Algebra Homework 9

Scott Newton
October 26, 2017

Problem 3. With the set up of the previous problem, let W be the representation of Sy
defined by pullback of V under Sy — S4/(S52 x S5)—=S3. Let V' be the standard irreducible
3-dimensional representation of S;. Prove that

Indg o () =1V oW

Proof. We can calculate x, s; by X, ssa ,(9) = [(S4/S2 x S2)?|. So, counting fixed
n 52><52 n 52><52

points for the cycle types in Sy we see that the identity fixes every coset, of which there are
|S4|/’SQ X SQ| = 2z4 = 6.

Instead of considering the action on cosets, we can consider the action on 2 element
subsets of {1,2,3,4} given by 0.{i,j} = {0(i),0(j)} since there is an isomorphism between
these actions.

A transposition (12) fixes both {1,2} and {3,4}, so indggstI((lz)) = 2.

For the element (123), no two element subsets are fixed, so x, s, ,((123)) = 0.
nlg,xs
For the lement (12)(34), both {1,2} and {3, 4} are fixed, so x, 5. ,((12)(34)) = 2.
Sg xS
For an element (1234), no two element subsets are fixed, so x, d542 21((1234)) = 0.
Sog X So

Thus, we get the following character:

conj. class | e | (12) | (12)(34) | (123) | (1234)
#elts | 1 6 3 8 6
Xrndh g 1 6 2 2 0 0
Recall,
conj. class | e | (12) | (12)(34) | (123) | (1234)
#elts | 1 6 3 8 6
X | 3| 1 1 0 1
Xtriv 1 1 1 1 1

Taking the following inner products, we confirm the decomposition into irreducibles:
(Xpnass _ pXerin) = 376 +6-2-1+3-2-1) = 1.
2X02

(pnass o0 X7) = 35(6°3+6-2: 1432 (-1)) = 1.
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This leaves the final character,

conj. class | e | (12) | (12)(34) | (123) | (1234)
#elts | 1 6 3 8 6
Xlnd§;1><52l — Xv — Xtriv 2 0 2 -1 0

We see that this is irreducible because (x 1T Xv — Xtrivs X, T a X¢ — Xtriv) = L.

We identify Sy x Sy with the normal subgri)uf) {e, (12)(34), (13)(54)2: (14)(23)} < Sy in
order to define W as the pullback of the standard 2-dim irreducible representation of S5 via
54 — 54/(52 X SQ)_~>33

Recall,

conj. class ‘ e ‘ (12) ‘ (123)
Xsta | 2] O] -1

So, pulling back to S, and considering its conjugacy classes, we find xw (e) = 2, xw ((12)) =
xw((12)(34)) = 0, and xw((123)) = —1. Hence, we have the decomposition ]ndggxs2(]) =
IoVaW.

0

Problem 4. Let G be a finite group and f € (CG)qqss- Prove that f is a character of an
irreducible finite-dimensional representation of G if, and only if the following three conditions
are satised:

(i) fis a Z-linear combination of the characters of some finite-dimensional representations
of G.

(i) (f, f) =1.
(iii) f(e) > 0 where e is the identity element of G.

Proof. Let f be a character of an irreducible finite-dimensional representation of G. Then f
is trivially a Z-linear combination of characters of finite-dimensional representations of G.
Also, we know that (f, f) = 1 because f is the character of an irreducible finite-dimensional
represenation. Lastly, irreducible finite dimensional representations have positive dimension
and f(e) is the dimension of the irreducible whose character is f, so f(e) > 0.

Now assume that f satisfies properties (i), (i), and (iii). Then, f = 3> a;x; is a Z-linear
combination of characters. If these character are not irreducible, then we can decompose
them further until we have a linear combination of characters of irreducibles. Hence, without
loss of generality, we may assum that the y; are characters of irreducible representations.
Thus,
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Hence, exactly one a; has magnitude exactly 1. Let’s call this a; without loss of generality.
Since f(e) > 0, and x;(e) > 0, we must have a; = 1. Therefore, f = Zle a;Xi = X1, SO [ 1s
the character of an irreducible finite-dimensional representation of G. n

Problem 5. For each partition A of 5, let ¢ty € (CS5)uqss be the character of the induced
representation [ ndgi (I). Prove that the following class function is the character of some
finite-dimensional irreducible representation of Ss:

5(3.2) "= L3.2) T L4

Proof. We previously computed the following character table for Sj:

COIlj. class # Xtriv | Xsign | Xstd | Xstdgsign | XV —std—triv | X(V—std—triv)®sign | Xlast
@ 1] 1| 1] 4 1 5 5] 6
@210 1] 1] 2 ) 1 1] 0
125 15| 1] 1] o 0 1 1| =2
(12,3 | 20 1 1 1 1 -1 -1 0
@3y 20 1| -1] -1 1 1 1] 0
1540 (30 1| 1| o0 1 1 0
Gh |24 1| 1] -1 1 0 1

Restricting to S3 x Sy < S5, we get the following characters:

COnj. class # Xtriv | Xsign | Xstd | Xstd®sign | XV —std—triv | X(V—std—triv)@sign | Xlast
e| 1 1 1 4 4 5} 5) 6

2)xe| 3] 1] 1| 2 ) 1 a0 o
x@5) | 1] 1] 1| 2 2 1 I 0
12)x @) | 3] 1] 1] 0 0 1 1 2
123)xe| 2| 1] 1] 1 1 q SR
123 x (45) | 2| 1] -1| -1 1 1 S

Thus, we can compute the character of ¢(32) = Indg,«s,(I) via Frobenius Reciprocity:

(L(3,2)7 Xi) =

S,
(Xtm'm Ressi xS (Xtriv)) =

3

(Xtriv, ResgzX s,(Xi)) for each character x; of an irreducible .
S(1+3-1+1+3-1+42-1+2-1) =

1.




(xtm,ResSM(xmgn))z L1-3-1-143-1+2-1-2-1)=0.
(xm,1’%6553%52(xstd)):1 (4+3 24+2+3-0+2-1-2-1)=1.
(Xmu,Resssxsz(xstdmgn)): L4-3.2-2+3.0+2-1+2-1)=0.
(xm,Ress s, (XVostactrivn) = 5(5+3-1+1+3-1—-2-142-1) = L.
( (

Xtrw»ReS,5'3><5'2 X V— std—t’rw)@szgn)) = %(5 -3 1-14+3-1-2-1-2- ].) =0.

SO L (3,2) — (Xtrw) S¥ X std SP XV —std—triv, SO:

conj. class | # | ¢(32)
@) 1| 10
@2 [10] 4
15,25 [15| 2
(1%30) [20] 1
@3 20| 1
1L4) 30| 0
(51) | 24 0
Next, we calculate ¢(4,1) as the number of fixed points ¢(4,1)(g) = |(S5/S4)9]:

conj. class | # | 11
(1°) | 1 5
@210 3
1,25 [15] 1
(12,3 (20| 2
2.3 [20] 0
15,4 [30] 1
G 24| 0

Thus, 532) = ((32) — L4,1):

conj. class | # | 532
(1) | 1 5
(12,21 | 10 1
(11,2%) | 15 1
(12,34 | 20 -1
(21,34 ] 20 1
(1t,4Y) 1 30 -1
(5%) | 24 0

This is indeed a character of one of the irreducibles of S5 from the table above.



