
ALGEBRA 1. PROBLEM SET 6

Notation. All vector spaces considered below are over C the field of ocmplex num-
bers.

Problem 1. Let V be an m–dimensional vector space and assume f ∈ EndC(V ).
Let us choose a basis of V , say {e1, . . . , em}, and express f as an m ×m–matrix,
A = (aij) whose entries are determined as follows:

f(ei) =

m∑
j=1

ajiej for every 1 ≤ i, j ≤ m

Consider the natural linear map ∧`(f) :
∧`

(V )→
∧`

(V ). Verify that the coefficient
of the basis vector ei1 ∧ · · · ∧ ei` in ∧`(f)(ej1 ∧ · · · ∧ ej`) is given by∑

σ∈S`

sign(σ)aiσ(1),j1 · · · aiσ(`),j`

Here 1 ≤ i1 < . . . i` ≤ m and 1 ≤ j1 < . . . < j` ≤ m.

Problem 2. Let V be an m–dimensional vector space. Prove that

dim
(

Sym`(V )
)

=

(
m+ `− 1

`

)
Problem 3. Let G be a group and V be a representation of G. Prove that we
have the following decomposition as representations of G:

Sym2(V )⊕
2∧

(V )
∼→ V ⊗ V

Problem 4. Let G be a group and V,W be two representations of G. Recall that
we have a natural map ϕ : V ∗⊗W → HomC(V,W ). Prove that ϕ is a G–intertwiner.

Problem 5. Let V,W be two representations of a groupG. Prove that HomG(V,W ) =
HomC(V,W )G. (Recall for a set X with a G–action, XG := {x ∈ X : gx = x ∀g ∈
G}).

Problem 6. Let V be a representation of a group G. Assume there exists
P ∈ HomG(V, V ) such that P 2 = P . Prove that Ker(P ) ⊕ Im(P )

∼→ V (as repre-
sentations of G).

Problem 7. Let G be a group acting on a finite set X. Recall that we have a
representation of G on the vector space of C–valued functions on X, denoted by
Fun(X).

(1) Consider the following basis of X. For every x ∈ X, let εx : X → C be the
function εx(y) = δx,y ( = 1 if x = y; 0 otherwise). Prove that g · εx = εgx
for every g ∈ G and x ∈ X.
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(2) Prove that for every orbit α ∈ G\X we have a subrepresentation of Fun(X)
given by the span of {εx : x ∈ α}.

(3) Assume |X| ≥ 2. Prove that Fun(X) is never irreducible.

Problem 8. Let V be a vector space. A Hermitian inner product on V is a map
〈·, ·〉 : V × V → C such that

• 〈z1v1 + z2v2, v〉 = z1 〈v1, v〉+z2 〈v2, v〉 for every v1, v2, v ∈ V and z1, z2 ∈ C.

• 〈v, w〉 = 〈w, v〉 for every v, w ∈ V .

• 〈v, v〉 > 0 for every v ∈ V .

Assume that V is a finite–dimensional representation of a finite group G. Prove
that V has a G–invariant Hermitian inner product. The word G–invariant means
〈g · v, g · w〉 = 〈v, w〉 for every g ∈ G and v, w ∈ V .

Problem 9. Use the previous problem to reprove the following result. Let V be
a finite–dimensional representation of a finite group G. Let V1 ⊂ V be a subrep-
resentation. Then V1 has a G–stable complementary subspace, i.e, there exists a
subrepresentation V2 ⊂ V such that V

∼→ V1 ⊕ V2 as representations of G.

Problem 10. Let G be a group. Prove that the set of 1–dimensional representa-
tions of G is in bijection with the set of group homomorphisms from G/(G,G) to
C× (the set of non–zero complex numbers, considered to be a group under multi-
plication).

Problem 11. Assume G = Z/nZ. Prove that the set of 1–dimensional represen-
tations of G is in bijection with the set of nth roots of unity, i.e, {e2πιk/n : 0 ≤ k ≤
n− 1}.


