ELEMENTARY PROOF OF THE FUNDAMENTAL LEMMA
FOR A UNITARY GROUP

YuvaL Z. FLICKER

ABsTRACT. The fundamental lemma in the theory of automorphic forms is proven for the
(quasi-split) unitary group U(3) in three variables associated with a quadratic extension of
p-adic fields, and its endoscopic group U(2), by means of a new, elementary technique. This
lemma is a prerequisite for an application of the trace formula to classify the automorphic and
admissible representations of U(3) in terms of those of U(2) and base change to GL(3). It
compares the (unstable) orbital integral of the characteristic function of the standard maximal
compact subgroup K of U(3) at a regular element (whose centralizer T is a torus), with an
analogous (stable) orbital integral on the endoscopic group U(2). The technique is based on
computing the sum over the double coset space T\G/K which describes the integral, by means
of an intermediate double coset space H\G/K for a subgroup H of G = U(3) containing T'.
Such an argument originates from Weissauer’s work on the symplectic group. The lemma is
proven for both ramified and unramified regular elements, for which endoscopy occurs (the
stable conjugacy class is not a single orbit).

A. Introduction.

Let E/F be an unramified quadratic extension of p-adic fields, p > 2, G = U(2,1; E/F)
the unitary group in 3 variables associated with E/F, H = U(1,1) x U(1) a subgroup of
G, where U(1,1) = U(1,1; E/F) is a quasi-split unitary group in 2 variables and U(1) =
U(1; E/F) is an anisotropic torus, and T an anisotropic F-torus in H (and G) which splits
over E; then T = U(1) x U(1) x U(1). Put T = T(F), H = H(F), G = G(F) for the
group of F-points of the F-groups T, H, G. Denote the group of F-points of U(1) by
E'={r e EX;Nz =1}, N = Ng/F signifies the norm map from E to F. Let K be the
standard hyperspecial maximal compact subgroup of GG, and 1x the unit element in the
Hecke algebra of K-biinvariant compactly supported functions on G.

For a suitable character k£ # 1 on the set (with a group structure) of conjugacy classes
within the stable conjugacy class of ¢ = (a,b,c), a regular (a # b # ¢ # a) element in
T = (E')3, the s-orbital integral ®F (t) is defined to be the sum — weighted by the values
of k — of the orbital integrals of 1x over the conjugacy classes within the stable conjugacy
class of t.

Analogously one has the standard maximal compact subgroup Ky in H, the measure
1k,,;, and the stable orbital integral @{’;H (t) on H, where “st” indicates k = 1.
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The “endoscopic fundamental lemma” asserts that Ag g (1)®f () = CDﬁ(H (t), where in

this case the transfer factor Ag, g (t) (defined by Langlands [L], p. 51, and in general by
Langlands and Shelstad [LS]) is (—q) "=z, Here ¢ = #£(R/mR) is the residual cardinality
of F' (R : ring of integers in F', : generator of the maximal ideal in R), and a —b € 7™M R},
c—benM2RY, define the non-negative integers Ny, Ny (Rg: ring of integers in F).

The other “endoscopic fundamental lemma” concerns the anisotropic F-torus Ty in H
and G whose splitting field is a biquadratic extension FL of F. Thus L is a ramified
quadratic extension of F. Then T; ~ (EL)! x E! consists of scalar multiples (in E%)
of t = (t1,1), and ¢ is regular if t; (¢ (FL)! = {# € (EL)*; Nz = 1}, N=norm from
EL to the quadratic extension of F other than E, L) does not lie in E'. Define n by
t1 —1 em'y Ry . The transfer factor Ag g (t) is (—¢)~". Once again the “lemma” asserts
Ag/a(t)PF, (t) = @ii{H (t) for a regular ¢.

Langlands — who stated the fundamental lemma and explained its importance to the
study of automorphic forms by means of the trace formula — suggested a proof based on
counting vertices of the Bruhat-Tits building of G. Such a proof ([LR], p. 360 [by Kottwitz,
in the F'L — or ramified — case], and p. 388 [by Blasius-Rogawski, in the E — or unramified
— case|; both cases are attributed by [L], p. 52 to the last author [who claimed them in the
last page of his thesis|) presumes building expertise, which I do not have. This technique
has not yet been applied in rank > 1 unstable cases.

Since the orbital integrals are just integrals, our idea is simply to perform the integration
in a naive fashion, using the fact that T C H, and using a double coset decomposition
H\G/K, which we easily establish here. We then obtain a direct and elementary proof,
using no extraneous notions. The integrals which we compute are nevertheless non trivial,
and this is reflected in our computations. We have used this direct approach to give a
simple proof of the fundamental lemma for the symmetric square lifting [F1] from SL(2) to
PGL(3) (in the stable and unstable cases), and a proof [F5] of this lemma for the lifting
from GSp(2) to GL(4), a rank two case, by developing and combining twisted analogues
of ideas of Kazhdan [K] and Weissauer [W], who had dealt with endoscopy for GSp(2) (an
alternative approach — using lattices — has recently been found by J. G. M. Mars). The
importance of the fundamental lemma led us to test this technique in our case. Thus here
we apply our direct approach to give an elementary and self contained proof in the unitary
case.

The problem of studying the endoscopic lifting from U(2) to U(3) was raised by R.
Langlands [L]. An attempt at this problem — based on stabilizing the trace formula for U(3)
alone — was made in reference [25] of [L] (= [Rogawski] in [GP]), but as explained in [F2],
§4.6, p. 562/3, this attempt was conceptually insufficient for that purpose. The preprint
“L-packets and liftings for U(3)” (reference [Flicker| in [GP], [2] of [A], and p. —2 in [L])
proposed studying the endoscopic lifting from U(2) to U (3) simultaneously with base-change
from U(3) to GL(3, E) by means of the twisted trace formula. It introduced a definition of
packets, and reduced a complete description of these packets — as well as the lifting from
U(2) to U(3) and U(3) to GL(3,E) — to important technical assumptions, proven later
(twisted trace formula, transfer of orbital integrals). Moreover, rigidity and multiplicity
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one theorem for U(3) were reduced to the assertions of [GP], which was written later than
our preprint. The papers [F2/3] contain a much improved exposition of the preliminary
preprint. The paper [F4] contains a new technique, based on the usage of Iwahori-regular
functions. It affords a proof of a trace formula identity for all test functions — thus extending
the results of [F2/3] to all representations of U(3) — by simple means. Later, an exposition of
these techniques and results — but not of [F4] — was published by Rogawski (Ann. of Math.
Studies (1990)), who subsequently ([LR], p. 395) corrected an error in the computation of
the multiplicities of the non-tempered discrete series representations. Finally, we note that
Waldspurger [Wa] has recently shown that the fundamental lemma implies the existence of
smooth compactly supported functions with matching orbital integrals.

I lusted for an elementary proof as in this paper for a long time, but it was a conversation
with T. Oda and A. Murase following my talk at the conference “Automorphic forms and
algebraic groups” at RIMS, Kyoto 1995, organized by them, which helped me decompose
H\G/K and initiated the present work. D. Zinoviev suggested treating H"\G /K, H" the
anisotropic inner form of H, as in his thesis [Z]; this I need for the ramified case. They, the
referees, and the support of the Humboldt Stiftung, are here warmly thanked.

B. Classes.

Let us review the structure of the set of (F-rational) conjugacy classes within the stable
(F-) conjugacy class of a regular element ¢ in G. Being regular means that the centralizer
Zg(t) of t in G is a maximal F-torus T. The elements ¢, t' of G are conjugate if there
is g in G with ¢ = g~'tg. They are stably conjugate if there is such a g in G = G(F)
(F is a separable closure of F). In this case g, = go(g~!) lies in T = T(F) for every
o in the Galois group , = Gal(F/F), and g — {0 — g, } defines an isomorphism from
the set of conjugacy classes within the stable conjugacy class of the regular element ¢ of
G, to the pointed set D(T/F) = ker|[H'(F, T) — H'(F,G)]. This set is contained in the
image E(T/F) = Im[H'(F, T*¢) — H'(F,T)], where G*¢ denotes the simply connected
covering group of the derived group of G, and T?¢ is the preimage in G*¢ of the image of
T in the derived group. When F is local and nonarchimedean, H(F, G*¢) is trivial. When
HY(F,G*¢) = {0}, D(T/F) = E(T/F). In this case D(T/F) is a group. Fix an F-torus
T* in G. Put N = Norm(T*, G), the normalizer of T* in G, and W = N/T* for the Weyl
group of T* in G. The stable conjugacy classes are determined by means of the following.

1. Proposition. The set of stable conjugacy classes of F-tori of G injects naturally in
the image in H'(F,W) of ker[H*(F,N) — H(F,G)]. The map is bijective when G is
quasi-split.

Proof. The tori T and T are conjugate in G, thus T = g_lf*g for some g in G. For any ¢
in T there is t* in T with t = g~ t*g. For t in T, we have og~'ot*ocg = ot =t = g~ 't*g,
hence ot* = g;lt*g, € T', and g, € N. Taking regular ¢ (and t*), g, is uniquely
determined modulo T, namely in W. For any ¢* in T we then have o(g~'t*g) =
g~ Ygo(g71))o(t*)(o(g)g~1)g, hence the induced action on T’ is given by o*(£*) = g, o (t*)g; L.
The cocycle p = p(T):, — W, given by p(o) = g, modT", determines T up to sta-
ble conjugacy. Conversely, a {g,} in ker[H!(F,N) — H!(F,G)] determines an action
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o*(t*) = goo(t*)g; 1 on T . A well known theorem of Steinberg asserts that when G is
quasi split over F', a conjugacy class over F' in GG of a regular t* contains a rational element

g t*g (in G); its centralizer is an F-torus which defines g,. O
0o 1

Let us now specialize to our situation. Put J = < -1 ) , and introduce an action of the
1 0

Galois group Gal(F/F) on GL(3) by 7((gi;)) = (7gi;) if the restriction of 7 to E is trivial,
and 7((gij)) = Jt(rgi;)~'J if T|E is the generator o of Gal(E/F). Then G is GL(3) with
this Gal(F/F)-action, and its group G of F-rational points is G = {g € GL(3, E); gJ'g =
J}. Here (g;5) = (9i;), and @ = oa for a € E. Fix T* to be its diagonal subgroup. The
Weyl group W is the symmetric group S3 on 3 variables, and Gal(F/F) acts on W via
Gal(E/F), o mapping the reflection (12) to (23), and (23) to (12), thus fixing only 1 and
(13). It is easy to classify the stable conjugacy classes of F-tori in G, but we consider only
those which split over E, resp. the biquadratic extension EL of F'; in the other cases the

stable conjugacy class consists of a single conjugacy class. The stable classes are determined
by HY(Gal(E/F),W), resp. H'(Gal(EL/F),W). Put NE* for {xo(x);x € E*}.

2. Proposition. There are two stable conjugacy classes of F-tori in G which split over E.
One consists of a single conjugacy class, represented by the torus T* (T* = {diag(a,b,ca™1);
a € EX,be E' = {x € EX;zom = 1}). The other consists of tori T with T = (E')3, and
D(T/F) = (F*/NE*)2,

The stable conjugacy classes of F-tori in G whose splitting fields are quadratic extensions

of E, are parametrized by the (ramified) quadratic extensions L of F' which are not isomor-
phic to E. Each stable class consists of tori T with T = (EL)! x E', and D(T/F) = Z/2.

Proof. A cocyclein H(Gal(E/F), W) is determined by w, in W, with 1 = w,> = weo(w,),
thus w, is 1 or (13), or (12)(23) or (23)(12). Asc((23))(12)(23)(23) =1 = 0((12))(23)(12)(12),
the last two are cohomologous to 1. The cocycle w, = 1 defines the action o*(t*) = o(t*)
on T . To determine D(T*/F), note that H'(F,T*) = H'(Gal(E/F), T*(E)) is the
quotient of the cocycles t, = diag(a,b,c) € T*(E) = E*3, tyo(t,) = tye = 1, thus
t, = diag(a,b,0a), a € EX, b € F*, by the coboundaries t,o(t;!) = diag(aoc, bob, coa).
Since G*¢ is the subgroup of G of elements of determinant 1, the cocycles which come from
HY(F, T**¢) have the form t, = diag(a,1/aca,coa). These are coboundaries (u,o(u;?1),
with u, = (a,1/a, 1)), hence D(T*/F) is trivial.

The cocycle w, = (13) defines the action o*(diag(a,b,c)) = (ca=,0b",o¢™ ) on T .
Then T = g~ !'T*g for some g in G with go(g~!) = J (modT"), and T = T(F) =
(EY3. A cocycle t, = diag(a,b,c) € (E*)3 of Gal(E/F) in T(E) satisfies 1 = t,2 =
tyo(ty) = diag(a/oa,b/ob,c/oc), thus a,b, c € F* and it comes from T*¢(F) if abc = 1. The
coboundaries take the form t,0(t,)~! = diag(aca, bob, coc), hence D(T/F) = (F*/NE*)2.

Consider next an F-torus T in G which splits over a quadratic extension L; of E, but
not over E. The involution «(z) = J'ZJ stabilizes T = T(F'), and its centralizer L; x EX in
GL(3, E); it induces on L; an automorphism whose restriction to E generates Gal(E/F).
Hence Li/F is Galois. But it is not Z/4. Indeed, if Gal(L,/F) = Z/4 were generated
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by 7, then 72 be trivial on E, (w,2)? = 1 implies w,> = 1 or (13) up to coboundaries,
but (13) = w2 = w,m(w,) = w,(13)w,(13) implies w2 = (13), which has no solutions,
and w,> = 1 implies that T splits over E. Then Gal(L,/F) = Z/2 x Z/2, and L; is
the compositum of E and a quadratic extension L of F', not isomorphic to E. Since
p > 2, there are two such L (up to isomorphism), both ramified (since E/F is unramified).
The Galois group Gal(LE/F) is generated by o whose restriction to L is trivial, and 7

whose restriction to F is trivial. Up to coboundaries, w, is 1 or (13). If w, = (13),
then w, # 1 is of order 2. Up to coboundary which does not change w,, we have w, =
(13), and replacing o by o7 (thus changing L) we may assume w, = 1. If w, = 1,

Wy = Wre = Wer = Weo(wr) = we(13)w,(13) implies that w, (# 1) commutes with
(13), hence w, = (13). Up to isomorphism, T consists of (a, b, c) € (LE)*3 which are fixed
by o(a,b,c) = (cc™, 007, 0a™t) and 7(a,b,¢) = (r¢,7b,7a). Thus b = 7b = ob~ ! lies in
E' and ¢ = 0a™! = 7a, namely T ~ {(a,b,0a71);b € E',a0ra = 1,a € (EL)*}.

It is simplest to compute D(T/F') using Tate-Nakayama duality. The image of

H Y F, X.(T°°) = {X = (z,y,2) € Z® 2+ y+ 2 =0} /(X —0X, X — 7X)
in
HYF,X,(T)=72/(X —0X = (22,2y,22), X —7X = (x—2,0,2z—x))
is Z./2. O
To compute our integrals we need explicit realizations of the tori T = (E')3 and T =
(EL)! x EL.
11
3. Proposition. Put Ty = {t, = diag(a,b,c);a,b,c€ E'}, h = < 1 >, r = diag(x,1,1),
-1 1
witht € F — NE, Ty = h='Toh and Ty = (hr)~'Tohr. Then Ty and Ty are tori in G,
and a complete set of representatives for the conjugacy classes within the stable conjugacy
class of a reqular t; = h~ldiag(a,b,c)h in Ty (thus a # b # ¢ # a), is given by ty,
to = r~th~tdiag(a,b,c)hr, tz3 = r~th~1 diag(a, c,b)hr, and t, = r~*h~1 diag(b, a,c)hr.
A set of representatives for the conjugacy classes of tori ~ (LE)! x E' is given by

Ty = {57 (05 ™0/P ) 16 € BY0® —mp? =1} x B

C H = Zg(diag(1,~1,1)) = U (‘; é) x E' c G =U(J),

where D € R* — R*2, and

Ty = {671 (gwf) JeBELa? —mp =1} x B!

C H' = Zei(diag(1,1, ~1)) = U (’(; _01) xE'c G'=U(J),
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) . . e 1/2m 0 —1/2 )
where J' = diag(w,—1,—m~"), and J = ¢gJ''g, with g = o1 0 |, sothat G =
1 0 =

g 'Gg.

Proof. An F-torus T within the stable conjugacy class defined by the cocycle {o — (13)}
in H'(Gal(E/F), W) takes the form h='T*h, with h in G(E) = GL(3, E) such that h, =
ha(h™1) is (13) in W. The h of the proposition satisfies o(h~1) = diag(1/2,1,1/2)h, and

2 0 0 1 1(atc) 3(a—c)
h2:< -1 )( -1 ).Thent1:< b )
0 -2 1 0 %(a—c) %(a—i—c)

A stably conjugate ty = g5 't1go = (hg2) 'tohgz is defined by go € G(E) such that
920 = 920(g2) "t = h™tas, h, where as, = diag(r, 1,t™!) (we take the elements of D(Ty/F)
to be represented by g, = 1, ass, a3, = diag(t,t71, 1), as, = diag(l,v,t7!), v € F — NE).
Thus we need to solve hgaJt(hg,) = hgao(hg2)~'J = assha(h™1)J = as, diag(2, —1, —2) =
diag(2r, —1, —2/t) (bar indicates componentwise action of o). Clearly g, = r is a solution.

The next stably conjugate element is t3 = g3 ‘t1gs = (hgs)~‘tohgs, where g3 satisfies
J36 = gga(gg_l) = h7laszyh € Ty. Thus we need to solve ghs.J!(hg;) = hgso(hgs)~tJ =
azgho(h)~1J = diag(2r, —2/t, —2). Since F/F is unramified, there is x € F with 27 = 2.

1 0

1
Define g3 by hgs = < z ! ) ( 0 1> ghs, for which
0 T 1

1 0 1 2t 0 1 1 0 2t 0
wrtsd= () (1) (- 0) (o) (D) -G )
0 z 1 0 -2/ 1 0 T 0 -2

For the last case, replace the index 3 by 4, and note that a solution to hgsJ*(hg,) =

Y 0 1
diag(2, —t, —2/t) is given by g4 defined by hgy = < y ! > <1 0 ) hgo, with y € E such
0 1 1
that yy = —2.
To exhibit non conjugate (in G) tori ~ (LE)! x E' in G, we construct one (Tx) in
the quasi-split subgroup H = U(1,1) x U(1) of G, and another (Ty/) in the anisotropic
subgroup H' = U(2) x U(1) of G. To simplify the notations, we omit the factor E' from

the notations. To describe Ty, consider the ramified torus T} = {(g ﬂ;) € GL(2,F)}.

Put GL(2, E/F) = {z € GL(2, F);detz € NE* = R*x*”}. Then T N GL(2, E/F) = ZTy,
where Top = T'NSL(2, F), and Z = F* is the center of GL(2, F'). We have EXGL(2,E/F) =

E*U,, where Uy = (_01 (1)), hence the corresponding torus in U is Elfo. But H =

U ((1] (1)) = D1_1U2D1, where D = diag(\/ﬁ, 1). Then Ty is as asserted.

To describe Ty and H’, note that there is only one form of the unitary group in
3 variables associated with a quadratic extension E/F of p-adic fields. We then work
with G’ = U(J'), which is g~!Gg as stated in the proposition, as the anisotropic H’

is easily specified as the centralizer Zg/(diag(1,1,—1)). Note that we could work with
0 1/2m

H" =gH'g7'=Zg < 1 > Now H’ consists of diag(A,e), e € E', and A € GL(2, E)
2w 0
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with A diag(w,—1)*A = diag(mw, —1). Clearly det A = %/u for some u € E*, and solving

the equation we see that A = u~! (iz C;r) with aa — wce = uu, or alternatively A = (g uuc;)
with a@ — mce¢ = 1, v € E'. A maximal torus splitting over EL, in H’, is given by
{6-1 (gﬁ:) 160 = o —7wp%a,8 € F;6 € EX}. Since o® — 3% = 60 € NEX = R*n??,
we have that both sides are squares, say r2, r € F*, and dividing a, 3,8 by r we conclude
that a2 — w2 =1 = 6. Then Ty is as asserted. O

Yy 0 1
Remark. The Weyl group W (T) of T = Ty in G is S3; for example, h™! < y ! > <1 o | h

0 1 1
lies in G (yy = —2) and represents the reflection (12). The Weyl group W (T*) of T* in G

consists of 1 and (13) only.

C. Decompositions.

Let K be the maximal compact subgroup G(R) of G (its entries are in the ring Rg
of integers of E). Denote by 1k the characteristic function of K in G, and fix the Haar
measure on G which assigns K the volume 1. Our aim is to compute the orbital integrals

a-+c a—c
2 2 P
/ lg(z7 ' pz)d, t, = b ,
T,\G a—c atc
2p 2

where pis 1 or w, thus T, = T1 if p = 1 and T, = T if p = . We shall also compute
the integrals [, | 1x (2~ H2)dr and fTH,\G 1k (z7 ' x)dz. The measure on each compact

torus is chosen to assign it the volume 1, and we define p by p=7? (p =0 or 1). Put H for
the centralizer of diag(1, —1,1) in Gj it contains 7, and Ty. Let N denote the unipotent
upper triangular subgroup of GG; it contains

. 1114 l1z1 z 0 (T 0\
ug=|o0o11 ) anduy={o017 )= 1 ug | 1 (xx = 2).
001 001 o z ' 0 z '

Our computation of the orbital integral is based on the following decomposition.

4. Proposition. We have G = |J Hu, K, where u,, = uod,,, d, = diag(t,1,t71),

m>0
K 1 A a,1—b+ta,2 0 b—ta,2+tb3+2a3t2 i
t =m™. Further, H;, = H NuyKu,, = consists of 0 a1 0 € H with
b 0 al—b—tbg

ai, as, as, b, bg m RE

Also G = Up>oH"d,, K, and H), = H' N g~ 'd,,Kd; ;' g consists of diag(u~" (g cg) ,€),
e € E'Y, u € EX, a,c € E with aa — wcc = uu and |a/u — e| < |w1T2™ |c/u| < |x|™,
or equivalently of scalar multiples by E' of diag(e (iz 1;6;) 1), e,u € E', a,c € Rg with
1 =aa —wce, |a— 1] < [x|F2™ |e| < |7|™. Both decompositions are disjoint.

Let™' leet™?
Proof. For the decomposition: G = T*"NK = HNK = |J U H <0 1 sl >K =
m20ecRy 0 0 1
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et™! 0 e 1t 0
UH ( 1 > Uy < 1 ) K=\ Hu,,K, ul, = uidy. It is disjoint since (by
m,e 0 &'t 0o & ! m>0

matrix multiplication) /.~ hu! lies in K for some h in H only if n = m.

The intersection H.,X = H N u;nKu;n_l consists of (a;, b;, ¢; in Rg):

111 t 0 a1 a2 ag t™' o 1-1 3 114 a1 tay t’as 1-1 1
011 1 by b2 b3 1 01 —-1)]=1o011 t7b: by thy 01 —1
001 0o ¢! €1 c2 c3 0 ¢t 00 1 001 t 2ci t tes e 00 1

in H, thus ¢; = —tb; and ¢; = tce, and we define b € E by by = —2bt. Thus ¢; = 2bt2,
co = 2bt, and we continue with

(i) g ) (45 2) - G
= 011 —2b bs tbs 01 =1 = 01
001 2b 2b c3 00 1 00
<0’1_b X %b_%ta2+%tb3+t2a3> ("E 0 >_1 <a1—b 0 b—ta2+tb3+2a3t2> (37 0 >
= 0 a;—tas Y = 1 0 a1—taq 0 1 .
2b 0 a1 —b—tas—tbs 0o 7 * b 0 a1—b—tas —tbs o z !
Since this has to be in H, we obtained the relation X = 0, thus a; — tas = by + 2b, which
implies that b € Rg, and Y =0, thus c3 —b = b+ by — tbs = a1 — b — tas — tbs. Replacing
aiby aj +taz, and noting that HX = diag(z, 1,7 Y H, diag(z, 1,771) 1, the first part of
the proposition follows.

Recall that G’ = g~ 'Gg, and note that H' = Zg/(diag(1,1,—1)) is Stabg (vf) = {2’ €
G';vpr’ = M, A € E}, where v) = (0,0,1). Put vg = vjg~! = (=1,0,1/27). Then
H" = gH'g~' = Zg ( " 1 1/21r> is Stabg(vg) = {x € G;vpr = Mg, A € E'}. Embed

27 0
H'\G — S = {v € E3vJ"w = vgJ'y = -7~} by 2 — v = voz. We have a disjoint
decomposition S = Up>ovodm K, as vody, = (—a™,0,1/2a™+), and ved, K = {v €
S;||v|| = |x|~™=1}. Here ||(z,v, 2)|| = max{|z|, |y|, |2|}, and the union ranges only over m >
0 since {m, —m — 1} = {n, —n — 1} if n + m = —1. The decomposition G = Uy, >0 H" dp, K
follows.

To describe H!,, consider the elements of dtgH'g~'d,, in K. Thus

1/t 0 /20 —1/2 a/u cm/u 0 T 1/2 t 0
o) O ) ) )
0t 1 w 0 0 e -1 1/2m 0 1/t

B ( (a/u+e)/2 c/2ut (a/u—e)/41rt2>

[

a1 tag—al %al—ta2+t2a3
—2b b2+2b  —b—ba+tbs
2b 0 C3—b

wtc/u a/u c/2ut
(a/u—e)mt? wtc/u (a/u+te)/2

lies in K precisely when |c/u| < |7|™, |a/u — e| < |x|t+2™. O
Note that the integrals [, /i Ao and " /icu dg are independent of the choice of the Haar
measures dz on G and dh on H. Also, fH/K{I dh = [KH® : K] fH/KH dh for a compact

open subgroup K of K. Tt is convenient to normalize the measures dz and dh to assign
K and K the volume one. Then [K# : KH] = |KH|~1.
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5. Proposition. The orbital integral of 1x at a requlart € T C H (T =T, or Tu) can be
expressed as

/ 1 (z™ ) de = Z/ L (u h ™ thay, )dh = Z/ e (W™ th)dh.
G/K >0 H/HY >0 H/HY m

At a reqular t = gt'g=' € G, wheret' € Ty C H' € G' = g~ 'Gg, we have

/ 1 (z7 x)de = Z/ 1y (W= *t'h)dh.
G/K ms0” H'/HY, "

Proof. For the last equality of the first assertion, note that u,_ 'h~'thu,, € K implies that
h=lth € HN umKu;Ll = Hnlg

For the last claim, the left side equals

L (d'h=tthd,,)dh

m>0 /H”/H”ﬂdedml

— Z/ L (dtgh/ =R g7 d,y, ) dh;
m>0 H'/H'Ng~ dm Kdy' g

the displayed equality follows on writing h = gh’g~—! and t' = g~ 'tg. The right side is equal
to the right side of the equality of the proposition. O

We then need a decomposition for T,\H/K N H and Ty\H/K N H. Note that H =

U ((1] (1)) x E', where the first factor is the unitary group in two variables which consists of

the g in GL(2, E') with g (2 é) tg = ((1) é) Correspondingly we write T, = Ty, x E' and

KNH =Ky x E'. Put r? = diag(x=0=P)/2 g0=P)/2) for j > 0, j = p (mod 2). In the
following statement the factors E! and RX — whose volume is 1 — can be ignored for our
purposes. Write [z] for the largest integer < z.

6. Proposition. We have H = |J T, r§-KuyxE" (j =7(2), 7 > 0), and (rf) " Ta,rf N
>0

Ky =(R+mRg)*/R* x E'. Further we have H = J Ty -7; - Kg, and T]'_ITHTJ'QKH
Jj=0

is Rp(j)' = EYNRL(j), R.(j) = R IR, wh _ (om)/ (o)

is Ru(j) = B' N Ry(j), Re(j) = R+ VaniR, where r; = (47) a5 (1 0 ).

Proof. Note that E = F(vD), D € R — R?. Put D; = diag(v'D,1). Then U ((1) é) =

Dy Uy Dy, where Us is the unitary group U (_01 é) Since diag(a,a"') = adiag(1,1/aa),
we have EXU; = EXGL(2,E/F), where GL(2,E/F) = {g € GL(2,F);detg € NE*};
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note that NEX = x22R%. Note that T1, = {(;;p “fjp) e GL(2,F)} lies in GL(2, E/F),

as u? — v?D = a@ € NE* (for @ = v + vV/D in E*). The corresponding torus in Us is

u vpD - 1 - Y i
sz:{g (v/p " );ﬁeEl},and Thp, = Dy 'To, Dy is the torus{g(v\/ﬁ/p p;/ﬁ)}m

D1_1U2D1 =U <(1) é) Thus the map T1, — T, takes an element with eigenvalues {«, @} to

one with eigenvalues {3, fa/a}. From the well known (see the Remark following the present
proof) decomposition GL(2,F) = |J T1,diag(1l,77)GL(2, R) we obtain GL(2,E/F) =
§>0

UT1,mGL(2,R) (j > 0, j = p(2)). Hence U = UTp,r% K>, where K = Uy N GL(2, Rp).

j
Conjugating by D; we get the decomposition of the proposition. Finally,

PY=1. Ty _[B( w _ wn'VD o
(rj) Tu, ijKH_{@(Mr_j\/ﬁ " eKg;a=u+uvVD}.
The last matrix has eigenvalues 3 € E! and fa/a. Since E/F is unramified, EX/F* =
Ry /R*, we may assume that « € Rj and conclude that u € R, v € m/ R. Thus our
intersection is isomorphic to (R +m/ Rg)*/R* x E*, as asserted.

For the last claim, in the notations of Proposition 3 in the ramified case (T = (LE)'x E'),
we have that GL(2,F) = U;>¢T1 diag(l, (—7)7)K = U;>oTir;K, r; = t;diag(l, (—m)7),
where t; is w=9/2 if j is even, and w~(+1)/2 (21(;) if j is odd. Then GL(2,E/F) =
Ujp0ZTyri K, and U = U ( ° 1) = Ujso B Tor; Ky, and H = U (1) = DI'UD; with
D, = diag(\/ﬁ, 1) has H = Uj>0Ty7r;KH, where Ty is as described in Proposition 3.

a ﬁW(—w)j/\/ﬁ)
pvD/(—x) o )
j is even (replace D by 1/D when j is odd), namely |3| < |x]’. Thus rj_lTHrj U Kg is
Rr(j)* = E*NRL(j), Rp(j) = R+ /an/ R, up to factors of the form E!, whose volume is
1 and is ignored here. ]

Remark. A proof of the well-known decomposition GL(2, F) = |J T diag(1,n?)GL(2, R) —
>0

extracted from a letter of J.G.M. Mars — is as follows. For another proof see [F5], Lemma

LI.1. Let E/F be a separable quadratic extension of non archimedean local fields. Let V'

be E considered as a two dimensional vector space over F. Multiplication in E gives an

embedding £ C Endp(V) and EX C GL(V). The ring of integers Rg is a lattice in V' and

K = Stab(Rg) is a maximal compact subgroup of GL(V).

Let A be a lattice in V. Then R(A) = {x € E; A C A} is an order. The orders in E are
Rg(j) = R+7'Rg,j >0 (r = mr). Note that Rg(j)/Rg(j+1) is a one dimensional vector
space over R/m. If R(A) = Rg(j), then A = zRg(j) for some z € E*. Choose a basis 1,
w of E such that Rg = R+ Rw. Define d; in GL(V) by d;(1) = 1, d;(w) = w/w. Then
Rg(j) = d;Rg. It follows immediately that GL(V) = U;>0E*d; K, or, in coordinates with

respect to 1, w: GL(2,F) = |J Tdiag(1l,7")GL(2, R), with T = {(Z aig,}) ;a,beF, not
Jjz

both 0}, where w? = a + Bw, «a, 8 € R.

Now r]-_lTHrj N Kp consists of 671 ( € Ky in the case where
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7. Proposition. If Rg(j) = R+ 7' Rg, j > 0, then [RE Rp(j)*] is 1 if j = 0, and
(14+q7Y)¢’ if j > 1. Further, [([R+ vmTR)! : (R+ /7' R)'] = ¢’.

Proof. The first index is the quotient of [R5: 1+m Rg] = (¢>—1)¢*¥ =Y by [R*: 1+ 77 R] =
(¢ —1)¢? ! when j > 1. When j = 0, Rg(j) = Rg. The last claim follows from the fact
that u? — wv? = 1 implies u = 1 +wv?/2+ ..., up to a sign. O

u 0 1 v\/ﬁ
8. Proposition. We have Ky x E' = PyHE, where Py = { ( w > < 1 >;
o w! 0o 1
u€ R, weE,ve R}, and [Prg: Pg NV HE] is 1 if m =0 and (1 — ¢~ 2)¢*™ if m > 1.

cd 01 d

Ky consists of (3591> (é“?) é (cjﬁc‘éﬁ> (u€ RE,veE R, a=d+cVD € Rf), and

Ky x E' = PHHnIg. The intersection Py N ang is Py when m = 0, but when m > 1 and
t =x™, it consists of

Proof. Define u € R*, v € R, by the equation (a b) = (u U) <‘j CD) in GL(2, R). Hence

a1 + tas —tas + ths + 2as5t> 1+ tal —taly + b + 2ajt>
al = aq 1 ’
0 a; — tbg 0 1— tbg

where af = as/ay, b5 = bg/aq, ay = as/a1, a1a; = 1. These satisfy 1 = (1 + tah) (1 — tbf),
namely b5 = @b /(1+tah). Thus t(by—ab) = t(ay/(1+tas) —ah) = t(ay—ah—tahal)/(1+tas).
Erasing the prime from ag, and the middle entry 1, Py N HX consists of the product of
E' = {a;} and the matrices

1+tas t(@2—as—tas@s)(1+t@2) " 4+t%2a5 | _ [ l+tas t(@2—a2)/(1+taz) 120 VD
0 1—taz(14+taz) ™" - 0 1—tas /(1+taz) 0 1 :

then [Pg: Pg N HE] is the product of [R5:1 + 7™ Rg] = (¢% — 1)¢?™~Y (for ay) and
[R:w?™R] = ¢*™ (for a3). O

Definition. Put 6(X) =1 if “X” holds, and 0(X) = 0 if “X” does not hold.

Note that fPH/PHﬂKK f(p)dp = [Pg: Py N HE] fP p)dp, if the measure dp assigns the
compact Py the volume one.

9. Corollary. The orbital integral | e 1 (z~ Y z)dz is equal to
P

Y BG=0+0+¢ NG =1)] ) / Ly (0™ (rf) " prip)dp .

j=0, _]Eﬁ(2) mZO H/PHI"IHTI;:

For a regular t € Ty, the orbital integral fTH\G 1k (z71tx)dx is equal to

> IHE| IZ/ g (K v k) dk

m>0 ]>0 KHﬂT THTJ'\KH
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e qu Z/ ]-Hrlrg (p_lrj_ltrjp)dp.

l

D. Computations: j > 1.

In computing the integrals fPH Lpx (p_l(r;)_ltpr;p)dp at t, = r;'h~!diag(a,b,c)hr),
we put ' = ¢ —1, ¢ = §{ — 1, define N; by o’ € M RY, Ny by ¢ € aM R}, N by
o —c enVRY and Nt by a +¢ € N’ R}. Since 7, is regular, N, Ny and N are finite
non-negative integers. Put M = max(Ny, N3). We shall distinguish between two cases. If
la’ — | < |d/|, then |d| = |¢/| = |a' + /|, thus Nt = Ny = Ny < N. If |d| < |’ — (|,
then either |a'| < |a’ — | (= || = |a’ + |, thus Nt = Ny = N < Ny), or |a| = |a' — (|
(> la’ + |, ||, thus Nt, Ny > N; = N), namely N < N*. Put u = N — j, and denote —
as usual — by [z] the maximal integer < z.

10. Proposition. If j > 1, then fPH/PHr‘lHK Lpx (p_l(rf)_ltprfp)dp is 1 ifm=0, (1—

gt if 1< m < min([4], [5H]), and (1- g )t (g — 1)t = (14
g g™ if = Nt < 2m < 2u. For all other m > 0 the integral is zero.

For a reqular t = diag(6~1 <ﬁ35 ﬂ"/a‘/ﬁ> ,v) in Ty C H, the integral
T pourts L (07 ersp)dp s 1 if m = 0, (1= )" i 1< m < min([u/2) [(1+
N»)/2]), and (1 + ¢~ Hg"T®™ if 4 = 1+ Ny < 2m < 2+ 2Ny, and Ny < N. For all
other m > 0 the integral is zero. Here 3 = Br (B € RX), and § = §; + idy € E! with
52 = D21I'N2, (51,D2 € R*.

Proof. As Py C HEX when m = 0, we assume m > 1. We need to compute the volume of
solutions in u € R /(1 +tRg) and v € R/t*R (t = ™), of the equation

( 1 —U\/5> <u1 (u—i)/u) 1(a+c) i(a—c)m? (u (ﬂ—u)/ﬂ) < 1 u\/5>
1 1 b 1 1
0 1 0 w s(a—c)yw™  f(ate) 0 w ! 0o 1

( a,1—b1 +ta,2 bl—ta2+tb3+2a3t2 >
Y

a1

by a1 —by—tbs

for a; € E'; b1, a2, a3,bs € Rg. To have a solution, a; must be equal to b. We then replace
a by a/b, ¢ by ¢/b on the left, and by, az, b3, ag by their quotients by a; on the right, to
assume that a; = b = 1. Put w = vv/D + (@ — u)/ud, erase 2nd row and column of our
matrices, write b for by, define B € R} by (a—c)m™7 = Ba# (u= N —j < N), to express
our identity as the equality of

(1 —w) ( 1(a+c) ‘ %(a—c)wj/ui> (1 w) _ ( 1 (a+c)—wuuBw* Bw“uﬂ(w2j/(uﬂ)2—w2)>

0 1 %(a—c)uﬂr_J %(aﬂl—c) 01 BrMtuw %(a—i—c)—i—wa“uﬂ

and
1—b+ta2 b—ta2+tb3+2a3t2
b 1—0b—tbs )
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Since b € Ry, to have solutions we must have that p > 0 (consider the entry (row, column)
b

tu
= (2,1) in our identity). This is congruent to (lb - b) modulo . Considering the
entries (1,1) and (2,2), we deduce that wa* = 0 (mo

entries (1,2) and (2, 1) we conclude that j = 0.

Since j > 1, we may now assume that 1 < m < p. Then b = w* = 0 (™), and from
the equality of the entries (1,1) or (2,2), we obtain 1(a +¢) = 1(x™). Put o’ = a — 1,
¢ =c—1. Then o’ + ¢ = 0(7™). Since also a’ — ¢ = 0(7™), we have o/, = 0(7™), and
we have ' = d'm™™, " = ™, b = br~™ in Rg. Put ¢/ = p—m > 0. The matrix

identity translates to 4 equations, the first 3 define b, as, b3 and hence are always solvable:

d7™). If m > p, considering the

, : 1 /
Bt =, S(a" + ")+ (1 - wyunBr = ay, (0" + ") + (1+ wpunBrt = b,

N | =

B'm* +Br" wi(1—Dv?+x¥ /(ut)?) = 2asm™ (where B'm* = a"+c", vy =w/VD € R).

If m < ', p”, namely 2m < p, N*, any u € Ry, v1 € R, make a solution (a3 is defined by

the 4th equation). This proves the proposition for m (1 < m < min ([%] , [NT+]>)

If " < ', m, there are no solutions in u, v;.
If o/ < p'’, m, since j > 1 and 1 — Dv} € RX, there are no solutions either.
It remains to consider the case where p' = p” <m (< p). Write

el = —uu(1 — Dv?)B/B". Then our equation can be written in the form

1 —2a3n™* /B" = —wuB/B"(1 — Dv? 4+ x% (vu)~2) = e (1 + (n¥e?),
where ¢ = (B/B")%(1 — Dv?), namely
£ = 14+ e? = 14(m¥ (1+2(m% 24P e?) = 14¢n? 23 aY 2+ Ca%e*  (mod rm_”’) ,

so that € is uniquely determined modulo ™=+ Thus a choice of v in R determines (,and ¢
in R* /14x™ # R, hence uti € R*/1+x™ * R. The volume of one coset mod 7™+ in R*
is [R*:14a™H R~ = 1/[(q¢—1)¢*"~#~1]. Multiplying by [Pg: PeNHE] = (1—¢~2)¢*™
we get (14 ¢~ 1)g?™mTH.

In the ramified case, the case m = 0 is again trivial, so we assume m > 1. Putting
B, = BovV/D(—1)7 € R}, in analogy with the previous case we are led to solve in u and
v = w/\/ﬁ the equation

(ag_mel,,u uaBmu(,;zHl/D(ug)Z’_Duf)) _ (1—b+m2 b—ta2+tb3+2a3t2> _ (1—b b ) (mod ™)
uvuB " ad+uuB;TH b 1—-b—tbs - b 1-b .

As b € Rg, using (2,1) we have 0 < g < N. From (1,1) and (2,2), wa* =0(x™). If p <m
then |w| < 1, but this contradicts (1,2) and (2,1). Hence 1 <m < p < N. Put b/ = bxr="™,
i = p—m. Then Byuurt =V, o + (1 — w)uuBim* = ag, o' + (1 + w)uuBwH = —bs,
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define b, az, bs. Here o/ = ad — 1 = 0(7™) is used to define o’ = o/

equation (add all four entries in the matrix equality) is

=", The remaining

B'm* + uuBym* (1 — Dv? + 7% | D(u)?) = 2asm™,

where 20/ = B"n*", B" € RS. 1f 20" = B"zaN", N* = 1/ + m, then N* = min(1 +
N3, 1+ 2N), since

o =ad—1=(1+B*x*N /24 .. )1+ DD2n**2N2 /2 ... — VDDor'tN2) — 1

= —VDDor N B2tV 9 4 = 0(x™).

Of course o = 0(m™) implies dp = 0(7™), and m < 1+ N».

Returning to the remaining equation, if 1 < m < p/, ", thus 2m < p, N*, and u < N
implies 1 < m < min([p/2], [(1 + N2)/2]), any u € R} and v; € R make a solution, ag is
defined by the equation, and the number of solutions is as stated in the proposition.

If " < p',m, or p/ < p”,m, there are no solutions, as 1 — Dv? € RX.

If o/ = p” < m < p, namely g = min(1 + Ny, 1+ 2N) < 2m < 2u, but g < N implies
it =14 Ny, so Ny < N, and the number of solutions is computed as in the unramified case
to be as asserted in the proposition. O

11. Proposition. When p = 1 the orbital integral [, \G 1 (z~ 1 ,x)dx is equal to
P

qqz;tll (q4[N2+1] - 1) if N < Ny, and to

(—q)N TN g+ 1qN+2N1

1 4 g2+4IN: /2] 5
(1+q e

if N> Ny. Here 6 =§(2| N —1—Ny) (is1 if N — Ny — 1 is even, 0 if N — Ny is even).

The orbital integral fTH\G I (x~ttx)dr is equal to: (1) if N < Na, it is (¢2N12 —
1)/((¢* + 1)(q = 1)) if N is odd, and (¢*"** = 1)/((¢* + 1)(q = 1)) — ¢'*> if N is even,
and (2) if Ny < N, it is ¢V T2V 43 /(g — 1) — (¢®>M2+2 +1)/((¢®> + 1)(q — 1)) if N2 is even,
and —(¢**** +1)/((¢* + 1) (g — 1)) + ¢V 43 /(g — 1) if Ny is odd.

Proof. Tt suffices to prove the first statement with N; replaced by N, since N > N; if and
only if N > N, in which case Ny = NT. The contribution from the terms j > 1 is

Z (1 + q—l)qﬂ' 1+ Z (1 _ q—2)q4m + Z (1 + q—l)qy,—l—Zm

= tmsmin([£],[ %)) §=i5 <
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If p = 1, this is the entire orbital integral. In this case we replace 5 by 27 + 1, and let j
range over 0 < j < (N —1)/2. f N < Nt =N —1—2j is smaller than NT, and we get

(@+1) > ¥ [1+ > (1—q%)g*™

0<5i<[(N—-1)/2] 1<m<[(N-1)/2]—j

=(g+1) Zq2j(1 + (1= g gt (@ =134 1) /(¢* - 1))

+1 . _ Yy
:qqz 7 207 (L gD
_at 1 (TR I eV g D
qz +1 qz -1 1 — q—2 ’

which is equal to the asserted expression.
If(p=1and) N > N*, then p = N —1—-2j, and § = %—j > NT+ precisely
when 1(N —1— NT) > j (same with < or =). Note that §(NT = p) is 6. Put min =

min ([%] , [NTJr] ) Our integral is then

) 1 q2+4min qN++1 o+ o N+ /2
q+1 q” ( + +9 PN - PN/
( )ogsuzfv:—l)/z] ¢l T )

g+1 PWVHDE 1 g2 (g+1)

_q2 +1 q2 -1 q2 +1
Z q4[N+/2]q2j + Z q4[(N_1)/2]q_2j s
0<SUN—1=NT)/2] [(N-1-N+)/2]<j<[(N-1)/2]
2
_ gt L ey gy At D
gt =1 g2 +1
_N* B ot B B
: <q4[N+/2] AN 1 4 =072 2ANZIZNDAD — g2 1)/2]+1)> + 0%
-1 1— g2
Q+1 + + A _ -
:r 1 (=1 — g FAINT/2] 4 2+4AINT/2J42((NH1=NT)/2] 4 (dl(N+1)/2]=2[(N+1=NT)/2])
q + 1 + +

If § = 0, then N is even iff NT is even, and [§(N+1—-NT)] = 3(N - N*)=[N/2] -
[NT/2]. Hence we obtain

¢+1 + g1 ot )
- PN/ q‘17—1q2[N JA2AN/2) (2 | AN 1)/2]—4IN/2])
q+1 NT+N

1 24+4[N1 /2] q
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If 6 = 1, then N is even iff NT is odd, and [§(N—1-NT)] =
[3(N —1)] = [3NT]. We get

3(N—-1)—iNT =

gt 1 (1+ q2+4[N+/2])+L1(q2+2[N+/2]+2[(N+1)/2] + qz[(N+1)/2]+2[N+/2])

q* -1 gt —1
g1 4+ N+2INT/2) g+1 g+ Nont
q—1 q—1

+
q + 1 + q 2[NT /2] q + 1 n
= (14 ¢2T4NT /2Dy 4 ﬁ(qz[(NJrl)/z] —(g+1)gV) + = 1qN+2N ‘

The middle term is —¢¥+N" /(g — 1) since N + 1 is even iff N7 is even.
In the ramified case we compute as follows. Suppose that N < N;. Then the integral is

Yoo+ YD @ - = Y /(@@ + D+

0<u<N 1<m<[n/2] 0<u<N
N+1 N+2
q —1 q
D a ) = (q2+1)(q—1)+q2+1( 2 "
0<p<N 0<p1 <[N/2],p=2p1
N+2[N/2]+4 N+42[(N=1)/2]+3 _ , _
_ q +4q q—1
+ Z q2u1 1) = q4 1 ’

0<p1 <[(N—1)/2],p=2p1+1

as asserted.
Suppose that No < N. Then the integral is

D A C S YD € B e Ve R i > (14+q~1)gmHitne

0<u<IH+N, 1<m<[/2] [(1+N2) /2] <m<14Ns
+ Y A+ Y (=g '),
1N <u<N 1<m<[(1+N2)/2]

This is the sum of

qNt? Z 21 gN ! Z 2u1 g~ .q_NQ_Z—l
P+ 1 L | LRI R |
0<p1 <[(N2+1)/2],p=2p1 0< 1 <[Na/2],p=2p1+1
and

2(Na42) _ 2[(14N2)/2]+2 A[(14N2)/2142 4 | oN-Na—1 _ 1
(1_+_q—1)qu q +q + .q
q> —1 ?+1 qg—1

Adding, we get the expression of the proposition. O
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12. Proposition. When p = 0, the contribution to the orbital integral of 1k at t, from
the terms indexed by 57 > 0 1is

(a+ 1), ango

AL 1
if N<Nt; when N> N, if N— Nt isodd (§ =6(n| N—NT>0) is0) we obtain
(¢+ 1)g 244N /2] gV H”

1

while if 6 =1 (N — Nt > 0 is even) we obtain

14+2[NF /2]42[N/2]

Y

qg—1

q+1 yion+ 4+ 1qN+2[N+/2]
q-1 q-1 q—1

(Z:r_liq(l +q2+4[N+/2]) n q

Proof. Put p =N — 24, 1 < j <[N/2]. The sum over j is

) 0 1 q2+4min 1 42

1 — J (s 1 - porsm

(R DREY P At B DR R
1<5<[N/2] L=NF cm<p

If N < N*, then min = [p/2] = [N/2] — j and 6 = 0, so we get

g*IN/2 1 + g2 g2 — ¢ 2N/
q2 -1 1— q—2 ’

q(g2++11) Z (TR = (Z;Tiq <
1<j<[N/2]
which is the asserted expression.

If N > Nt then u/2 = N/2—j > Nt /2iff 1(N—N7*) > j, in which case min([p/2], [N */2])
is [N*1/2] (it is [N/2] — j when > is replaced by <). Thus we obtain the sum of

(g+1)g N2 -1 (q+1)¢? 4[Nt /2] Z g2 4 N/ Z q

2 2 _ 2
¢+1 ¢°-1 q(¢®> +1) 1<j<[(N—N-+)/2] (N—N+)/2<5<[N/2]

(g+ 1)g ¢®M/2A -1

_q2+1 q2_1

_Nt —2[(N=N"t)/2]— - -
(¢ +1)¢? AN+ /2] QN=NT)/2+2 _ 2 +q4[N/2]q 2(N=N*)/2]-2 4 ,—2[N/2]-2
q(¢* +1) ¢> -1 1—g72
:(Z:F_liq(_l + q2+4[N+/2]+2[(N—N+)/2] _ q2+4[N+/2] + q4[N/2]—2[(N—N+)/2])
and

— m qg+1 + T
g+1%"2 D, =0 =gV ).
N+/2<m<N+ q
When § =0, 2[(N — N*1)/2] = N — NT — 1, and noting that N is even iff N* is odd, the
asserted expression is obtained. When § = 1, N is even iff so is N T, hence 2[(N —N1)/2] =
N — Nt =2[N/2] — 2[N* /2], and again we obtain the asserted expression. O
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E. Computations: j = 0.

To complete the computation of the orbital integral of 1x at ¢,, it remains to compute
the contribution from the term indexed by j = 0, which exists only when p = 0.

13. Proposition. Whenp = 0 = j, the non zero values of the integral fPH/PHmH},{ Lgx (p~tt,p)dp
are: 1 if m =0,

(a) (1—¢ )" if 1 <m < min([N/2],[N*/2]),

(b) (14 ¢~ 1)g?>m+2IN/21 4f [N/2] + 1 < m < min(N,[M/2]) (thus N < N7T; recall:
M = maX(Nl, NQ)),

(c) (1+q 122N if [M/2] +1<m < N (thus N < Nt) and M — N is even,

(d) (14 q 1)@ T2N2 if N+ 1 <m < [M/2], and

(e) (1+q71)2¢*™ N jf max(N +1,[M/2]+ 1) <m < [(M + N)/2] and M — N s even.

Proof. As in Proposition 10, we may assume that m > 1, and compute the volume of
solutions in v € R5/1 +7™Rg and v € R/m*™R, w = vvV/D, of the equation (for some
as,a3,b € Rg):

(a+c) —wwuBr™  wuBrY ((wu)~2 — Dv?)\  [(1—b+tay b— tay+ ths + 2azt?
uuBnN t(a+c¢) +wuuBrN ) b 1—b—ths '

Consider first the case where m > N. Since the matrix on the right is congruent mod 7™

to ( 1;” 1;), considering the entries (1,1) and (2, 2) of the equality, we get that w = vv/D,

v = vy ™ N v, € R. The identities of the entries (1,2) and (2,1) imply that vu =
+1(x™=N). If wu = 1(x™ ), put wr = 1 + ¢'a™~ Y. The matrix identity becomes four
equations: b = (a’'—c')/2+¢' Br™ (always solvable, defines b), as = a” +¢' B—BvDuvui (is
solvable precisely when a” = a'm~™ € Rp, namely m < Ny), —bs = o’ + &' B + BV Dvut
(solvable when m < Ny), and 2a’ + BrNuwi(1 + (uw) =2 — 2(uwr) ~! — Dv?a?m=2N) = 2q3m2™,
Thus the 274 and 3™ equations are solvable when N < m < N; if vz = 1, and when
N < m < N, if uu = —1. Hence we are led to consider m in the range N = NT =
min(Ny, N3) < m < M = max(Nyi, Ny). Defining 61 € R by (utt)™! = 1 + g™V,
the remaining, 4*® equation, takes the form 2a” /B + (2a”/B)e1na™ N +a™m =N (2 — Dvi) €
7™ Rp, or 24" /B+x™ "N ((e1+a"/B)?—(a"/B)?— Dv?) € ®™ R, and finally (24" /B)(1—
(a"/2B)r™ N)4+qam=N(e2—Dv?) € #™ Rp, where ¢ = €;+a” /B. Note that when ut = —1,
a has to be replaced by c in these equations.

We claim that to have a solution, we must have 2m < N + M. Indeed, ¢? — Dv? € R.
Put Imz = x — T for x € Rg. Recall that aa = 1 = c¢¢. Then Im(a — 1)/(a — ¢) =
—a'd/(a =) € ®M R}, hence Im(a”/B) = #N =™ Im(a’/(a’ — ') € M FN-"RX and our
equation will have no solution unless M + N — m > m. For such m we may regard o” /B
as lying in R, rather then Rg. There are two subcases.

If N <m < M/2, thus m < M — m, our equation reduces to €2 — Dv? € ¥V R. Then ¢,
vy € wlVHV2IR thus (ui)~' =14 (e — a”/B)a™ N € 1 + an™M—N 4 gr-N+HV+1/2 R,
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Let us compute the number of solutions u, v. First, note that for 0 < k£ < m we have

[R%:1+ 7™ Rg]

k m -1\ m _m—k
: = (1 . .

#{u € RS /1+7™Rg; ut € 1+7"R} =

Hence
#{u € RS/1+7m™ Ry ; (un)~' € 14am™M =N 4 gm=N+HN+D/2IRY — (14¢71)gm+N-IV+D/2] |
Further,

#{v e R/m>R; v =07V, vy € gNTV/AR  thus v € a7 NHEVFD/2IRY

is ¢tV -I(V+1)/2] Hence the number of solutions is (14 ¢~1)g?m T2V =2l(V+1)/2] 55 asserted
in case (d) of the proposition.

If M —m < m, thus 2N, M < 2m < M + N, we need to solve the equation €2 — Dv? €
amM+N=2m 4 gNR — qpM+N=2m(] 4 g2m=M PR\ Since F(v/D)/F is unramified, there is
a solution precisely when M + N is even. Put ¢ = w2 (M+N)=mgy 4, — g3(M+N)=m,) g,
we need to solve €2 — DvZ € 1 +x2m~M R, Namely we count the pairs

{(ue R/14+7™Rp; v=uva™ N =xM=-N)/2y, ¢ R/T*™R)}

such that (u@)™ = 14+ @™ N =14 (¢ — a”"/B)x™ N 4+ 7(M=N)/2¢y and e2 — Dvi €
1+ x2m~MPR. The relation €3 — Dv2 € 1+ w*™~M R can be replaced by €2 — Dv2 € R
if we multiply the cardinality by [R*:1 + a2~ MR]~1 and it can be replaced by e € R
and vy € R if we further multiply by the quotient [Rg: Rj] of the volume of Rg by that of
R3%. Then the number of u is ([R}: 1+ 7™ Rg]/[R*: 1+ x™R])[x(M~N)/2R: 7™ R], and the
number of v is [x(M=N)/2R: x?™ R]. The product is

=([Ri: 1+ 7™ Rg]/[R*: 1+ a™R])[xM~N/2R. ™ R]
[a MM R:x® " R)[Rg: RF|[R*: 14+ x> MR~
1+ q—l)qm . qm—(M—N)/Z _q2m—(M—N)/2 . (1 - q—Z) . ((1 - q—l)q2m—M)—1

1 + q—1)2q2m+N .

This completes case (e) of the proposition.

It remains to consider 1 < m < N. Then 7™ = 0 (™), thus a’—¢’ = 0 (#™). Considering
the entries (1,1) and (2,2) of our matrix identity, we get (a + ¢)/2 = 1(x™) (since b =
0 (®™)). Then a’ +¢ =0 (™), and o”" = d'v=™, " = /7~™ € Rg. Denoting b’ = br—™,
N’ = N — m, we see that the first three equations are always solvable: ¥ = wuBm™ ,
ay = (a"+c")/2+uuBrN (1—w), —bs = (o’ +¢")/2+uuBrN’ (1+w) (these equations simply
define b, a, b3). The remaining equation is a’+¢'+ 1 (a/— ¢ )uti(14 (v) = — Dv?) = 2asw>™.
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When 2m < N, N7 every u, v makes a solution. This completes case (a) of the proposition.
If NT < N, 2m, then there are no solutions.

It remains to deal with the case where N < Nt and N < 2m. Put ¢ = (uu)~! € R*,

= (a’+¢)/(a’ —¢’). We have to solve the equation 2+ 1 — Dv? +2ex € >™ N Rp. Note
that Im(z) € aN1+N2=NRX " Since N < NT, we have N = min(Ny, Na), and 2m < 2N <
N1+ Ny = N + M. Hence Im(z) € 7" N Rg, and we may assume that € R. Thus we
need to solve (¢ + x)? — Dv? € 22 — 1 +w?™=NR, for a fixed z € aN"~NRX c R. Once
we find a solution, in ¢ € R, then e € R*; otherwise ¢ € wR, hence Dv? € 1+ R, but
D ¢ R*2. Note that z =1 is 2a’/(a’ — ¢') or 2¢'/(a’ — '), so x> — 1 = 4d/c'/(a’ — ')? €

gNiTN2 2N pX — pM=NRX. We distinguish between two cases.

If N/2 <m < min(N,[M/2])and N < N*, then M—N > 2m—N > 0, and we must have
N = N+ (thus |z| = 1). Thus we need to count the ¢ = (v)~' € —z 4+ 7™~ V2R and v €

~IN2IR/m®mR. Then #{u € R5/1+7™Rp; ut € 1+xm WN/2R} is (14¢71)gm+IN/2],
while the number of the v is ¢™*IN/2, This completes case (b) of the proposition.

If M/2 <m < N(< N+) thus M — N < 2m — N, we need to solve (¢ + )% — Dv? €
arM=—N 4 g2m=NR — oqeM-N(1 4 g?m=MR) (for some o € RX). There is a solution
precisely when M — N is even (as NRj = R*). As noted above, given a solution, ¢ must
be in R*. To compute the volume of solutions, fix measures with fRE d*u = fRX d*e and

d¥e = (1 — ¢~ 1) ~'de (thus fRX d*e = fR de). Then the volume is

(1—q—2)q4m/ERX/ S({(uti + 7)% — Dv® € arM=N (1 + 12m=M R)})d* udo

— (1= D)1 — q—l)—l/ / 5({e? — Dv? € 7N a(1 + 12m=M R)})dedv
eeR JvER
— =g [ (N e LM R
2ERE

The last integral ranges only over Ry, and there dz/|z| = (1 — ¢7?)d*z. Now [, 6({z €
1 +w2m=MRY)d* 2 is the inverse of

[R*:14m" MR = (1 — ¢ 1) M,

Altogether we get (1 — q=2)2(1 — g~ 1) 2gimtN-M=2m+M — (1 4 =1)2¢2m+N completing
case (c), and the proposition.

An alternative volume computation is as follows. The cardinality of {(u € Rj/1 +
T Rg, v € R/m*™R); (vu+ 1)? — Dv? € arn™M N1 +x2"~MR)} is (1 + ¢~ 1)g™ times
#{(e € R*/1+7™R, veE...); (e+x)?—Dv? € ...}, and since e must be in R* to have a
solution, this # is equal to #{(¢ € R/m™R, v € R/m*™R); ¢ — Dv? € ar™=N(1+...)}.
As e = eeM=N)/2 4y = oy e(M=N)/2 this product is

(1+q—1)qm_qm—(M—N)/2_q2m—(M—N)/2_Vol{Z €Rp; Nz € 1—|—7l'2m_MR} (1_+_q )2 2m—|—N,

as required. O
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14. Proposition. When p = 0 the orbital integral | \G 1k (g~ ,9)dg is equal to
P

1 —q)N N 1
—qq4+_ - (14 72 o= Z)_ — (2 N+N+)—ZJ_r MY <N,
in which case NT = Ny = N», and to
1 —q)M*N 1
q" — q— q—

Proof. It suffices to prove this with Ny replaced by N*, as N; < N precisely when NT < N,
in which case N* = Ny. If NT < N, j = 0 contributes

_on dm +
1+ > (1—q%)q* :q4_1(1+q2+4[N 2.
1<m <min([N/2],[N+/2])

The j > 0 contributes, when § = 0, thus N + N7 is odd, the expression:

N4+NT

2

+q 2+a[Nt/2]y 4
14 "1y 4
q4_1( +q )+ P

Y

while when § = 1, thus N + N7 is even, the j > 0 contribute to the orbital integral:

1 + + +
_(q1+2[N /2]+2[N/2]+(q+1)qN+2N - (q+1)qN+2[N /2]).

2
_L g prant oy —

gt -1

The sum is as stated in the proposition.
If N < NT, the sum is (when M/2 < N and also when M/2 > N)

2
¢ +q m - m
e (VAR VS & A URES VI W AR SO A > ¢’
1 0<m<[N/2] [N/2)+1<m<[M/?]
+6(2| M = N)(1+q71)%q" > "
[M/2]41<m<[(M+N)/2]
_ g+l q* +q 4[N/2] | 2[N/2]+1 g*M/2 — g2IN/2] A+1 noomyenN oMy
=+ —4 +4q : q" (q q )
g —1 q*—1 q—1 qg—1

which is easily seen to be the expression of the proposition (consider separately the cases
of even (0 = 1) and odd (§ = 0) values of M — N). O
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F. Conclusion.

Put ®(t) = fZ(t)\G 1k (g~ tg)dg. In the notations of Proposition 3 for anisotropic tori
which split over E, the s-orbital integral is ®F _(to) = ®(t1) +P(t2) — P(t3) —P(t4). The tori
Ty = Z(t1) and T = Z(t2) (Z(t) is the centralizer of ¢ in G) embed as tori in H. Denote by
Ky the maximal compact subgroup H N K of H, by 1k, its characteristic function in H,
choose on H the Haar measure which assigns Ky the volume 1, introduce the stable orbital
integral @{’;H (to) = ®H(t1) + ®H(t3), where ®H (¢) = fZH(t)\H 1x, (h=tth)dh and Zg(t)
is the centralizer in H of a regular ¢ in H. It is well known (see, e.g., [F1], Proposition 5)
that CDﬁ(H (to) = (¢N(g+1) —2)/(qg — 1) (where E/F is unramified).

Remark. A proof of the last equality — extracted from Mars’ letter mentioned in the Remark
following the proof of Proposition 6 — is as follows. Thus G = GL(V) and K = Stab(REg),
dg on G assigns K the volume 1, dt on E* assigns Rj, the volumes 1, and v € EX — F*.
Then fEx\G 1k (g~ yg)dg/dt is Ymaa/i | KI/|EXN gKg Y1k (g7 yg). But EX\G/K is
the set of E*-orbits on the set of all lattices in E. Representatives are the lattices Rg(j),
4 > 0. So our sum is the sum of |[Rg|/|Rr(j)*| = [Rj : Re(j)*] over the j > 0 such that
vy € Rp(j)*. As [Ry : Rg(4)*]is 1if j = 0 and ¢/*1=F (¢ — 1)/(q¢— 1) if j > 0, putting N
for the maximum of the j with v € Rg(j)*, the integral equals (¢~ (¢ + 1) —2)/(¢ — 1) if
e=1,and (¢"*1 —1)/(q— 1) ife = 2 (ef = 2). Of course, the integral vanishes for v not
in Ry. If v = a+ bw € R, then N is the order of b. Note that the stable orbital integral
on the unitary group H in two variables is just the orbital integral on GL(2).

Put Ag/u(to) = (—g) "™ 2. The fundamental lemma is the following.
15. Theorem. For a regular to we have Ag, g (to)®Y, (o) = @ii{H (to)-

Proof. Note that ®(t2) depends only on Ny, No, N, so we write ®(t2) = ¢(IN1, N2, N), and
so ®(t3) = (N, N, Nq) and ®(t4) = (N1, N, N3). If N = Ny < Ny, ®(t2) = ®(t4), hence
DK (ty) = ®(t;) — ®(t3), and this difference is

2

+1
_q_—l(—Q)N2+N1 + (0(2| Np — N2) —6(2| N1 —1— Nz))q—qN1+2N2 :

q—1
as required.
If N =N; < N, ®(tz) = D(t3), hence ®"(ty) = ®(t1) — P(t4), and this difference is
2 Ni+N. a+1 n,qon
_q——l(_Q) LT 4 (6(2 | N2 — N1) —0(2 | N2 — 1 —N1))Fq 2Tet
as required.
If Ny = Ny < N, ®%(ty) is the sum of
)N+N1

+1 .
(1) = _qq4 " ) (o™

q+1 nion
02| N + Ny )——gV 2
pa— +6(2| N+ 1)q_1q ;
(I)(tz) = —qq4 1 (1 + q2+4[N1/2]) + %

1
+d0(2|N—-1- Nl)%qN-i-ZNl 7
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and
q+1
—Q(t3) — @(t4) = —QW(QMMH)/Z] -1).

. . 292N1 1
This sum is — 24— 4 4*

qg—1 q—lq
Since the two minimal numbers among N7, No, N are equal, we are done. 0

N+2N1 a5 required.

We now turn to the ramified case. It remains to deal with regular ¢’ in the torus Ty C
H' ¢ G’ of Proposition 3.

16. Proposition. The integral fH,/H, L (h=t'h)dh of Proposition 5 is equal to (q +
1)g*™ if 0 < m < min([N/2],[N2/2]), and to (¢+1)gN¥ 2™ if N < Ny and [N/2] < m < N.

Here t' = diag(6—! (gﬂ;) 1), 60 = a? —wp? =1, f = BrY and 6 = 6, + 6,VD,

(52 = D27T1+N2, and B, Dz, (51, a€e R*.
Proof. We need to compute the number of ¢ € Rg/m™Rg, and a € R5/1 + n'*?™ R, for

which ~ ~ ~ B .
( a —c1r> 5 (aﬁr) (aumr) _3 (a+1r,8(ac—ac) Bru(a®—wc ))

—cu au B a c ua a’Bu—nBe*u a+wB(ac—ac)

lies in H] . Using the description of H/, in Proposition 4, this is equivalent to solving
two equations: |3(a? — w¢?)| < |w|™, which means 0 < m < N since a € R}, ¢ € R,
B € N R* (note that there is no constraint on u € E!, and the volume of E! is 1), and
|a+mB(ac—ac)—d| < |r|1T2™. Replacing ¢ by c¢/a, the equations simplify to aa—wcc/aa = 1,
and |a + w63(¢ — ¢) — §| < |w[1T?™. The last equation implies oo — 6; € w!+?™R. Since
@ = 1+ B2r*2N and 1 = §6 = 62 — D62, we conclude that 62 € w'+t2™ R, hence
dy = DotV ¢ ™R and m < No. Put ¢ = ¢1 + coi, © = \/5, ¢ —c = —2icy,
co = Com™ (Cy € R*). Then our equation becomes —2BCoynNtn2 — DorN2 € w2 R,

We shall now determine the number of c¢. If 0 < m < [N/2], then 2m < N, hence
2m < N (if there are solutions to our equation), namely m < [N3/2], and any (Cs and)
c is a solution. The number of ¢ is #Rg/m™Rg = ¢*™. If [N/2] < m < N, thus m <
N < 2m, we consider two subcases. If m < [Ny/2], or 2m < N, then N < N,, and
there are solutions Cy precisely when ny > 2m — N, and any C5 is a solution. Then
ey = Com™ € w2 NR/mmR ~ R/m¥~™R has ¢"¥~™ possibilities, ¢; € R/T™R has ¢™,
and #c = ¢N. If m > [N2/2], or Ny < 2m, there are solutions only when ny = Ny — N
(ne > 0 implies N < Ny), and the solutions are given by Cy € —D5/2B + *™ ™M R, and
again ¢y is determined modulo a2~ M R/tmR = R/aN " R.

Given ¢ € Rg/m™Rg, we need to solve in a € R;/1 + ' T?™RE the equation (aa)? —
ad+1/4 = 1/4 — wce, namely (aa —1/2)% = (1 —2wcc+...)%/4, or aa = 1/2 £ (1 — 2mce +
...)/2. There are no solutions for the negative sign, and there exists a solution for the
positive sign. The number of a € R}/1 + ' T?™Rp with aa € v + 7'T?™R (v € RX) is
B(RE/1+ MR ) [ (RX /1 + M R) = (62 — 1)g>™ /(g — Dg®™) = (g + 1)g>™, as
asserted. O
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17. Proposition. The last orbital integral of Proposition 5, of 1 at a requlart = gt'g=! €
G, wheret' € Tqgn C H C G, is

(g™ —1)/((¢® + 1)(g = 1)) +8(N < Na)g™ (¢*V+2 — ¢#V/2H2) /(g — 1),
Here min = min([N/2],[N2/2]), and N, Ny are defined in Proposition 16.

Proof. The integral is equal to

Yo @+ D@ +6(N<No) Y (g+ 1)V,
0<m<min [N/2]<m<N

which is equal to the asserted expressions. 0]

The r-orbital integral ®F (t) of 1x on the stable conjugacy class of a regular t € Ty C
H C G is the difference of ®(t) = fTH\G 1k (27 tz)dr and ' (t) = fZg(t”)\G 1 (z= " z)dx,
where ¢ = gt'g~1 € G is stably conjugate to t (and t' € Tygr C H' C G' = g~'Gyg). The
stable conjugacy class of ¢ in H consists of a single conjugacy class, and it is well known (see
Remark before Theorem 15) that CDﬁ(H (t) = ®H(t) = (¢ —1)/(q¢ — 1), where N is defined

in Proposition 16. The transfer factor Ag,g(t) is (—q) ™", where if ¢ = (t1,1) € (EL)' x E',
the n is defined by t; — 1 € 7%, Rj;.

18. Theorem. For a regulart we have Ag,p(t)®F, (1) = @"{i{H (t).

Proof. Since t = (a + By/m)(6; — id2) is (1 + B2w1T2N /2 + ... + By/ar) times (1 +
DD3w2+2N> .. \/DDyr N2, namely 14 BaV+t/2 — /DDyr'+N> 4 we have that
n =min(1+2N,2+2N,). If N < N, we then need to show that ®F_(t) = —¢' T2V (¢V+! -
1)/(¢—1). When Ny < N, we have to show that ®F _(t) = ¢*T>N2(¢N*+!1—1)/(g—1). Propo-
sition 11 gives an explicit expression for ®(¢). Proposition 17 gives an explicit expression
for (). The difference, ®F, (1), is easily seen to be equal to ®(t). O

Remark. Reference [FH] is missing in [F1]; it is supplied below.
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