituents of a reducible induced G-module. If 7 is supercuspidal, we are done
as in (2). If 7 is not elliptic, we are done as in (3). Then we assume that 7 is one of
the two constituents, 7’ (tempered) and #”, of a reducible induced G-module. Put
a=m@,n),b=m@,n"),c=m@E”, n’),d=m(E”, n”). We claim that a =
b =c =d. If we prove this, we are reduced to the case of (1), and the lemma
follows. To prove the claim, we evaluate (i) at f= f’, where f’ is a pseudo-
coefficient of n’. Proposition 1.2 and the following remark imply that (a)c = d,
and (B) either a = b or |a — b| = 1. Next, we evaluate (i) at f = f*, where f* is a
pseudo-coefficient of #’, and deduce from Proposition 1.2 thata +b =c +d =
2¢.If |a — b| = 1 then a + bis both odd and even, a contradiction. If a = b then
a = ¢, and the lemma follows.

By virtue of the Lemma we may assume that 7 and 7 in (i) are square integrable.
Let 7’ be the square integrable constituent in the composition series of the
reducible induced G-module f(xv'?). It is the square-integrable G-module
assigned to p by Proposition 1.2, (iii). Evaluating (i) at f= f”, where f* is a
pseudo-coefficient of #’, we obtain
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(i) ctrit®K; 0 X o)+’ tr{p}(’f) =23 m(#’, n)tr n(f)

for all matching (@, f,’f). Here ¢, ¢’ are complex numbers. If f is a discrete
function then using the argument of Proposition 1.2, we obtain

(ii1) trl(t ®k; ¢ X o)+ tr{p}(f)=2Y m(#', a)tr n(f).

The sums on the right of (ii), (iii) range over the same sets. Since tr{p }("f)
depends only on the unstable orbital integrals of the discrete f, and
tr I{t ® k; ¢ X o) on the stable integrals only, it follows that c = 1 and ¢’ = 1. But
then (ii) is (1.3.1), and the proposition follows.

Remark. We are permitted to use Proposition 1.2 in the proof of the above
proposition since the sums @, F; consist of automorphic forms, and a well-known
result of Harish-Chandra asserts that there exists only finitely many automorphic
G-modules with a given infinitesimal character and a non-zero vector fixed by the
action of a given compact open subgroup of G(A,). Here A, denotes the ring of
adeles with no archimedean components.

Our next aim will be to show that the sum of (1.3.1) is finite. We repeat the
base-change result (%) of the introduction as follows:

(1.3.2) trl(z ®k; 9 Xa)=2 m'(p, air n(f).

The sum is finite, the n are square-integrable, the m‘(p, #) are non-negative
integers. Putting (1.3.1) and (1.3.2) together we obtain

(1.3.3) tr{p}(f) =3 m”(p, n)tr n(f),

where m”(p, ) = 2m(p, ®) — m’(p, n) is an integer, which need not be positive.
Note that the right side of (1.3.3) is independent of the orbital integrals of fon the
cubic tori of G.

§2.1. Conjugacy

In this section we recall results of [U], §1, to be used below to prove that the
sum of (1.3.3) (hence of (1.3.1)) is finite. Two regular elements g, g’ of G, and two
tori T, T” of G, are called stably conjugate if they are conjugate in G(F) where Fis
an algebraic closure of F. Let A(T/F) be the set of x in G(F) such that
T’ =*T = xTx "' is defined over F. Then the set B(T/F) = G\ A(T/F)/T para-
metrizes the morphisms of T into G over F, up to inner automorphisms by
elements of G. If T is the centralizer of g in ¢ then B(T/F) parametrizes the set of
conjugacy classes within the stable conjugacy class of g in G. The map
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x> {T x, =x"'t(x); 7 in Gal(F/F)}
defines a bijection
B(T/F)=ker[H\(F, T)— H'(F, G)).
Since F is non-archimedean, H'(F, G,.) = {0} and
kerf{fH'(F, TY—H\(F, G)] = Im{H'(F, T,,)—~ H'(F, G)]
is a group. By the Tate-Nakayama theory this group is isomorpiu'c to
C(T/F) =Im[H ™ (X (7)) =~ H (X (T))).

We denote by W(T) the Weyl group of 7in G, and by W’(T) the Weyl group of T
in A(T/F). We write ¢ for the non-trivial element in Gal(E/F). There are four
types of tori in G, denoted (0), (1), (2), (3), which we now describe.

A torus of type (0) is one which is stably conjugate to the diagonal subgroup 4
of G. The stable conjugacy class of a regular element in such a torus consists of a
single conjugacy class, and [W(A)]=[W’(4)]=2. Here A is isomorphic to
E*X X E'. We shall also denote below 4 by S.

A torus T of type (3) is associated with a cubic extension X of E and an
automorphism o’ of order two of K whose restriction to £ is ¢. Then T is
isomorphic to the kernel of the norm map x — xo’x on K. It is easy to check that
the galois closure of K over E is galois over F. If K/E is not galois or if
Gal(K/F) = Z/6 then W’(T) is trivial. If Gal(K/F) = S; then W/(T) = Z/3. The
stable conjugacy class of any regular element in a torus of type (3) consists of a
single conjugacy class.

A torus T of type (2) is associated with a quadratic extension K of E which is
biquadratic over F, and an element ¢’ of Gal(X/F) whose restriction to E is .
Then T is isomorphic to K' X E!, where K! is the kernel of the norm map
X — xo’xon K*. Here W/(T') = Z/2. Moreover, the stable conjugacy class of any
element of G whose centralizer is a torus of type (2) consists of two conjugacy
classes in G. We may and we do choose a representative S for this stable
conjugacy class in the subgroup H = {(ay); a; =0if i +jis odd} of G. We also
choose a torus .S’ which is stably conjugate but not conjugate to S. It does not
lie in H.

A torus T of type (1) is compact and splits over E. It is isomorphic to
E'X E'X E'. The group C(T/F) is isomorphic to Z/2 X Z/2, hence there are
four conjugacy classes within the stable conjugacy class of a regular element of G
whose centralizer is a torus of type (1). It is clear that W/(T) = §;, and that this
group acts transitively on the set of non-trivial characters of the group C(T/F).
Moreover, there are four conjugacy classes, say S, §’, 'S, ’S’, in the stable
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conjugacy class of tori of type (1), and one of these classes, say S, is distinguished,
m the following sense.

All unitary groups G(J) = (g in GL(3, E); gJ'¢ = J}, where J is any form
(matrix in GL(3, F)), are isomorphic over F. We normally work with J = J since
then the proper parabolic subgroup of G = G(J) is the upper triangular subgroup.
Suppose now that J = diag(l, 1, j), where j lies in F*, and put G(j) for G(J).
Denote the diagonal subgroup of G(j) by T(j) It is clear that (a) if j lies in NE*
the W(T'()) = Sy; (b) If jlies in F — NE then W(T'(j)) contains the transposition
represented by

010
1 0 0,
0 01

and W(T(j)) = Z/2. Since W'(T) = S, there is a torus S'in G with W(S) = S, and
three non-conjugate tori S, S, ‘S’ in G with F-Weyl group isomorphic to Z/2. We
may and we do choose representatives .S and S’ in the subgroup H of G which,
modulo Z, is isomorphic to H over F. We also write below Sy, for the intersection
of S with H.

To recall the definition of transfer of orbital integrals of functions fon G to
functions ’fon H = H/Z, we embed H in H C G by

a 0 b
a b
[ :l»—; 010
¢ d
¢c 0 d

A regular stable conjugacy class in H with eigenvalues «, f determines a
semi-simple stable conjugacy class with eigenvalues e, 1, #in G/Z. This map is
neither injective nor surjective, as we now show on listing to tori in H.

There are three types of tori in H. A torus 7, of H is of type (0) if it is stably
conjugate to the diagonal subgroup 4, of H. The stable conjugacy class of a
regular element in such a torus consists of a single conjugacy class. If (a, 1, 4 ') is
the set of eigenvalues of a regular stable conjugacy class y of type (0) in G, then yis
the image of a unique stable conjugacy class y5 in H. The eigenvalues of y, are
(a,a™"). Note that W(dy) = W"(Ay) = Z/2.

A torus T, of H is of type (2) if its splitting fields is a quadratic extension K of E
which is biquadratic over F. It is associated with an extension ¢’ to Kof g on E,
and isomorphic to X' = {xin K*; xa’x = 1}. Here there is no difference between
conjugacy and stable conjugacy as C(7y/F) = {0}. If (a, 1, ) are the eigenvalues
of a stable conjugacy class y of type (2) which is regular in G, then 7 is the image of
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a unique stable conjugacy class y, in H. The eigenvalues of vy are (a, £#). Note that
WiTy)=12/2.

A torus Ty of H is of type (1) if it is compact and it splits over E. It is
isomorphic to E! X E!, and C(Ty/F)=2Z/2. We have W/(Ty)=127/2. Let ybe a
regular stable conjugacy class of type (1) in & with eigenvalues («, 1, §) modulo
Z. It is also represented by (1/a, 1, 8/a) and (1/8, 1, o/f) modulo Z. Hence the
stable conjugacy class in G/Z defined by y is obtained by three distinct stable
conjugacy classes in H, with eigenvalues («, 8), (1/a, B/a), (1/8, a/p).

Regular conjugacy classes of type (3) in G are not obtained from H, since each
torus of H splits over a quadratic extension of E.

The homogeneous space B(T/F) is acted upon by the group C(T/F). We
identify the two on choosing the base point S (out of S, 'S, .S7, ’S” if the type is (1),
and out of S, §, if the type is (2)). The group C(T/F) naturally embeds as a
subgroup of C(T/F) if Tis the image ZTy of T in G. If T is a torus of type (1) or
(2), let ¢ be the non-trivial character on C(7/F) which is trivial on C(Ty/F). By
the choice of base point above we view ¢ as a character on B(S/F)/B(Sy/F), and
define for each regular yin §

Oy, f,8) = §. ()0, f),

where J ranges over a set of representatives for B(S/F). Explicitly, if the stable
conjugacy class y is reguiar of type (1) and contains the conjugacy classes
represented by x in S, x’ in $’, ‘x in ’$, ‘x’ in ’S’, then we put

O(7, f, &) = VX, /) + B', f) — PUx, /) — B, f).

If y is a regular stable conjugacy class of type (2), it contains the conjugacy classes
represented by x in S and x’ in §’, and we put

q)(y’ .f’ e)= q)(x, f) - q)(x/, f)'

In addition, if y is regular of type (0) we put ®(y, 1, £) = ¥y, /).

We also need transfer factors, as follows. Let | .| be the valuation on F
normalized by |#| = ¢~ ', where = is a generator of the maximal ideal in the ring
R of integers in F, and q is the cardinality of the residue field R/(x). If a is
algebraic over F we put |a | = | Ny pa |VI5F) where K = F(a). Now if y is a stable
conjugacy class in H with eigenvalues a, 8, put A (yy) = |a — . If y is a stable
conjugacy class in G with eigenvalues a, 1, # modulo Z then we put

A) = [(a = 1)(B — D(a = B)|.

Suppose that 7 lies in the subgroup H of G; then modulo Z it is of the form
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* O *

01 0f,

* O *
and we write

k() =xr(—(a— 1) — 1)),

where x is the character of E*/NE* which is non-trivial on F*, fixed in [U].

Denote by ®'(yy,’f) the stable orbital integral of the function ’f on H at the
regular stable conjugacy class y.

Definition. The functions fon G and’ 'fon H are called matching if for every
regular stable conjugacy class in G of type (0), (1) or (2) which is represented by
in Sy =8 N H, we have

x(NAG)R(y, £, &) = 8')P(Y, f).
In the sequel we assume the following
Lemma. For every f there exists a matching 'f.

Remark. This is-also stated as Lemma 2.7 in [U). If E/F is unramified and
f=S% 'f='f" are the unit elements of the Hecke algebras of G and H, this
Lemma is due to Rogawski (thesis, unpublished). The case of locally constant f
and ’ffollows by homogeneity of germs. If E/F is ramified the Lemma is due to
Langlands, who used his theory of “Igusa data” (in preparation). We envisage
another proof but this will not be given here.

§2.2. Orthogonality

Here we study a transfer ’D —’D;; of distributions which is dual to the transfer
f—'fof orbital integrals from G to H. This study is used to conclude that the sum
of (1.3.3) is finite. '

Definition. (1) A distribution’D on H is called stable if’D(’f) depends only
on the stable orbital integrals of /' f.

(2) A function ‘fon H extends uniquely to a function ‘f on H with ‘f(zh) =
o~ '(zYf(h) (z in Z, h in H). A distribution ‘D on H extends to ‘D on H by
'D(f) ="D(f).

(3) Given a stable distribution "D on H, let Dy be the distribution on G with
'Da(f) ="D(fX ="D(f)), where 'fis a function on H matching f.

Remark. (1) The map wi»w = {r>w, = t(w)w~"; 7in Gal(F/F)} embeds
WH(TYW(T) as a subset of C(T/F).
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(2) W'(IN)actson C(T/F).If wlies in W/(T), and é in C(T/F) is represented by
{g, = 1(g)g "'} with g in A(T/F), then

w(d) =w'-{(wg). } (= {wr(w) ' -z(wg)(wg) '}
= {wt(g)g~'w™'} = wow )€ C(T/F).

(3) Let d be a locally integrable conjugacy invariant complex valued function
on G with d(zg) = w(z)d(g) (z in Z). The Weyl integration formula asserts

| f)dg)dg = 3 (WD~ f 2020, £)d(1)dt.

GIZ Tz

The sum ranges over a set of representatives 7 for the conjugacy classes of tori
in G. Suppose that ¢ is a regular element of G which lies in 7. Then the number of
Jin B(T/F) such that ¢ is conjugate to an element of T'is [W’(T))/[W(T)). Hence
if the function d is invariant under stable conjugacy, then we have

| rodwds= 5 i [ swrew nawa.

G/Z T/Z

Here {T'}, is a set of representatives for the stable conjugacy classes of toriin G. If
’d is a locally integrable stable function on H then

(Ta)s

[ dwyaman = 3 wan- [ seyew,ydoa
a1z

Tu

As in [U], @(z, ’f) denotes the stable orbital integral of ’f, and ®'(¢, f) is that of 1.
{Ty), is a set of representatives for the stable conjugacy classes of tori in H.
W'(Ty) indicates the Weyl group in A(7Ty/F). It consists of two elements.

2.2.1. Proposition. Suppose that 'D is a stable distribution on H repre-
sented by the locally integrable (stable) function 'd. Then the corresponding
distribution 'Dg on G is given by a locally integrable function 'd; defined on the
regular set of G by 'dg(t) = 0 if t lies in a torus of type (3), and by

2.2.1) At dg(t) = T k(WD) A (w(t)e(w)e(w(3))'d(w(1))

ift lies in the chosen torus S of type (0), (1) or (2), and 8 lies in C(S/F) (= B(S/F)).
Here w(t) = wtw™!, and the sum ranges over all w in W/(Sy)\ W'(S).

Proof. Fixi =0, 1or 2, and let S be the distinguished torus of type (i). Let &
be an element of B(S/F), g a representative of § in A(S/F),and T = §° =g~ 'Sy
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the associated torus. Let f be a function on the regular set of G such that ®(z, 1) is
supported on the conjugacy class of 7. Then

D(f) ="BF) = [W(S)] f N, ()t

74

=[W(Sy)] ™! f A1) [e(2) 22) ? (8 D(¢%, /))'d(t)dt.
A4
The sum ranges over all 6’ in B(S/F) such that $¥ = T". Thus J’ is represented by

wg (i.e. 0’ = {(wg), = 1(wg)(wg)'}), where w ranges over W/ (S)gW(T)g™".
Since ¢ 1s trivial on the image of B(Sy/F) in B(S/F), we obtain

o [ sewoaw [2 e(w-W(J))d>((W“tw)“,f)] Aoyt

S/z

=[wmn! f [E K(W(t))A’(W(t))S(W)B(W(J))’J(W(t))]A(t)d’(t”,f)dt-

S/Z

Here w ranges over W/(Sy)\ W'(S). By definition of ‘d;; this is equal to

~van~ [ e, pydena = | feydierds:

TiZ G/Z
hence the proposition follows.

Definition. (1) Letd, d’ be conjugacy invariant functions on the elliptic set
of G. Put ’

d,dy =3 (W) f A d()dr
{T}' TiZ

=X WO X AR AE)d () dr.
(T)es SED(TIF)
TiZ

Here {T'}. (resp. {T}, ;) is a set of representatives for the (resp. stable) conjugacy
classes of elliptic tori T in G.

(2) Let ‘d, 'd’ be stable conjugacy invariant functions of the elliptic set of H.
Put

’(’d,’d’)={TZ; [WAT:)) ™' ID(Tu/F)) f a(e)>d(tyd(t)at.
2] T
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Here {Ty}. is a set of representatives for the stable conjugacy classes of elliptic
toriin H.

2.2.2. Proposition. Let’d,’d’ be stable functions on (the elliptic set of ) H,
and 'dg, 'd% the associated class functions on (the elliptic set of ) G. Then
(dg,’dg)=2-("d,"d").
Proof. By (2.2.1) we have
Cdgdpy =% T WO [ % swOmwo)

(S} SEC(SIF) w,w'E WS\ WAS)
sz

N (w(E) & (W (D) e(W)e(w) d(w(e) d' (W) e(w(d) e(w(5)).

Note that ¢ is a character of order 2. Here S ranges over the set of (conjugacy
classes of ) distinguished tori in G of type (1) and (2). The group W/(Sg)\ W*(S)
acts simply transitively on the set of non-trivial characters of C(S/F). Hence
5 e(w(d))e(w’(d)) # 0 implies that e(w(d)) = e(w’(d)) for all  and that w = w’.
Changing variables we conclude that

('da,’d’s>=(§) ((CSTF) (W (Sp)D f INORIOLEQL

SIZ

=2{T2} (C(T/FVIWA(T))) f () d(y'd (r)dt

Tn
- 2 " /(ld, Id/>.

Here we used the relation [C(T/F)] = 2[C(Ty/F)] for tori T of type (1) or (2). The
proposition follows.

Definition. (1) Let 4 be a conjugacy invariant function on the elliptic set G,
of G. Define dj to be the stable function on the elliptic set H, of H with
Aydy()=ax(t) Y e(d)d(t?)

JEB(S/F)
on the ¢ in S, where S is any distinguished torus of type (1) or (2) in H.

2.2.3. Proposition. (1) Ifdisaconjugacy invariant function on G,and’d is
a stable function on H,, both locally integrable, then (d, 'd;y ="{dy,'d).

(2) The locally integrable class function d on G, is stable if and only if dy; =0,
and if and only if (d, x({p})s) vanishes for every square-integrable H-packet {p}.
Here x({p}) is the sum of the characters of the (one or two) irreducible H-modules

in{p}.



PACKETS AND LIFTINGS FOR U(3) 41

Proof. By (2.2.1) the inner product {d, ‘d;) is equal to

2 X [Nt f a@)d(t’) T ’w) A (w(t))e(w)e(w(d))d(w(?))
(S} SEB(S/F) w
siz

PPIGCE [ avawro [}: e({(wg),})d«w-'tw)")]'c?(t)dt
S/Z

-3 s [ s0swxo |3 corde)| dod
{S} é
SIZ

= 3 I [ a0 daeydyd =1y, ),
(T} g
where w ranges over W/(S,)\ W(S), and (1) follows. For (2), note that dy = 0 if
and only if dy(w~'tw)=0 for every T, ¢t in T and w in W/(T), and W*(T) acts
transitively on the set of non-trivial characters of C(7/F). Hence d is stable if and
only if d; = 0. Now the x({p}) make a basis for the space of stable functions on
the elliptic set of H, hence dy =0 if and only if (dy, x({p})) =0 for all
square-integrable H-packets {p}, as required.

2.2.4. Proposition. The sum of (1.3.3) is finite.

Proof. Numbering the countable set of z in (1.3.3) with m”(p, ) # 0 we
rewrite (1.3.3) in the form tr{p}('f) = Z2., m; tr m;(f), where 1 < b =< cc. The m;
are non-zero integers, and the z; are square integrable. For each { in the sum let f;
be the product of a pseudo-coefficient of m; with m,/|m;|. For any finite a
(1 =a =b)put f?=2°f, where = indicates the sum over { (1 =i < a). Then

@=(Eimi) = (& mu m()
= (tr{p}Cf ")’
= (X(PVe> T il Imy)?
= (x{pYe> x({PDe) <2 Xis f)x.->

=2a-"(x({p}s 2({pP 1))

=2a[{p}},
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where [{p}] is the number of irreducibles in the H-packet {p}, and x; is the
character of ;. Then a = 2[{p}], and the proposition follows. In fact, we also
proved the

Corollary. The sum of(1.3.3) extends over at most two n if[{p}] = 1 and four
nif [{p}] = 2. The coefficients m”(p, n) are bounded by two in absolute value, and
they are equal to one in absolute value if there are at least two r in the sum.

§2.3. Evaluation

Let E/F be a quadratic extension of non-archimedean local fields.

Our next aim is to evaluate the integers m”(p, n) and m’(p, n) which appear in
(1.3.2) and (1.3.3), and describe the = which occur in these sums. Recall (JU(2)])
that a packet {p} of square-integrable H-modules consists of a single element,
unless it is associated with two distinct characters 8, ‘6 of E'. In the last case {p} is
denoted by p(4, '@). It consists of two supercuspidal H-modules. In Corollary
2.2.4 it is shown that the sum of (1.3.3) consists of a most 2[{p}] elements.

Proposition. The sum in (1.3.3) consists of 2[{p}] terms. The coefficients
m”(p, n) are equal to 1 or — 1, and both values occur for each p.

Proof. Put 6§, = x({p})s. Put 6, for the (twisted) character of I(r ® k) (of
(1.3.2)), viewed as a stable (conjugacy) function on G. Consider the inner product

(6,, 0.) = <Z m”(p, &)X, L M'(p, nl)x#> =Y m”(p, x)m'(p, n).
By (2.2.1), since @, is a stable function {6,, 8;) is equal to

DL ) (a8, X1) 2
(5} SEC(SIF) WEW'(Sp\W'(S)
SIZ

(W) A (W) e(wW)e(w@Nx({p N(w(r))dt.

Since ¢ is a non-trivial character of the group C(S/F), we have

Yy  e(w(d)=0.

SEC(SIF)

Hence (6,, 6,) = 0; the point is that 6, is stable and 6, is an anti-stable function.
Since the m’(p, #) are non-negative integers, we conclude that the integers
m”(p, ) do not all have the same sign. In particular, there are at least two 7 in
(1.3.3). Corollary 2.2.4 then implies that |m”(p, n)| is one (if it is non-zero).
Moreover, if {p’} s also a square-integrable H-packet, then
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2-Ge{e ) x({o' 1) = (6, 6,
=<2 m”(/’, ﬂ)Xm 2 m”(ﬂ, n,)Xx'>

=X m”(p,;)m”"(p’, m)

by (2.2.2) and the orthonormality relations (of [K], Theorem K) for characters
#: of square-integrable G-modules n. Taking p=p’ we conclude that
. m"(p, n)* = 2[{p}], and the proposition follows.

Corollary. For each square-integerable H-packet {p} there exist 2[{p}]
inequivalent square-integrable G-modules which we gather in two non-empty
disjoint sets n*(p) and n~(p), such that

tr{p}(f) =tz * (P))(f) — tr(m ~ (@ ))S)-
Here tr(z * (p))(f) is the sum of tr z(f) over the 7 in the set 7 *(p). In particular,
if {p} consists of a single term, then n *(p) and z ~(p) are irreducible G-modules.
§2.4. Stability

We shall now show that if m’(p, n) # 0, namely if 7 contributes to (1.3.2), then
it lies either in #*(p) or in 7~ (p). We begin with rewriting (1.3.2). For each
(irreducible) 7 * in 7 *(p) there is a non-negative integer m(n*), and for each 7~
in #~(p) there is such m(x "), with the following property. Put

2rN=Z Cm@*)+ Dirz*(J) (=¥ inzn*(p)),

-N=2Cmx7)+Hun (/) (@ inn(p)),
and

2N =X 2mp,mtrn(f) (znotinz(p), n™(p)).
Then
% mp,Mua(f)=T* (NH+L" N +L° ()

(this relation defines m(n*) and m(n~)). Also we write x*, x~, x° for the
corresponding (finite) sums of characters:

xt= X @m@E@*)+ Dx(n?),

ztent(p)

x~= Y Q@Cmxz7)+Dx(n"),

1 E€x"(p)
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°°=3 mp,n)x(n) (e&n*()Un(p).

Proposition. Z°(f) = 0 for every fon G; equivalently, m(p, n) = 0 for every
m not in nt(p) and n~(p).

Proof. By virtue of the (elementary) Proposition 5 of [U”], it suffices to
prove the followng.

Lemma. The class function y* + x~ on G is stable.

Proof. In view of Proposition 2.2.3 (2) it suffices to show that (x* + x~, 6,)
vanishes for every square-integrable H-packet {p’}. We distinguish between two
cases, when p’ # p and when p’ = p. In the first case we note that if the irreducible
moccurs in 7 *(p) or n ~(p), then it occurs in I(t ® k) with m’(p, n) # 0. But then.
m'(p’, n) = 0 since the characters of I(r ® x) and I(t’ ® k) are orthogonal (by the
twisted analogue of [K]), and # does not occur in " () or = ~(p’). Consequently

AT +x.0) ="+ 17, 2@ @) —x(m"(p"))) =0.
If p’ = p, as in the proof of Proposition 2.3 we have

0=(0,6,)= ¥ (@m@x")+1)— T (CEm@)+D={(*+x",6,).

ntent(p) " Exn(p)
This completes the proof of the lemma, hence also of the proposition.
Corollary. For every square-integrable H-packet {p} we have
Y @mEhH+1D)= Y Cm@E)+1).

atext(p) " En"(p)
In particular if the packet {p} consists of one element then m(n*) = m(n ™).

In the next §3, we deal with each H-module p to show that m(nt)=
m(n~) = 0. Thus we obtain a precise form of (1.3.2) and (1.3.3).

§3.1. Specials

There are several special cases which we now discuss. Let # be a character of E?,
and B’ the character of £* given by #’(a) = B(a/a). Let p be the special (namely
square-integrable) subquotient sp(#) of the unitarily induced H-module 7 =
I(8’v'"?) from the character (a, 4 ~!)— B’(a)|a |". The image 7 of p by the stable
base-change map of [U(2)] is the special H’-module sp(f’), which lies in the
induced module ‘I’ = I(8’v"2, B’v~"2). As the packet of the square-integrable p
consists of a single element, we conclude that there exist two tempered irreduc-
ible G-modules denoted n* = n*(f)and n~ = n~(B), and a non-negative integer
m, so that
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3.1.1) trp(Cf)=tra*(f)—trz (f)
and
(3.1.2) rl(t®x; ¢ Xo)=02m + Dtr z*(f) + tr z=(f)),

for all matching ¢, f, °f.

Proposition. m =0, n~ is supercuspidal, and n* is the square-integrable
subquotient ng in the composition series of the induced G-module I(8'kv''?).

Proof. On the set of x =(a,1,47') in G with |a| <1, since "fy(x) =
K(x)fv(x) and x(x) = x(a), the Deligne~Casselman theorem [C] and the relation
(3.1.1) imply that

k(a)f’(a)a|" = k(a)&'x({p (@, a™"))
=(ax(r*))a, 1,a ") — (ax(z " )N(a, 1,a™"))
= (my N(a, 1, a~ ")) — (x(ny )N(a, 1,a7")).

Since the composition series of an induced G-module has length at most two,
and at most one of its constituents is square integrable, and since 7 * (p) and 7~ (p)
consist of square-integrable G-modules, it follows from linear independence of
characters on A4 that (1) yx(zy)=0, hence #~ is supercuspidal, and (2)
(3 Na, 1, a7 = pa)(a)la|'™

By Frobenius reciprocity z* is a constituent of /(8’kxv'’?). Since n* is square-
integrable we conclude that I(8’kv'?) is reducible, and n* = ;.

To show that 2m + 1 =1 (and m = 0) we use again the theorem of [C] to
conclude from (3.1.2) that since the 4’-module I(z ® k)y of N’-coinvariants has a
single decreasing g-invariant component, and so does z %, they are equal, and the
proposition follows.

§3.2. Trivial

Let 1(8) be the one-dimensional complement of sp(f) in ‘I; 1/(8) its base-
change lift, namely the one-dimensional constituent in ‘/’; and 7* = ng‘ the
non-tempered subquotient of I = I(B'kv'?).

Corollary. For every matching ¢, f, ' f, we have
tr(1(B)(f) = tr n*(f) + tr =~ (f),
trI(I'(B)®k; ¢ ® ) =tr x*(f) — trx~(f).

Proof. This follows since the composition series of I consists of z*, n+.
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§3.3. Twins

The next special case to be studied is that of [{p }] = 2. Then in the notations of
[UQ2)], {p} is of the form p(8, ’8), associated with an unordered pair 8, '8 of
characters of E'. {p} consists of two supercuspidals when 8 ‘6. It lifts to the
induced H’-module 1 ® k™' =I(0’k~!,’6’x "), where 6'(x) = 8(x/%), '8'(x) =
’0(x/x) (x in E*), via the stable base-change map of [U(2)], and to I(#’,’6) =1+
via the unstable map. The g-invariant G’-module I(7)is I(8’,’60’, w’/6’-'8"). Tt is
also obtained, by the same process, from the H-module p’ = p(8, w/0 -’8), and
the H-module p” = p('8, w/0.’0). We now assume that 8, '@, w/60-'0 are all
distinct, so that {p}, {p’} and {p”} are disjoint packets consisting of two
supercuspidals each.

We also write p, = p, p,=p’, ps=p”. If T = (¢, '6"), we conclude that there
are four inequivalent irreducible supercuspidal G-modules x; (1 =j = 4), and
non-negative integers »z;, so that

trl(z; 0 X o)=3 (2m; + Dtr n;(f).
j

Moreover, there are numbers ¢; (1 =i =3;1=<j=4),equalto 1 or — 1, such
that for any i = 1, 2, 3, the set {¢; (1 =j = 4)} is equal to the set {1, — 1}, and
they satisfy

4
trp )= Y gurm(f) (1=si=3).
J=1
§3.4. Propesition. (1) For each i there are exactly two j with g; = 1. (2) m;
is independent of j; put m = m;. (3) The product &,;&,;&,; is independent of .

Proof. Note that (1) asserts that #* = zn*(p) and n ~ consist of two elements
each. To prove (1), note that the orthogonality relations on H imply that if there
exists an i for which exactly two ¢; are 1, then this is valid for all i. Thus, if (1)
does not hold, then there are two i for which the number of j with g; =1 is
(without loss of generality) one (otherwise this number is three, and this case is
dealt with in exactly the same way). Hence we may assume that i = 1 and 2, and
€, =1, &, =1 (we cannot have ¢, =¢,; = 1 since p, p’ are inequivalent). Since
the stable character 6, is orthogonal to the unstable character 6, (all i), we
conclude that

2m|+1=2m2+1+2m3+1+2m4+1,
2m2+1=2m.+l+2m3+1+ZM4+1.

Hence m; + m,+ 1 = 0, contradicting the assumption that m; are non-negative.
(1) follows.
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To establish (2), we first claim that there exists j so that ¢; is independent of ;. If
this claim is false, we may assume that &, &5, &, &, &2, £34 are equal. But then
the characters of {p’} and {p”} are not orthogonal. This contradicts the orthogo-
nality relations on H, hence the claim. Up to reordering indices, the claim implies
that &y, &2, &1, &3, €31, &34, are equal. As (6, 8, ) = 0, we conclude that

mtm=ms+m, m+m=m-+mg,, m-+m,=m,+m,

Hence m; is independent of j, and (2) follows. Also it follows that &;;¢&,¢;; is
independent of j, hence (3).

§3.5. Proposition. Let p be any square-integrable H-module, so that we
have tr[l(g X 0) = £ Cm(n) + I)tr n(f), where Il = I(t ® k), the sum ranges
over 2[{p}] inequivalent square-integrable n, and m(rn) are non-negative integers.
Then there exists a n in the sum with m(n) = 0. This n has a Whittaker vector; the
other 2[{p}] — 1 G-modules do not have a Whittaker vector.

Proof. We give two proofs, local and global. The local proof is based on a
theorem of Rodier [Ro], and Harish~Chandra’s theory [H] of characters.
Theorem 5 of [H] asserts that the character y of the admissible irreducible G-
module 7, at x = exp X near 1 (X near 0 in the Lie algebra L(G) of G), is given by

x(x) =§ c(&)v:(X).

The sum extends over all nilpotent orbits in L({G) (equivalently, unipotent orbits
in G). v¢ is a Haar measure on the orbit &, ¥; is its Fourier transform, and ¢({) are
complex coefficients. The theorem of [Ro] asserts that there is a regular orbit £’ so
that c(&’) is equal to the number of Whittaker vectors of z. In fact the proof of
[Ro] is given only under some restriction on the residual characteristic, which
amounts in our case to: the residual characteristic of F is odd.

The same statement holds in the twisted case (but this does not appear in print;
hence our local proof is merely a sketch). L((G) has to be replaced by the Lie
algebra of the o-centralizer G{ of 1 in G’; but G is G, and the same sum is
obtained.

In the case of G = U(3), there is a single regular unipotent conjugacy class &’.
The 9,(¢X) are homogeneous [H} in ¢ in F* near 0, and the degree of homogeneity
of ¥ differs from the degree of ¥, for the other three orbits. Since Il = I(7 ® «) is
tempered, it is non-degenerate, and has a unique Whittaker vector. We obtain the
identity

1=% 2m(m)+ (&', n).
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We put c(&’, n) for the coefficient ¢(£’) in the expression for the character y of z.
Hence there is #’ with m(zn’) =0 and c¢(&’, n’) = 1, while ¢(&’, n) =0 for the
n # n’. The proposition follows (when the residual characteristic is odd).

The second proof is global. It relies on a result of Gelbart and Piatetski-Shapiro
[GP]. Thus let p, be a supercuspidal H,-module, where E,/F, is a non-archime-
dean quadratic extension. Choose a guadratic extension E/F of global fields
whose completion at a finite place u is the above E,/F,, such that at some u’ # u
we have F,. =~ F, and F, = E,. Construct a cuspidal H-module p such that (1) its
components at « and u’ are (equivalent to) p,, (2) at two finite places v’ and v”
which split E/F, the components are supercuspidal. We may take a totally
imaginary F. The trace formula yields the identity

2y m(n) [ wn () =1l ri(z, ®x,;0,)+ I trp,(f)
=1 miltrat(f)+trn, (M1+ 11 [tr =t () —tr 2,7 (F)]
=3 e(n) [I rn,(f).

The products range over the finite set ¥ of the non-split finite places v where p, is
supercuspidal. m(m) is the multiplicity of the discrete-series 7 whose component
atvin Vis n,, and at v outside Vit is determined by p, . e(r) is the sum of T m, and
(¢,n)=TI(¢g, m,) (vin V). Here (¢, m,) is 1 if , lies in x,* , and — 1 if =, lies in
r,” . Linear independence of characters implies that m(z) = 0 unless the compo-
nent m,of at vin Vis in z,t or n,”, and then 2m(n) is equal to £(x).

Proposition 8.5(iii) (p. 172) and 2.4(i) of [GP] imply that for some n with
m(n) # 0 above, we have m(n) = 1. Since (¢, #) is 1 or — 1, we conclude that
I m,is 1 or 3. Since m,. = m,, and the m, are all positive integers, we deduce that
m, = 1, as required.

§3.6. Proposition. In the notations of Proposition 3.4, &;&;¢&; = 1.

Proof. Again we use the trace formula, and global notations. We study the
situation at a place w. We may assume that E/F are totally imaginary. At three
finite places v = v,, ( # w; m = 1, 2, 3) which do not split (and do not ramify) we
choose 6,, 6, so that p,, p;, p’, are supercuspidal. Since &, &, & is independent of
J, then for each v there exists j = j(v) so that g, is independent of /. Since & can
attain only two values, and we have three v at our disposal, we can assume that
& jm = €irywp WheTe j,, = j(v,,), and both sides are independent of i), i,.

We now construct global characters @, ' with the chosen components at v;, v,
and our place w, which are unramified at each place which does not split in E/F
(we can take 6, ='6, at the v which ramify). It is clear that p, = p(8,’0),
pr=p(0, 0/6-'8), py=p('8, »/0-'6) are cuspidal and distinct. All three appear
in the trace formula together with I(z ® x)=1I1(8,’8’, w’/6’-'6’), and with
coefficients n(p) = 4 (see [U(2)]). Namely, we obtain
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i [z tr w»]+§ i [; bty ()] =4 3 ma) 1T 10,00

The product ranges over v =w, v, v,. At v=yv, (m =1, 2) we take f, to be a
coefficient of 7;,, where j = j(v) was chosen above. Then the product IT can be
taken only over our place w. Hence, for every j, we have

14+Y &3, =0 (modulo4).

This holds only if ¢;, = 1 for an odd number of i, and the proposition follows.

§3.7. To sum up our case (3.3), fix 8, '8 so that p, =p(8,’8), p.=
p(6, w/6-'8) are disjoint supercuspidal H-packets. Denote by II the induced G’-
module (6,6, w’/6’-'8").

Corollary. There exist four supercuspidal G-modules m;(1 = j = 4), so that m,
has a Whittaker vector but n; (j # 1) do not, so that

trll(g X o) =X tr ;(f),

and
trp.('f) =tr n(f) + tr 7, (f) — r 7 (f) — tr m ().
i’,i” aresothat (i +1,1,i"}={2, 3, 4}.

We write n*(p;) for {n,, n;,,}, and n~(p;) for {m;, m;.}.

§3.8. p(6, w/6%

The next special case of interest is that of the packet associated with p =
p(0, /6%, where 6° + w, so that {p} consists of supercuspidals; in fact {p}
consists of a single element, and this is clear also from the comments below. The
associated G’-module is the o-invariant tempered induced I1 = I(8’, w’/6’%, §).
It is the base-change lift of the reducible G-module 7z = I(6’). = is the direct sum
of the tempered irreducible n#* and n~. Then we have

trll(¢ X o) =trn(f)=trn*(f) + tr n~(f),
and also
trp(Cf)=tra*(f)—tra=(f),

for a suitable choice of 7 *. Namely n* has a Whittaker vector, while 7~ does not.
In particular 2[{p}] =[{n ", = ~}] = 2, so that {p} consists of a single element, as
asserted.
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§3.9. Packets

With this we have completed the description of all tempered packets {z} of G.
The packets are in a bijection with the tempered o-stable G’-modules I1. It has
been shown already in {U”] that if Il is a square-integrable o-invariant G'-
module, then it is o-stable, and the packet {#} consists of a single element. If ITis
induced from a square-integrable H’-module, and it is g-stable, then it is of the
form I(t ® k), where 7 is the stable base-change lift of a square-integrable packet
{p} of H. The associated G-packet {n} consists of 2 = 2[{p}] elements, each
occurring with multiplicity one. If IT is induced from the diagonal subgroup, and
it is not simply the base-change lift of an induced G-module I(u) (in which case
the packet {n} consists of the irreducible constituents of I(x)), then Il is of the
form I(0",’6", w’/8’-’0"), where the three characters are distinct, and trivial on
F*, In this case the packet {m} consists of 4 =2[{p}] elements, where p =
p(6,'6).

Using this, and the related character identities between p and the difference
of members of {7 }, we can use the trace formula to describe the discrete spectrum
of G.

II. Global Lifting

§1.1. Trace formula
First we recall Proposition 1.1.1.
Proposition. We have F; = ®, + {0, + F,) + ¥(®; + F3).

Proof. We have to show that F; is 0, in the notation of (1. L1). If 4 and @ are
related by u(z) = 6(z/z), and p = p(0, w/6%), then the G-module I(x,) is the
direct sum of =,/ and =, , and by (1.3.8) we have

trp,(f) =trn} (f,) —tr n; (f)).
Shahidi [Sh] used work of Keys to show that
ir R(ﬂv)l(.uva f;') = ( - 1: Ev/Fv)[tr ”;: (.f;) —1r 7[;: (f;)L

where the Hilbert symbol (— 1, E,/F,) is equal to 1 if — 1 lies in Ng,zE*, and to
— 1 otherwise. It is 1 for almost all v, and the product of (— 1, E,/F,) overall vis
1. Hence F, = 0, as required. v

In view of the local liftings results, this gives an explicit description of the
discrete spectrum of G.
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§1.2. To write out the three terms in the expression for the discrete spectrum
F;, we introduce some notations. If Il is a tempered o-stable G.-module, we
write {z,(I1,)} for the associated packet of G,-modules. We apply this termino-
logy also when II, is one-dimensional, where {z,(Il,)} consists of a single
one-dimensional G,-module; and also when I1, is the lift of an induced G,-module
I(u,). If {p,} is a packet of H, which lifts by stable base-change to the H;-module
7,, we put {n,(p,)} for {n,(I(z, ® k,))}. It consists of 2[{p,}] elements; it is the
disjoint union of the set 7 *(p,) and n ~(p,), whose cardinalities are equal if E, is a
field; 7~ (p,) isempty if E, = F, ® F,. Given p,, we write &(n,) = 1 for m,in 7 * (p,),
and &(n,)= —1 for =, in n,” (p,). In particular, if [{p,}] =2, we defined in
Proposition 1.3.4 the sign ¢, as a coefficient of z;, in {n,(p,)}, and we put
&(m;,) = &5,. We have {r,(p,,)} = {#,(p,)} = {n,{p»)}, and & depends on p;.

§1.3. Using these notations we can write

, =§ I tr{m,dL)}).

The sum ranges over all discrete-series automorphic o-invariant G’-modules I1.
Note that we use here the rigidity theorem, and the multiplicity one theorem for
the discrete spectrum of GL(3, A;).

§1.4. ¥, + F,) is the sum of two terms. The first is

) {H [tr(z, (0 ))U) + tr(m,” ()X

1
2 p%p(8,'0)
+11 e o) ~ teims m»mn}

=3 mp,n) I tr=,(f).

The first sum is over the discrete-series automorphic H’-packets p which are
neither one-dimensional, nor of the form p(6, ‘6). The multiplicity m(p, n) is
[1 + e(n))/2, where e(n) =T &(xn,); it is O or 1. The sum over = is taken over all
products @ 7, such that there exists p as above, and =, is in {,(p,)} for all v, and
m, is unramified (so that &(z,) = 1) for almost all v. Thus m(p, #) =1 exactly
when the number of components #, in #,” (p,) is even. Otherwise the product ® =,
is not automorphic.
The other term in P, + F,) is
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) {H {trax () —trn” N+ [trn*(f) +trmy” (fv)]}

B | o=

=2 m@,n) I trz,(f)

The first sum is over all characters 4 of C}, or one-dimensional automorphic
H-modules. We put m(u, 7) =[1 + &(n))/2, where e(n) isIl ¢(n,), and e(xr,* ) = 1,
e(n,”)= — 1. The sum over n ranges over the products ® =, such that there
exists a 4 as above, with z, = #,* for almost all v, and n, = 7,” at the other places.
m(u, ) is 0 unless there is an even number of places v where 7, is 7,”.

§1.5. There remains the sum ¥(®; + F;). It is equal to

130 2 v+ 2 1S e utmenn)]
? j= i=1

i=1

=X mp,n) [ ro,(f).

The first sum ranges over the discrete-series automorphic H-packets of the
form p = p(8,'8), where 6,6, /0 -’@ are distinct. They are taken modulo the
equivalence relation p(8,'8) ~p(0, w/0-'8) ~ p(*0, w/6-'6). The multiplicity
‘m(p, n) =[1 + 2}, &(n))/4 is equal to 0 or 1. The sum ranges over the products
® =&,, such that there exists p as above so that #, lies in {#,(p,)} for all v, and it is
unramified at almost all v (namely it is x;,), so that &(x,) is 1 at almost all v.

§1.6. This gives a complete description of the discrete-series of G. We
introduce some more terminology. The local packets {z, } have been defined in all
cases, except for n, = .. This is a non-tempered G,-module. We define the
packet of ,° to consist of 7, alone. The quasi-packet n(u,) of =* will be the set
{n),n, }, consisting of a non-tempered and a supercuspidal. Thus a packet
consists of tempered G,-modules, or of a single non-tempered element; a quasi-
packet is defined for global purposes. Given a local packet P, at all v, so that it
contains an unramified member #? for almost all v, we define the global packet P
to be the set of products ® =z, over all v, so that n, = n° for almost all v, and
{m,} = P,forall v. Given a character u of C}, we define the quasi-packet n(ut) as in
the case of the packets, where P, is replaced by the quasi-packet z(u,) at all v.

A standard argument, based on the absolute convergence of the sums, and the
unitarizability of all representations which occur in the trace formula, implies:

§2.1. Theorem. The base-change lifting is a one-to-one correspondence
Jrom the set of packets and quasi-packets which contain a discrete-series automor-
phic G-module, to the set of o-invariant automorphic G’-modules which appear in
D,, ©, or ®;. Namely, a discrete-series G-module = lies in one of the following.
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(1) A packet n(I1) associated with a discrete-series o-invariant G’-module T1.
(2) A packet n(p) associated with a discrete-series automorphic H'-module p which
is not of the form p(@, w/6%. (3) A quasi-packet n(p), associated with an
automorphic one-dimensional H-module p = u(det).

The muitiplicity of n from a packet z(I1) in the discrete spectrum of G is 1.
Namely each member n of n(Il) is automorphic, in the discrete series. The
multiplicity of a member 7 of a packet 7(p) or a quasi-packet z(u) in the discrete
spectrum of G is equal to m(p, n) or m(u, n), respectively. This numberis 1 or 0,
but it is not constant over 7(p) or n(1). Namely, in cases (2) and (3) not each
member of n(p) or #(u) is automorphic.

§2.2. Corollary. The multiplicity of an automorphic G-module in the dis-
crete spectrum is 1. If n and nt’ are discrete-series G-modules whose components 7,
and 7, are equivalent at almost all v, then they lie in the same packet, or
quasi-packet.

The first statement is called multiplicity one theorem for the discrete spectrum
of G. The second is the rigidity theorem.

The automorphic members # of the quasi-packet n(u) have components x,~ at
the remaining finite set of places, which do not split in E/F. Each such x is a
counter-example to the géneralized Ramanujan Conjecture, which suggests that
all components 7, of a cuspidal G-module 7 are tempered. However, we expect
this Conjecture to be valid for the members 7 of the packets n(I1), z(p).

§2.3. Proposition. Suppose that n is a discrete series G-module which has a
component of the form n,} . Then almost all components of n are of the form =<,
and = lies in a quasi-packet n(u).

Proof. n defines a member I1 of ®,, ®, or ®; whose component at w is of the
form I(z,), where t,, is a one-dimensional H’,-module. But then IT must be of the
form I(t), where 7 is a one-dimensional H’-module, and the claim follows.

The Theorem has the following obvious

§2.4. Corollary. There is a bijection from the set of automorphic discrete-
series H-packets p which are not of the form p(0, w/6%), to the set of automorphic
discrete-series G-packets of the form n(p).

This generalizes a result of Kudla [Ku], and sharpens Theorem 4.4 of [U’).
Also we deduce

§2.5. Corollary. Suppose that n is a discrete-series G-module whose compo-
nent n, at a place v which splits E/F is elliptic. Then n lies in a packet n(I1), where
I is in the discrete-series.
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Let ’G’ be the multiplicative group of a division algebra of dimension 9 central
sver E, which is unramified outside the places u’, u” of E above a finite place u of
F which splits in F, and which is anisotropic at 4’ and u”. Suppose o is an
involution of the second kind, namely its restriction to the center E* is g(z) = Z.
Denote by ‘G the associated unitary group, namely the group of x in ‘G’ with
xo(x) = 1. It is not hard to compare the trace formulae in the compact case and
deduce from our local lifting that we have

§2.6. Proposition. The base-change lifting defines a bijection between the
set of automorphic packets of 'G-modules, and the set of o-invariant automorphic
'G’-modules.

This sharpens the result of [U”], §5.

The Deligne-Kazhdan correspondence, from the set of automorphic 'G’-
modaules, to the set of discrete-series automorphic G’-modules with an elliptic
component at ¥ and u’, implies

§2.7. Corollary. The relation 'n,~mn, for all v + u defines a bijection
between the set of automorphic packets of 'G-modules 'n, and the set of automor-
phic packets of G-modules of the form n = n(I1), whose component at u is elliptic.
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Appendix

Here we record well-known results concerning the representation theories of
the groups of this paper in the case of the archimedean quadratic extension C/R.
For proofs we refer to [BW], Ch. VI; [Kr], and [W], §7, and to [Cl], [Sd]. This is
then used in conjuction with Theorem II.2.1 and its corollaries to determine all
automorphic G-modules with non-trivial cohomology outside of the middle
dimension.

We first recall some notations. Denote by ¢ the non-trivial element of
Gal(C/R). Put z =0z for z in C, and C' = {z/2; z in C*}. Put H' = GL(2,C),
G’ =GL(3, ),

H=U(l,l)={hinH’;hw‘ii=w=[ (1) (l)]}

and

GC=UQ2,1)=1¢ginG"; glg=J= 1
1 0

The center Z of G is isomorphic to C'; so is that of H. Fix an integer w and a
character w(z/z) = (z/2)" of C'. Put w’(z) = w(z/2). Any representation of any
subgroup of G which contains Z will be assumed below to transform under Z by
w. Choosing the positive square-root of a positive number, write (z/2)" for
z?{(zz)", for nin 4Z and z in C*.

The diagonal subgroup 4, of H will be identified with the subgroup of the
diagonal subgroup A of G consisting of diag(z, z’, 2~!) with z’= 1. For any
character yy of A4 there are complex a, ¢ with a + ¢ in Z such that

u(diag(z, 271) = (z2)@—V(z/z)e+?2,

This yy extends uniquely to a character y of A whose restriction to Z is w. In fact
b=w—a —cisintegral, and y = x(a, b, ¢) is defined by

x(diag(z, 2, 271) = (z2)@ VY z/2)e+ P2z,
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A character x of C* which is trivial on the multiplicative group RY of positive
real numbers but non-trivial on R* is of the form x(z) = (z/2)**?, where k is
integral.

The H-module I(xy)=I(xy; By, H) = Ind(6}{*ty; By, H) normalizedly in-
duced from the character y; of 4, extended trivially to the upper triangular
subgroup By, of H, is irreducible unless a, c are distinct integers. In the latter case
the sequence JH (I(xy)) of constituents, repeated with their multiplicities, in the
composition series of I(xy), consists of an irreducible finite-demensional H-
module Fy = Fy(xy) = Fy(a, ¢) of dimension |a —c| (and central character
z > z%%°), and the two irreducible square-integrable constituents of the packet
p = p(a, c) (of highest weight |a@ — ¢ | + 1) on which the center of the universal
enveloping algebra of H acts by the same character as on Fy. The Langlands
classification of [BW], Ch. IV, defines a bijection between the set of packets and
the set of H%conjugacy classes of homomorphisms from the Weil group

Wemr=1(z,0,zin CX, 6z = 20,0 = — 1)

to the dual group H = A° X W, H® = GL(2, C), whose composition with the
second projection is the identity. Such homomorphism is called discrete if its
image is not conjugate by H® to a subgroup of By = By X W¢g. The packet
pla, c) = p(c, a) corresponds to the homomorphism A(xy) = h(a, c¢) defined by

((z/i)“ 0 ) (0 - 1)

> Xz, G+ Xa.
0 (z/2)° 1 0

It is discrete if and only if a # c.

The composition h(a, b,c) of h(xy ® k") =h(a — k — }, c — k — }) with the
endo-lift e: H — G of [U’] is the homomorphism W¢g— G defined by

(z/2)° 0
z— (z/2)® Xz, o—JXo.
0 (z/2)°

The corresponding G-packet # = n(a, b, c¢) depends only on the set {a, b, c}. It
consists of square-integrables if and only if @, b, ¢ are distinct.
Suppose that a = b = ¢ are integers, and put

x=xG@,b,c), x*=xb,a,c), x =xa,c,b).

If b>c (resp. a > b) then the normalizedly induced G-module I(x*) (resp.
I(x7™)) has a unique irreducible non-tempered infinite-dimensional quotient
Jt=J%(a,b,c)(resp.J~ =J (a, b, c)). ThisJ* (resp. J ) is unitary if and only
ifb—c =1 (resp. a — b = 1); see [Kr] or [W].
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If a > b = c (resp. @ = b > ¢) then the character x* (resp. x ™) of 4 is unitary
and the packet # consists of the two constituents of I(x *) (resp. I(x 7)). Thereisa
unique element n *(a, b, ¢) in the packet & = 7n(a, b, c) with a Whittaker model.
The other element in 7 is denoted by n ~ = n~(a, b, c¢). The composition series of
I(x~) consists of J~ and n* if a > b = ¢, and that of I(x *) consists of J* and = *
ifa=b>c.

If a > b > c then I(x) has a unique finite-dimensional quotient F = F(x); its
highest weight, with respect to B, is the character diag(x, y, z) > x* ™! ybz¢*+! The
packet 7 consists of three square-integrable G-modules D, D*, D~ . For a suitable
choice (see [BW] or [W]) the composition series of I(x) consists of F,J*,J~, D,
that of 7(x*) consists of J*, D*, D, and that of I(x~) consists of /=, D™, D.
There is a unique choice of complex structure on G/K (see below) which makes
J*, D* holomorphic, J~, D~ anti-holomorphic, and D neither holomorphic nor
anti-holomorphic.

To fix notations in a manner consistent with the non-archimedean case, note
that if 8 is a one-dimensional H-module then there are unique integersa = b = ¢
with a + b +c=w and either (i) b=c+1, B=p8(b,c), or (i) a=>b+1,
B = B(a, b). If, in addition, a > b > ¢, put 7 =J* andn; = D~ incase (i), and
ny =J~,my =D incase (ii). The motivation for this choice of notations is the
following character identities. Put

p=pac)®k', pt=pb,c)®x™", p~=pa,b)®x~".

Then {p, p*, p~)} is the set of H-packets which lift to the G-packet = = 7(a, b,c)
via the endo-lifting e. As noted above, p, p* and p~ are distinct if and only if
a > b > ¢, equivalently 7 consists of three square-integrable G-modules. More-
over, every square-integrable H-packet is of the form p, p* or p~ for unique
azbzc,a>c.
If a=b=cthen p =p* =p~ is the H-packet which consists of the consti-
tuents of I(xy(a, c) ® k'), and n = I(x(a, b, ¢)) is irreducible.
Ifa>b=cput{p,n*)=1,(p,n")=—1.
Ifa=b>cput{p,n*)=1,(p,n")=—1.
Ifa>b>cput{p’,D)y=1forp’=p,p*,p~,and:(p,D*)=—1,{p, D7) =
— L, DY y=1¢(p"D)=—1;{p7, D" )=—1,(p7, D7) =1

A.1 Proposition ([Sd]). For all matching functions fon G and fyon H, we
have

tra’(fi)= X (p,myra’(f) (@' =p,ptorp7)

n'En

From this it is easy to conclude the following
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A.2. Corollaxy. For every one-dimensional H-module § we have tr B(fy) =
tr a3 (f) + tr g (f) for all matching functions fon G and fy on H.

Further, if p is a tempered H-module, z the endo-lift of p (then # is a G-packet),
p’ is the base-change lift of p (thus p’ is a g-invariant H’-module), and n’ = I(p’) is
the G’-module normalizedly induced from p’ (we regard H’ as a Levi subgroup of
a maximal parabolic subgroup of G*), then we have

A.3. Propesition ([Cl])). For all matching f on G and ¢ on G’ we have
trx(f)=trn’(¢ X o).

From this it is easy to conclude the following

A.4. Corollary. For every one-dimensional H-module B we have
tr(I(B))(9 X 0) = tr n (f) — tr ng (f), for all matching functions fon G and ¢ on
G’

Our next aim is to determine the (L(G), K)-cohomology of the G-modules
described above, where L(G) denotes the complexified Lie algebra of G. For that
we describe the K-types of these G-modules, following [W], §7, and [BW], Ch. VI.
Note that G = U(2, 1) can be defined by means of the form

by
2—-1/2 0 2—1/2
B= 0 1 0
2—1/2 0 — 2—1/2

of (W], p. 181. To ease the comparison with [W] we now take G to be defined
using J’. In particular we now take 4 to be the maximal torus of G whose
conjugate by B is the diagonal subgroup of G(J). A character x of 4 is again
associated with (a, b, ¢) in C* such that a + ¢ and b are integral, and I(x) denotes
the G-module normalizedly induced from y extended to the standard Borel
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subgroup B. The maximal compact subgroup K of G is isomorphic to U(2) X
U(1); it consists of the matrices (§ 2); u in SU(2); a, B in U(1)=C'. Write
d(x,y, z) for the diagonal matrix diag(x, y, z). Note that 4 N K consists of
yd(a, « %, ), and the center of K consists of yd(a, a, @ 7).

Let 7, denote the space of K-finite vectors of the admissible G-module 7. By
Frobenius reciprocity, as a K-module I(x), is the direct sum of the irreducible
K-modules &, each occurring with multiplicity dim[Hom, . x(x, #)]. The h are
parametrized by (a’, b’, ¢’) in Z*, such that dim A =a’+ 1, and the central
character of % is yd(8, B, =) — B%¥¢; hence b’=c’(3) and a’=»F’(2). In this
case we write 2 = h(a’, b’, ¢’). For any integers a, b, c, p,q with p, ¢ =0 we
also write

ho=h(p+q,3p—q)—2a+c—2b),a+b+c)

A.5. Lemma. The K-module I(x)x, x =x(a,b,c), is isomorphic to
ep,qzohp,q'

Proof. The restriction of 2 = h(a’, b’, ¢’) to the diagonal subgroup
D = {yd(Ba, pla, B~}

of K is the direct sum of the characters a”%y¢ over the integral n with
—a’ =n = a’ and n=a’(2). Hence the restriction of 2 to 4 N Kis the direct sum
of the characters yd(a, o ~2 a) > a *" =72y <. On the other hand, the restriction of
x =x(a, b, c)to A N Kis the character yd(a, a 2 a)r>ad+c-Hyatbtc If — g <
n = a’ and n=a’(2), there are unique p, ¢ =0 witha’=p +g,andn=p —q.
Then A(a’, b’, ¢’) | (4 N K) contains x(a, b, ¢) | (4 N K) if and only if there are
0,q=0witha’=p+q,b'=3(p—q)—2a+c—2b)andc’=a+b +c, as
required.

For integral a, b, ¢ put y = x(a, b,c), x* =x(b,a,c), x~ =x(a,c, b). Also
write

ht,=h(p+4q,3(p —q)—2(b+c—2a),a+b +c),
and
ho=h(p+q,3p—q)—2@@+b—2c),a+b+c).
The Lemma implies that
IQxk=Ohy,, IQ)=0h}, IQX )=k,

(sum over p, g = 0). Write JH () for the unordered sequence of constituents of
the G-module 7, repeated with their multiplicities.

If a>b>c then JH(I(x))={F,J*,J~,D} and by [W], §7, the K-type
decomposition of the constituents is of the form & 4,,, where the sums range
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over: (1) p<a—b, g<b—c for F; 2) pza—-b, g<d—c for J*; (3)
p<a—b, g=zb—c for J°; 4 p=a—b, q=b—c for D. Further,
JH(I(x*))={J*,D*, D}. The K-types are of the form & h;,, with sums over:
MDpz0a—-b=g<a—cforJ'; () pz0,g<a—bfor D*; 3) px0,
g Za —cfor D.Finally, JH(I(x ")) = {J~, D, D}. The K-types are of the form
® h, ., withsumsover: (1) b —c=p<a-—c,qz0forJ";(Qp<b—c,gz0
for D~; 3)p=za—c, ¢g=0 for D~. Recall that J* is unitary if and only if
b—c=1,and J~ is unitary if and only ifa — b = 1.

If a>b=c (resp. a=b>c) then y* (resp. x~) is unitary, and I{xy*)
(resp. I(x 7)) is the direct sum of the unitary G-modules n+ and n~. The
K-type decomposition is ¢ =@h', (p=0,gzZa-b), nx =Oh,
(p2z0,g<a-b)ifa>b=c,andng =@ h,, (p=b—c,q=0),nx =Oh;,
(p<b—c,qz0)ifa =b>c.Moreover, JH(I(x))is (z*=J ,a*}ifa>b=
¢,and {n*=J*, n*} if a = b > c. The corresponding K-type decompositions
are JT=@h,, (p<a—b,qz0), J*=8h,, (p20,9<b—c). As noted
above, J~ is unitary if and only if g — 1 = b =c; J* is unitary if and only if
a=b=c+1.

Next we define holomorphic and anti-holomorphic vectors, and describe those
G-modules which contain such vectors. Write P for the vector space of matrices

00O
0 00
xy 0
in the complexified Lie algebra L{G) = M (3, C), and
0 0 x
P = 0 0y
000

Then P*, P~ are K-modules under the adjoint action of K, clearly isomorphic to
h(1, 3,0)and ~(1, — 3, 0).

Definition. A vector in the space 7 of K-finite vectors in a G~-module x is
called holomorphic if it is annihilated by P, and anti-holomorphic if it is
annihilated by P*.

A.6. Lemma. IfI(y) is irreducible then I(x)x contains neither holomorphic
nor anti-holomorphic vectors.

Proof. The K-modules P* = h(1, 3,0) and P~ = h(1, — 3, 0) act by
h(1,3,0)® h(a,b,c)=ha+ 1,b+3,c)®h(a—1,b+3,¢)
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and
h(l, —3,00®@Ah(a,b,c)=h(a+1,b—3,c)®h(a—1,b-3,c).

Hence the action of P* on I(x)cmaps h, ,t0 h, ,,, ® h,,_,, and that of P~ maps
h,,t0 by ®h,_,,. Consequently if 4, ., is annihilated by P*, then & 4,
(p = p’, g = ¢’) is an (L(G), K)-submodule of I(x), and if P~ annihilates A, .
then ®h,, (p = p’, ¢ 2 ¢q’) is an (L(G), K)-submodule of I(x). The lemma
follows.

Definition. Denote by 7k, the space of holomorphic vectors in 7z, and by
7k an the space of anti-holomorphic vectors.

The above proof implies also the following

A.7. Lemma. (i) The following is a complete list of irreducible unitary G-
modules with holomorphic vectors:

(1) n=D*(a,b,c), where a>b>c; then Txu=h(a—b-1,
a+b—2c+3,a+b+c)

2 n=J%a,b,b—1), with a=b; then #Axw=h(a—b, a—b+2,
a+2b—1)

B)rn=n"(a,b,b),a>b;then agpqa=h(@a—b~—1,a—b+3,a+2b)

(ii) The following is a complete list of irreducible unitary G-modules with anti-
holomorphic vectors:

(1) x=D(a,b,c), a>b>c; then mxgp=h(b—c—1, b+c—2a-3,
a+b+c)

QR rn=J"b+1,b,c),bzc;thenmgpw=h(b—c,c—b—2,2b+c+1)

() m=n"(a,a,c),a>c;then ngp=h(a—c—1,¢c—a—3,2a +c).

Let F = F(a, b, ¢) be the irreducible finite-dimensional G-module with highest
weight d(x, y, z) — x°~'y®z°+%; it is the unique finite-dimensional quotient of
I(x), x = x(a, b, ¢). Let F denote the contragradient of F, let z be an irreducible
unitary G-module, and denote by H/(L(G), K; = ® F) the (L(G), K)-cohomo-
logy of # ® F. This cohomology vanishes, by [BW], Theorem 5.3, p. 29, unless
and F have equal infinitesimal characters, namely = is associated with the triple
(a, b, c) of F. It follows from the K-type computations above that one has (cf.
[BW], Theorem V1.4.11, p. 201) the following

A.8. Proposition. If H(n ® F)#0 for some j then n is one of the
Jollowing.

(1) IfnisD(a, b,c),D*(a,b,c)orD~(a, b, c) then Hi(n ® F)is 0 ifj # 2 and
Cifj=2.

Q) If nis J (a,b,c) with a—b=1 or J*(a,b,c) with b—c=1 then
H@#@®F)is0ifj#1,3andCifj=1,3.
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(3) H/(F ® F) is O unlessj =0, 2, 4, when it is C.

Finally we use the results of Theorem I1.2.1 and its corollaries to describe the
cohomology of automorphic forms. Thus let F be a totally real number field, E a
totally imaginary quadratic extension of F, G’ an inner form of G which is
defined using the multiplicative group ‘G’ of a division algebra of dimension 9
central over E and an involution of the second kind. The set .S of archimedean
places of F is the disjoint union of the set S’ where ‘G is quasi-split (=~ U(2, 1)),
and the set.S” where ’G is anisotropic (== U(3)). Put ‘G, =, ’G,, 'K, =
I,es’K,, and write ‘G, ‘G %, 'K, 'K~ for the corresponding products over .S’ and
S”. Here 'K, =G, for vin S”, 'K, =~ U(2) X U(1) for v in §". Fix an irreducible
finite-dimensional ‘G,-module F, for all v in S. Put £=® F, (v in §). Then
F,=FJ[a,,b,,c) for integral a,>b,>¢, if v is in S’. Let 1 =®x, be a
discrete-series infinite-dimensional automorphic ‘G-module. Then #, is unitary
for all v and =, is infinite-dimensional for all v outside S”. Put n, = ® m, (vin S).
If H*(L('G,), 'K,;; ., ® F) # 0, then n, = F, for all v in S$”, and

H*L(G,), 'K,;n, @ F)= [ H«L(G,),’K,;n, ® F,).
vES’

A.9. Proposition. Let n be an automorphic discrete series 'G-module. Put
d = dim[L{G )Y L(K)). If HV(L('G,), 'K.; 1, ® F)+ 0 forj + d then either n is
one-dimensional or n lies in a quasi-packet n(u) of Theorem11.2.1, associated with
an automorphic one-dimensional H-module p = p - det. In the last case we have
(Da,—b,=1orb,—c,=1forallvinS’, (2) n,is of the form n)} or n;” for all v
outside S” (it is n* for almost all v), and (3) G is quasi-split at each finite place of
the totally real field F (thus ‘G’ = GL(3, E) is split).

Proof. If n is infinite-dimensional and H’ # 0O for j # d, then there is vin .S’
such that =, is of the form #,*. Theorem I1.2.1 then implies that = is of the form
n(u), and (2) follows. Since z, is unitary (for v in S”), (1) follows from (2). Finally
(3) results from Corollary I1.2.7 of Theorem 1I.2.1, which asserts that if ‘G has
automorphic representations of the form n(u) where x is a character of H, then
'G’ = GL(3, FE) is the multiplicative group of the split simple algebra of dimen-
sion 9 over E.

The last assertion of the Proposition can be rephrased as follows.

A.10. Corollary. If’G’ is the multiplicative group of a division algebra,
then any discrete-series automorphic 'G-module with cohomology outside the
middle dimension is necessarily one-dimensional.

This sharpens results of [K], §4, in the case of n = 3.



PACKETS AND LIFTINGS FOR U(3) 63

REFERENCES

[BW] A. Borel and N. Wallach, Continuous cohomology, discrete subgroups, and representations
of reductive groups, Ann. of Math. Studies 94 (1980).

[C1] L. Clozel, Changement de base pour les représentations tempérées des groupes réductifs réels,
Ann. Sci. Ecole Norm. Super. 15 (1982), 45-115.

[K) D. Kazhdan, Some applications of the Weil representation, J. Analyse Math. 32 (1977),
235-248.

[Kr] H. Kraljevié, On representations of the group SU(n, 1), Trans. Amer. Math. Soc. 221 (1976),
433-448.

[Sd] D. Shelstad, L-indistinguishability for real groups, Math. Ann. 259 (1982), 385~430.

[{W1 N. Wallach, On the Selberg trace formula in the case of compact quotient, Bull. Amer. Math,
Soc. 82 (1976), 171-195.

{Received February 10, 1986 and in revised form August 6, 1987)



