LIE ALGEBRAS: PROBLEM SET 2

SACHIN GAUTAM

(1) Let k be a field and let n € Zss. Recall the subalgebras of g, (k)
bn<k) = {.’E S g[n(k> Ty = 0, V> ]}, T'ln(k) = {l’ € g[n(l{f) T = O, V1 > ]}
Show that b, (k) is solvable and n, (k) is nilpotent.

(2) Let g be a nilpotent Lie algebra and b a non—zero ideal in g. Show that Z(g)nb # {0}.

(3) Let g be a solvable Lie algebra satisfying the following condition: for x,y € g, if
[[z,y],y] = 0 then [z,y] = 0. Prove that g is abelian.

(4) Let g be the following 3-dimensional Lie algbera over C: in a basis {z,y, 2z} of g, the
Lie bracket is given by:

[z,y] = z, and z is central.

(a) Show that g is nilpotent.

(b) Let V be a finite-dimensional, irreducible representation of g. Prove that z acts
as 0 and that dim(V') = 1.

(c) Let V = CJ[t] with g—action given as follows:

x-p(t) =p'(t), y-p(t) =tp(t), and z - p(t) = p(t) ,

for any polynomial p(t) € CJt] (here p/(t) is the derivative of p(t)). Prove that
V' is irreducible.

(5) Consider the following infinite-dimensional, solvable Lie algebra over C, denoted by
H (for Heisenberg). It has a basis {a, : n € Z} U {¢,d}, in which the Lie bracket is
given as follows:

cis central, [d,a,] =nay, [an, @n) = Onimonc .

For each o € C, let F,, (Fock space) be the following representation of H. As a vector
space, Fo = Clp, : r € Z>1] is a polynomial ring in infinitely many variables, with
the H-action given by: c¢ acts as —a, a, acts as multiplication by p, (n > 1), a_,

acts as naz2-, (n > 1), ap acts as 0, and

Opn’
l
d-(pa o) = (Z >\j> Pacc Dag
j=1

For o # 0, show that F, is an irreducible representation of H.

(6) Let K be a field of characteristic 2. Prove that sly(K) is nilpotent (in fact, isomorphic
to the Lie algebra of (4)).
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(7) Let g be 2-dimensional Lie algebra on a basis {z,y}, with the Lie bracket [z, y] = y.
(a) Show that the Killing form on g is non—zero.
(b) Show that any invariant form on g has to be degenerate.

(c) Prove that ad : g — Der(g) is surjective (i.e., every derivation is inner).

(8) Let g be the 2-dimensional Lie algebra from Problem (7). Let k be of characteristic p
and let V' be a p-dimensional vector space on which g acts, in a basis {vo, ..., vp-1},
by the following formulae:

LV = JVj, Y Ui = UG+1) mod p -

Show that V' is an irreducible, faithful representation of g.

(9) Let g be a finite-dimensional Lie algebra. Assume k is of characteristic zero and
algebraically closed. Show that if g has a faithful, irreducible representation, then g
is reductive. (Compare with Problem (8)).

(10) Recall that for a semisimple Lie algebra g, [g,g] = g. Let g = sl,(C) x C2. Thus,
sly(C) is a Lie subalgebra of g, C? is an abelian Lie subalgebra of g. As a vector
space g = sly(C) & C?, and the Lie bracket of z € sly(C) with v € C? is given by the
standard action of sly(C) on C?: [x,v] = —[v,z] = x - v. Show that g = [g, g, but g
is not semisimple.

(11) Let h = C-z be 1-dimensional Lie algebra and g’ be an arbitrary, finite-dimensional,
abelian Lie algebra (over C). Let v € End(g’) and define g := b x ¢, where [z,y] =
u(y), for all y € ¢'.

(a) Prove that g is nilpotent if, and only if w is a nilpotent operator.
(b) Prove that the Killing form on g is identically zero if, and only if, Tr(u?) = 0.
Give an example of a non—nilpotent Lie algebra whose Killing form is zero.

(12) Let E be a finite-dimensional vector space over k. Let u,v € End(FE) and let A € k
be an eigenvalue of u. Consider the generalized eigenspace

E* = | JKer(u—Md)" ={z € E: (u— NNz =0, for N >0}

n=0

Assume that there is n € Z>; such that ad(u)" - v = 0. Show that v preserves E*.

(13) Assume that k is algebraically closed, but not necessarily of characteristic zero. Let
V' be a finite-dimensional k—vector space and g C gl(V') a nilpotent, Lie subalgebra.

Show that there is a decomposition of V| as a representation of g: V = @ V(N\i),
i=1
where A1,..., A, : g = k are functions (not necessarily linear forms), and for each
z € g, 1 <i<m, the action of x on V()\;) is of the form \;(z) + w;(z) with u;(x)
being a nilpotent operator on V(\;).
Take the example of g = sly(k) C gly(k), where k is of characteristic 2, and V = k2.
Show that m = 1 and the corresponding A : g — k is not a linear form.
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If k£ is algebraically closed and of characteristic zero, and V' is a finite-dimensional

representation of a nilpotent Lie algebra g, then show that V = @VA as g—

AEg*
representations, where, for each A € g*, the generalized eigenspace V?* is defined
as

Vii={veV:Vzeg, (- \Nz)Id)V-v=0, for N> 0}

Let g be a finite-dimensional Lie algebra and let o be a Lie algebra automorphism
of g. Assume that k is algebraically closed and let Spec(o) C k* be the set of
eigenvalues of o. For each A € Spec(o), consider the generalized eigenspace

g ={recg:(c-N(x)=0, for N >0} .

Show that g = @,g" as vector space and [g*, g#] C g*. Assume that Spec(o) does
not contain any roots of unity, and show that g is nilpotent.

Again, let g be a finite-dimensional Lie algebra and D be a derivation of g. Assume
k is algebraically closed and let Spec(D) C k be the set of eigenvalues of D. Write
the generalized eigenspace decomposition of g as in the previous problem and show
that [g, g#] C g**. Assuming k is of characteristic zero, and the adjoint action of
b := g° on g is nilpotent, show that g is nilpotent.



