LIE ALGEBRAS: PROBLEM SET 1

SACHIN GAUTAM

(1) Determine whether the following subspaces are Lie subalgebras or not.
(a) S C gl,,(R) the subspace of symmetric matrices.
(b) A C gl,,(R) the subspace of skew-symmetric matrices.
(c) Let V be a vector space over a field k, together with a non—degenerate, bilinear
form :V xV — k.

Sg = {X € gl(V) : B(X(v),w) + Bv, X (w)) =0, Y v,w € V} C gl(V)

(2) Let g be a Lie algebra over a field k. Recall that we have a Lie algebra homomor-
phism ad : g — Der(g) given by ad(x) : y — [z,y]. Show that the image of ad is an
ideal in the Lie algebra Der(g).

(3) Let g be a Lie algebra over a field k. Determine whether there is an isomorphism of
Lie algebras g ,qg (semidirect product of g with itself via ad : g — Der(g)) and gdg.

(4) Let g be a Lie algebra over a field k. Let [g, g] C g denote the subspace spanned by
{[z,y] : =,y € g}. Show that [g,g] is an ideal in g (called the commutator ideal).
Prove that [g, g] is the smallest ideal I so that g/I is abelian.

(5) Consider the Lie algebra of 2 x 2 upper triangular matrices

m@g:{(g Z);madek}Cng

and let k* be its natural 2-dimensional representation. Show that Endg, ) (k*) =
k- Idayo.

(6) Show that the center of gl,, (k) is k - Id,,xy.

(7) Assume that the characteristic of k does not divide n. Let sl,(k) C gl,(k) denote
the Lie algebra of matrices of trace zero. Prove that the center of sl, (k) is {0}.

(8) Show that the natural representation k" of gl (k) is irreducible.

(9) Let H be a Hopf algebra over a field k. Consider the following subspace (called the
space of primitive elements)

Prim(H)={zr e H: Alz)=2®1+1x2z}
Show that Prim(H) C Lie(H) is a Lie subalgebra.

(10) Assume k is of characteristic 0, and g is a Lie algebra over k. Let U(g) be the

universal enveloping algebra of g. Show that Prim(U(g)) = g.
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If char(k) = p is non—zero, then show that for every = € g, 2 € Prim(U(g)).

(11) Let g be a Lie algebra over a field k, and let U(g) be the enveloping algebra of g.
Prove that U(g) has no zero-divisors.

(12) Let (A, Fo(A)) be a filtered algebra. Let {g; }icr be a graded basis of gr »(A). Consider
arbitrary lift g; of g;, for each ¢ € I. That is, if

9i € gro(A) = Fu(A)/Fna(A)

then, choose g; € F,,(A) so that ¢g; = g; mod F,,_1(A). Show that {g;}ics is a basis
of A.

(13) Let V' be an N-dimensional vector space over k, and let Ly be the free Lie algebra
over V. Recall that Ly = @~ Lv[n] is a graded (over Zs;) Lie algebra. Let
d,, := dim(Ly[n]). Show that we have the following identity:
[[a-ty™=1-Nt
n=1

Use this to prove that
1
d, = — d)N"/?
=D uld)

dn
where, 1 @ Z>1 — {—1,0,1} is the Mobius function defined as follows. u(1) = 1,
w(m) = 0 if there is a prime p so that p* divides m, and finally for distinct primes

b1, Pry :u(pl o pT) = (_1)7’

(14) Let B be three dimensional vector space over Q, with basis {b1,bs,b3}. Let u :
B N B — B be given by:

,u(b1 A bg) = bg, ,u(b1 A\ bg) = bg, and /L(bg A bg) = bl.

(a) Show that (B, i) is not a Lie algebra (Jacobi identity does not hold).
(b) Let A be a unital, associative algebra over Q, and o : B — A be a linear map

satisfying

a(pb b)) = a(b)a(t) — a(b)a(b)

for every b, b € B. Show that a(b;) = 0.
(c) Conclude that there is no action of B on the polynomial ring P = Q[z1, 22, 23]

satisfying the following conditions:

e For each ¢/ >0, 4; <--- <4, from {1,2,3}, and 7 € {1,2,3},
if 1 <14y

Zi% z
b (25 +v-2: ) = i<y it
i (7 it) 2%, -+ - %, mod P, generally

where P, denotes the subspace of polynomials of degree < /.
o b-(-&)—=0b-(b-& =pbb) - forall b,b € Band § € P.
(15) ! Let k = I, be the field with 2 elements, {z, 72,23} the standard basis of k3, and
K = A\°(k*). Thus, K is 8-dimensional, commutative algebra over k, with a basis
consisting of square—free monomials in {x, zq, z3}.

IN. Bourbaki, Lie groups and Lie algebras, Chapter 1, §2, Problem 9.
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Let g be a Lie algebra over K, which is a free K—module of rank 6 with a basis
{e1, €9, €3, €12, €23, €13}, and the Lie bracket is given as follows:

[e1,€2] = €12, [e1, €3] = €13, [e2, €3] = €23
(note: we are in char 2, so [z,y| = [y, x]), and all the other Lie brackets are zero.
Let u = x1e1 + 2965 + w363 € g and let h C g be the ideal generated by u. Thus,
as a K—module, b is generated by the following four elements: u and

[u, e1] = zae12 + T3€13, [U,€2] = T1€19 + T3€23, [U, €3] = T1€13 + Toe2s.

Let v = x129€19 + 123613 + T2T3€E93.
(a) Show that v &€ h. Hint: consider the linear form ¢ : g — K, which maps
e1,6z,e3 — 0 and ejs — 3, ea3 — x1, and ey3 — xo. Show that ¢ vanishes on
b, but is non—zero on v.
(b) Let A be an arbitrary unital associative algebra over K and f : g — Lie(A) be
a Lie algebra homomorphism. Show that f(v) = f(u)?.

(¢) Conclude that the natural map g/h — U(g/h) is not injective.



