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1. INTERTWINERS AND FUSION OPERATOR FOR SIMPLE LIE ALGEBRA g
We introduce the intertwiners, fusion operator and exchange operator in this

section. The main reference for this part is [3, Chapter 3,5]. El

1.1. Notations. Let g be a simple Lie algebra over C. Let h C g be a Cartan
subalgebra and R C h* be the set of roots associated with the pair (g,h). Let
A ={a; :i € I} be abase of R and let Ry denote the set of positive/negative roots.

We have the triangular decomposition of g:
g=n_©ohdny
Let by := b ® ny be the Borel subalgebras.
Let (.,.) be an invariant, non—degenerate, symmetric form on g which induces an
isomorphism v : h* — . Define d; := w and h; = di_lu(a,;). AV :={h;:i €

I} C b is the set of simple coroots. Let W be the Weyl group generated by simple
reflections s;(i € I). We will denote by 6 € R, the longest root.
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1.2. Verma Modules. For A € h* let M) denote the Verma module of highest
weight A, defined as:

M, = Indg+C1,\ =U(g) @u(p,) C1x
where C1) is one dimensional by module defined by:
1’1+1>\:0 hl)\:)\(h):l)\
Alternately, M) can be defined as a quotient of U(g) by the left ideal generated
by {x € ny,h — A(h) : h € h}.

1.3. Shapovalov form. There exists a unique bilinear form (., .) on M) satisfying:

(1) (x5, 1) =1
(2) (ew,w) = (v, fiw)
(3) (hjv,w) = (v, hjw)
(4) (fiv,w) = (v, eiw)
We record some properties of (.,.) in the following:

Proposition. (1) For u € My[u] and v € My[v] such that u # v we have
(u,v) =0
Thus (.,.) decomposes as direct sum of its restriction to the weight spaces of
M.
(2) My is irreducible if, and only if (.,.) is non—degenerate.

PROOF. For the first part, note that by defining property (3) of the Shapovalov
form, we have:

(n(h)u,v) = (u,v(h)v)
for every h € h. If u # v then there exists h € b such that pu(h) — v(h) # 0 and
hence (u,v) = 0.

For the second part, let us begin by assuming that (., .) is singular, i.e, there exists
u € Rad(.,.) and let us assume u is of maximal weight among vectors in Rad(.,.).
Then for any v € M) we have

(eiu,v) = (u, fiv) =0
which combined with the assumption on the weight of v implies that e;u = 0 for

each 7. Thus the submodule generated by u is proper submodule of My proving that
it is not irreducible.

Conversely if M) is not irreducible, then it contains a highest weight vector u €
My A — ] for some € Q4+ \ {0}. Thus we have

(u7 flv) = (eiua U) =0
and since every vector other than 1, is of the form f;v we have (u,v) = 0 for every

v & My[A]. This combined with the fact that 5 # 0 proves that u belongs to the
radical of (.,.). O
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Theorem. M) is irreducible for generic . More precisely My is irreducible if, and

only if (A+p,a) #n <0"20‘>

for every o € Ry and n > 1.

PROOF. For v € Q4 let F,(\) be the determinant of (.,.)[xs,(n—y]- The proof of this
theorem is based on the following two claims:
Claim 1 F,()) is a product of linear polynomials of the form:

O+, 8) = 516.)
for 4 € Q. \ {0}

Claim 2 If (A\p, a) # 5 (o, a) for all @ € R and positive integer n, then I, (A) # 0
for every v € Q.

Given these two claims, the proof of the theorem follows. Let us begin by proving
Claim 1.
Proof of Claim 1: Let us assume that F,(\) = 0 for some v € Q4. Then by
previous proposition M) is reducible and hence contains a copy of M)_g for some
B € Q4+ \{0}. Using the fact that the Casimir operator C' € U(g) acts by (A+2p, \)
on M), we get:

which implies that (A + p, 3) = £(8, 8) and the claim follows.

Proof of Claim 2: In view of claim 1, we can write
EN =TI (8~ (o+5/2.8)
BESy(N)

where S, () is some finite subset of Q). We will show that S, (A\) C NR,. For this
it suffices to show that the leading term of F(\) is of the form [[(), na).

Let oM, ... a™) be an ordering on R, . Forn € NV define a(n) := fg(ll) e fg(l}{,).l,\ €
M. Further let a(n,m) = (a(n),a(m). Then

det(a(n,m)) = > (1) [J a(n, o(n))

and it is easy to see that the term corresponding to ¢ = 1 has the largest degree
and a(n,n) = [[(\, al)). O

1.4. Expectation value. Let V be a finite-dimensional g—module. For any A, u €
h* define:

(o) : Homg(My, M, @ V) — VA — 1]

by (@) = (1, ®(1,)).

Proposition. Let v be a weight of V. Then the expectation value map
(o) : Homg(My, My, @ V) — V[v]
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is an isomorphism for (a) generic X (so that My_., is irreducible) or (b) dominant
integral X\ which is sufficiently large (compared to 7).

PROOF. It is clear that Homg(M), My_, ® V) is isomorphic to the space of highest
weight vectors of highest weight A\ in M,_, ® V, which identifies the expectation
value homomorphism with the projection to u = 0 component:

ny

D M D-v-goVi+u| —-Vh

HEQ+
p+YEP(V)

where P(V) is the set of weights of V.

This projection map is an isomorphism precisely when My_[A — v — u] does not
contain singular vectors for u € Q4+, p # 0 such that 4+ € P(V). Since V is
finite—dimensional , there are only finitely many of such p and for either A generic,
or A sufficiently large, one can assume that this condition is true. O

Thus we have the following equation for ® : My — M, ® V:

(1)) =1, @ () + > a; @b (1.1)
where wt(a;) < p and wt(b;) > X — p.

For a weight vector v € V' let ®f denote the intertwiner such that (®%) = v:
QY 1 My — My_yy0) @V
1.5. Fusion operator. Let V, W be two finite-dimensional g—modules and v € V,

w € W be two weight vectors. Fix A generic, or sufficiently large dominant integral
weight and consider the following homomorphism:

VR W <(I)K—Wt(v) ® ly o <I)q;\”> e (Vo W)wt(v) + wt(w)]

which we denote by Jy (), called the fusion operator. The following properties of
the fusion operator are immediate from definitions and (|1.1])

Proposition. (1) Jyw(A) is h—module homomorphism.
(2) Jvw(A) is lower triangular with 1’s on the diagonal.
(3) Jvw(A) is a rational function of .

Example. Let g = sl and L,, be the m + 1-dimensional g-module with basis
{vo, -+ ,vm} and sly action given by:

ev; =1 fui = (m—1)vip1  hv; = (m — 2i)y;

Let &(p) € M, ® Ly, be given by:

(fklu) ® Vi—k

&i(n) = Z (_1_)k ( ; )

=
Il
o
=
7N
>~r
~_



DYNAMICAL YANG-BAXTER EQUATIONS 5

Then e&;(1) = 0. Hence for each A we have the following explicit expression for the
intertwiner:

DY 1y = &GN —m 4+ 24)
Thus fusion operator Jr,, 1, (A\) can be computed as:

J

k
-—n+2j

k

min(j,m—1)

S L Ln (M) (Vi @ 05) = (—1" < mk_z > ( A

Vitk @ Vj—k
= )

1.6. Dynamical twist equation. Let us introduce the dynamical notation. For a
function F : h* — End(V1 ® --- ® V;,) we write F(A + h/) for the function:

FA+R) (01 ® - @vp) = F(A+ wt(v)) (01 & -+~ @ )
Proposition. Let V, W, U be three finite—dimensional g—modules. Then we have:
Fvaw,u (N Jvw (A = h*) = Jywer(V)Jwo(X)

PROOF. For weight vectors v € V,w € W,u € U we claim that both sides of the
equation on v ® w ® u are equal to:

<(‘I)§—wt(w)—wt(u) ®1® 1) ° ( Awt(w) @ 1> ° ‘1’K>

This assertion is proved by computing this expectation value in two different ways
and using the following equation, which follows directly from the definitions:

(I)’U

J:
p—wt(w) ® 10 oY = (I)MVW(M)(U&U)

Using this we have:

(q)z)}\fwt(w)fwt(u) ®1® 1) ° (q)ffwt(u) ® 1> o ¢y

J A—wt(u))(vRw u H.S.
:( )\\ini;t((u) (W) (v® )®1)O<I)>\:(I)I>'\‘HS

Similarly, we have:

(‘PK_Wt(w)_wt(u) 91® 1) o ((I)f_wt(u) ® 1) o dU

= (2w @ 191) 0 2TV = gfitts

Let P: V®W — W ®V be the flip operator. Define:
Jiw (A) :== PiaJvw (NP2 € End(W @ V)
JB (N = h?) i= Py 2 (A — h3)Po3 € End(V @ W @ U)
J2 (N = hl) i= PlaPosJi? (A — h3) Py Py € End(V @ W @ U)
As a consequence of Proposition we also have the following equations:
Tysuw NI = 1%) = Tyt op (NI (V)

Totnuv NI =Yy = T3 (VI8 (V)
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1.7. Exchange operator. Define Ryw(\) := Jyw(\)LJ3L(N) : VoW - Ve
W. The following theorem now follows from the results of the previous section:

Theorem. R(\) satisfies the quantum dynamical Yang—Baxter equation:
RlQ(A o h3)R13()\)R23()\ o hl) — R23()\)R13(A o h2)R12()\)

1.8. ABRR equation. For A € h* let us denote by X € h the element obtained via
the isomorphism h* — h. Define:

O(\) ::)\+p;Z:c? e U(h)

where {x;} is an orthonormal basis of b.

Theorem. Let V. W be two finite—dimensional representations of g. Choose e_,, €
g—qa such that (eq,e_o) =1, €.9, e_o = dafo. Then we have:

[Tvw(\), 1@ 0] = > (e-a @ €a)Jyw(N) (1.2)
aERy
Moreover Jyw () € Endy(V @ W) is the unique element satisfying of the form
L+ 352095 @ ¥p where ¢g € End(V)[—f] and ¢g € End(W)[S].

PROOF. Let us begin by proving the uniqueness of a solution of ((1.2). Namely we
are looking for a solution of the form 1+ N(A) where N(X) € 3°5. o End(V)[-8] ®
End(W)[fA]. Rewriting (1.2) for J(A) =1+ N(X) we get:

1@ad@M))NA) == Y (e-a®ea) | (1+N(N)

aERL

We claim that for generic A, the operator ad(f())) : End(W)[y] — End(W)[y] is
invertible for each v > 0. Assuming this we can rewrite the equation above:

N =-(1@ad@X) ™) [ D (cca®ea) | (1+NO))

aER

Thus we are reduced to proving that the operator A:

AX) =—-(1®ad@\) ™) | D (eca®ea) | (1+X)

acR

has a unique fixed point in @®,~0End(V)[—7] ® End(W)[y]. But this is clear by
nilpotence of multiplication by > f, ® e, because of the finite-dimensionality of V'
and W.

Thus it remains to prove that ad(f(\)) is invertible. An easy computation shows
that:

1
ad(0(A) [Hom(W ], Wive)) = <<)\ +p,72 =)+ 3 ({v1,m) — <72ﬁ2>)) 1
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which implies the claim since End(W)[5] = @&y Hom(W [v], W[y + 3]).

Next we give a sketch of the proof that J(A) satisfies (1.2). The trick is to
introduce a new operator

FO) (0@ w) i= (B @10 (C@1) 0 )
where C € Ug is the Casimir element. Clearly we have:
FA)(v@w) = (A= wi(w), A = wt(w) + 2p) Jyw (A) (v @ w)

However computing F/(A)(v ® w) using the definition of C' =Y faea + eafa + >, 27
one obtains:

Fwew)=|-2{ > ea®ea | +(NA+2p)

aER

—21® (A +p) + (1 ® Zx§>> Jvw (N (v @ w)
i
Comparing the two calculations, we gets the desired equation. ]

f

©]

Definition. The universal fusion operator J(\) is the unique solution of (|1.2])
the form:

1+ U )30 U(by)g
B>0
in a completion of (U(n_)®U (b ))". Define the universal exchange operator R(\) :=
JO) LT ().

1.9. The case of quantum groups. Let U,g be the Drinfeld-Jimbo quantum
group and let R be its R—matrix. Define:
Rp = Rq~ 2 =i®:

One can similarly construct the intertwiners, fusion operators in this setting. The
exchange operator is defined by:

R(N) = Jo(N) IR IZH(N)

which is a trigonometric solution (rational function of ¢*) of the quantum dynamical
Yang-Baxter equation.

The ABRR equation takes the following form:

Theorem. J,(\) is the unique solution (unipotent of weight zero) of the following
equation:
TN (1@ ¢*™V) = Rg' (1@ ¢ V)T, (\) (1.3)

The proof follows along the same lines of that of Theorem with the exception
that the role of Casimir element is played by the quantum Casimir element defined
as ug~ 2 where u = S(b;)a; is the Drinfeld element (if R = a; ® b;).
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Remark. Let us write Jy;(A\) = J(A) + O(h). Using the fact that Ry = 1 +
By 0sp€a @ e—q + O(R?) one obtains (1.2)) from (1.3)) by taking coefficient of h.

1.10. Limits of the fusion operator. One can use the ABRR equations (1.2]) and
(1.3)) to compute the limits of J(A) as A — £o0 in a suitable sense.

Theorem. (1) For g =1 (the classical case) we have the following:
li =1

where the limit X — +o0o signifies that |A(h;)| — oo for each i € I.
(2) For the quantum case we take the limits ¢* — oo and ¢* — 0 respectively.

lim J,(\) =1
qr—00

lim J,(\) = R2!
Jim Jo(A) =Ry

PRrROOF. We prove (2) only. The proof of (1) is same in spirit and in fact easier. Let
us write J =35 J®) and (R%l)_l =2 5>0 S, Here

JA (), 8P e (Un_)[-6] ® (Usby) 3]

Using ([1.3) we have:
fim JQ) = fim (1 ¢7*) (RF) ™ I (1@¢")
q"—00 gt —0o0
= lim Z g~ 2AFPBE) ((1 ®¢HSNIP N1 ® q_xg))
q*—00
B,7=0
=1

Similarly we have:

lim = lim R3'(1® M) J(\)(1 @ ¢ 2W)
q’\*>0 qAHO
. 7x2 "52
= R2! qlfilo ;O g teh) ((1 ®q % )J(ﬁ)()\)(l ® ¢% ))

_ m21
= RO

2. DyNAMICAL WEYL GROUP

This section is aimed at defining certain operators A,y (\) depending on A € h*,
for each w € W and V' an integrable g (or U,g) module. The main reference for this
part is [4, §3-5]. E|

We consider the quantum group Ug(g), for ¢ a complex number, not a root of
unity. We also fix a logarithm of ¢ and have ¢?> = e”. To have a uniform description,
we allow ¢ = 1 or h = 0 however.

2BASED ON THE TALK BY MARTINA BALAGOVIC
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2.1. Quantum Verma identities. Let A\ € h* be a dominant integral weight and
M)y be the Verma module. Fix w € W and a reduced expression of w = s;, - - - s,
and define:

O[(‘]) = S’L'l P Si]‘+1ai]‘
" =200, a0y

Lemma. With the preceding notations, we have
(1) The set {(n;,d;) :j =1,---,1} is independent of the reduced expression of
w.
(2) The element fi* --- fi'* € Uy(n_) is independent of the reduced expression of
w.
(3) The vector fi(fl) e fl-(lm)lA € My is a singular vector of My[w - \|, which is
independent of the reduced expression of w.

Notation: Recall the shifted action of W on h* written as w - A is given by:
w-A=wA+p)—p

We will denote by 17 , the singular vector of My[w - A] obtained in (3) of Lemma
above.

PROOF. One can prove using an easy induction argument on /(w) that the vector
12), y € My[w - )] and is a singular vector. To prove the independence from the
choice of a reduced expression, using Tits’ Lemma, we can assume that two reduced
expressions differ by a braid move, thus it suffices to prove the claim for rank 2
cases: A1 X Ay, As, By and Go and w = wy is the longest element.

In this case the set {a(j) : 1 < j < 1} is the set of positive roots, each with
multiplicity one. This proves (1). For the rest a simple calculation implies that we
only need to check the following equalities in the respective cases (for every a,b > 0):

(A1 X Al)
13 =361

(A2)
FLrsTof = f2Ffh
(B2)
FULSTO IR ) = fRf pet p
(G2)

b £2a+3b ra+2b pa+3b b _ b pa+3b pa+2b £2a+3b patb
TR T fy = T TR T A A

Of course it is possible to prove these from the Serre relations. However a more
conceptual proof goes as follows. First we know that both sides applied to 1, are
singular vectors of M) [w-A]. We claim that the space of singular vectors in My [w- )]
is 1-dimensional. Assuming this, we get that both sides of the equations are related
by a non-zero scalar. Then one can project Usn_ to the q-commutative algebra
generated by {f; : i = 1,2} with relation f;f; = q;” f;f; which implies that the
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scalar is in fact equal to 1.

Let k = dim (M Aw - )\]an+). Since A is dominant integral, M., is irreducible
and hence we have M fl; C M)y. Comparing dimensions of the weight spaces on the
both sides, we obtain that k = 1. ]

2.2. Dynamical Weyl group for sl;. In this paragraph g = sly and we identify
h* with C via za/2 < z. The Weyl group in this case is W = <1,s|s2 = 1>. Under
the identification h* = C, the action of s is by multiplication by (—1).

For A € N and V a finite-dimensional Ugslo-module, v € V]u| we have the
intertwiner:

q)K:MA_)MA—u@V

Proposition. The intertwiner ®f restricts to a homomorphism:

@3
M. Mgon—y®@V

PROOF. Let us begin by writing:

DLy =1y @v+ > a,®uv,
p>0

where a, € My[A\ — pu — p] and v, € V[uu+p]. Applying f**1) to both sides we can
write:

212, = F1, 00+ Y e,

p>m

Using the fact that 1;1 ) is singular, we obtain that f (m)1 A—u 1s a singular vector
and hence m = A — u+ 1 and we are done. 0

Define A,y (N) : V[v] — V[s(v)] by:

Y1, =107 @ Agy(v) + -

S A=V

2.3. Computation of A,y (\). We will need the following notational set up. Recall
that for each n > 0 there is a unique irreducible Uysla module of dimension n + 1,
L,,. The action of Ugysly is given on a basis {vg, - ,v,} by:

Ev; = [n —j+ 1]1)j_1 Fv; = [j + 1]1)j_1 Kv; = qniZj’Uj

Let M) be the Verma module. To describe the action of Uysly we fix a basis
{m,(\) := f1y 7 >0}

Em,(\) =[A—r+1m,—1(N) Fm,(\) = [r+ me (N Kmy(\) = ¢ m,(\)
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Define:

n—k+r]
r
q

n) (,U') — (_1)r —r(n—2k+r+1)

q ],

e (1) =S e (wymy (1) ® vy € My, ® Ly,

Then it is easy to see that flin) (1) is a singular vector. Hence we have:

U1y = (A — n+ 2k)

In order to compute ® ’“1)‘

by induction:

'y we will need the following computation, easily proved

A+1

A(f()\-i—l)) _ Zq’r(k-&-l—r)f()\—l-l—r)K—r ® f(r)

r=0

Thus we have (in the following computations u = A — n + 2k):
2312 = AGE ()

n rn— _r A+1—r+t k—t+r
= Z C](g;t) (1)a (=2l +Z) [ ¢ ] [ } M1t (1) © Ve—tpr
q q

T
0<r<A+1
0<t<k

Let us write As 1, (A)(vg) = AX(A\)v,_k. Then taking coefficient of m,,41(u) from
the above summation, we get:

o, oy ln—k+t] [k] D-n+2k+1]
W) =4 %z_;(_l)[ k L[t]q[)\—n+2k:—s+1]

Lemma. We have the following equality for each n,k € N, k <n

]il(_l)tﬂ[n—t—kl} [ k ] 1 _ H?:ﬂ)“"j"‘l]
t=1 & gLt A —ntk+i] H?ill[)\_n+k+j]

The proof is an easy argument using partial fractions.

This lemma directly implies that

k
A+7+1]

AR () 1)kgn—2k 21

HEVE | ey (2.1)
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2.4. Dynamical Weyl group for arbitrary g. Let V' be an integrable U,g—
module. For each v € P(V') and s; a simple reflection define A, v () : V[v] — V[s;v]
by considering the (quﬁ[z)(i) corresponding the root o;:
Asi,V()‘) = AS,V()\(h’L))
Proposition. Let w = s;, ---s;, be a reduced expression for w € W. Define:
Awv(A) = As; v((Siy - 55) - A) -+ Asy_ v(sip - M) Asy v (A)

Then Ay v (X) : Vv] = Viwy] and has the following form:

Oiya = 1o, ® Awy (Vv + -+

and hence it is independent of the choice of the reduced expression.

Proof is an easy induction on [(w).

Corollary. (1) Awv(A) : V[v] — Vwy] is invertible, rational function of ¢*
(or Nifg=1).
(2) Let Bw be the braid group of type g. For each w € By we can define
Ay v(X) by

Ay (V) 1= A (s )7
(3) If l(wiwe) = l(wy) + l(w2) then we have:
Auwywy, v (A) = Awy v (w2 - A) Aw, v (A) (2.2)
2.5. Relation with the fusion operator.

Proposition. For U,V two integrable U,g-modules we have:
Auw gy (N Juv (V) = Jov (w- NADY, (VAL (- 7?) (2:3)

ProoFr. We compute both sides on u ® v. It is clear that the value of left—hand side
on u ® v is the expectation value of the bottom horizontal arrow of the following
diagram:

@5 DX wi(w) @1
My —— M) () @V

]

My x Mw-(A—wt u—wt(v)) QURV

M)\—wt(u)—wt(v) QURV

Similarly the value of the right—hand side on u ® v is given by the expectation value
of the composition of bottom horizontal arrows in the following diagram:

q>§7wt(v) ®1

@'U
My —— My _yi() ®V

] )

My — M’wA(/\—Wt(’U)) ®V

MA—Wt(u)—Wt(U) UV

Mw~()\—wt u—wt(v)) UV
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2.6. Application of Proposition [2.5: I. We define a few more versions of the
braid group action on meromorphic functions of A € h* taking values in V, an
integrable U,g-module.

Definition. Let w € By, V,Vi,---,Vn be integrable U,g-modules.
(1) Shifted dynamical action For a meromorphic function f(\) € V:

(wo [)N) = Auy (w2 fw™ - A)
(2) Unshifted dynamical action Define:

1
Aw,V(A) = Aw7V <_)\ —p+ 2h>

here h stands for the dynamical notation introduced before. More explic-
itly A(—=A\—p+3h)(v) = A(=A—p+ 3wt(v))v. Finally we have the
unshifted dynamical action of By, on the space of meromorphic functions
f(A) eVv:

(wx f)(A) = Aw,y (W™ A) f(w™ 1)

(3) Shifted multicomponent dynamical action Define

N N—
Awyr ey ) = AN )ADY (A= mN) Al (v h2 - )

N

1 .

Aw,V1,~~' VN = A'w7V17"' VN —A— P + 5 z:l h
J:

Then the shifted multicomponent dynamical action of By on the space of
meromorphic functions f(A) € V1 ® --- ® Vi is given by:

(w i f)(>‘) = Aw7V1,“' %N (wil ) )‘)f(wil ) A)
(4) Unshifted multicomponent dynamical action
(wo FYA) = Ayt vy (WA f(w™1A)
Similarly define the multicomponent versions of the fusion operators:

JlN()\) — Jl,[2,N]()\)J2,[3,N}(A) . JN*l,N()\)

N
1 A
LNy — gheoN [y &
TN =T A p+2§ lhﬂ
]:

We have the following important corollary of Proposition [2.5

Corollary. The following relations hold as operators on the space of meromorphic
functions f(\) e 1 ® --- @ Vn
(1)
Jl""’N(wO) = (wO)Jl""’N
(2)
TN (wo) = (wx) TN
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The proof is essentially an iterative use of Proposition [2.5] except that the mean-
ing of these equations needs a word of explanation. (1) means the following equality
for each f(\):

JE N () A v vy (0N F(w™h - X)
= Awvig-avy (W™ ATV N (@A) fwTh N

2.7. Application of Proposition II. One can use Proposition to carry
out the computation of Ay () for g = sl more conceptually (also see the calcula-
tion in section [2.3)). The idea of the computation is as follows:

e Compute the dynamical operator for V' = L; the standard 2—dimensional
representation. This is easy step and the answer is given by:

1A+ 2]
A+ 1]

As,, (Mvo = qur A, (M) (v1) = —¢ vo (2.4)

e Use the fact that L,,;1 is a subrepresentation generated by the highest
weight vector of L1 ® Ly, to get the recurrence relation among A, r,,,, which
determines it up to a scalar.

e Use the limits A — 400 to fix the scalar.

Let us denote by A* ()\) the coefficient:
Ag 1 (Vg = A, (A0
Proposition [2.5] yields the following:
A NIy ) = oy nn, (=0A%, (NAY) (A= w2
57L1®Lm( ) L17Lm( ) LlaL'm( ) 57Lm( ) 57L1( )

which gives the following recurrence relation (in what follows the symbol = means
equality up to a factor which is independent of \).

A1 (V) = A5, (N AT(A —m)
AR VAETL () = AF (DAY — m 4 28) AN — m + 2k — 2)

m

with base condition A} = 1 and

A+ 2]
A\ = [
i A+ 1]
Upon solving this system we obtain:
[Ty A+ 1+ 4]

A:”L()‘) = Cm,k

[Ty A —m+k+ ]



DYNAMICAL YANG-BAXTER EQUATIONS 15

2.8. Limits. In order to compute the scalar ¢, we take the limits @ — 00,0
respectively. From the expression of A% (\) it is clear that these limits exist.
A = lim Asv(N)

q7—00

A7 = lim A,y ()

q*—0

< |

Then we get:
g VAL (o) = VAL (o) =2 AT ()
Then it is clear that ¢, x is given by A (vk) = cm kVm—k-
Proposition. A% (v;) = (—=1)%¢™ 2 v,
PRrROOF. Recall that by Theorem [1.10| we have
lim Jyy(A) =1 qlxir_r)lo Jov(\) = R3!

qr—o0
This implies by Proposition [2.5
Ay = R (A @ AY)

h(h+2)

Therefore if we define A’ = Aq~ 2 then we get:
vev = R* (A ® Ay)
And hence the defining property of R implies that:
A/f:_q—QeA/ A/e:_quAl
and the same holds for A* since they are proportional: A®|y ¢™("+2)/4 = A'|
Now we can proceed as follows:

+ om _ . m, m
AL?mvo =q"v]

which implies that for L,, we have:
A% (vg) = ¢ vm

and the desired result follows form the commutation between {e, f} and A> given
above. O

2.9. Relation with quantum Weyl group. Now we return to general set up
of an arbitrary simple Lie algebra g. For any chamber in h*, say C, we have the
following notion of limit of the dynamical Weyl group operators:
Ay = lim A,y ()
’ A—00
in C direction
The following equation is easy to verify. For w = s;, - - - s;, a reduced expression, we
have: © ©
C
Aoy =Ag v ALY

sil,V Si; -

where €;(C) = sign <C’, oz(j)>. In particular we have the following:
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Proposition. Let us define A* to be AC for C' dominant (and anti-dominant re-
spectively). Then Ai v 18 independent of the choice of reduced expression. In par-

ticular T; — Asii extends to (two) group homomorphisms.

Recall the definition of ¢—Weyl group operators:

-1

- hi(hit1)/2
Si := expy-1(g; lei K ) exp-1(=fi) exp,-1(qeiKi)g; (hit1)/

where the g—exponential is defined by:
n
equ(x) = Z q”(”_l)/Qil
= [n]!
Then for sly the following computation can be directly verified:
Sv; = (_1)m—jq(m—j)(j+1)vm_j

and hence we have the following equality of operators on finite-dimensional modules
over Ugysla:

Af =(-1)™S Ap =g"sT!
which directly implies the following important corollary:

Corollary. The elements {S; : i € 1} satisfy the braid relations (of type g) in any
integrable Uzg—module.

Remark. It is easy to check that the results of §2] apply to arbitrary Kac-Moody
algebra g and locally finite h—diagonalizable modules V.

3. AFFINE LIE ALGEBRAS

Now we consider the case of (untwisted) affine Lie algebras. We closely follow the
conventions of [4, [7]. The main references for this part are [I [7, [§]. E|

3.1. Loop realization. Recall the notations from In addition we set
0,0
m:= (’2) hY =1+ p(0Y)

Note that m = 1 for simply—laced cases (A, D, E); m = 3 for G2 and m = 2 other-
wise. hY is known as the dual Coxeter number.

Define g[z, z7!] to be the Lie algebra of Laurent polynomials with coefficients in
g. Let g be the central extension of g[z, 27 !] given by the following 2-cocycle:

w(x(k), y(l)) = k6k+l,0(x7 y)

where we denote by z(n) := x.2" for v € g and n € Z. It is easy to see that
w: gz, 271 x g[z, 271 — C satisfies the cocycle condition:

w([a,b],¢) + cyclic = 0 for every a,b,c € gz, 271]

3BASED ON THE TALK BY SALVATORE STELLA
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Hence the following bracket defines a Lie algebra structure on g := g[z, 2~!] @ Cc:
[2(k),y(D)] == [z, y](k + 1) + mkdpii,0(2, y)c
and ad(c) = 0. Let 9 denote the following derivation of g:
d(c)=0 d(xz(n)) = nx(n)
_Letg:= g Cd. That is, g is a Lie subalgebra of g and ad(d)(e) = J(e). Define
h:=h®dCcand h:=h & Ccp Cd.

We extend the inner product on § to one on h by declaring (¢,d) = 1/m and
(¢,c) = (d,d) = 0 = (¢,h) = (d,h). This bilinear form defines an isomorphism
v E* — E Let 0,A¢ € E* be two linear forms dual to the elements d and ¢
respectively. A typical element of 6* is written as A = \ + kAg + 16. Moreover v is
determined by the following:

Vg =v

v(Ag) =md v(d) = me

We have the root space decomposition of g relative to E:
d=b+Pua

where R = {a +nd : cither « € Ryn € Zora = 0,n € Z*}. We choose the
following base of R:

A:={a;:iel}U{-0+6=: g}
Then the set of coroots AV € H is given by:
AV ={h;:ieIyU{hy=c—6"}

In order to obtain the Kac-Moody presentation of g let us choose ey € gy and
fo € g_p determined by the condition that (eg, fo) = 1/m. Define

eo = fp(1) fo :=ep(—1)
Then clearly [eq, fo] = —0Y+c = hg. The system of generators {h;,e;, f; : 1 € {0}UI'}
(and d) give a Kac-Moody presentation of g (respectively g).
We have the similar notions of affine root lattice, weight lattice etc. Let us choose
p € b* so that p(h;) =1 for each ¢ € {0} U I as follows:
p=p+h'Ao

A word of caution: The notations we have used are consistent with [4 [7], but differ
slightly from [2]. In [2] the normalization of (.,.) is chosen so that (6,0) = 2, i.e,
m = 1.
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3.2. Affine Weyl group. Let us denote by Wag, the affine Weyl group, the group
generated by reflections (sg,s; : ¢ € I) C GL(h*). Using v we also have an action

of Wag on h. In order to understand this group better, we introduce the following
element:

tov 1= S0Sp

The following equations can be verified by direct computations:

—1/pV Vv (0\/79\/)
tov (A -+ ko +10) = Xt mhkw ™1 (0Y) + kAo + (1= A(0Y) — mk=—3— ] 8

0V, 0v
tev(h+kd+l6)zh—|—k9v+kd+ (l—m(h,Qv)—mk;( ’2 ))c

Let us define t,v for any ¥ € QY as an operator on b by:

tov(h+kd+1c) =h+ka" +kd + (l —m(h,a") — %k(av, ozv)> c (3.1)
Then the following properties can be easily verified:
wtavw_l = twaV tovitgy = tovigy

which together with the fact that tpv € W,og and that 6V is a short root of RV
implies that t) € Wag for every a¥ € V. We obtain the following theorem (using

the fact that the action of Wyg on E is faithful):

Theorem. The assignment sy — (sg,—0") extends to an isomorphism of groups

Wag =W x QV.

3.3. Extended affine Weyl group. It is easy to see that (3.1)) defined for oV € PV

preserves the set of roots R. This allows us to define a larger group of symmetries:
=W x PY (3.2)

together with a length function [(w) = number of positive roots mapped to negative
by w. Let us denote by II C W5 the subgroup of elements of length 0. Let V' be

the real affine hyperplane in /Cc defined by § = 1, which we can identify with bhg
via h — h + d. A quick computation using (3.1)) implies that the action of W,g and
W4 descends to an affine linear action on f given by:

tov(h) = h+aV W acts as usual

The linear form o + nd € R gets identified with an affine linear function on h
given by: (a4 nd)(h) = a(h) + n. Let h*F be the complement in b of the affine
root hyperplanes: hoyns = {h: a(n) = —n}.

Let us choose the alcove in hr defined by

C:={hebr:a;(h)>0forevery i € {0} U I}

In other words C' = {h : a;j(h) > 0 and #(h) < 1}. It is clear that C' is an open
simplex in hg and the walls of C are canonically labeled by {0} UI. The elements of
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II permute the walls of C' and hence act as symmetries of the affine Dynkin diagram.
The following theorem is given in [I, Chapter 6, §2].

Theorem. The subgroup I of WS is isomorphic to PV /Q. There is a canonical
bijection between the set 11\ {1} and the set of minuscule coweights:

O\ {1} = J:={iel:0w/) =1}
Let 1 # m € II correspond to i € J. Then as an element of WS we have:
T = twivwiwo

where w; is the longest element of the root system obtained by deleting i from the
Dynkin diagram of g. Finally we have a group isomorphism W = I1 X Wg.

3.4. Affine braid group. Using the length function on W5 we can define the
extended affine braid group denoted by BS; as a group generated by {Ty, : w € WS}
subject to the relations:

Ty Ty = Ty if L(uv) = 1(u) + 1(v)

Corresponding to the realizations WS = W x P¥ and W&; = Il x W,g we have two
presentations of Bg:

(1) B is generated by {T,,, Y7 : w € W,y € P} subject to
T Ty = Ty if l(uv) = 1(u) + 1(v)
YAYH = Y M for every A, € PV
YA if a;(\) =0
Yo if (N =1
(2) By is generated by {Ur, Toy : w € Wag, m € I} subject to
T, Ty = Ty if L(uv) = 1(u) + 1(v)
UrUpr = Uniy v
U T, Ut =T

E_IY)\E_I — {

(1)
The affine braid group B.g is a subgroup of BSy generated by {1, : w € Wag}.

3.5. Category O and finite—dimensional representations. Since g is a Kac—
Moody algebra one can define the notion of highest weight modules, category O,
Verma modules etc.

Definition. A representation V of g is said to be E—diagonalizable if
V=PV
Aep*
We say V is locally finite if for each ¢ € I U {0}, the operators e;, f; act locally
nilpotently. The category O consists of finitely—generated h—diagonalizable modules

V such that there exist a finite collection {X, : 1 < a < r} such that i € P(V)
implies that g < A\, for some a.
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FIGURE 1. Decomposition for O
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One defines the Verma module M5 for each Xe E* analogously and it is easy to
show that M5 € O.

Now let us focus on another family of representations of g which do not belong
to category O. Let V be a finite-dimensional representation of g. One can prove
easily that ¢ acts by 0 on such representations. Define loop representation of g by
V :=V][z, 271 where z(r) acts by z"z(r) and d acts by zd%. Then one has:

PWV)={A+nd:xeP(V)Ch* neZl}
and V is Hfdiagonalizable. Moreover V is also locally finite, but not in category O.

Example. Let g = sly and choose a € C*. Define V = Ly(a), a g-module with
basis {vg, -+ ,v,} and g-action given by:
e(r)vi=a"(m—i+1Dv—1  f(r)v,=a" i+ 1)vis1  h(r)ov;, =a"(n — 2i)y;
Then g action on the corresponding loop representation, V', with basis {v;(s) : 0 <
i <mn,s € Z} is given by:
e(r)vi(s) =a"(n—i+ Dvi—1(r + s) f(r)wi(s) =a" (i + D)vipr(r + s)
h(r).vi(s) = a"(n — 2i)vi(r + s) d.vi(s) = sv;(s)
Then it is clear that the weights of V' are not bounded from above.

Let us denote by Repyy(g) the category of loop representations of g which is man-
ifestly same as the category of finite-dimensional representations of g[z,z~!]. We
remark that the two notions essentially differ by choice of the triangular decompo-
sition of g (see Figures where each e on top row indicates n,, on middle row
indicates h and on bottom row indicates n_, spread over all Z).

Finally we introduce the notion of shift of a module V by b € C* as:

V(b) :=V/(z = b)V € Repyy(g)
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FIGURE 2. Decomposition for Rep,(g)
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4. INTERTWINERS AND FUSION OPERATOR FOR AFFINE LIE ALGEBRAS

In this section we consider the intertwiner operator between Verma module and
a tensor product of Verma module with loop representation. The contents of this
section carry over uniformly to the quantum affine algebras and we consider both the
classical and quantum cases together. A brief discussion of quantum affine algebras
is given later. E]

4.1. Completed tensor product I. Let e H* and let M5 be the Verma module.
Let V be a loop representation of Uyg. We would like to have an analogue of
Proposition in this setting. Define the expectation value homomorphism as:

(o) : Homy, 5(M5, Mz @ V) — VX = [i

In order for this map to be invertible, we need to consider the completed tensor
product ® defined as:

Definition. Let U and V be two diagonalizable E modules. Then:

veV = | [[UlE- Bl V(3]
o\ B
Proposition. The expectation value homomorphism (e) is an isomorphism for
generic A and large dominant A:

(o) : Homy;, (Ms, Mz®V) — VX — 7]

Remark. The proposition would be false without the completion. For example,
let g = slp and A = A € C. Take V = L; to be the standard two dimensional
representation. We claim that there are no singular vectors in M5 ® V. Assume the
contrary that & is a singular vector and let m ® v;z" be a non—zero term in & with
largest n. Then h(1)¢ has the term (—1)m ® v;2" ! which is not cancelled by any
other, which contradicts that n ¢ = 0.

4BASED ON THE TALK BY ANDREA APPEL
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Thus it makes sense to consider an operator <I>§ whose expectation value in v € V.

4.2. Completed tensor product II. We can similarly define the fusion operator
Juv (A, z) for which we need the following completion of the tensor product.

Definition. Let Vi,--- , Vi be loop representations of U,g. Define:

Vi@ @Vy = (Vi@ @ V) [[22/21, - an/en—all[zi, 2 ii=1,-++ | N]
with natural U,g—module structure.

With this notation, we define the fusion operator JUV(X, 21, z2) whose value at

u®v (for u € Ulwt(u)] and v € V[wt(v)]) is same as the expectation value of the
following composition:

(b?)

MX *) M~ A—wt(v)

u 1
-~ A—wt(v) ~ —

We claim that the fusion operator is in fact an element of End(U ® V))[[22/21]] which
allows us to write it as a formal series in z = z9/21.

Jov(\2) =Y Jovaz"
n>0

We remark that the usual properties of the fusion operator hold. That is, it is an

invertible operator which is a rational function of ¢*. Moreover Proposition and
Corollary hold (where By in the statements is replaced by Bag).

Remark. The following computation motivates the definition of @. Let ® : M; —
Mg@V be an intertwiner. We only consider weight spaces under d in what follows.
Since n_ has negative energy, we have (I = \(d))

M; = @ M5l - n]

n>0
If (®) = v.2* for v € V[y] then ® maps

OV Ml —n] = D M;__y,ll— k=] V[k+t—n]
t>0

Let us assume that k& = 0 and let u € U[u]. Then the composition of @%77 ® 102
maps:

HM~ oVii-n =" ] M5__ l-pl@Up-teVt-n]
>0 p,t>0
The last term of the composition has z terms of the form (29/z1)!.2725™. This is
the reason for considering . Note that the fusion operator is the expectation value

of this composition, and hence only considers the case n = 0 = p for which we only
get a power series in z/2; as claimed.

4.3. Quantum affine algebras: two definitions.
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5. TRIGONOMETRIC KNIZHNIK—ZAMOLODCHIKOV EQUATIONS

The aim of this section is to obtain a differential equation satisfied by the fusion
operators for affine Lie algebra g. Main references for this part are [2, 5]E|

5.1. Casimir operator. Let g be a Kac-Moody algebra. For each o« € Ry choose

a basis {e&9 )} of g and the dual basis {e@t} of g_n. The following construction of
the Casimir element is taken from [7, §2.5]. Define:

Cop:=2 Z Ze(fgle((f) €Uy
aERy s
Finally choose p € h* such that p(h;) =1 for each i.
Proposition. For z € g, we have:
[Co, 2] = =2 (2(p, ) + 2v(a) + (@, )
where o € {0} U R.

PROOF. The assertion is clear for o« = 0 since Cj is of weight 0. We claim that if
the assertion holds for z € g, and y € gg then it holds for [z,y] € ga+s. To prove
this we have:
[Co, [#,y]] = [, [Co,y]] + [[Co, ], 4]
= _[:E7y] (2 <p7 o+ ﬁ) + <O(, OL> + <B,ﬁ>) -2 ([:Ea yl/(ﬁ)} + [,II/(OZ),y])
=—lz, 9] 2{p,a+ ) +{a+B,a+ ) +2v(a+ )
Thus it suffices to prove the proposition for x € g,,, i.€, = e; (the proof for x = f;
is similar). In order to carry out the computation, we need the following claim:
Claim: If z € gg_, where «, 8 € h* such that 3 — o € R, then we have:

Z ") @ [z,elD] = Z[e(j%, z] ® e(ﬁs)

S

Assuming this claim, we have:

[Coe =2 3~ Y [ eileld + e[l el

acERL j
=2 eY) eilel) 42 e ceilel) 4+ e el e
(o7} [e7] o] « ato; l-a—o;
J

acR\{a;}
=2 Z[e(_j()x, ei]egi)
J

The last term can be easily seen to be equal to —2v(«;)e; which is same as —e; (2v(a;)+
2 (o, o)) as claimed in the proposition (since 2 (p, ;) = (v, ;).

SBASED ON THE TALK BY SACHIN GAUTAM
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Proof of the claim: Let us pair both sides of the required equation with e ® ¢/ €
ga ® g—p3. Then by invariance and non-degeneracy of (.,.) we have:

LHS. = Z <e(_72[, e> <[z, eg)],e’>

=Y {ee) (€2 el
= <e, [, z]>

Similarly we get that the right-hand side is same as ([z, ¢],¢’) and we are done. [

Corollary. Define C = Cy+2v(p) + >_; 22, where {x;} is an orthonormal basis of
h. Then we have:

[C,z] =0 for every x € g

PROOF. In view of the proposition above, we only need to show that for every x € g,
we have the following:

[Z xf,x] =z(2v(a) + (o, a))

which we prove as:

[Z x%, x] = Z alx;)rx; + xio(x;)x

= 20(z;)ww; + afx)’x
— 2(20(a) + (@, a))

0

5.2. Casimir element of g. In our case, the Kac-Moody algebra is g. We have
two expressions for C' € Ug which follow from Corollary

C=2m(c+h)d+C+2 Z e—_a(—n)eq(n)

aER
n>0

+eq(—n)e_q(n) + sz(—n)xz(n) (5.1)

where {z;} is an orthonormal basis of h, R is the root system of (g,h) (see §lL.1)),
€_o = do fo is dual vector to e, and C' is the Casimir element for g.

Second expression for C is more useful for future applications. Let B be an
orthonormal basis of g. Then
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C = 2m(c+hY)d+ Z (Z 2a(—n)a(n) + a(0)2>

a€B \n>0
(5.2)
= C+2m(c+h")d+2 Z a(—n)a(n)
a€EB
n>0

5.3. Let M be a highest weight g—module of highest weight A=A+ kA +10. Let
m € M be the highest weight vector of M. Then for any u € Ug, we have:
d(u.m) = l(u.m) + [d, u].m
Lo(um) = —=Ag(A)(u.m) + [Lo, u].m
where Lg is defined by:

Ly :=— ! ] C+2 Z a(—n)a(n) (5.3)

2m(c+ hY =
n>0
and Ag(\) is given by (—1) the action of Ly on m:
(A+2p,A)
Ar(N) = ——————~
k) 2m(k + hY)
Definition. The zeroth Sugawara operator is an element of a certain completion of

Ug given by (5.3).

Theorem. Let M be a highest weight module over g of highest weight X = A+EkAg+
16. Then we have

(5.4)

d= Lo+ Ak()\) +1 (5.5)
where Ly is given by (5.3) and Ag(X) is given by (5.4).
5.4. Operator KZ. From this section onwards, we will only consider the evaluation

at 1. To be more precise V is a finite-dimensional g-module and V (z) = V [z, 27!]
is g—module defined by:

x(r)— 2"z d— z— c—0

dz
Let us fix A = A + kAo + 10 € H* and p € h*. In this section we derive a differential
equation satisfied by the intertwiner ®(z) : M5 — MX—M®V(2)' For £ € V* let us
consider the following linear map:
U(2) = (1® &) 0o ®(2) : M5 — M;_ ()

Definition. For a € g we define



26 SACHIN GAUTAM

Then we have the following theorem.

Theorem. The linear map V¢ satisfies the following differential equation.:

0 “ ot — 1
m(k + hv)za—\llg =z (Z at(2)T% — v, (z)) + 5\1105 SNOWA'S
acB

where C is the Casimir element of g and cy ,, is a scalar given by:

1
= 5 (A28 = (A= p+2p, A — )

PROOF. We begin by recording the commutation relations between z(n) and ¥¢ for
any x € g. Since ® is an intertwiner we have:

Pox(n)=(zx(n)@1+z"1x0 )P

which composed with (1 ® ) gives:

(w(n), WE(2)] = 2" (5.6)
Similarly using ®od = (d® 1+ 1 ® d)® we obtain:

d

= ws() = [04(2). d

By Theorem [5.3] we get:
d
2 WE(2) = [U5(2), Lo] + (Ak(N) = Ax(A — ) ¥8(2)

Using the definition of Ly (5.3)) and the commutation relations (5.6) we get:

V() Lol = gy | D000, ¥ (:)]a(0) + a(0)[a(0). ¥5(:)] +
acB
2 (Z[a(—n% U (2)]a(n) + a(—n)[a(n), ‘1’5(2)]>]
n>0
1 a. a —-n a, a.
1 a. a. a. a. -
= CEE] (;a(O)\IJ $(2) — W% (2)a(0) + 2za™ (2)¥%(2) — 229%(2)a (z)]
1 a a —
= m (;:Ba 2)U%(2) — U4 (2)a (z)) + U9 (2)

since C = " a%. This computation directly implies the statement of the theorem
and we are done. O
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5.5. Trigonometric KZ. Recall the multicomponent fusion operator J 5~ (X, z)
is defined as (see Definition [2.6)):

~ 1 .
TN\ z)=J —)\—p+§Zh(]),z

In order to spell out the definition of the multicomponent fusion operator, we fix
some notations. Let Vi,---,Vy be finite-dimensional g-modules and choose v; €
Vipi]. Fix A= X+ kAo + 16 € h* as before. Define:

~ 1
Yi=—A—p+ g

5 (et = iy = = ) =i = (R hY)Ag = 10

Then J (X, 2)(v; @ - -- ® vy) is the expectation value of the composition:
@(217”' 7ZN) :(p%i OO(D%]I’

Let us define the following operators on V;(21)® - -- @V (zy) (see Definition
for @)

0 i 144 ~ (@
Vii=mkzig— + > W + a0 (5.7)
“ J#i J
0 1 l —(i
¢ 1<t 7>t

where {z;} is an orthonormal basis of h and A®) := 19-1 © A ® 1¥N~%, Recall the
notations 7 = v(vy) € h. The Drinfeld r—matrix is defined as:

:%Zwl(g-rl‘i’zea@e—a

a>0

Theorem. For eachi=1,---, N we have
v, gt N = gl Ny? (5.9)
The proof of this theorem is given in - We begin by unfolding the

definitions and introducing some notations for convenience.

Notations used in the proof: We fix Vi,--- ,Vy and v; € V;[u;] throughout and use
the notations at the beginning of this section. To simplify the expressions we will
have M; = M5, and 1; = 15,. Let us write ®;(z;) = (I)%(Zl) For a fixed linear from
& € V¥ we denote by \I/fl the composition (1 ®&;) o ®; as in We will drop the
subscript 1,--- , N from J and for a linear form § =§®--- @&y € (V1 ®@--- Q@ Vy)*
we will write J¢ for the composition & o J:

Té(2) = (15,08 01y )
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With these conventions in mind, let us compute the right—hand side of ([5.9)).

TNV @ @uy) = [ (A ) — % D ) = > (g | | TN 2)

7<t 7>

Note that by linearity it suffices to prove (5.9) when evaluated on v; ® -+ ® vy.
Thus equation (5.9) is equivalent to the following:

(Vi—p) T\ 2) (01 ®@---@vy) =0

where p; is the scalar obtained above:
1
pi= | Awi) =5 > g i) = Y (g )
j<i j>i

Evaluating this equation at a linear form £ we obtain an equivalent version:

mkz 32Z = Z T iz + A —pi | T(2) (5.10)
JFi
3
5.6. Let us begin by computing 6{9 (g) using Theorem

3 &,
Ziaj ) _ <137‘I’£1(21) WS (2) (Ziaq/z (ZZ)> ‘Ilfrll (zi41) - "\IJ%V(ZN)lN>

azi azi
—1 _ o 1 . _
— mk <10, (Z' (Z a+(zi)\:[,(l£1 _ \P'?{Za (ZZ)> + 5\1}052 + Ci\l]fl) . ]-N>
a€EB
where we have used the fact that ¥;(c) = —k — hY. The scalar ¢; is given by (see
Theorem [5.4))

1
ci = 5 (i +20,%) = (vie1 +2p,%i-1))

which one can easily calculate to be —p;. We break the above expression into three
terms:

T = <107‘I’§1(21 S < Z a’t (z;) U ( Zz)) ‘I’ffll(ziﬂ) e \II%V(ZN)lN>

a€B

Ty = <107‘I’§1(21 i < Z‘Ifa& (zi)a )) ‘I/fJ:_ll(Zi+1)"'\Il§\]fv(zN)1N>

a€B

. 1
T = (15,0 ) 05 (065 ) — 0 a) ) W8T )+ 050 (o)
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Note that T3 is same as & <<;C(i) — pi> J ) Thus we have to prove the following:
3 1 ..
— mkz; agz(2> =T —-Tr+¢ <<2C(Z) - pz'> j(»’:)) (5.11)

5.7. Let us begin by computing 77. In order to do so, we need the commutation
relation between a*(z) and W¢. These follow from [x(n), ¥¢] = 2" ¥?¢ given in (5.6)):

(), w5 (2) = 2-C)

Hence we get (the summation over a € B is assumed):

Ty = 2 <1E§, W (21) - W (i ot (2) WO (2) WY (2ig1) - 5T (ZN)1N>

(5.12)

= Z; <18, CL+(Z7;)\I/§1 (2’1) cee \Ilfi:ll (zi_l)\I/?Ei \I/lgr'll (Zi+1) s \I/%V (ZN)1N>
i—1

— % Z <1(’§7 ot (=), ‘I’f»j(zj)] - \If?&(zi) - 1N>

J=1

Recall from Definition that a™(z) = 3,5, a(—n)z""1. Hence the first term
above is zero and we get: a

1 * a&; i
Ti=—zu ) P <10,..-quﬂ(zj)--.q/g5 (zi)---1N> (5.13)
1<j<i—1 ™Y
a€B

5.8. It remains to compute 75. Using the computation similar to the previous
section, we have (again summation over a € B is assumed):

2= <18’ Ve () \I’zgi_ll(zi—l)q’?&q’ffll (2i41) - \I/%I/V (ZN>CL7(Zi)1N>
N
+ z; Z <12'<]7 e \Il?fi(zi) . [ai(zi); \IJ? (Zj)] o 1N>
Jj=it+l
Using the fact that a(n)ly = 0 for every n > 1 and the definition of a™(z) =
— 30 a(n)z~""! we get that the first term is same as —T% where:

=3 <13, WE (1) - WS (2 ) U0 () U (240) - - ORY (zN)a1N>

acEB
while the last term is:
Yoo
a3 o (L ) () )
jmin1 9T A
Hence we get
1

T2 = *TQ, + Z E o
i+1<j<N 7Y
a€eB
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5.9. Finally in order to simplify the expression of T we replace the tensor Y a®a
by D2 @ x4+ o0€a ®e_q + e_q ® ey. Combined with the following facts:

(a) 71y = yn(2)1N.

(b) Y ziyn(x1) = v(yN).

(c) For each av > 0, eq1ny = 0.

we obtain the following expression for T4:

N
Tp=—| (W 2ol | T
j=1
Now we have:
N .
Zeg)e(ﬁ! = C(i) +ﬁ(i) + ZT’ij Z :L'l (@) (J
=1 J#i b

J=

One can easily verify that Z azl xl( D acts by (Fx — 7o)®. Combining these obser-

vations and the fact that g + YN = —2)\ — 2p we get:

T,=¢| X - an -0 (5.15)

J#i
Substituting back the values of 77 and T5 from equations ((5.13)), (5.14) into (5.11)
we obtain equation (5.10) and we are done with the proof of Theorem [5.5

5.10. Limit of equation ([5.9). Let us consider the limiting case z; >> zo >>
- >> zy of the equation (5.9)). Recall that the Drinfeld r—matrix for g is defined

by:
le®$l+zea®€—

a>0
If we let zx/z; — O for every k > [, then we obtain:

TiiZi Tz
I R MR

Jj#i v j<i j>t

Let us consider the case N = 2. In this case the multicomponent fusion operator is
same as the fusion operator:

T2002) = T (—A PO h<2>>> € End(Vi ® V2)[[z2/21]

N

Let J()) be the constant term of 7 (X, z). Equation (5.9) for i = 2 then becomes:

<1®>\—;Z$l®$l—ze—a®€a> TN =T (1@)\—;;1’1@@)

a>0
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Since J is of weight zero, we evaluate both sides on the weight space (V1 @Va)[pu1+p2]
and use the following equality of operators on this weight space

Yom@n =010 @ +0) 10 1)
to obtain

[TV, 1@ 0(N)] = (Z e o® ea> TN

a>0

where

~ -1, 1 1
B0 = A+ g +7) = St =0 (A= 5+ )

Recall the definition of #(\) from Theorem This equation is precisely the ABRR
equation ([1.2]). Since the solution to (1.2)) is unique, and is given by the fusion
operator for g (see Theorem we obtain:

Theorem. The fusion operator J(X, z) has the following form:
J(\, z) = J(\) + O(z)
In particular J(X, z) is invertible.

5.11. Application of Theorem [5.5] :I. In this section we use Theorem and
Corollary to prove the compatibility between the trigonometric KZ operators
and dynamical Weyl group operators.

Theorem. For eachi=1,--- ,N and w € B,g we have:

Vi(wh) Aw vig-avy (V) = Awvio--ovy (V) Vi(A)
(see Definition for the notations).

PrOOF. We multiply both sides of the equation by J (X) on the right and use The-
orem [5.5, Corollary [2.6] to get:

Vi) Awvi-gvy NI A) = T(@A) VI (wX) Au,vs . vy (V)
Awtie-avy MViNT ) = T (wA) Aw s vy V) VIR

where Ay, v; ... v, is the multicomponent dynamical action (see Definition [2.6). The
right—hand sides of both the equations above are in fact equal, which is easy to see
since Ay v; ... vy Maps

>

Aw i, vy(A) : Vim] @ -+ @ Viv[un] — Viwp] @ - - @ Viv[wpy]

and using the definition of V? given in (5.8). Finally since J is invertible (see
Theorem [5.10]) we obtain the desired assertion. O
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5.12. A generalization: factorizable systems. Let Vi, --- ,Vx be g modules
and 7(z) € g ® g be a meromorphic function satisfying the unitary condition r(z) +
r91(—z) = 0. Choose s € g such that [s®@1+1®s,7(z)] = 0. Consider the following

system of partial differential equations for a function F(uj, -+ ,uy) € Vi ®---QVy:
OF .
9, =h ;r,](uz —uj) + sO | F (5.16)

Then we have the following theorem:

Theorem. The system (5.16)) is consistent if and only if

[r12(u1 — u2),re3(uz — uz)] + [r12(u1 — u2), r13(u1 — u3)]
+ [T13(U1 — U3), T’Qg(UQ — u?,)] =0 (5.17)
The equation (5.17)) is known as the classical Yang—Bazter equation with spectral
parameter. ‘
PROOF. Again let A; = > ., rij(ui — uj) + s(). The system (5.16) is consistent if
and only if we have, for every ¢ #£ j:
04;  0A;
auj 8’&1
Now we have the following computations:
(1) For i # j the left-hand side is computed as:
0A; 0A;
j %

=0

= [Aiv AJ']

by the unitary condition r;;(u; — uj;) + 75 (u; —u;) = 0.
(2) Next we compute the right-hand side :

(i, Ag) =l (wi—n), (g —w)]+)_[rae(ui—ug), 5914+ 3 [, ()]

ki ki I£j
I#j

Now it is easy to see that the last two terms vanish because of the constraint
[s®1+1®s,7(z)] =0 and the first term can be written as:

[As, Aj) = > Trin(wi = wi), g — wi)] =+ [ri (i — ), e (ug — u,)]

k#i,j
+ [rin(ui = ug), rjiuy — i)
O
ro1€" + 112 . .
Remark. In our case we have r(u) = w1 and (5.9)) is a factorizable system
e J—

after making the change of variables z; = € in (|5.16]).
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5.13. Application of Theorem : II. Now we prove that the fusion operator
defines an analytic function is a suitable domain. For this we rewrite equation ([5.9))

ignoring the scalar factor p;, for a function F'(z1, - ,2y) € V1 ® --- ® Vi as:
mkzi‘lF = rijE i 50 ) g
0z —  Zi—z
JF#i
Consider the change of variables (; = z;41/z; for i = 1,--- ,N — 1 and (y = zn.

Then we have:

ka ZA Fforl#N
where A; = . M JrX(Z). For | = N we have:
37 Zi—Zj
mk:CN ZA F=-\F

F
MR o get 8— = 0. Therefore the function F' does not depend

We replace F' by (y ac
N

on (. Moreover we have:

A = Z Tijzj + Tjizi )\(Z)

J# S
_ Z rij + T]ZCZ 1 Gj n Z TijGi—1 - Gi + T 3
T Gi—1--G —1 = T—Gj—1-G
Thus we obtain the following equivalent system:
OF ~
mkGo = = = A1y, CN)F (5.18)

G

where each /L is regular function in the domain:

D:={(G, - ,(n-1) €CVNT |Gl < 1}

The system ([5.18)) is a consistent system with normal crossing divisors at 0. Thus
we can use the following theorem, which is well known in the theory of differential
equations (see §5.14] for a proof):

Theorem. The system (5.18) has a fundamental solution
AL(0 An_1(0
F=¢"O " 7 OR(G,- ven)

where Fy is computed as a formal power series and defines an analytic function in
the domain D. In particular if f(C) is a vector valued solution of (5.18)) of the form:

FO = fo(0)

where fy is a formal power series, then f = F.v for a constant vectorv € V1®---QVn
and hence fo converges in D.
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As a consequence of this theorem (and using Theorem [5.5)) we obtain the following
important

Corollary. The fusion operator J(X,g) defines an analytic function in the domain
|z1| > -+ > |zn].

5.14. Proof of Theorem We will give a proof of the Theorem for the
case N = 1, which can be easily extended to arbitrary N.

Let us consider the problem of solving a system

aF _AG)

dz z
where A(z) = ), -, Ar2" defines an analytic function in the disc Dy := {z € C :
|z| < a} with values in M,,(C). We begin by writing a fundamental solution of the
form:

®(z) = H(z)z%

with H(z) =14 ) -, H,2". Assuming that the operator m — ad(Ay) is invertible
on M,,(C), we can write a recursive system:

Hpy = (m —ad(Ag)) ™'Y ArHp oy
r=1

which solves the differential equation formally. We claim that the formal solution
converges in the disc D,. The proof is given in the following steps:

(a) Define a scalar valued function ¢(z) = Y52, ||A;]|z°. A standard argument
proves that ¢(z) is convergent in |z| < a.
(b) Choose a positive constant ¢ such that ||(m — ad(A4g))~!|| < ¢ for every

m > 1. Define
o 1

The fact that ¢(0) = 0 implies that there is (possibly smaller) neighborhood
of 0 on which y(z) is convergent, say |z| < a1 < a.

(c) Let y(z) = Y52 yiz" be power series expansion of y(z) in the disc |z| < aj.
Then we have:

m
yo=1and y, = CzymfiHAiH
i=1
(d) It follows from the definitions that ||H,,|| < ym, for every m. Hence conver-
gence of y(z) implies convergence of H(z) in |z| < a;.
(e) To complete the argument, observe that H(z) is solution of following differ-
ential equation:

> Bzt
H(z) = Dizo Biz H(z)
z
where each B; is linear operator on M,,(C) given by: By = ad(Ap) and B,,

is multiplication by A,,. Since this differential equation is defined in the disc
|z| < a, the solution H(z) has no singularities in a1 < |z| < a.
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6. TRIGONOMETRIC ¢—KZ7 EQUATIONS

In this section we obtain a difference equation satisfied by the multicomponent
fusion operator for quantum affine algebrasﬁ
6.1. The Drinfeld element. Let (H, R) be a quasi-triangular Hopf algebra. That
is, the following axioms are satisfied:
A?'(a) = RA(a)R™! for every a € H

AR 1(R) = Ri3Rs3

1® A(R) = Ri3R19
Proposition. Assuming (H, R) is a quasi—triangular Hopf algebra, we have:

(1) (e@])(R)=1®1=(1®¢)(R)
2) (Se1)(R)=R'=>12S5HR)

PROOF. For (1) apply (e ®1®1) to A ® 1(R) = Ri13R23 and use the counit axiom.
For (2) apply pi2 0 (S ® 1 ® 1) to the same hexagon axiom. In order to prove
S®S(R) =R, we apply pez o (S®@S®1) to 1 @ A(R) = RizRi2. O

Theorem. Let u:=m(S ® 1)(Ra1). Then we have:

(1) w is invertible with u=' = m(S™! @ S)(Ra1).
(2) S?(x) = uzu~" for every x € H.

PROOF. We begin by proving that ux = S?(x)u for every x € H. Let us write
AP (2) = fr, ® g @ Iy
Using R1(A®1)oA(z) = (A @ 1) o A(z)R® 1 we get (writing R = a; ® b;):
i fr @ bigr @ by = gra; @ fra; @ hy
Now apply 13 0 (13) o (1 ® S ® S?) to both sides of this equation to get:
S2(hi)S(gr) S (bi)ai fr = S*(hx) S (b:)S (fi) grai

Using S(fr)gr ® hxy = 1 ® = we get that the right-hand side is same as S?(x)u.
Similarly using fi ® gxS(hx) = © ® 1 we get that the left-hand side is same as ux
and we are done.

To prove that v = S~1(b;)S(a;) is the inverse of u we write:
uv = qul(bj)S(aj) = S(b])uS(a]) = S(bibj)aiS(aj) =1

where we have used the fact that S ® 1(R) = R~!. Finally S?(v)u = vvu tu = 1
implies that u admits both left and right inverses, which thus have to be the same
as v. O

6NOTES BASED ON THE TALK BY SACHIN GAUTAM
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6.2. Quantum Casimir operator. Let g be a Kac-Moody algebra and let U,g be
the corresponding Drinfeld—Jimbo quantum group, defined as:

Definition. U,g is a unital associative algebra over C generated by q", ei, f; where
h € b and ¢ € I. These generators are subjected to the following relations:

(QG1) ¢"¢" = ¢"*" for every h,h' € b.

(QG2) For each i € I and h € h we have:

¢"eig" = ¢ Me; ¢"fig " =g
h; —h;
q; —4q;
(QG3) [ei, fjl = bij——5
qi — g,

(QG4) For i # j let t =1 — a;;. Then we have:

t
S| L] e —o
qi

and similarly for f’s.

The algebra U,g has a structure of a Hopf algebra with the comultiplication given
by:

Ale)) =e; @k +1® e
Alf)=fi®l+k'® f;
Al¢") =" @ q"
where k; := qlhl The counit ¢ is given by:
elei) =e(fi) =0 e(d) =1
This determines the antipode S:
S(e;) = —eik; ! S(fi) = —kifi
S =q"
The following proposition is fundamental in constructing an R-matrix for U,g.

The proof of this proposition is highly computational and is skipped in these notes.
An interested reader can consult [6] for details.

Proposition. Let U,bL be the subalgebras of U,g generated by ¢" and {e; : i € I}
(respectively {f; : i € 1}). Then there exists a unique non—degenerate pairing (.,.) :
Ugby x Ugb_ — C determined by:

W) {dha) =40
(2) eir fj) = bij —=
(3) (L) =(,1) =¢()
(1) (ad’,b) = (0 ® o', A2(b))
(5) (a,bb') = (A(a),b@ V)
Theorem. Let R € Uyg ® Uyg be the canonical element determined by Proposition
[6.9 Then (Ugg, R) is a quasi-triangular Hopf algebra.
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PROOF. We prove this theorem assuming the existence and uniqueness of the Drin-
feld pairing. We begin by proving the hexagon axioms:

(1) We pair both sides of the equation A ® 1(R) = Ri3R23 with a dual vector
br ® by ® ay, which simplifies to (A(ay), b ® b)) = (ay, bib;). Similarly the
other hexagon axiom is equivalent to (aa’,b) = (a ® a’, A% (D)).

(2) In order to prove that R intertwines A and A2, we need a multiplicative
identity: for every z € Ut and y € U~ we have:

ya = <5—1(x<1>)7 y<1>> <x(3>,y<3>> 22)y@

where e @a® ®a®) = ABG)(a). This identity is proved in the following two
steps: first one proves that the equation for z,z’ implies the same for zz’
(and similarly for y). This reduces to checking the identity on the generators
of Uyg, which can be done directly.

(3) Finally let z € U' and consider the product RA(z):

RA(z) = a;zM) @ bjz?
= aix(l) ® x(3)b§2) <S_1(x(2), b(1)> <:L'(4), 653)>
Use the hexagon axiom to write:
a; @ bﬁ” ® bl@) ® b§3) = ajajar @ by @ bj ®b;
which yields:
RA(z) = ajajape™ @ 23, <S_1(x(2)), bk> <x(4), bi>
= 2Wa; 871 (@)W @ 2®)p;
=@ R

as required. Note that we have used the fact that _ a; (z,b;) = z for any
z € U and the axioms of the Hopf algebra H.

O
As a consequence of the theorem above, we obtain the following important

Corollary. Let u be the Drinfeld element of Usg. Define C9 := q*’u~t. Then C?
is a central element. Moreover, V is a highest weight module over U,g of highest
weight \ then

09 — q<>\+2p,>\> Idy

where p € b* is any element satisfying p(h;) = 1 for each i. Let us denote A(\) =
(A+2p, \).

6.3. Quantum Sugawara operator. We return to our situation of the Kac—
Moody algebra g. We have the following expression for the R—matrix (see Theorem

6.2)
R = g(e®d+deo) S uew Z up @ u'
t
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where {u;} is a homogeneous basis of U,n and {u'} is the dual basis of U,n_ with
respect to the Drinfeld pairing given in Proposition [6.2

Using our choice of p = p + hYAy we obtain the following expression for the
g—Casimir element:

1 = q2p+2mhvdu—1

= gt gSat 5, 571 ) o) o1

_ Note that since C'? acts by qA(X) on a highest weight module V' of highest weight
A, we get:
U — q2ﬁ+2mhvdqu(X) (62)

Note that in our case we have:

AN = (XA +2p, ) +2mi(k + hY)

Theorem. The following two operators are equal on a highest weight module V' of
highest weight \:

G — gAY (4 (@ (S @ D(Ra)) (g @ 1)) )
where R = ¢~ m(c®d+dse) R

PROOF. Let us write e = ¢™ and R = o;®0;. Then the expression of Y = S®1(7€21)
is:

Y=Y (_t)a+b5(ﬁ-)d“cb ® “d’a
N alb! ‘ ‘
a,b>0
w=pu(Y) = S(8)g >

which implies the required equation, when compared with the expression (6.2)). [

6.4. More on R—matrix. Recall that the universal R-matrix R of U,g is con-
structed using the Proposition [6.2} We define:

R — qu(c®d+d®c)ffé
Explicitly written, we have:
R=q="%% y @y

where {y;} is a basis of U;ny and {y'} is the dual basis of U,n_ under the Drinfeld
pairing (see Proposition . We think of R as the R—matrix of U;g. Let us define
an automorphism D, of U,g ® C[z, 2] by:

D.(h) =h D.(e;) = "¢ D.(fi)=z"%f;
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and set R(z) := (D, ® 1)(R) € U,g ® Uyg|[2]]. Further define:
A.(a) = (D, ®1)(A(a))
Al(a) = (D; © 1)(A%(a))

Theorem. The R-matriz satisfies the following:

(1) For each a € Uyg:
R(:)AL(@R(2) ! = g m(e0t80) A7 (q)gnicsdiaeo
(2) Hexagon axioms hold:

(A ® 1)(7?,(2’)) _ qm(d®c®l)R13(Z)q—m(d®c®1)R23(z) (6.3)

(1® A)(R(2)) = q "= ODR;(2)g™ DR (2) (6.4)

PROOF. (1) is clear from the definitions and the intertwining property of R. In
order to prove ([6.3) use the hexagon axiom for R and use the definition of R:

¢ M(eR1RAIBRAHIBIDAHRID) A ¢ 1(R)

_ qm(c®1®d+d®1®c)ngqm(1®c®d+1®d®c)R23
which yields:
A® 1(R) _ q—m(1®c®d)R13qm(1®c®d)R23

Now apply D, ® D, ®1 and use the fact that conjugation with ¢~(1®<®d) is same as
that with ¢"(@®<®1) on R13 to get (6.3). The equation (6.4) is proved similarly. [

6.5. Quantum currents. Let us recall the conventions of the loop representations.
Let V be a finite-dimensional module over U,g. We define V(z) to be the represen-
tation of U,g (or by restriction the module over U,g) defined as: V(z) := V[z, 27!
and:

z

Now let V be a finite-dimensional U,g-module and define:
Li(2) € Ugg @ End(V)[[241]]
by:
Ly (2) = (1@ 7y)(R21(2)) = (1 @ Ty (z))(Ra1) (6.5)

Ly(2) = 1@m)(RTH(T)) = 1@ my)(RT) (6.6)
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6.6. Operator ¢—KZ equations. In this paragraph let X=X+ kAg + 16 and let
€ h*. Consider the following intertwiner:

O(z) : M5 — MX—;L@V(Z)
Define:
pi= q—2m(k:+hv) D= pd U = q2(cdm—ﬁ)u
Note that by (6.2) we have the following;:
D =U"¢ 2N on M
This observation, together with the fact that ®(z) is an intertwiner implies that:
B(p~1z) = AN-AC-W (U1 @ 1)B(2)U (6.7)

In order to carry out the computation for U=!®10®(2)oU, we need the following
two definitions:

Definition. Let H be a Hopf algebra and Vi, Vo, V3 be H—modules.
(1) Let * denote a right action of H®3 on Homg¢(V;, Va ® V3) given by:

(z@y®z2)«V :=(S(y) ®S(z)oPoux

(2) Let e denote the action of H®2 on the same space of linear maps (written
on the right), given by:

Ve(a®b)=(1®b)oVoa
Note that we have the following:
(Ve(a®b))e(d@b)="Te(ad @0b'b)
Theorem. The intertwining operator ® satisfies the following difference equation:
D(p) = A0 EVLL @ p) (1@ ¢7) (B() 0 Ly(2)7)  (68)

PROOF. In light of the equation (6.7) it remains to compute U~! @ ®(2)U. We
begin by writing ®(z)oU using the intertwining property (in the following equations
R=0a;® bl‘):

DU = BS(b;)azg*cdm=r)
= ((S @ S)A2(b;)) Daygcdm—r)
— (((1 ® A21)(7§)> % q)) g2 (cdm=p)
= (7513 * (ﬁlg x @)) (2cdm—p)

Now we use the fact that Ris * ®(2) = (S ® 1)(Ra1)(u ® 1)@ to continue the
computation:

U @ 1)BU = (¢ 2P @ 1) (v @ 1)(1 ® S(b:))(S(by) ® aj)(u® 1)Pas) g*cm=r)
= (72 @ 1) (19 S(0) Ry, By ) 2=
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Next we use the following computation of (1 ® S)(R):
(1@ 8)(R) = (Ad(g~*) @ DR (g™

Note that on a tensor product of highest weight module with finite-dimensional
module R is same as (1 ® ¢"*¥)R which allows us to further write:

(12 $)(R) = (Ad(g™>) @ 1) (R (g 2"")(1 @ g~H))

Using these computations we proceed with simplifying (U~! ® 1)®U:

U@ D))V = [ (g2 0 YRy (10 )0 (2))

. ((Q‘Q’) ® 1R g ) (¢* ® q‘m'“d)ﬂ g?(kdm=r)

(@t @R 1o g™ 2(:) o (7 @ DR (g™ )@ @ g7
= [((q’2(kdm’p) ® ¢ MMMRE (1@ q ) ® ) ( “2 @ YR (g2 (™ 1))]

(@ @ DRZM @) (a2 @ g~ 240 z)) (@@ YR (> ) (¢ 2 1)))]

(@ @ DRy (™) @(2) ) o (<q-2kdm @1 @ 1R <q—2mhv><q2kdm ®1))]

= [(@ @ DR @) ) o (7% @ YR (9) |

We finally simplify it to:

(U@ 1)®(2)U = ((1 ® q_2p)L‘+/(qkmz)_1<I>(z)) ° L(/(p_lz)
which together with (6.7]) finishes the proof of this theorem. ]
6.7. Trigonometric ¢—KZ equations. Recall that we denote by J(X, Z1,° ", ZN)

the unshifted dynamical fusion operator. Let us define the following operators:

Definition. For each \ € H* and ¢ =1,--- , N define:

' ~1 RN
Vii=TRit <ZZH> “Rn,i <ZN> (¢*)iTipRin (zz> Rii-1 < & >
Zi Z3 Zi Zi—1

Further define the “Cartan part” of V'-JO as:

Ve, = qu)\q— <) (@)it s (@) (@i,

Z7])
where p = ¢®*™ and T; p is the multiplicative shift of argument operators:
Tipzj = Pz

Note that the shift involved in the definitions above is different from the one used
in the previous section (which was again denoted by p for lack of a better notation).

Theorem. B B
VIT(z) = T 2)VY, (6.9)
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We again begin by introducing some convenient notations and unfolding the as-

sertion of (see ). Let us fix Vi, -+, Vy finite-dimensional U,g-modules
and v; € V;[p;]. Define:

~ 1
= A= g (ke = i = )

Let ®;(z;) = @%Z(zz) denote the intertwiner. Then, by definition, the operators
j(X, z) evaluated on the vector v; ® --- ®@ vy is given by:

TN 2)(0 @ @oy) = (15, ®1(21) -+~ By (2v) 1)
which we denote by ®(z1, -+ ,2n5) € (VI ® -+ ®@ Vn)[[z2/21, -, 2n/2Nn-1]].

Evaluating both sides of on v1 ®---®uvy one obtains the following equation:

pzi pzi\ (-
O(z1,- 1 2i-1,P%, Zit1, + »2N) = CRii1 ( - ) - Ria (;) (q QA),
A

Zi—1

—1 ] —1
RN,i (ZJV> “'Ri+1,i (szl) @(217-.. 7ZN) (610)

Zi Zi

where c is a constant given by:

c = q(QAVIW—ZKi(ij“i>+zj>z‘<“i7“i) (6.11)
The proof of (6.10]) is given in -

6.8. The idea of the proof is to use the operator ¢—KZ equation (Theorem .
Recall that by the definition of 7; the relevant level here is —k — h", by which we
should replace k of Theorem We begin by writing the left—hand side of (6.10)):

Tip®(z) = (15, P1(21) - -~ Pic1(2i-1) Pi(pzi) Pit1(2i41) - - P (2n)1n)
Using Theorem [6.6] we get:
®i(pzi) = (LE(q(kfhv)mZi)(QQ”)i (q’i(%) . L\Z(Zz‘)ﬂ))
Thus we obtain
T p®(2) = ¢ 07800 (15 @1 (21) - By (1)
(L3 @ m2) (@) (@i(z) @ Ly (2) 7)) i (i) -~ Onen) Ly ) (6:12)

One can easily check that the constant term of the equation above is same as ¢ given

in (10,

In order to proceed, we need the commutation relations between the intertwiners
and the quantum currents L*.
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6.9. The following lemma follows easily from the hexagon axioms (/6.3)) and (6.4)).

Lemma. Let ®: M5 — MX—M ® Vi(z1) be an intertwiner and Va be another finite—
dimensional representation of Ugg. Then we have:

km #
Rva, i <q F Zi) L, (z2)13 (®(21) @ 1) = (®(21) © 1) 0 Ly, (22)
as operators M5 ® Va(22) — Ms , ® Vi(z1) ® Va(z2).

Using this lemma, one can reduce the equation (6.12)) to obtain:

T;p®(2) = cRijim1 <pZi ) - Rin <ZZZ> (¢°F%), (15, ®1(z1) - - Pi1(zi1)

Zi—1 2
(@i(zi) ] L‘_/l (Zi)71> q)i—f—l(zi—f—l) AR CI)N(ZN)].N> (613)

6.10. Next we make use of the following commutation between the quantum current
Ly, and the intertwiners. Again the assertion of the following lemma follows directly

from the hexagon axioms (see (6.3) and (6.4])).

Lemma. Let ® be an intertwiner as before (see statement of Lemma and Va
be a finite-dimensional representation of Usg. Then we have:

(126 ® NR35(2 @ DA(y) = (12 4 @ (@@ 1)(e; @ 1)
where we write R = a;; @ ;.

Using this lemma we can reduce equation (6.13)) to the following

-1 -1
] - N Pz \ 5. bz —2) [ AN > as.
Em@(g) = CRz,z—l (Zi_1> Rz,l ( 2 > (q )iRN,Z ( % ) Rz—i—l,z < % > (I)(é)

which finishes the proof of Theorem

6.11. A generalization. Similar to the generalization of the trigonometric KZ
equation to arbitrary factorizable systems given in §5.12| we have the following result
due to Frenkel and Reshetikhin.

Theorem. Let Vy,---, VN be N finite-dimensional vector spaces and let R;j(u) €
End(V; ® Vj) be given operators which are depend meromorphically on the complex
parameter w. Further assume that we have d; € End(V;) such that

Rij(u)did; = d;d;Rij(u)
To this data we associate the following system of difference equations with step k:
F(uy, - yui—1,u; + Ky wig1, -+ yun) = AiF(ug, -+ ,upn) (6.14)
for a function F(uy, - ,uny) € V1 ®---® V. Here the operators A; are defined by:
Aj =Rii1(wi—ui—1+K) - Rig(ui—ur+r8) iRy i (uny —w;) ™ - Rigri(wipr —ug) ™
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Then the system (6.14)) is consistent if, and only if the quantum Yang-Baxter equa-
tions hold:

Riiv1(wi — uir1)Riiv2(ui — wip2) Riv1iv2(Uir1 — tiv2) =
Rit1,it2(Uis1 — Uit2)Riivo(ui — wig2)Riip1 (s — tig1)
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INDEX OF ALMOST—FIXED NOTATIONS

e Notations for simple Lie algebras
— g is a simple Lie algebra over C.
— (.,.) is an invariant, symmetric, non—degenerate bilinear form on g.
— b is a fixed Cartan subalgebra of g.
— R C bh* is the root system of the pair (g, b).
— A={woj:i€ I} CRis a fixed base of R.
— v:bh* — b is the isomorphism determined by (.,.) restricted to b.
v(1) . b
(v, 7)

— For v € b*, we define " := 2

— AV ={h;:=a) i€}
— W is the Weyl group. P, are the weight/root lattices respectively.

0
— 0 € b* is the longest root. We set m = w’z>

— p € b* is defined by p(h;) = 1 for each ¢ € I. Tt is same as the sum of
the fundamental weights, which is also equal to half sum of the positive
roots. We set hY := 1+ p(6Y).

— Chevalley generators of g are denoted by {h;,e;, fi : i € I} where e; €
o, and f; € g_q, are chosen so as to have (e;, f;) = d; .

e Notations for affine Lie algebras
— g is the central extension of g[z, 2~

[z(k),y(D)] = [z, y](k + 1) + kdg110 (z,y) mec

— g is the semi-direct product of g with the derivation d given by: [d, c] =
0 and [d, z(n)] = nz(n).

—h= h @ Ccd Cd C g is the Cartan subalgebra.

— (.,.) is extended to g by the following formulae:

(1) (.,.) on b is same as the bilinear form on b and (d,h) = (¢, h) =
(e¢) = (d,d) = 0; (e,d) =
(2) (2(n), y(m)) = Snpmo (3,3}

— v : b* — b is the isomorphism determined by (.,.). More explicitly
7(A) = v(\) for A € b and 7(Ag) = md, 7(5) = me where Ag, § € h* are
dual to ¢, d respectively.

— pis chosen as p + hYAg. Hence v(p) = v(p) + mh'd.

— R is the affine root system of the pair (g, H)

11 with the bracket given by:

ﬁz{a—i—nd: either « € R,n€Zor a=0,n€Z*}
~A={a;:icI}U{ap:=0—6}
— sz{hiZiEI}U{hQZC*QV}.
— Define fy := eg(—1) and ey := fy(1). Then {f;, hi,e; : i € {0} UI} are
the Chevalley generators of g.
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