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Notations: In this homework, we denote the commutator group of a group G by (G,G),
except for problem 6. Define

DY(G) := (G,G), D"(G) := (D" Y(G), D"1(@&)).
and
ClG) = (G,G),C"G) = (G,C"YQ@)).
Problem 3.
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where ¢ = ——1[b1(da — a2) + ba(ay — dy)]. For any Lc with ¢ € C, we have
dids 01
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is in the commutator group (B, B) of B. Therefore, (B, B) = { [(1) ﬂ S (C}.

Proof. For any A, = { ] , Ay = [GZ bﬂ € B, we have

0 do

Take two elements C] = [(1) 6111 and Cy = {(1) 611

a; = Qg = d1 = d2 =1 and b1 = Cl,bg = C9 into (1), we get 010201710271 = IQ, the 2 x 2
identity matrix. So D?(B) = (D'(B), D'(B)) = {I»}, and thus B is solvable.

} in D'(B) = (B, B). By substituting

We know that C?*(B) = (B, B), and want to compute C*(B) = (B,C(B)). For any

A= [8 Z] €B,C= [(1) ﬂ € C(B), by plugging A; = A and A, = C into (1), we get

ACA-1C-1 — 1 cla—d)/d
0 1
1 ¢

is in (B,C*(B)) = C3*(B). So C*(B) = { [0 11 Lc € C} = C?%*(B). In addition,
C"(B) = (B,(--+,(B,C%*B)))) = C*(B) # {I,} for any n > 2. So B is not nilpotent.

]. Note that (2) also implies that any [(1) ﬂ with ¢ € C

]



Problem 5.

Proof. We first claim for any n, € Ny, nlNanl_1 = NyH. Indeed, given any ny € N, h € H,
we have
ninghny' = ninghn (K nyiny h) = ning(hny h™tny)n h.
———

€(G,N1)CNa

Since Ny is normal, we have ni[ny(hn;*h='ni)jn;' € Ny, and thus ningshn;' € NoH. So
niNoHn' € NoH. And then NoH = ny'nyNoHn'ny C n'NoHny C Ny H.

Take any ny € N1, h € H. Since N, is normal, hNoH = NohH = NoH. 1t follows that
nhNoHh 'n;t = nihNoHn[' = nyNohHny' = nyNoHny' = NoH.

Therefore, NoH is normal in N1 H.

Problem 6.
Notation: We use [,] instead of (,), to denote commutators.

Proof. Suppose |G| = pi' ---p;', where p;’s are pairwise relatively prime. By Sylow Theo-
rems, for each i, there exists a Sylow p;-subgroup P; of order p;".

(1) = (2). If I = 1, then G is a p-group, and thus every Sylow subgroup of G is
normal.

Suppose [ > 1. Recall the following lemma: "if G is nilpotent and H is a proper subgroup
of G, then H < Ng(H), where Ng(H) is the normalizer of H in G.” Let P be any Sylow
p-subgroup of G. Since G is nilpotent and P is a proper subgroup, we have P < Ng(P)
by the lemma. If Ng(P) < G, then Ng(P) < Ng(Ng(P)), again by the lemma. However,
Problem 4 of Set 3 gives that Ng(Ng(P)) = Ng(P), which gives a contradiction. So we
must have N(P) = G, i.e. P is normal in G.

(2) = (3). We prove this by induction. If [ = 1, then G is a p-group. Suppose the
statement is true for [ — 1. Let G’ be the subgroup of G generated by P;,---,P_;. For
1=1,...,0l—1, any Sylow p;—subgroup of G’ is also a Sylow p;-subgroup of G. Since every
Sylow p;—subgroup of G’ is normal in G, it is also normal in G’ C . Because G is nilpotent,
G' < ( is also nilpotent. By the hypothesis of induction, G’ is a direct product of its Sylow
p-groups. Say G’ = P, x --- x P,_1. Note that G' < G.

G'|| P,
It follows from ged(n,p;) = 1 that G' N P, = {e}. And thus, |G'P| = % = np,’,
!
which gives that G = G'PF,. Therefore, we get G = P, x G'. Suppose P, acts on G’ by ¢.
Then for any p,p’ € P, g,¢" € G', we have

popr'd = pp'o()(9)d = P’ = o) (9).

Note that g7'p'~tgp’ = ¢g7'o(p')(9) is in G'N P, so ¢(p')(g) = g for any g and p’. Therefore,
¢(p') = Id for all p' € P, which implies that G =G’ x P, =P, x --- X P.



(3) = (1). Claim: if G = H x K is a direct product of two nilpotent groups H
and K, then G is nilpotent. Then by induction, we know that the finite direct product of
nilpotent groups is nilpotent. Since every p;-group is nilpotent, G = P; X - - - X P, is nilpotent.

Now we prove the claim. Since H and K are nilpotent, so there exist integers m, n such
that C"(H) = {e} and C"(K) = {e}. Without loss of generality, we suppose m > n. Let
CY(K) = {e} for n+1 < i < m. Then for any i, V(h, k) € H x K, (h;, k;) € C'(H) x C'(K),

[<h7 k), (hi> kz)] = (h7 k)(hia ki)(hila kil)(hi_lj kz_l)
= (hhh 't KRk )
= ([h,hi], [k, k;]) € C"(H) x C™(K).

This implies that
C™H x K)=[H x K,C"'(H x K)] € C™(H) x C"™(K) = {e},

and hence H x K is nilpotent. So the claim is true.

Problem 8.

Proof. Suppose G has a Jordan-Holder series ¥ : G = Go > Gy > -+ - > G,, = {e}. In other
words, X is a strictly decreasing composition series with G4, > G; for 0 < j <n —1, and
there is no strictly decreasing composition series finer than X.

Consider the composition series ¥’ : Gi>N>{e}. Then there exists a common refinement
Y of ¥ and ¥'. But ¥ is a Jordan-Holder series, so X" is either the same as ¥ or obtained
from ¥ by repeating some terms. In both cases, since N appears in X", we know that
N appears in ¥ too. Suppose N = G; for some 0 < [ < n. Then we claim Xy : N =
Gi>G_1> - > G, = {e} forms a Jordan-Holder series of H. Indeed, if there is a
strictly decreasing composition series finer than ¥y, then this induces a strictly decreasing
composition series of G finer than .

Recall that there is a one-one correspondence

{the normal subgroups of G/N} <+ { normal subgroups of G containing N }.

Therefore, G;/N # G;11/N ift G; # G411, and G;/N > G411 /N ift G; > G;11. It follows that
Yg/N:N=Gy/N>G/Nr>--->G/N={N} forms a Jordan-Hélder series of G/N.

Now suppose that N has a Jordan-Holder series X : N = No> N>+ --> N, = {e}, and
G/N has a Jordan-Hoélder series X n : N = Go/N>G/N>--->G /N = {N} (here we used
the one-one correspondence between the normal subgroups of G/N and normal subgroups
of G containing N). Then ¥ : G =Go>--->G =N = Ny> N, > ---> N, = {e} forms
a Jordan-Holder series of G.

In addition, we get that {(X) =1+ m = [(En) +1(Zq/n)-



