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ABsTRACT. Let Upg denote the Drinfeld—Jimbo quantum group associated to
a complex semisimple Lie algebra g. We apply a modification of the R-matrix
construction for quantum groups to the evaluation of the universal R-matrix
of Uxg on the tensor square of any of its finite-dimensional representations.
This produces a quantized enveloping algebra Ug(g) whose definition is given
in terms of two generating matrices satisfying variants of the well-known RLL
relations. We prove that Ugr(g) is isomorphic to the tensor product of the
quantum double of the Borel subalgebra Upb C Upg and a quantized poly-
nomial algebra encoded by the space of g-invariants associated to the semi-
classical limit V' of the underlying finite-dimensional representation of Upg.
Using this description, we characterize Uyg and the quantum double of Ujb as
Hopf quotients of Ug(g) and as fixed-point subalgebras with respect to certain
natural automorphisms. As an additional corollary, we deduce that Ug(g) is
quasitriangular precisely when the irreducible summands of V' are distinct.
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1. INTRODUCTION
1.1. Let g be a simple Lie algebra over the complex numbers, and let Uxg be

its standard quantization over C[A], as first defined in generality by Drinfeld [D1,
D2| and Jimbo [J1]; see Section 4.2. An important feature of Uyg is that it is
quasitriangular, and thus possesses a universal R-matrix which can be evaluated
on the tensor square of any of its finite-dimensional representations V (see Section
4.7) to produce a solution R of the quantum Yang-Baxter equation associated to
V. In this article, we address the problem of rebuilding Uyg uniformly from only
this data.
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This problem has a storied history closely tied to the remarkable foundational
paper [FRT] of Faddeev, Reshetikhin and Takhtajan, and the work of Faddeev
and his contemporaries on the quantum inverse scattering method that preceded
it; see [FST,FT1,F,KS2] in addition to [M4, §4.4] or [CP, §7.5], for example. To
elaborate, the article [FRT] laid the foundation for a general theory of quantum
groups centered around the two matrix equations

RLiLy; = Ly LiR and  Ri2Ri3Rae3 = RasRi3Rio,

which are the algebraic relations at the heart of the quantum inverse scattering
method. The latter equation is the aforementioned quantum Yang—Baxter equation,
while the former is often taken to be a defining relation for an algebra whose
generators are encoded as the coeflicients of the matrix L. We refer the reader to
[FRT] and [D2, §10-11], for instance, for the general meaning of these equations;
our use of them shall be made transparent in Sections 1.2, 3.1 and 5.1.

The techniques developed in [FRT], which are now collectively referred to as
the R-matriz (or FRT) formalism for quantum groups, output several examples
of concrete, well-known quantum algebras and have played an instrumental role
in the development of the representation theory of quantum groups over the last
four decades; we refer the reader to the textbooks [M4, §4], [CP, §7], [KS1, Parts
IT-II1] in addition to [M5] for an extensive overview. One of the key points stressed
in [FRT] is that this formalism is compatible with Drinfeld’s theory of quantized
enveloping algebras, in that it can be applied to recover the quantum groups Upg
introduced by Drinfeld and Jimbo. To illustrate this concretely, a solution to the
problem of rebuilding Uxg from R and V (as in the first paragraph of §1.1) was
outlined in the special case where g is of classical type and V is taken to be the vector
representation of Upg; see Theorems 12 and 18 of [FRT], in addition to Theorem
33 of [KS1] and Section 7 below. Similar results have since been established in
other isolated cases; for instance, in [S, Thm. 11] this was extended to the case
where g is of type G2 and V is a quantization of its seven dimensional fundamental
representation.

In this article, we further intertwine the R-matrix techniques originating from
the quantum inverse scattering method with the theory of quantized enveloping
algebras in order to provide a uniform solution to the above reconstruction problem
for any g and non-trivial finite-dimensional representation V of Upg.

1.2. The quantum algebra Ug(g). We now turn towards providing a more de-
tailed outline of our results. Let V be a finite-dimensional representation of Uxg
(see Sections 4.7) with the property that its semiclassical limit V' = V/RY has a
non-trivial composition factor as a representation of the Lie algebra g over C.

In Section 5.1, we apply the approach of Faddeev, Reshetikhin and Tahktajan
to introduce a C[h]-algebra Ugr(g) associated to the evaluation R of the universal
R-matrix of Uxg on the tensor square of V. The defining relations of Ugr(g) are
given in terms of two elements T and T~ of End(V) ®c Ur(g) and are such that
the auxiliary matrices L* = I 4+ AT satisfy the familiar identities

RLILF = LILFR  and RL/L; =L, LR,

in addition to two natural relations encoded by the weight space decomposition
of the g-module gl(V'); see Definition 5.1. The algebra Ur(g) plays a central role
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in this article. As is to be expected from the literature, it has several remarkable
properties. For instance, it comes with a large collection of natural automorphisms
and admits a Hopf algebra structure which is remarkably simple to describe in
terms of T+ or L*; see Proposition 5.4 and Theorem 5.7.

Let us now explain how Ug(g) relates to the quantized enveloping algebra Ujg.
Let gl(V)? C gl(V) be the Lie subalgebra of g-invariants, which we view as a
Lie bialgebra equipped with trivial Lie cobracket. Let 37, = (gl(V)?)* denote its
Lie bialgebra dual, which is commutative as a Lie algebra, but in general has a
non-trivial coalgebra structure. In Section 5.3, we follow a standard procedure to
introduce a quantization S (37;) of 31;, which coincides with the trivial deformation
S(g‘t) [A] of the symmetric algebra on 3‘+/ as an algebra. We then prove the following
theorem (see Theorem 5.7), where S;(31,) is the co-opposite Hopf algebra to Sy (37,)-

Theorem 1. There is an isomorphism of topological Hopf algebras
T : Ur(g) == D(Usb) @ Su(377) @ Su(3y,);
where D(Uxb) is the quantum double of the Borel subalgebra Urb C Upg.

Here the symbol ® denotes the topological tensor product of C[Ai]-modules (see
Section 4.1) — we refer the reader to Theorem 5.7 for the precise statement of the
theorem, including the definition of Y. Its proof makes crucial use of Theorem 3.6,
established earlier in Section 3, which shows that the Lie bialgebra g, quantized by
Ur(g) decomposes as g, = D(b) & 31> ©31,, where D(b) is the Drinfeld double of b.

1.3. Recovering Upg. Theorem I has several consequences and, in particular,
yields two uniform solutions to the reconstruction problem for Uxg stated at the
beginning of Section 1.1. The first solution describes Uxg as a Hopf algebra quo-
tient of Ur(g) by the ideal generated by a family of distinguished central elements.
Namely, if La—L denotes the zero weight component of L* then LS‘ Ly has coefficients
in the center of Ug(g) and decomposes as a product of central factors

LiLy =¢° - (I+hZt) - (I +RZ7)"L

The element ¢© = exp(%@) is defined in Lemma 5.13, while the matrices Z* and £~
lay in gl(V)? ®c Z(Ur(g)) and appear earlier in Theorem 5.11 — their coefficients
are computed explicitly in Corollary 6.5 in the case where V has pairwise non-
isomorphic irreducible summands; see also Remarks 6.6 and 6.7. It is shown in
Theorem 5.14 that Upg is isomorphic to the quotient of Ug(g) by the (Hopf) ideal
generated by the coefficients of ©, Z* and £~.

The second solution, also given in Theorem 5.14, identifies Uxg with the subalge-
bra of Ug(g) consisting of all elements fixed by a natural family of automorphisms
indexed by h x GL;(V)?® x GL;(V)®, where b is the Cartan subalgebra of g and
GL;(V)® is the group of g-invariant elements in I + hgl(V)[h]. Namely, for each
triple (h,C*,C~) belonging to this direct product, there is an automorphism of
Ugr(g) uniquely determined by

L:I: — q—ﬂ'(h)/QL:I:q—Tr(h)/Q A (/*cl:7
where ¢ = €/ and 7 : U(g) — End(V) defines the action of g on V. The Drinfeld—

Jimbo algebra Upg is then isomorphic to the subalgebra of Ur(g) consisting of all
elements stable under each of these automorphisms.
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Both of the characterizations of Upg provided by Theorem 5.14 are deduced, in
part, using similar characterizations for the quantum double D(Uxb) obtained in
Theorem 5.11 which follow more directly from Theorem I.

1.4. Quasitriangularity. Asanother consequence of Theorem I, we prove in Corol-
lary 5.16 that there is an isomorphism of topological Hopf algebras

Ug(b) 2 Upb ® Sp(3y,),

where Ug(b) is the Hopf subalgebra of Ug(g) topologically generated by the coef-
ficients of TT. In all of the examples which have appeared in the literature, Ur(g)
is itself quasitriangular and can be recovered as the quantum double of Ug(b).
Given these examples, and the nature of the definition of Ug(g), it is reasonable to
postulate that Ug(g) is quasitriangular for any R and V and, in addition, can be
recovered as the quantum double of Ug(b). However, Theorem I implies that both
these assertions are false in general.

A precise characterization of the quasitriangularity of Ug(g) is given in Theorem
6.3: Ugr(g) is quasitriangular if and only if the irreducible summands of V' are
pairwise non-isomorphic or, equivalently, the space of invariants gl(V)® is abelian.
In this case, Ug(g) is indeed isomorphic to the quantum double of Ug(b).

1.5. Remarks. A number of the results outlined above draw inspiration from his-
torical developments in the literature on quantum groups of affine type and, in par-
ticular, the structure theory of (extended) Yangians; see [AMR,D1, MNO, O, W1]
in addition to the monograph [M5]. Indeed, it was already known to Drinfeld in the
1980’s that the Yangian Y;(g) of an arbitrary simple Lie algebra g could be rebuilt
from any of its finite-dimensional irreducible representations V by following a pro-
cedure not so different from that outlined in Sections 1.2 and 1.3; see [D1, Thm. 6].
Namely, Y5 (g) can be realized as the quotient of the so-called extended Yangian as-
sociated to V (the affine, degenerate analogue of Ur(g)) by the ideal generated by
the coeflicients of a distinguished central series. This description was generalized to
arbitrary finite-dimensional V in the third authors paper [W1], where the Yangian
analogues of Theorems 5.7 and 5.14 were also obtained in general: see Theorems
7.3 and 7.11 therein. This further extended earlier results obtained in the case
where V is the vector representation of the Yangian of a classical Lie algebra; see
[AMR, MNO] and [M5, §1]. Our proof of Theorem I (i.e., Theorem 5.7) is partly
based on the techniques used to prove the main results of [W1].

For the closely related quantum affine algebras Uy (g), some of the results sum-
marized in the previous paragraph have been explored in general [RSTS], though
almost all attention has focused on the special cases alluded to above; see [DF,
FT2,GM, JLM3, JLM2, JLM1, MRS], for example, in addition to the forthcoming
paper [GRW]. In fact, the main results of the present paper are a prerequisite to
developing the R-matrix formalism for quantum loop/affine algebras in general.

Finally, it is worth emphasizing that the current article does not consider non-
trivial specializations of the quantized enveloping algebras Ugr(g) or Upg. Rather,
our results are written so as to be compatible with the general theory of Lie bialge-
bra quantizations over C[h]. This is an important point that does not play a signif-
icant role in the Yangian picture summarized above. That being said, it would be
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interesting to further develop the results of this paper so as to incorporate rational
and integral forms of Ug(g) and Upg.

1.6. Outline. The article is, roughly speaking, divided into two parts. The first
part, which consists of Sections 2 and 3, is focused on establishing the classical
variant of Theorem I (see Theorem 3.6). We begin in Section 2 by recalling some
basic facts about the standard Lie bialgebra structure on g and its relation to the
Drinfeld double of the Borel subalgebra b C g. The classical counterpart g, of
Ugr(g) is then defined in Definition 3.1 and it is proven in Theorem 3.6 that it
admits the Lie bialgebra decomposition g, = D(b) @ 31> @ 3y,

The second part of the article is devoted to establishing the results outlined
in detail in Sections 1.2-1.4 above. We begin in Section 4 by surveying some
of the key properties of Upg and the quantum double D(Upb) which will play a
role throughout the remainder of the paper. This includes a brief overview of the
general definitions from the theory of quantized enveloping algebras in Section 4.1.
In Section 5, we introduce the R-matrix algebra Ugr(g), establish some of its basic
properties (see Lemma 5.3 and Proposition 5.4) and then prove Theorem I and the
main results outlined in Section 1.3; see Theorems 5.7, 5.11 and 5.14. The section
concludes with a study of the quantum Borel subalgebras Ug(b) = Ug(b™) and
Ugr(b™) of Ur(g) in Section 5.7; see Corollaries 5.16 and 5.17. In Section 6, we
obtain the characterization of the quasitriangularity of Ugr(g) sketched in Section
1.4 and compute the central elements alluded to in Section 1.3 explicitly in the
case where V has no repeated composition factors; see Theorem 6.3, Corollary 6.5,
and Remarks 6.6 and 6.7. We conclude our paper in Section 7 by outlining how
our results specialize to well-known constructions in the case where V is the vector
representation of Ugsl,,.
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matrix formalism for the standard quantizations of semisimple Lie algebras. These
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program. CW gratefully acknowledges the support of the Natural Sciences and En-
gineering Research Council of Canada (NSERC), provided via the Discovery Grants
Program (Grant RGPIN-2022-03298 and DGECR-~2022-00440).

2. RECOLLECTIONS ON g

2.1. Let g be a simple Lie algebra over the complex numbers and fix an invariant,
non-degenerate, symmetric bilinear form (, ) on g. Let h C g be a Cartan subalge-
bra with {a;}ie1 C b* a basis of simple roots, and let ®+ C h* be the associated
set of positive roots of g. We normalize (, ), if necessary, so that the square length
of every short root is 2. In addition, we let Qy = @,y Z>o; denote the positive
cone in the root lattice Q = Z®+ C h* of g. Let (a;;); jer be the Cartan matrix of
g, so that d;a;; = (o, «j), where {d; };e1 are the symmetrizing integers of g, defined
bydi:(ai?ﬂforalliel.
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We shall write Q5 € S?(h) C h ® b for the canonical element associated to

(, ooy If v:h = h* is the isomorphism determined by (, )|pzy, then we may
define {h;};c1 C b by h; = v~ 1(q;), and we have

Qp = Zw;/ ® h;,
i€l
where {w,’ };c1r C b are the fundamental coweights of g, determined by «;(w,’) = d;;
forall¢,5 € I.

2.2. Lie bialgebra structure. Recall that a Lie bialgebra structure on a Lie
algebra a is given by the additional data of a linear map § : @ — a A a satisfying
the cocycle and co-Jacobi identities

5[z, y]) = [0(x), Ay)] + [A(2), 0(y)] Va,yeaq,
(id4(123)4+(132))-6®idod =0,
respectively, where A(z) =z ® 1+ 1 ® z for all z € a.

If a = (a,[, ]a, da) is a finite-dimensional Lie bialgebra, then its dual a* is as well,
with bracket [, |q~ and cobracket 4+ given by the transposes 0% : a* A a* — a* and
[, ]t :a* — a* Aa*, respectively. A Lie bialgebra (a,d) is said to be quasitriangular
if there is r € a ® a satisfying

dz)=[z@1l+1@x,r] =[Ax),r] Vz€Ea,
[r12,713] + [r12,723] + [r13,723] = 0,
r4+roe1 € (a®a)“.

That is, r is a coboundary structure of (a,d) satisfying the classical Yang-Baxter
equation (it is an r-matrix), whose symmetric part is a-invariant.

The Drinfeld double D(b) of a finite-dimensional Lie bialgebra b is a quasitrian-
gular Lie bialgebra containing (b,dy) and (b*, —dp+) as Lie sub-bialgebras, which
can be realized on the space b @ b*. It has cobracket ¢ given by 6 = §p @ (—dp-),
and Lie bracket determined by the cross relations

[z, f] = ad™(z)(f) + f®idp o d(x) Vz€b and f € b*.

The associated r-matrix is given by the canonical element r € b ® b* C D(b)®2.
Moreover, the natural pairing b ® b* — C extends to a symmetric, non-degenerate,
invariant bilinear form (, ) on D(b) for which b and b* are isotropic subspaces.
Hence, the triple (D(b), b, b*) forms a Manin triple; that is, a triple (a,p,q) con-
sisting of a Lie algebra a with a symmetric, non-degenerate invariant bilinear form,
and two isotropic Lie subalgebras p and q for which a = p@q as vector spaces. Every
finite-dimensional Manin triple can be realized via the Drinfeld double construction,
as above; see [ES, §4], for instance.

The simple Lie algebra g admits a quasitriangular Lie bialgebra structure with
r-matrix given by the element

1
(2.1) v = E xI@x;—FiQh,
acdt

where, for each a € &+, 2% € g4, are fixed root vectors satisfying (zF,z;) = 1.
In particular, 2 4+ 29 is the Casimir tensor 2 € (g ® g)?. This quasitriangular
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structure naturally arises by realizing g as a quotient of the Drinfeld double of its
positive Borel subalgebra. We now briefly review these facts, following [ES, §4.4].

Consider the external direct sum of Lie algebras g & b. Let

C:h—=g@h
be the natural identification of h with the central copy of h in g h. We equip g h
with the invariant, non-degenerate, symmetric bilinear form (,) defined by

(w1 +¢(h), w2 + ((h2)) := (w1,22) — (h1,h2) Vi €g, hi €h.
Next, we define n* = @ .o+ 9+a C g and set
h* =spanc{h£(¢(h) : heh} Cgdh.

Then the subspace h* @ n* C g @ b is a Lie subalgebra canonically isomorphic to
the Borel subalgebra b* = h@n® of g, and we have the vector space decomposition

geh=0OTent)a(h ®n )b ab .
In what follows, we shall identify b* with h* @ n*, viewed as a Lie subalgebra of
g @ b. In addition, we set h* = h £ ((h) for each h € b.

Proposition 2.1. The triple (g ® b, b7,b7) is a Manin triple. Consequently, b™
is a Lie bialgebra, and the canonical element

1
L= xﬁ@x;JriZ(in)*@h; cbt @b
acedt icl
associated to (, ) defines a quasitriangular Lie bialgebra structure on g ® b such

that D(b%) =2 g @ b.

Since the central copy of h in D(b™) = g@¥ is killed by the cobracket 4§, it defines
a Lie bialgebra ideal in D(b™), and hence the canonical Lie algebra homomorphism

Y:DOb)=goh g
defines a quasitriangular Lie bialgebra structure on g with r-matrix 2 = (P@p)(2?)

given by (2.1). The resulting Lie bialgebra structure is often called the standard
structure on g.

2.3. Chevalley involution. Let w € Aut(g) denote the Chevalley involution of g,
uniquely determined by

wlp = —idy  and w(xi) =—z] Viel,

7

+

where z;” := 25 € g, with 2% as in (2.1). Then & := w @ idy is a Lie algebra

involution of g& b = D(b*) satisfying W(zE) = —xF and w(h*) = —h¥F foralli € T
and h € b. In particular, one has (w ® w)(2”) = 2L,. It follows that « is a Lie
coalgebra anti-involution of D(b™):

(WRw)od=—-0ow.

We shall henceforth simply write w for w; as the latter restricts to the Chevalley
involution of g, this will not cause any ambiguity.
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3. THE CLASSICAL CONSTRUCTION

3.1. Notation. Throughout Section 3, we take V to be a fixed finite-dimensional
g-module with associated algebra homomorphism

7w :U(g) = End(V).
We further assume that V' has a non-trivial irreducible summand or, equivalently,
that V is a faithful representation of g.

In addition, we shall make use of the following notation, frequently employed in
the literature (see, for example, [M5, §1.5]). Let U be a unital, associative algebra
over the complex numbers, and suppose that n and a are positive integer with
a <n. Let zc(;)n : U — U®™ denote the algebra homomorphism

zg(?z)n(x) = 123(“71) RrT® 1?2(”7‘1) Vo oxeU.
Given an element F' € End(V) ® U, we then set
Fyjy = (5, @4 )(F) € End(V)®" @ U®™,

where we have abbreviated s = End(V), m is any auxiliary positive integer, and
1 and j satisfy 1 < ¢ <n and 1 < j < m. In the case where n = 1, we will write
Fi;) for Fy;), and in the case where m = 1 we shall write F; for Fjj;. The positive
integers n and m will always be clear from context. We shall sometimes apply the
above notation when F' € End(V) ® a for some complex Lie algebra a. In this case,
it is implicitly understood that U = U(a), the universal enveloping algebra of a.

3.2. The g-module gl(V). We view the Lie algebra gl(V) = End(V) as a g-module
with action given by restricting the adjoint action of gl(V') on itself to g = m(g).
This coincides with the standard action of g on End(V) under the identification
End(V) 2 V*®@V. The g-module gl(V') then admits a weight space decomposition

ol(V) = P ol(V)p,
neh*
where the weight space gl(V'),, is given explicitly by
ol(V)u = {X € gU(V) : [m(h), X] = p(W)X ¥ h €} = P Hom(Va, Vasy)-
A€ED*
Given an arbitrary C-vector space W and an element X € End(V) ® W, we define
X, =1,2id)X egl(V),@W Vpuech*,
where 1,, : gl(V)) — gl(V'),, is the natural projection onto the p-weight space of the
g-module gl(V).

3.3. The Lie algebra g,. We now introduce the classical structure at the heart
of the current section: the r-matrix Lie algebra g,. Let {v;}iez C V be any fixed
basis of V', and let {E;;}; jez C End(V) denote the associated elementary matrices,
defined by Ej;jv, = d;,v; for all 4,5,k € Z.

Definition 3.1. Let g, be the Lie algebra generated by {liij}mez, subject to
(3.1) LF=0 VXeQs,
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(3-3) (LY, Ly] = ~[ex, LT + L],
where 2, = (7 ® 7)2 and L* is the generating matrix
L* =) E;®IfcEnd(V)®g,.
ij€T
Here we have set Q+ = Q< \ {0}, where Q_ = —Q,. The relation (3.1), which

we call the triangularity relation for L*, holds in End(V) ® g,, while (3.2) and
(3.3) are relations in the space End(V)®? ® g, and we have written 2, for (z,)is.

Remark 3.2. The definition of g, of course depends on the underlying repre-
sentation V' and, more precisely, the evaluation 2, € End(V)®? of 2 on V @ V.
However, since 7 is fixed throughout this section, the notation g, will not cause
any ambiguity.

Remark 3.3. We will see below that Equation (3.1) indeed implies that Lt and

L~ are upper and lower triangular, respectively, in the sense that

L e (@(V)o®g,) e P @V)ta ®g,).
acdt

In fact, we will establish a stronger assertion in Lemma 3.4.

3.4. Central elements and triangularity. Following [W1], we consider the g-
module decomposition

gl(V) =m(g) ®W = ad(g) @ (gl(V)® © M),

where W = gl(V)9 & M with M a g-submodule of gl(V') complimentary to m(g) ®
gl(V)%, and ad(g) is the adjoint representation of g realized on the space 7(g) = g.
Note that the submodule of g-invariants gl(V')? is precisely the intertwiner space
Endy (V). The generating matrices L* therefore decompose uniquely as

L =1F+K* with L*ecn(g®g, KTecWaog,.
Let ¢ € U(g) denote the central Casimir element. We shall write ¢(L*) for

(¢ ®1id)(L*), where the action of g (and thus U(g)) on gl(V) is as in Section 3.2.
Let x denote the eigenvalue of ¢ on the adjoint representation of g, so that

() =r-2 Vzen(g).
The following lemma provides an analogue of [W1, Lem. 4.2].

Lemma 3.4.

(1) The coefficients of KT belong to the center of g,.
(2) We have ¢(K*) = 0. In particular, K* € gl(V)® ® g, and

L* € (n(b¥) @ gl(V)") @ g,
(3) We have L* — Le(L*) = K*.
Proof. We will prove the lemma by projecting the defining relations (3.2) and (3.3)
onto the summands of End(V)®? ® g, with respect to the decomposition
End(V)** ®g, = (7(g)* ®g,) & (r(g) W @ g,) & (W@ n(g) ®9,) & (W @94, ).
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Substituting L* = L* 4 K+ into the relation (3.2), and projecting onto each of the
four above summands yields the four relations

(3.4) L L) = [ L +LE),
(K Ky =0, [Kf,L5] = —[en, K], (L K5] = —[2q, K5
Applying the permutation operator (12) to [Kfc, Léc] =—[en, Kli] yields
Ly, K5 = (23! Ky,
and thus we must have [22', K] = —[2,, Ki]. Equivalently,

[Qr, K5] =0 = [, K{],

where we recall that Q = 2+ 291 € g® g is the Casimir tensor and Q. = (7 @ 7).
One concludes from the above relation exactly as in the proof of [W1, Lem. 4.2]
that ¢(K*+) = 0, and consequently that K* € gl(V)® ® g, and
LEF=1F+ Kt c(r(g@g(V)?)®g,.

The stronger assertion that LT € (7(b¥) @ gl(V)?) ® g, is an application of the
triangularity relation (3.1), the decomposition 7(g) = 7(nF) @ 7(b¥), and that
gl(V)? is contained in the zero weight space gl(V)o of gl(V). This proves Part (2)
of the Lemma, from which Part (3) follows immediately.

We are thus left to establish Part (1) of the lemma, which asserts that the
coefficients of K* belong to the center of g,. We first observe that, since K* €
al(V)® @ g,, we have [2,, K] = 0 = [z, K5]. Hence, (3.4) implies that

(K7, 15] = 0= i, K3,
We are thus left to show that [LT, K] = 0. Using again that [2., K] = 0, we
deduce that the relation (3.3) is equivalent to

L5 L]+ L5 K T+ (K Ly ] + (K Ky ] = =[em L+ Ly )
Projecting onto the four summands of End(V)®? ® g, therefore yields the relations
L] = =[en LT + L],

(K5 K] =0, L Ky ] =0, [K, L] =0.

The second line above yields the desired result. O

Remark 3.5. In the process of proving the above lemma we have shown that L*
satisfy the identities

LF=0 vAeQs,
L 5] = ~[en L¥ +L5], [LT, L] = ~[ea LT + L5,
KLE = ¢(LF).

It will be established in Corollary 3.7 that these are in fact defining relations for
the Lie algebra D(b™).
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3.5. The Lie bialgebra dual to gl(V)%. Consider the Lie subalgebra gl(V)? C
gl(V). We may view it as a Lie bialgebra, equipped with trivial Lie cobracket
§ = 0. Let 37, = (g/(V)®)* denote its Lie bialgebra dual; it is a commutative Lie
algebra, but when V is not a direct sum of distinct irreducible representations it
has a non-trivial cobracket §. Indeed, if 37 € gl(V)? ® 3?} is the canonical element,
then
8(37) = [3f), 3] € al(V)* @ (53 Asyr)

where § is applied to the second tensor factor of 3. We let 37, = ((ﬁ, —d) denote
the opposite Lie bialgebra to 3‘J§. Let 37 € gl(V)? ® 3y, be the canonical element,
which is nothing but 3%, viewed as an element of gl(V)? ® 3,,. Note that 3}, and
3y are isomorphic as Lie bialgebras, with an isomorphism 3‘+/ - 3y given by

3t -3,

3.6. From g, to the double of b*. Let us now turn to relating g, to the Lie
bialgebra double D(b™) of the Borel subalgebra b™ (see Section 2.2). We extend m
to a representation of D(bT) = g @ b by letting the central copy of b act trivially
(equivalently, we pull back 7 via the projection P : g® h — g). Recall from
Proposition 2.1 that

1
D —_ —
P = Z ol @, +§Z(wiv)+®hi
acdt i€l
defines a quasitriangular structure on D(b™). In particular, it is an r-matrix:
(3.5) [e12, 23] + (212, 233] + (213, 223] = 0.
In addition, by definition of 7, 2 satisfies (1 @ 7) 2P = 2, = (7 ® ) 2. We now
introduce L* € End(V) ® D(b*) by
LT=(r®w)e’ and L™ =—-(row)ed,

where we recall that w is the Chevalley involution introduced in Section 2.3. We

then have the following result, which provides the first main theorem of this article.

Theorem 3.6. The assignment L™ — L*43% uniquely extends to an isomorphism
of Lie algebras

®,:g9, = D(OOT) @35 Dy
Moreover, the unique Lie cobracket d, : g, — g, N @, satisfying @?2 00, =00d,
is given by 6,(LT) = [L[il],L[iQ]],

Proof. First, observe that L* € 7(b%) ® b* and 3% € gl(V)9 @ 35. As gl(V)9 and
m(h) are both subsets of the zero weight space gl(V)y and 7(gs) C gl(V), for each
root a of g, it follows that IL* 4+ 3% satisfy the triangularity relations:

LE£35), =L +35 =0 VAeQs.

Let us now argue that the stated assignment also preserves the defining relations
(3.2) and (3.3) of g,. Since the coefficients of 3% are central elements in D(b*) &
37 @3y, we have

[]Lli isicﬂl[ﬂi is;} = [Litvﬂ‘éc]a [LT + 3f7L27 - 35] = []LT,L;].
Moreover, since 2, € m(g) @ m(g) and 3* € gl(V)? @ 33, we have
[iﬂ'vait] =0= [@71'733:]'
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It therefore suffices to show that L* satisfy the defining relations (3.2) and (3.3)
of g,. This is a consequence of the classical Yang-Baxter equation (3.5). Indeed,
after rewriting this relation as

[@%7 ZQDS} = 7[¢1D25 ¢1D3 + i%],
we obtain the following, after applying 7 ® 7 ® w:

[Lva;] = _[ZTHLT + L2+]

Applying the permutation operator (12) o (13) to (3.5), rearranging, and then
applying T ® ™ ® w gives instead

Ly, Ly ] = —[en, Ly +L3].
Finally, after acting by (23) on (3.5) and then applying 7 ® 7 ® w, we obtain
LY, Ly ] = ~[ex L +Ly].

This completes the proof that the assignment L* — L* + 3% extends to a Lie
algebra homomorphism ®,, as in the statement of the theorem. As L* € 7(g) ®
D(bt), 3% € gl(V)? ® 55, and the sum 7(g) + gl(V)? is direct, the image of ®,
contains the coefficients of LT and the coefficients of 3*. As the coefficients of
L* span n®™ @ h* and the coefficents of 3% span gni,, we can conclude that &,
is surjective. In order to conclude that ®, is an isomorphism, it is sufficient to
establish that dimg, < dim(D(b") @ 31> & 37,)-

To this end, note that the defining relations (3.2) and (3.3) imply that the
coefficients of LT and L~ span g,. Moreover, by Part (2) of Lemma 3.4, LT €
(m(6%)@gl(V)9)®g,. It follows that the span of the coefficients of L* has dimension
at most dim(b*) + dim gl(V)?, and hence that

dimg, < dim(b") + dim(b™) + 2dim gl(V)?® = dim(D(b") @ 37 @ 5v,).
Therefore, ®, is an isomorphism of Lie algebras.

Consider now the second statement of the theorem, concerning the Lie cobracket
5, = (®;1)%2060®, on g,. To see that §,(LT) = [L[il],L[iz]], we must show that
+ + + + +
(L*+3%) = []L i3[1],]L[2} i3[2]].
By definition of the Lie cobracket on i (see Section 3.5), the left-hand side is
( )+ [3[1]’3[2]} On the other hand, since L* € 7(g)® D(b*) and 3% € gl(V)?®
;,V, the right-hand side is
+ 1+ + + 1+ +
Lty 37 Ly £ 3] = Ly, Lig ] + 137, 3]
We are thus left to establish that §(L*) = [L[il], Li ] As D(b") is quasitriangular
with associated r-matrix 2, we have

§(Li) [L?:] + L[z]’ z23] (W ® w )([@itg + iitB’ Z3D2D7

where we have set 2 = 2P and »~ = —24 and used that (w ® w)e? = 24.
The right-hand side will equal [L[il],L[izl} provided [23,, 255] = [, + 23, 24 or,

equivalently, provided
[21h, 213] = (213 + 213, 25))  and  [edy, 25)] = [25), 2h) + 28],

Each of these relations is independently equivalently to the classical Yang—Baxter
equation (3.5), and are thus satisfied. O
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The above theorem implies that the Drinfeld double D(b™1) can be recovered as
both a subalgebra and a quotient of g,. In more detail, let 3 be Lie ideal of g,
spanned by the coefficients of

K* = LF — x7'e(L¥).
Note that ®,(K*) = L* 4+ 3* — k7 1¢(L* 4+ 3%) = +£3%. In particular, 37 is a
Lie bialgebra ideal of g, = (g,,d,), and one has ®,(3F) = 3. As an immediate
consequence of Theorem 3.6, we obtain the following corollary.

Corollary 3.7. The composition of ®, with the natural projection D(b™") & 3‘J§ @
3y — D(b™) induces an isomorphism of Lie bialgebras

9./ +3,) = D(b").
Moreover, the subspace g, of g, spanned by the coefficients of LT and L™ is a Lie
sub-bialgebra and ®, restricts to an isomorphism

®,lg, . g, = D(b").
Remark 3.8. Since D(b") = g @ b (see Proposition 2.1), g itself can be realized
both as Lie subalgebra of g, and as a Lie bialgebra quotient. As a Lie subalgebra,
it is spanned by the coefficients of F := L~ — LT, which satisfy the defining relations

of g spelled out in [W1, Prop. 4.4]. Similarly, it is the quotient of g, by the ideal
spanned by the coefficients of the (central) matrices

K*=1L*-1L*), L§+Lg,

where LE = 1¢(L*) is the projection of L* onto its weight zero component. The
quantum analogues of these observations will be established in Theorem 5.14.

3.7. The Borel subalgebras b} . We conclude this section by noting that the
above results naturally output matrix presentations of (central extension of) the
Borel subalgebras b* of g.

Definition 3.9. Let b} and b, be the Lie algebras generated by {l;;}i,jez and
{l;;}i.jez, respectively, subject to the relations
(3.6) L¥=0 VXeQs,
(37) (L3, L3) = ~lom LY + L3],
where L* is the generating matrix
L* =Y E;®lfeEnd(V) @b}

i,j€L

Here we emphasize that each symbol & and F only takes its upper value for b} ,
and its lower value for b, . It follows from this definition that, for each choice of
the symbol +, there is a Lie algebra homomorphism

53 :bf =g, 1 (Li) =L*

Our choice of notation for the generators of by is justified by the following corollary.
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Corollary 3.10. The composite <I>;t = ®, o1 is an isomorphism of Lie algebras
+ . pt o~ pE LT
O, b, == bT Dy
In particular, 1% is injective and identifies bf with the Lie sub-bialgebra of g,
generated by the coefficients of L*.

Proof. That CIFZt is surjects onto b* @ 3$ follows by the same argument as used to
establish the surjectivity of ®, in the proof of Theorem 3.6. Next, note that the
generating matrix L of bf satisfies

LE e (n(bF) @ gl(V)®) @ bE .

Indeed, this is proven identically to Part (2) of Lemma 3.4. It follows from this
fact and the same type of dimension argument as given in the proof of Theorem
3.6 that q)f is injective, and thus an isomorphism. O

4. RECOLLECTIONS ON Uxg

4.1. Topological Hopf algebras and quantizations. For the remainder of this
article, we will mostly be concerned with topological modules, algebras and Hopf
algebras defined over the formal power series ring C[A]. In this section we briefly
summarize a number of facts about these structures, without proof, which are
pertinent to our main results. We will follow the exposition given in [W2, §2]
closely, though we refer the reader to [K, §XVI|, for example, for a more complete
background.

To begin, recall that a C[h]-module V is said to be topologically free if V = V[h]
for some complex vector space V. This is equivalent to the requirement that V is
separated, complete and torsion free as a C[Ai]-module. The former two conditions
mean precisely that the C[A]-linear map

Y — 1%1(12/71"12)

is injective and surjective, respectively. The semiclassical limit of a C[Ai]-module
V is the space V/hY. Note that if V is topologically free with V = V[h], then
the underlying space V' can naturally be identified with this limit. Similarly, if V
and W are two C[h]-linear maps and ¢ : V — W is a C[h]-linear map, then the
semiclassical limit of ¢ is the C-linear map @ : V/hY — W/hW uniquely determined
by the commutativity of the diagram

% ? w
I |
V/RY ——F—— W/hW

where the vertical arrows represent the canonical quotient maps. We note the
following useful facts:

(L1) Suppose that V is separated and W is torsion free. Then ¢ is injective
provided ¢ is.

(L2) Suppose that V is complete and W is separated. Then ¢ is surjective
provided @ is.
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These properties are explicitly stated in Lemma 2.1 of [W2], and are relatively
straightforward applications of the relevant definitions.

The topological tensor product ¥ ® W of the C[h]-modules W and V is the fi-adic
completion of their algebraic tensor product:

VEW = lm(V @cpy W)/B"(V @cpny W)-

The tensor product ® endows the category of separated and complete C[h]-modules
with a symmetric monoidal structure. Moreover, if V and W are topologically free
with V = V[Ai] and W = W[h], then V& W is topologically free with V& W =
(V. @c W)[h]. We refer the reader to [K, §XVIL.3]|, for example, for a comprehensive
and elementary exposition to ® and its key properties.

We will say that A is a topological algebra over C[Ah] if it is an algebra over
C[h] which is both separated and complete as a C[A]-module. For instance, all
unital associative C[A]-algebras defined via (topological) generators and relations
are understood as topological algebras; see [K, §XVIIL.2]. Similarly, a topological
Hopf algebra H over C[A] is a topological algebra equipped with a coproduct A :
H — H®H, a counit ¢ : H — C[A] and an antipode S : H — H, which satisfy the
axioms of a Hopf algebra with all tensor products given by ®.

Let us now recall a few standard definitions from the theory of quantum groups,
following [ES, §9].

Definition 4.1. A topological Hopf algebra H over C[A] is called a quantized en-
veloping algebra if it satisfies the following two conditions:

(1) H has semiclassical limit H/%H isomorphic to the enveloping algebra U(a)
of a complex Lie algebra a as a Hopf algebra.

(2) H is topologically free, and thus isomorphic to U(a)[h] as a C[h]-module.

A quantized enveloping algebra Ura with semiclassical limit U(a) automatically
induces a Lie bialgebra structure on a with cobracket given by
A(x) — A°P(1 ~
o(x) := M mod AUra®Ura Vz € a,
where & € Upa is any lift of x. Conversely, if (a,0) is any Lie bialgebra, then a
quantization of (a,d) is a quantized enveloping algebra Uya with semiclassical limit
U(a), for which 0 is recovered by the above formula.

Remark 4.2. For the remainder of this article, we will shall denote the topological
tensor product ® by ®. More generally, the use of this symbol will always be clear
from the underlying context.

4.2. The quantized enveloping algebra Uxg. Throughout the rest of this paper,
it is understood that ¢ = ¢? € 1+AC[A]. In addition, we shall employ the standard
notation for Gaussian integers and binomial coefficient. Namely, if m,n,r € Z with
n > r > 0, then we set

mq S L i S N 1
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qm _ q—m
q—q!
In the following definition, {h;};cr C b and {d; }ic1 C Zso are as in Section 2.1.

[m]q =

Definition 4.3. The Drinfeld—Jimbo algebra Uyxg is the unital, associative C[A]-
algebra topologically generated by h U{E;, F;};c1, subject to the following relations
for all h,h' € hand i,j € L:

[h,h'] =0,
[h, Ej] = aj(h)Ej,  [h, F}] = —a;(h)F;
hs —h.
g — g
[Ei, Fj] = 6i; —
q; — g,

1—ai]’

> cur|ty] e <o
q

o
"(—1)1’ [1 —baij]

1—a;;
and in the last two relations i # j.

i

b 1—a7;.7‘—b _
FYFF, -0,
b=0 qi

where ¢; = g% = elid:/2

Remark 4.4. Here we note that if H; € b is defined by d; H; = h; = v~ () (see
Section 2.1), then {H;, E;, F; };c1 generates Upg as a topological C[[h]-algebra and
one has the familiar relations
g —q ™
[H;, Ej] = ai; 5, [H, Fj] = —ai; Fj,  [Ei, Fj] =03 lq} — qil

The C[h]-algebra Uxg admits the structure of a topological Hopf algebra over
C[h], with coproduct A, antipode S, and counit ¢ uniquely determined by the
requirement that the image of h in Uxg is primitive and {E;, F; };c1 satisfy

AF)=Fol+qgeF, SF)=-¢"F, &F)=0.

These formulas, together with Definition 4.3, imply that Upg is a Hopf algebra
deformation of U(g) over C[h]. Namely, if d;, h; and wf =z are as in Sections
2.1 and 2.3, then the assignment h; — h;, E; — /d;z], F; — \/d;z] gives rise to
a surjective Hopf algebra morphism Upg — U(g) (where i operates as 0 in U(g))
which induces an isomorphism

Ung/hUrg = U(g)

of Hopf algebras over C. In addition, it is well-known that Uxg is topologically free
over C[A], and thus a quantized enveloping algebra with semiclassical limit U(g).
Furthermore, it is quasitriangular and the Lie bialgebra structure it quantizes is
the so-called standard structure recalled below Proposition 2.1. As we shall review
in Section 4.4, this is best captured by realizing Ung as a Hopf quotient of the
quantum double D(Uyb) of its Borel subalgebra Upb, in complete analogy with the
classical story summarized in Section 2.2.
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To conclude this subsection, we recall that the adjoint action of h C Urg on Upg
gives rise to a Q-graded topological Hopf algebra structure on Upg with homoge-
neous components

Ungs ={x € Ung: [h,a] =p(h)z Vheb} VBeQ
Equivalently, each subspace Uygg is a closed C[A]-submodule of Uyg and

Ungq = €D Ungs
BEQ

is a dense, Q-graded C[h]-subalgebra of Uxg with induced topology that coincides
with its fi-adic topology, and the structure maps A, S and ¢ are all Q-graded.

4.3. The Borel subalgebra Uib and its dual. Now let Uph, Upb and Uxn be
the C[h]-subalgebras of Urg topologically generated by b, H U{F;};c1 and {E; };er,
respectively. Then Uph and Uxb are topological Hopf subalgebras of Uxg which
provide quantizations of h and b (viewed as Lie sub-bialgebras of g), with Uxh
isomorphic to the trivial deformation U(h)[i] = S(h)[] as a topological Hopf
algebra. Furthermore, both Upb and Uxn inherit Q4 -gradings from the Q-grading
on Upg, and the multiplication map

m : Uph ® Upn — Upb
provides an isomorphism of Q;-graded topological C[A]-modules. In particular,
(Un)a, =C[h]E; Viel

We shall also set Upb~™ = wp(Upb) and Upn~ = wy(Upn), where wy, is the Chevalley
involution on Urg. That is, it is the involutive C[h]-algebra automorphism of Upg
uniquely determined by wy(h) = —h for all h € h C Upg, while

wh(Ei) = —F; and wh(Fi) =—-F, Viel
When discussing Upb and Upb~ (resp. Upn and Uxpn~) we will sometimes write
Upb™ (resp. Upn™) for the former.

Let us now recall the definition of the quantized enveloping algebra dual of Ub,
following [D2, §7], [EK, §4.4] and [G1]; see also [CP, §6.3C|. We first consider
the more general situation where we are given a quantization Upa of an arbitrary
finite-dimensional Lie bialgebra a. Consider the C[h]-module

Upa' = {x € Upa : (id — €)®nAn(.T) € W"Upa®" V¥V n > 0} C Upa,
where ¢ and A are the counit and coproduct on Upa, and A" : Upa — Upa®” is
defined recursively by A? = ¢, Al =id, and
A" = (A®id®" D)o A V> 2
Then, by [D2, §7] (see [G1, Prop. 3.6] for a detailed proof), Una’ is a quantized
formal series Hopf algebra. In particular, it is a topological Hopf algebra with
respect to the subspace topology, which coincides with the J,-adic topology, where
Ja = hUpaNUpa' = ;! (AC[A]).

—

Moreover, its semiclasical limit is isomorphic, as an algebra, to the completion S(a)
of the symmetric algebra S(a) = €P,,5 S"(a) with respect to its standard grading.
In the present article, we call Upa’ the Drinfeld-Gavarini subalgebra of Uya.
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The quantized enveloping algebra dual Ura® to Upa is then the subspace of the
C[a]-linear dual (Upa')* = Homgpy)(Usa’, C[A]) consisting of continuous linear
forms with respect to the aforementioned topology. The general theory dictates
that it is a quantized enveloping algebra which quantizes the Lie bialgebra dual a*
of a.

Now let us narrow our focus to the particular case where a = b. Our present aim
is to identify a collection of elements in Upb® which will play an important role in
Section 4.4. To this end, note that the formulas for A and & given in Section 4.2
imply that i and hE; belong to! Uxb’, for each i € I. Let

1Oti :Upn — (Uhn)ai = (C[VL]]Ez

be the projection onto (Uxn),,, arising from the Q4-grading on Uxn. Let 9; be the
C[h]-linear derivative with respect to E; on (Upn)a,: 0;(E;) = 1. We then define
JisXxi € Upb* by

fi =0, 0 ]_ai o (5 ® ld) U 2 Urh @ Upn — C[[h]],

Xi:=w;o(id®e): Upb =2 Uph ® Usn — C[H],
where w; € h* C S(h)* is the i-th fundamental weight of g, and is extended by
C[h]-linearity to an element of S(h)[A]* = Urh*.
Since b + h @, .1 (Unn)a, C Upb’, we may then define &; and 7; in Urb® by
& =h""Xiluyee and i =h"'fily,e Vo i€L

Though we shall not need this fact in what follows, it is worth pointing out that
the above elements generate Upb® as a topological C[A]-algebra, and that the co-
opposite Hopf algebra Upb” := (Upb®)°P is isomorphic to Upb~, as is readily re-
covered from Theorem 4.6 below and the relations above (4.1).

4.4. The quantum double D(Uyb). In this subsection, we briefly review the
definition of the quantum double D(Ub) and its realization as Urg @ S(h)[h]. We
begin by recalling Drinfeld’s original definition (see [D2, §13]) for the quantum
double of an arbitrary quantized enveloping algebra of finite type, following the
summary given in [W2, §8.1].

Let a be a finite-dimensional Lie bialgebra, and let Uxra be a quantization of a,
as in Section 4.3. Following the notation of Section 4.3, we set Upa’ := (Upa®)P,
where Upa® is the quantized enveloping algebra dual of Upa. Given this data,
there exists a unique topological Hopf algebra D(Uxa) over C[A] with the following
properties:

(1) There are embeddings of topological Hopf algebras
t* :Upa <= D(Upa)  and o= : Upa” < D(Upa).
(2) Let m be the product on D(Ura). Then the composition m o (¢~ ® ") is
an isomorphism of C[A]-modules:
o(1~ ®1%) : Upa' ®@ Upa = D(Upa).

1They do not, however, generate it as topological algebra; we refer the reader to [G1, §3.5| for
an explicit description of Upb’.
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(3) The canonical element
ReUpa® Upa" C Upa® Upa” =47 (Upa) @ v~ (Upa') € D(Upa)®?
defines a quasitriangular structure on D(Upa). That is, one has
A°P(z) = RA(z)R™' Va € D(Upa),
A®id(R) = R1sRes and id ® A(R) = Ri3R12.
The uniquely defined topological Hopf algebra D(Uya) is called the quantum double
of Upa, and the above characterization implies that it provides a quantization of

the Lie bialgebra double of a. It can be explicitly realized on the space Uya’ ® Upa
as the double cross product Hopf algebra

D(Uha) = Uhuv 1 Upa,
with respect to the left and right coadjoint actions > and <1 of Una on Uxa” and

Una' on Upa, respectively. We refer the reader to [ATL, §A] for the relevant details,
adapted to the setting of quantized enveloping algebras.

Now let us return to the particular case a = b C g. Our present goal is to recall
the identification of the quantum double D(Uxb) with the C[h]-algebra Urg ®
S(h)[A]. Following Section 2.2, we will denote the natural inclusion of S(h)[h] into
Urg ® S(h)[7] by ¢. That is, one has

¢(h):=1®h Y heS(h)[A].
We shall need the following preliminary lemma, whose proof is straightforward.
Lemma 4.5. Uxg ® S(h)[A] is isomorphic to the unital, associative C[h]-algebra
topologically generated by {h;t, Xii}l-el, subject to the relations
(B, B =0 = [hF", b},

[hivin] = :I:(O‘i’aj)inv

hi —h;
_ q i —q i
(X" X = by,
qi — 4;
l—a,;j
1-— (73] —ai—
> (-1 { b J} (XF)PXF(xF) ™ =0,
b=0 qi

where € takes value + or — and in the last relation we assume that i # j. Explicitly,
an isomorphism from this algebra into Urg @ S(h)[A] is given by

hE v hy £ C(hy), X ¢¢MIPE, X7 2R Viel
Henceforth, we shall assume the above realization of Urg ® S(h)[A] without fur-
ther mention of the underlying isomorphism. With this in mind, the following well-

known result, originally due to Drinfeld [D2, §13], provides the desired identification
of D(Uxb) with Urg @ S(h)[A]; see also [CP, §8.3] and [R2, §II] (for g = sl,,11).

Theorem 4.6. There is an isomorphism of C[h]-algebras
W Upg @ S(h)[A] = D(Upb)
uniquely determined by the requirement that, for each i € 1, one has

W(h’:r) = h;, W(X:_) = E;,
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_ _ h
W(hi)=2) a;&; and W(X])=——m
jel qi — 4;

With respect to the above identification, the coproduct A, antipode S, and
counit ¢ of D(Upb) are determined by the requirement that {hi};cr are primitive
elements and that XZ-i satisfy

AXS) =X 0d" +10 X}, S(X)=-Xi¢", e(X) =0,
AX;) =X @1 +qih; ®X;, SX;7)= —qh;Xz‘_v e(X;) =0,
for all i € I. In particular, if €5 = &|s()[s], then the projection
(4.1) P, = idy, g @ €5 : D(Upb) = Urg @ S(h)[R] — Ung

is an epimorphism of Hopf algebras which quantizes the Lie bialgebra surjection
P : D(bT) — g defined below Proposition 2.1.

4.5. Automorphisms of D(Upb). Before discussing in more detail the quasitri-
angularity of the quantum double D(Upb), we apply the results of the above section
to study certain automorphisms D(Upb), beginning with the following corollary.

Corollary 4.7. For each h € by, the assignment
YPUE) = hE £ ai(h), YP(XE) =g W2XE v el
uniquely extends to a C[h]-algebra automorphism of D(Urb). Moreover, the natural

embedding Urg — Urg ® S(h)[h] = D(Upb) identifies Ung with the subalgebra fized
by all all automorphisms yf :

Ung = {x € D(Upb) : y2(z) = 2V h € b}.

Proof. For each h € b, the assignment h; — h; + «;(h), for all i € I, uniquely
extends to a C[h]-algebra automorphism v3 of S(h)[h]. Moreover, it is easy to
see that an element z € S(h)[A] is fixed by all v} precisely when x € C[A]. It
follows readily that the subalgebra of Urg ® S(h)[%] fixed by all automorphisms of
the form yP :=idy, , ® 1/2 coincides with Upg. Moreover, by working through the
isomorphism of Lemma 4.5, one sees that yf is indeed given as in the statement of
the corollary. O

Another consequence of Theorem 4.6 is that the Chevalley involution wy, of Upg,
defined in Section 4.3, extends to an involutive automorphism wy of D(Uxpb) =
Urg ® S(b)[1] by setting wy = wp @ ids(p)pap- In terms of the generators of Lemma
4.5, one has

Wp(hE) = —hF  and  wp(XE)=-XF Viel
Note that wy quantizes the Chevalley involution w on the Lie bialgebra double

D(b™) introduced in Section 2.3. In keeping with the notation of that section, we
shall henceforth write wy, for wy,.

The involution wy of D(Uxb) is also a coalgebra anti-automorphism intertwining
S and S~1. More precisely, one has the following lemma, which follows easily from
the formulas above (4.1).
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Lemma 4.8. The Chevalley involution wy is an isomorphism of topological Hopf
algebras D(Upb) = D(Upb)°°P. In particular, it satisfies

(wh ®@wp) 0o A® = Aowp, wpoS '=Sows, ecowp=c¢c.

4.6. The universal R-matrix. By property (3) in the characterization of the
quantum double recalled at the beginning of Section 4.4, D(Ujb) is a quasitriangular
Hopf algebra, with universal R-matrix given by the canonical element

RP c Upb @ Upb* C Upb @ Upb” = Upb™ @ Upb™ C D(Uxb)®2.
Consequently, Urg is quasitriangular with universal R-matrix given by the image

R = (br @s)(RP),

where 1 is as in (4.1). Both of these R-matrices have been computed explicitly
and studied extensively; for instance, explicit factorizations of R were obtained
over thirty years ago in the work of Kirillov—Reshetikhin [KR| and Levendorskii—
Soibelman [LS]; see also [CP, §8.3]. We shall not need this level of precision in
the present paper. Rather, for our purposes it will be sufficient to note that RP
quantizes the classical universal r-matrix 2” € D(b7)®2 defined in Proposition 2.1:

(4.2) P =n"" (R —1) mod A,

and, in addition, admits a multiplicative decomposition consistent with the C[A]-
module isomorphism Upb = Uph ® Uxn and the Q -grading on Uxn. Namely, one
has

(4.3) RP =¢% . " RY,
BEQ+
where RY € (Upn't)g @ (Upn™)_p with Ry = 1, and Qp is the natural image of the
element Qy € h ® b in Upb™ @ Upb™ C D(U,b)®%:
Oy = (@) @h; € Upbt @ Upb™ C D(Upb)®>.
i€l
We refer the reader to [CP, §8.3C], for instance, for a proof of the above assertion.
We now define auxiliary elements RY € Upb* @ Ub* by setting

(4.4) RY == (d®wp)(RP) and Ry = (id®wy)((RH)™).
In addition, we set Q; = —(id ® wp)(Qy) and Qp =—(wn® id) ().
Proposition 4.9. The elements R} and R, have the following properties:

(1) They admit multiplicative decompositions
RF=¢ %RT and RS =R ¢%,
where RT = > seas Ré[ € (Upn™)®2 with R?; € (U;iniﬁ)®2 and RE = 1.
(2) They satisfy the following in D(Upb)®3:
RO(RE)13(RE )23 = (RE)23(RE) 13 R,
R (RE)13(R; )23 = (R7)23(RE) 13 R,



22 S. GAUTAM, M. RUPERT, AND C. WENDLANDT

(3) They satisfy the Hopf algebraic relations
(id ® A)(RE) = (RE)12(RS)13,
(id®S)(RE) = (RE)™!  and (id®e)(RE) =
(4) Their images under (id ® y2) are given by
(id @ vy )(RE) = o, "*REa,"* Yhen.

Proof. The factorizations of Part (1) follow from the multiplicative decomposition
(4.3) for RP, using that wy,((Upn®)1s) = (UpnT)g4 for all B € Qx. Parts (2) and
(3) both follow from standard arguments; see [KS1, Prop. 8.27], for example. For
the sake of completeness, we note that the former is a consequence of the fact that
RP necessarily satisfies the quantum-Yang Baxter equation

ROR3Ryy = Ry RIR,
while Part (3) follows from Lemma 4.8 and that R satisfies
(A®id)(R”) = R{3R3;,  (id® A)(RP) = RGRD,
(S®id)(RP) = (RP)™' = (id® ST)(RP), (e®id)(RP)=1= (id®e)(RP).
Consider now Part (4). The definition of y? (see Corollary 4.7) implies that

yf|Uhnﬁ = ¢#M/2d,, o for each B € Q4. Letting RT be as in Part (1), we
then have

(dovD)RE) = D g™/2RE = 3 Ad(q;"*)RE = ¢ "/*REGT",
BEQ+ BEQL
. + -5 ai(h wlv + + _
(d@yP) (g™ ) = g e WU T 7 g
Since qih/QRi Fhiz — ih/QRiqfhﬂ, it follows by Part (1) that (id ® yP)(RE) =
Q h/2R:t —h/2 0

4.7. Finite-dimensional representations. A representation V of Uyg is said to
be finite-dimensional if it is a free C[#]-module of finite rank, and thus realized on
a space of the form V[A], where V is a finite-dimensional complex vector space. If
V = V[h] is such a Upg-module with action given by

7+ Upg — Endeprp(V) = End(V)[7],

then the semiclassical limit © = 75, : Upg — End(V') equips V with the structure of
a finite-dimensional g-module.

The (exact, but non-abelian) category of finite-dimensional representations of
Urg is well-understood, having been characterized by Tanisaki [T] and Drinfeld
[D3, §4]; see also [R1]. In particular, every finite-dimensional representation of
Urg decomposes as a direct sum of indecomposable representations, each of which
is uniquely characterized up to isomorphism by its semi-classical limit, which is a
finite-dimensional irreducible representation of g.

More generally, every finite-dimensional representation V[h] of Uxg is uniquely
determined, up to isomorphism, by its semiclassical limit V. Indeed, the action of
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Urg on V[i] can be recovered from 7 : U(g) — End(V'), up to equivalence, as the
composite
Ung % U(g)[h] = End(V)[h] = Endegpy VA,

where ¢ : Upg == U(g)[h] is a fixed C[h]-algebra isomorphism with semiclassical
limit @ = idy(g), which exists (and is unique up to conjugation by an element of
14 hU(g)[h]) by the rigidity of semisimple Lie algebras; see [D3, §4], [K, §XVIIL.2|
and [G2]. Moreover, this correspondence respects h-weight spaces. That is, V
decomposes as V = @u V. [h] where V), is the 1 € b* weight space of V, and one
has the equality

Vil ={veV:h-v=p(h) -vVhehCUs} Ypeh*.
This follows from [D3, Prop. 4.3], which dictates that ¢ may be chosen so that
@y = idy.

5. THE R-MATRIX CONSTRUCTION

5.1. The R-matrix algebra Ug(g). As in Section 3, we let V' be an arbitrary
faithful representation of the finite-dimensional simple Lie algebra g, with associated
algebra homomorphism = : U(g) — End(V). Then, by the results recalled in
Section 4.7, there is a unique, up to isomorphism, Upg-module structure on V[A]
deforming the g-module structure on V. Moreover, the associated action can be
chosen so as to be given by an algebra homomorphism

7 : Ung — Endegy (V[]) = End(V)[A]

satisfying 7|y = 7|y and 7, (Urg) C 7(U(g))[/]. We henceforth fix 7, with these
properties, keeping in mind that any finite-dimensional representation of Uyg can
be realized in this way. In addition, we extend 7 to a representation of D(U,b) by
pulling back via the surjection VP defined in (4.1), and set

Rr = (mp @ 1) (R) = (mh @ 1) (RP).
Since Endcpsp(V[R]) is torsion free and RP is equal to 1 modulo &, we may define
R € Endeppy(V[R])®? 2 End(V)®2[R] by
Rr=h'R,—1).
In particular, this definition and (4.2) imply that R, reduces to 2, modulo .

With the above notation at our disposal, we are now prepared to introduce the
main object of study of the remainder of this article.

Definition 5.1. Let Ug(g) denote the unital, associative C[h]-algebra topologically
generated by {tiij}mez, subject to the relations

(5.1) Ti =0 V)eQs,
(5.2) 15, TF] = [Re, TF + TF] + 1 (R TETE - THTER, ),
(5.3) T3, T7] = B, TF + T3]+ b (RaT{ T3 = T3 TRy )

where T¥ is the generating matrix

T+ = Y B @tf € End(V) ®c Ur(g).
i,J€EL
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Remark 5.2. The relation (5.1) should be viewed as an identity in End(V) ®¢
Ur(g), while (5.2) and (5.3) are relations in End(V)®? ®¢c Ug(g), with both tensor
products taken over C. Here we note that, since V = V[A] satisfies Endcpp (V) =
End(V)[h] and V is a finite-dimensional complex vector space, one has

Endcpy (V) ® Endepyy (V) 2 End(V)®? ®@c C[A].

Hence, Ry = (Ry)12 may be naturally viewed as an element in End(V)®2 ®¢ Ug/(g).
In addition, we emphasize that, just as g, depends on the evaluation 2z, of 2
(see Remark 3.2), the algebra Ugr(g) takes as input the evaluation R, of R on
the underlying finite-dimensional representation V[h]. As this representation will
remain fixed, suppressing the subscript 7 in the notation Ugr(g) shall not cause any
ambiguity.

Since R, reduces to 2, modulo A, it follows from the above definition that Ug(g)
is a C[h]-algebra deformation of the enveloping algebra U(g,) (see Definition 3.1).
In more detail, the assignment T* — L* induces an epimorphism of C[A]-algebras
Ur(g) - U(g,) (where fi operates as 0 in U(g,)) which descends to an isomorphism
of C-algebras

(5-4) Ur(g)/hUr(g) = U(g., ).

We will prove in Section 5.4 that Ugr(g) is a quantization of the Lie bialgebra
(g,,9,) introduced in Theorem 3.6. In particular, it is topologically free and thus
isomorphic to U(g,)[h] as a C[A]-module.

We note that L* = I + AT* satisfy the more familiar matrix relations
(5.5) Lif=0 VAeQs,
(5.6) R,L{LF = LFLFR,, R,L7L; = L;L{R,.

Indeed, the first relation is a direct consequence of (5.1), while the second and third
are consequences of the sequence of equalities

R,LYLS — L2LO R,
(5.7) = hR, T + AR, T + W*R,T{ TS — hT{' R, — hiTP R, — B2 TR TR,
= ARy, T{ + T2 + B (R, T TS — TST Ry,
where (€1, €2) takes value (£, £) or (+, —). It is the relations (5.5) and (5.6), rather
than (5.2) and (5.3), which have primarily featured in the literature; see [FRT],
[KS1, §8.5], [M4, §4.1] and references therein. The coefficients of Lt and L~ do
not, however, generate Ur(g) as a topological C[/]-algebra. Rather, they naturally

arise as a system of topological generators for the Drinfeld—Gavarini subalgebra of
Ur(g); see Remark 5.8. Nonetheless, we have the following useful lemma.

Lemma 5.3. Let A be a topologically free C[h]-algebra, and suppose that T+ and
T~ belong to End(V) ®c A. Then the assignment TT — TF extends to a C[h]-
algebra homomorphism Ur(g) — A if and only if L* = I+hT¥ satisfy the relations

(5.8) LEf=0 V)eQs,
(5.9) R,L{L = LILIR,, R,L{L; =L,;L{R,.

Proof. This is a consequence of the computation (5.7) with L* and T replaced by
L* and T#, respectively. O
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5.2. Automorphisms of Ug(g). Counsider the group GL;(V) of invertible trans-
formations in End(V)[A] based at I:

GL;(V) = I+ hgl(V)[R] € End(V)[A].
Let GL;(R;) and GL;(V)? be the subgroups of GL; (V') defined by
GL;(Rx) = {D € GL;(V) : Ad(D ® D)(Rx) = Rx} Ngl(V)"[1],
GL;(V)® = GL;(V) N gl(V)°[A].

Here gl(V)" is the centralizer of h 2 7(b) in End(V'), which is nothing but the zero
weight space gl(V)o C gl(V) with respect to to the adjoint action of g = 7(g) on
gl(V).

Note that, since GL;(V)? C gl(V)?[h], the group GL;(V)? is contained in the
centralizer of 7 (Urg) = m(U(g))[A] in End(V)[A].

Proposition 5.4. Let C and D belong to GL;(Ry), and € € GL; (V)% x GL;(V)8.
Then there exists unique C[h]-algebra automorphisms 08 and x¢ of Ur(g) satisfy-
mng

02(L%) = CLED  and x¢(L*) = LEC%,
where C* and C~ are the first and second components of €, respectively.

Proof. Tt is a consequence of Theorem 5.7, proven below, that Ug(g) is a torsion
free C[Ai]-module. In what follows we shall make use of this fact.

Since Ug(g) is torsion free, to see 05 and x¢ extend to C[h]-algebra endomor-
phisms of Ug(g), it is enough to show that the matrices 02 (L*) and x¢(L*) satisfy
the relations (5.8) and (5.9) of Lemma 5.3. Since each of the matrices C, D,C*

_ ) D(T + _ + +\. _1E+
and C~ belong to gl(V)"[A], one has 87 (L*)x = CLy D and x¢(L*), = Ly C* for
any A € h*, from which we see that

B2 (LH) =0=xg (L5 VA€ Qs
Let us now verify that 02(L*) and x4 (L*) both satisfy the relations of (5.9),
beginning with the former. Using that R,C1Cy = C1C3R,; (as C € GL;(R;)) and
applying (5.9) for LT, we obtain
R00(L")108 (L) = RrC1CoL' Ly D1 Dy

= C1C3R, L' L D1 Dy

= C1C5L?L*R.D1 Do,
where (e1,¢2) takes value (£, +) or (4, —). Since R D; Dy = D1 D3R, this gives

R08 (L%)108 (L) = C1CLELT D1DoRy = 02 (L2)208 (L)1 R
Consider now x4 (LT). Using (5.9) for L*, we obtain
(5.10) Raxe(L™)1xe (L) = R L' L CT C5? = LPLI' R, CT C52.

Since Ry € m4(Ung) ® mh(Ung) and CF € GL;(V)9, we have CFR, = R,CF.
Hence, the right-hand side above is just x¢(L?)ax%(L)1R, as desired.

To complete the proof of the lemma, we are left to explain why 05 and xe
are invertible. Letting €' denote the inverse of € in the direct product group
GL;(V)® x GL;(V)®, we have

(6200271 )(LF) = (027, 0 02)(LF) = L* = (x 0 X6-1)(L¥) = (xg-1 0 x) (L)
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. . . —1 — —
As Ug(g) is torsion free, it follows that 05, = (02)7! and x¢-1 = x5 O

A particularly important subgroup of GL;(R) consists of the fi-formal torus
G :=exp(him(h)) = {¢"™ : h € p}.
If C = ¢™M with h € h and D = I, we shall write 9, for 0Z. Similarly, if C = g

and D = C~!, we will write 1‘)’2" for 98. In summary, we have

—m(h)

(5.11) ¥ =6y and =60, Vhen

5.3. Quantizing 5‘%. We now shift our attention towards establishing quantum
analogues of the main results from Section 3. The goal of this particular subsection
is to introduce a quantization of the Lie bialgebra 5‘% from Section 3.5.

To this end, recall that gﬁ, denotes the Lie bialgebra dual to the Lie algebra
of g-invariants gl(V')?, equipped with trivial Lie cobracket, and 3, denotes the
opposite Lie bialgebra to 3‘J§. As in Section 3, we let 3T € gl(V)? ® ;ni, denote the
canonical element. In what follows we shall view 3% as a generating matrix for the
C[h]-algebra S(33)[11], where S(3i) = U(3%) is the symmetric algebra on 3.

Lemma 5.5. S(37,)[7] is a quantized enveloping algebra with coproduct A, counit
€ and antipode S uniquely determined by

AGT) =30+ 3 + 0330, SGT) =) mTN(=37)" e(3h) =0

b>0

Proof. Tt is clear that the formulas for A(37), S(3%) and £(37) given in the state-
ment of the lemma uniquely detetermine C[A]-algebra homomorphisms

A Sy = SGy )Rl @ SGV)IRL, - S = Sy [R] — SGy )[R,
e S(57)1A] - CIAl
Note that on f’)"‘ := I + h3T, one has the more familiar matrix formulas
AGH =5538, SGH =GN Gh =1
In particular, (A ® id)A(37) and (id @ A)A(3T) both take value SH]SE]SE] and
(e @ id)A(3T) and (id ® £)A(3T) both take value 3%, where we work through
the canonical identifications C[h] ® S(3{)[A] = SG{)[R] = S(37)[A] ® C[A]. As
S(3v,)[7] is torsion free, it follows that A is both coassociative and counital. By
similar reasoning, to check that S is indeed an antipode it is enough to see that the
identity
mo (S®id)oA=toe=mo(id®S)o A

is satisfied on 37, where m is the product on S(3v)[7] and ¢ : C[R] < S({7)[A] is
the unit map. This is a consequence of the relations (S ® id)A(37) = (3&)_13?2]

and (id ® S)A(3™) = 3[+1] (3[2])71'

The above argument proves that S(gé)[[h]] is a topological Hopf algebra over
C[h], which is a trivially topologically free. As the coefficients of 3% are primitive
modulo A, it is a flat Hopf algebra deformation of S(3{,) = U(3{7), and thus a
quantized enveloping algebra with semiclasical limit U (;ﬁ) (|
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Remark 5.6. We note that the Lie bialgebra structure on 5$ induced by the
coproduct A from the above lemma coincides with that from Section 3.5, referred
to at the beginning of the section. Indeed, this follows immediately from the relation

BA = AP)(3Y) = [3, 3.

Henceforth, we shall denote the topological Hopf algebra introduced in Lemma
5.5 by Si(3y,). That is, one has

(5.12) Sn(sv) = SGv) ]

as an algebra, with coproduct, antipode, and counit as defined in Lemma 5.5.
This notation is intended to avoid confusing Sy (37) with the trivial Hopf algebra
deformation of the symmetric algebra S(3{,), which will always be denoted S(37,)[A].
In general, these two structures on S(3{,)[A] are not equivalent, though this is always
the case when the underlying representation V' of g has no repeated composition
factors; see Section 6.

Similarly, the notation S (3y,) will be used to denote the topological Hopf algebra
which coincides with S(3y,)[h] as a C[h]-algebra and has coproduct, counit and
antipode determined by the requirement that the algebra isomorphism S(3y,)[7] =
S;»L(zﬁ‘})col’7 37 +— 3%, is a homomorphism of Hopf algebras. In particular, Sy (3,)
is a quantization of the Lie bialgebra 3,. Henceforth, we shall set 3+t = 3% and
3~ =5(37), so that

37 = W7H=37)" € g(V)® @c Sulsy)-
b>0
In particular, one has I + h3~ = (I +h37)"! and 3% = £3% modulo A.

5.4. Ur(g) as a quantization of g,. In this section we prove the first main result
of Section 5, which provides a quantization of Theorem 3.6; see Theorem 5.7 below.

As the universal R-matrix RP of D(Upb) is equal to 1 modulo /& and D(Ub) is
torsion free, there are unique matrices TX € End(V) ®c D(Uxb) such that
(5.13) LE = (mp @id)(RE) = T + TS,

where we recall from (4.4) that R}, = (id ® w)(RP) and R, = (id ® w)((R5) ™).
In the following theorem, we equip D(Upb) ® Si(377) ® Sk(3y,) with the standard
tensor product of Hopf algebras structure.

Theorem 5.7. The assignment T+ v+ TE 4 3* 4 hTf‘%i uniquely extends to an
isomorphism of C[h]-algebras
T : Ur(g) =+ D(Unb) ® Su(3y) © Snlsy)-
Moreover, the unique topological Hopf algebra structure on Ur(g) compatible with
T has coproduct Agr, antipode Sg and counit eg uniquely determined by
Ar(L*) = LiLig,  Se(L®) = (L5, er(l®) =1
and realizes Ur(g) as a quantization of the Lie bialgebra (g,,0,).



28 S. GAUTAM, M. RUPERT, AND C. WENDLANDT

Proof. As D(Uxb) ® Si(37) ® Su(3y,) is topologically free, to prove that T+
TE 4+ 3% + hTE3% extends to a C[h]-algebra homomorphism, it is sufficient to
show that the matrices
LE = L% (I+h3%)

satisfy the relations (5.8) and (5.9). Let us set 3% = I + h3% = (I + h3*)*!, so
that L+ = LZ3%. As gl(V)® is contained in the zero weight component of gl(V'),
to see that the triangularity relations (5.8) hold, it suffices to prove that (LX), =0
for A € Q¢. As LT € Upb®™ @ Upb™ and the notion of Uxg-weights and g-weights for
V [R] are compatible (see Section 4.7), 74 (Urb*) C ©D,.cq. 9U(V)u[R], and therefore
(LE)x =0 for A € Q, as desired.

Let us now turn to establishing that L* satisfy the quadratic matrix relations
(5.9). Applying 7, ® 75, ® id to the relations of (2) in Proposition 4.9, we find that

Re(L5)1(LE)2 = (L)2(LE)1 R and R (L)1(L5)2 = (L5)2(LE)1Ra.

That L* = Lfgi satisfy the relations of (5.9) now follows by repeating the compu-
tation used in the proof of Proposition 5.4 to show that x(L*) = LT CF satisfy the
same set of relations, with L* replaced by LY and C* replaced by f’)i; see (5.10).
We may thus conclude that the assignment from the statement of the theorem
uniquely extends to a C[A]-algebra homomorphism

T : Ur(g) = D(Unb) © S(3}) © Sh(3y)-

As the codomain is a topologically free C[h]-module and Ug(g) is separated and
complete (by definition), to see that T is an isomorphism it suffices to prove that its
semiclassical limit T is (see (L1) and (L2) of Section 4.1). As Ug(g) and D(Upb) ®
Sh(37) ® Si(3y,) are C[h]-algebra deformations of U(g,) and U(D(b") @ 37 @ 351/),
respectively, we may view Y as a C-algebra homomorphism
Y:U(g,) = UDObT) @51 @57).

As the semiclassical limits of 7p and wp are the underlying representation 7 :
U(g) — End(V) and the Chevalley involution w on D(b') (see Section 2.3), re-
spectively, and RP — 1 = heP modulo A, the images of T}, and T in End(V) ®
U(D(bT) & 37 @ 37,) are given by (1 ® w) 2P and — (7 ® w)2L}. Hence, Y satisfies

(5.14) YL =(r@w)e? +37 and T(L7)=—(r@w)ed —3.

It follows that Y is the algebra homomorphism obtained from the Lie algebra iso-
morphism g, = D(b") & 3?} @ 3, of Theorem 3.6 by taking enveloping algebras,
which is necessarily an isomorphism by the Poincaré—Birkhoff-Witt Theorem. This
completes the proof of the first assertion of the theorem.

Consider now the second assertion of the Theorem, regarding the topological
Hopf structure on Ug(g) inherited from D(Uzb) ® Sp(3y,) ® Sn(3y,) via T. Since
D(Upb) @ Si(377) ® Sn(3y,) is a topologically free C[A]-module, Ug(g) is also topo-
logically free. This observation implies that the structure maps Ag, Sr and eg are
uniquely determined by their values on LT and L™; see Lemma 5.3. Let us now
prove that these values are as given in the statement of the theorem.

By Lemma 5.5 and the definition of the Hopf algebra structure on Sp(3y,), we

have A(3%) = é[il]f’)[i?], S(3%) = (3*)~! and e(3%) = I. Since 7, (Upg) is contained
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in the centralizer of gI(V)% in End(V)[A], (L)) and 3[1;] commute. It thus suffices
to show that in D(Upb) one has the relations

ALD) = L)L, SLE) = (L5) ™" and (L) = L.

These relations are immediately obtained by applying 7y to the first tensor factor
of each identity in Part (3) of Proposition 4.9.

To complete the proof of the theorem, we are left to esablish that the topological
Hopf algebra Ug(g) is a quantization of (g,,d,). To this end, note that the formulas
for Agr(L*) imply that the coefficients of T* are primitive modulo h. Explicitly,
one has

+ + m+ + £, + + mt

Ar(T*) = T + L Ty = Ty + ThLy = Ty + Ty + WTH T

It follows that (5.4) is an isomorphism of Hopf algebras over C. As Ug(g) is

topologically free, we may conclude that it is a quantized enveloping algebra with

semiclassical limit U(g,). Moreover, the Lie bialgebra structure it induces on g,
has Lie cobracket determined by

S(LF) = h 1A — A°P)(T%) mod hUg(g) ® Ur(g).

As (A — A°P)(T#*) = h[T[il],T[i]] this coincides with [L[i] L[iQ]] which is exactly

§,(L*). Therefore, Ur(g) is a quantization of the Lie bialgebra (g,,d, ). O

Remark 5.8. We now give a few remarks pertinent to the Hopf structure on Ug(g)

defined in the above theorem.

(1) From the formula for Ag(L¥), we obtain that AR (L¥) = L[il]L[iQ] e L[i] for
all n > 0, where AL : Ugr(g) — Ur(g)®™ is the iterated coproduct defined
in Section 4.3. This implies that the coefficients of L™ and L~ belong to
the Drinfeld-Gavarini subalgebra UR( )" of Ur(g). Indeed, one has

(id — er) " AR (L) = A" T Ty, - -~ T}y, € K" Ur(9)®"

which implies that L* € End(V) ®c Ur(g)’ by definition of Ugr(g)’; see

Section 4.3. In fact, since T* reduces to the generating matrix L* of g,

modulo 7 and the coefficients of L* span g,, Ur(g)’ is generated as a topo-

logical algebra (with respect to the subspace topology) by the coefficients

of LT and L~ see |G1, §3.5].

(2) The expressions for Ag(L*), Sg(L*) and eg(L*) given in the above the-
orem coincide with those output by the R-matrix formalism developed by
Faddeev, Reshetikhin and Takhtajan; see Theorems 1 and 9 of [FRT], in
addition to [KS1, Prop. 8.32], for instance.

We note that it is easy to verify directly that they satisfy the relations
(5.9) with A taken to be Ur(g)®?, Ur(g)°P or C[[A], respectively; see Propo-
sitions 8.32 and 9.1 of [KS1] and [M5, Thm. 1.5.1], for example. However,
it is perhaps less clear that the triangularity relations (5.8) are preserved.
This difficulty dissipates if one takes into account that L* satisfies the
seemingly stronger relation L* = 3 AEQs Li which in fact follows from
the definition of Ug(g), as is made clear by Theorem 5.7.
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Recall from Section 4.2 that Upg is Q-graded as a topological Hopf algebra. Using
Theorem 4.6, we may extend this to a topological Q-grading on

D(Unb) @ Sk(3%) @ Sh(3y) = Ung @ S(h)[A] @ Sw(3y) ® Sn(3y),

by imposing that Sp(335) and S(h)[h] consist of degree zero elements. It follows
by Theorem 5.7 that Ug(g) is also Q-graded as a topological Hopf algebra. This
grading admits a natural interpretation in terms of the automorphisms introduced
in Section 5.2, as we now explain.

As seen in Section 5.2, the fi-formal torus G = exp(fim(h)) acts on Ur(g) by the
algebra automorphisms 9,¢ defined in (5.11). Explicitly, one has

qTr(h) . Ti — Bﬁxd(Ti) — qﬂ(h)T:tqfﬂ(h) Vhe b

Corollary 5.9. The action of G on Ugr(g) induces on Ur(g) the structure of a
Q-graded topological Hopf algebra, with homogeneous components

Ur(9)s = {z € Ur(g) : 93%(2) ="Mz Vheph} vieQ
In addition, T is an isomorphism of Q-graded topological Hopf algebras.

Proof. For each h € b, let 32‘1 be the gradation automorphism of D(Upb) = Upg ®
S(H)[A] uniquely determined by
MnE) =nE and NIXF) = PXE viel,
where h;t and XZ-jE are as in Lemma 4.5. Each éﬁd extends to an automorphism
Qﬁd of the topological Hopf algebra D(Uxb) @ S;(37,) ® Sk(3y,) defined by 949 =
W @ide .+ ®ide .-y, and one has
h Sh(év) Sﬁ(év)

(D(Unb) @ Sn(517) @ Su(s))s = {o : 93(2) ="MV heb} vVEeQ
It thus suffices to see that T o9, = éﬁd oY for all h € . This follows readily from
the definition of Y and the observation that (id ® 949)(LE) = ¢"(MLE¢=™™"  which
is deduced from Part (1) of Proposition 4.9 following the same type of argument as
used to prove (4) therein. O

5.5. Recovering D(Upb). Recall that, for each € belonging to the direct product
of groups G := GL;(V)?® x GL;(V)9, there is a corresponding automorphism x¢ of
Ur(g), defined in Proposition 5.4. Let Ug(g)X denote the (closed) unital, associative
C[h]-subalgebra of Ug(g) consisting of elements fixed by all such automorphisms.
That is, if Ur(g)X® = {z € Ur(g) : x¢(x) =z}, then

Ur(9)X = ) Ur(g)*“.
e

The following lemma is a straightforward consequence of the definition of x<.
Lemma 5.10. For each 91,6 € G = GL;(V)? x GL;(V)9, one has

Xa @Xe 0 Ar = AroXas and Xg-10Sr = SkoXs-
Consequently, Ur(g)X is a Hopf subalgebra of the topological Hopf algebra Ugr(g).



THE R-MATRIX FORMALISM FOR QUANTIZED ENVELOPING ALGEBRAS 31

Consider now the Hopf algebra epimorphism
T = (idp,e) ® € ® €7) o Y : Ur(g) — D(Unb),

where e* denotes the counit of Sy (3i5), defined by e*(3%) = 0 (in particular, et = &
from Lemma 5.5). Let Z(Ug(g)) denote the center of the C[%]-algebra Ug(g). The
following theorem, which provides the second main result of this section, realizes
D(Ub) as both a fixed point Hopf subalgebra of Ur(g) and as a quotient by a Hopf
ideal generated by certain distinguished central elements.

Theorem 5.11. Y restricts to an isomorphism of topological Hopf algebras
T U (g)x : Ur(g)X =5 D(Upb).
Moreover, there are £* € gl(V)® ® Z(Ur(g)) whose coefficients generate the kernel
of T as an ideal and admit the following properties:
(1) The subspace 53 = {f @id(Z¥): f € 53} has dimension dim gl(V)®.

(2) The C[h]-subalgebra of Ur(g) topologically generated by 35 and 3y is iso-
morphic to the symmetric algebra

SGf @35)[n] = SR @ SG5)[A]-
(3) The matrices £+ = (I + hL*)*! satisfy the Hopf algebraic relations

AR(E*) = Ity Se(EH) 7 er(TF) =1

Proof. First note that, since Y is an isomorphism of topological Hopf algebras,
the matrices £* := T~1(3%) satisfy the properties (1) — (3). In addition, since
the kernel of the epimorphism idpy,s) ® e ® €~ is generated by ;ﬁ, and 3y, as a

topological ideal, the coefficients of £ and X~ generate Ker(T) as a topological
ideal in Ugr(g).

We are thus left to prove the first assertion of the theorem, concerning the
restriction Y|y (g)x- To this end, note that, for each € = (Ct,C7) € G, the
assignment

X% :3 = 3T+ 0t +r37CT, 37— 3 +C +Ch3T,
uniquely extends to a C[h]-algebra automorphism x3 of S(37 ® 31,)[] = Sh(37) ®
Si(3v), where CF € gl(V)8[h] are defined by C* = (1 4+ hCF)*!,

Indeed, that x$ extends to a C[A]-algebra endomorphism is immediate. To see
that it is in fact an automorphism, note that the elements 3* = (I +h3%)*! satisfy

(5.15) X%(3%) = 3 C™,
from which it follows readily that (x%)~* = x5_.. Consider now the subalgebra
- s _ s
SGv @)X = () SGv @sv) A<
€eG

consisting of all elements fixed by all automorphisms X%.

Claim: S(31; @3‘7)[h]]xs is trivial. That is, it is equal to C[#].
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Proof of claim. Consider the semiclassical limit X%, : 5(3'5 D 3$) — Sy @ 5*‘}) of
X%. It is a C-algebra automorphism uniquely determined by
Xe(3%) = 3" + 5,

where we have written CF = 3, CERF € gl(V)9[h]. Let us expand 3% as
3t = > Ei® z;»t, where {E;};c7 is any fixed basis of gl(V)®. Then the sub-
algebra S(gﬁ <) ;ﬁ)xs fixed by all these automorphisms consists of all polynomials
in {z;r, z; }jes which are invariant under the natural action of the addititive group
C7 x C7 on SGGy @ 3y) (C[zj',zj_ : j € J] by translations: zf — zj[ + cj[
for ((c;-")jej; (¢;)jes) € C7 x C7. The only such polynomials are the constant
polynomials:

oS

SGv @) =

Now suppose that = € S(37; ® 5‘7)[h]]xs, and in addition that x ¢ C[r]. Write
z =Y, xxhF € S @ 3,)[h]. Let b > 0 be minimal such that z;, ¢ C. Then
Y =,y 2kh* 7 also belongs to S(g,‘t@g;)[[h]]xs. It follows that x, € S(31; @3(/)5(5,
and hence z;, € C by the above. This contradicts the choice of b, and therefore we
may conclude that we must have x € C[h], as desired.

Consider now the C[h]-algebra automorphism x¢ = idp(u,s) ® X3 of D(Usb) ®
S(3v @ 3y)[R], for each € € G. Using the above claim and the exactness of the
topological tensor product ® over C[A], we see that the subalgebra fixed by all such
automorphisms is given by

(D(Ub) @ S(33 @ 37)[A])* = D(Unb) © S(s7 @ 57) [I]X" = D(Unb).
Finally, it follows from the definitions of X4 and T (see Proposition 5.4 and Theorem
5.7), together with the equality (5.15), that xgoT = Y oxg, where we work through
the identification of algebras

D(Uxb) @ S(53 @ 3v,)[1] = D(Unb) © Sa(5y) @ Sn(sy)-
Therefore, we have Ur(g)X = Y~1(D(Uxb)), as claimed. O

Remark 5.12. In Section 6.3, we will obtain uniform formulas for the coefficients
of the central matrices Z* in terms of the entries of T*, under the assumption that
the underlying g-module V is a direct sum of distinct irreducible representations.

5.6. Recovering Uxg. As the quantum double of Uib admits the C[Ah]-algebra
decomposition D(Urb) = Urg ® S(h)[h], the quantized enveloping algebra Urg can
also be recovered as a both a quotient and subalgebra of Ug(g). In this subsection,
we unravel this in detail.

Let LY = I+ATE, where T = 15(T*) € gl(V)"®cUr(g) and we recall that 1 is
the projection of End(V') = gl(V) onto its zero weight component gl(V)y = gl(V)".
In what follows, we set £ = XX~ where X = (I + hZ*)*! as in Theorem 5.11.
Lemma 5.13. There is a unique matriz © € w(h) ®c Z(Ur(g)) satisfying

LiLy = ¢°Z € gl(V)" @c Z(Ur(g)).
Moreover, one has Y(©) = =, . 7(w) ® ((hs) € ©(h) ®c S(h)[A]
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Proof. 1f © and ©' both lay in 7(h) ®c Z(Ur(g)) and solve Li Ly = ¢*L for X, then
they commute and thus satisfy ¢®=©" = 1. As End(V) ®c Ugr(g) is topologically
free, this is only possible if © = ©’. Let us now establish that a solution © to this
equation exists, and is given as claimed.

Since 3* = (I+h3%)=! € gl(V)? @¢ S(s) and T(LE) = LE3E (see (5.13) and
Theorem 5.7), Part (1) of Proposition 4.9 implies that
T(LE) = (L5)o3* = g7 Zeer me)o 3%,
It follows readily that © = — >, ; w(ww;") @ T~1(¢(h;)) is the sought after solution.
Indeed, we have

T(LiLy) = quelﬂ(w¥)®(h{fh?)3+jf =q ZieIW(wf,v)@C(hi)T(f:). 0

Recall that, for each h € b, ¥, and 19272 are the automorphisms of Ur(g) given
by (5.11). Let us introduce an additional automorphism vy, by setting

(5.16) Y =9_p 082‘72 YV heb.

Explicitly, one has yj,(L*) = ¢~ 7("/2L%¢=7(")/2_ In particular, the automorphism
vr commutes with x¢ for each € € G, and so yj restricts to an automorphism
of Ur(g)X. Consider now the subalgebra Ur(g)X°Y of Ur(g) fixed by all automor-
phisms of the form x¢ o yp:

Ur(@)*Y =[] Ur(@)" =] (Ur(g))"".
(h,€)ebxG heh
We will prove in Theorem 5.14 that Ug(g)X°Y is isomorphic to Urg as a C[h]-
algebra. To make this precise, let us introduce the Hopf algebra epimorphism
Y = lbh ] T : UR(g) - Uhg,

where we recall from (4.1) that Py : D(Upb) — Urg coincides with the projection
idy,g®ep : Ung®S(h)[A] = Urg under the identification D(Uxb) = Urg®S(h)[h] of
Theorem 4.6, where €y : S(h)[h] — C[A] is the counit. We then have the following
theorem, which provides the third main result of this section.

Theorem 5.14. Y restricts to an isomorphism of C[R]-algebras
Ylun(@xer : Ur(8)XY = Ung.

Moreover, the coefficients of ©, £t and £~ generate the kernel of Y as an ideal.

Proof. Since Y(0©) = — %,y m(w;") ® ((h;) is a generating matrix for the central
subalgebra S(h)[1] € D(Uxb) = Ung @ S(h)[h] and 3% = T(Z*) generates Sp(33)
as a topological algebra, the kernel of T is generated as a topological ideal by O,
Yt and X,

Let us now prove the first statement of the theorem. Consider the automorphism
Y of D(Upb) @Sy (37,) ®Si(3y,) induced by y;, via the isomorphism Y of Theorem
5.7. Recall that Y is uniquely determined by the property that Y(L*) = ijéi,
where LE is defined in (5.13) and 3* = (I + h3%)*1. Since every element of
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the group G = exp(hn(h)) commutes with 3+ and 3~ (as they lay in gl(V)® ®¢
(Sh(é\t) ® Sh(ﬁ‘;))), we have
Y;LT(LU:L:S:E) _ qfﬂ(h)/2|_u:|):q77r(h)/23:t.

By Theorem 5.11 and Corollary 4.7, it therefore suffices to show that the automor-

phism v£ of Corollary 4.7 satisfies y2 (L) = ¢~ M/2L 2 ¢=m(")/2_ This, follows by
applying 7®id to the identity (id®y?)(R%) = qfh/Z qu;h/Q which was established

in Part (4) of Proposition 4.9. O

5.7. The quantum Borel subalgebras. To conclude Section 5, we apply the
above machinery to quantize (and upgrade) the results of Section 3.7.

Definition 5.15. Let Ug(b™) and Ug(b~) denote the unital, associative C[h]-

algebras topologically generated by {t;;'}i,jeI and {t;;}i jez, respectively, subject
to the relations

T =0 vAeQs,
1%, TF] = R, TF + T5] + 7 (R TETE = TETS R, )
where T# is the generating matrix
T* = Y By @tf € End(V) @c Ur(b*).
i,j€ET
Here we follow the same conventions as in Section 3.7: each symbol + and F takes

only its upper value for Ug(b™), and its lower value for Ug(b~). This definition
implies that, for each value of £, there is a C[h]-algebra homomorphism

* - Ur(b%) — Ur(g),

uniquely determined by +*(T%) = T*. We then have the following corollary, which
provides a quantization of Corollary 3.10.

Corollary 5.16. The composite Y= =Y o01* is an isomorphism of C[h]-algebras
T* : Ur(b®) = Upb™ @ Sp(37)-

In particular, v* is injective and identifies Ug (bF) with the Hopf subalgebra of Ug(g)
generated by the coefficients of T*.

Proof. This follows by the same argument as used to establish that Y is an isomor-
phism in the proof of Theorem 5.7, where the role of Theorem 3.6 is played instead
by Corollary 3.10. We refer the reader to the proof of Theorem 5.7, and to (5.14)
in particular, for further details. U

Next, note that for any € € GL;(V)9 x GL;(V')® the automorphism x¢ of Ur(g)
defined in Proposition 5.4 restricts to an automorphism of Ug (b*) = +* (Ug(b¥)).
This automorphism only depends on one component of B: if € and & satisfy
®D ! € GL;(V)® x {I} then

X6|ug(6+) = X2 U (6+)
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and, similarly, if 662’2571 S {I} X GL](V)Q then X%‘UR(b*) = X%‘Un(b*)- Let
Ug(bF)X denote the subalgebra of Ug (b¥) fixed by all such automorphisms. That
is, one has

U (6%)% = Ur(6*) N Ur ()%,
where we recall that Ug(g)X is the subalgebra of Ug(g) fixed by all x; see Section
5.5. Consider now the Hopf algebra homomorphism

T+ := T os* : Ug(b*) — Upb*,
where T is as in Theorem 5.11. Equivalently, T+ = (idy, e+ ® €¥) o T*, where
e* : Sp(35) — C[A] is the counit. Combining Theorem 5.11 with Corollary 5.16

then outputs the following characterizations of Uzb* as a subalgebra and quotient
of Ur(b¥).

Corollary 5.17. Y* restricts to an isomorphism of topological Hopf algebras
Ti|UR(bi)x . UR(bi)X - thi.

Moreover, the kernel of T+ is generated as an ideal by the coefficients of the central
matriz £ € gl(V)? @ Z(Ugr(b¥)).

Here we note that £* is as defined in the statement of Theorem 5.11, and may
be viewed as an element of gl(V)? ® Z(Ugr(b¥)) as a consequence of Corollary
5.16. Indeed, one has £ = (Y+)~1(3%), where we work through the identification
Ur(b¥) = ¢*(Ur(b*)) C Ur(g)-

6. QUASITRIANGULARITY AND THE SPACE OF @-INVARIANTS

In this section, we address the problem of obtaining a sufficient and necessary
condition on V for which Ug(g) is quasitriangular and, in addition, isomorphic to
the quantum double of Ug(b) := Ug(b™); see Theorem 6.3.

6.1. Characterizing Sh(g‘t) as a trivial deformation. To begin, we prove the
following elementary lemma which characterizes the cocommutativity of the topo-
logical Hopf algebra Sj(37,).-

Lemma 6.1. The following three statements are equivalent:

(1) The composition factors of the g-module V' are pairwise non-isomorphic.
(2) The algebra of invariants gl(V)% = Endy (V) is commutative.
(3) The topological Hopf algebra Sh(zﬁ/) is cocommutative.

Proof. Let {V;};es be the distinct composition factors of V, and write n; for the
multiplicity of Vj}, so that V = @jej anj as a g-module. Then, by Schur’s lemma,

we have
Endg (V) 2 @) Endg (V") = €D End(C™)
JjET JjET
and so Endg (V') is commutative if and only if n; =1 for all j € 7. This establishes
the equivalence of (1) and (2).
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Let us now argue that (2) and (3) are equivalent. By Lemma 5.5, the generating
matrix 37 of S;(3y) satisfies A(3) = 3[+1] + 3[2] + 3?1]3[2], and thus Sp(377) is co-
commutative if and only if [SH],SE]] = 0. Since 3% belongs to gl(V)®®cSx(37) and
its coefficients span the dim gl(V)? space 37, C S (37) = S(377)[71], the commutator

[3{;], 3[2]] vanishes if and only if gl(V)? is commutative. 0

For the remainder of this subsection, we narrow our focus to the case where the
compositions factors of V' are non-isomorphic, as in the above lemma.

Let Z* € gl(V)? @c Su(33) be the unique solution of the equation
(6.1) &= exp(4ZF) = I+ h3*.
Then Z* coincides with 2-3%* modulo /i and, since gl(V)?®¢ Sk (33 ) is commutative,
Lemma 5.5 implies that the coefficients of Z* are primitive elements:
+ + +
A(Z¥) =78 + 255,

Consequently, if 3% denotes the complex vector space spanned by the coefficients
of Z*, then the assignment Z* — Z% uniquely extends to an isomorphism of
topological Hopf algebras
SG7)[M] = SnGv):

where S(g%)[[h]] is the trivial Hopf algebra deformation of the symmetric algebra
SG3) =2 U(33). It follows from this observation and the general theory of quan-
tum duality that S(37)[h] (and thus Sx(3,,)) can be identified with the quantized
enveloping algebra dual to S(35)[%] = Sk (37,)-

For the sake of completeness, let us spell out some of the relevant details. Let
Ri(S(37)) = D r"S"(57) < SG3)[M]
neN

denote the Rees algebra of the symmetric algebra 5(5;), with respect to its standard
filtration. Equivalently, it is the subalgebra S(h37)[R] of S(33)[A]. By Proposition
3.8 of [KT], the Drinfeld-Gavarini subalgebra S(35)[A]" of S(33)[7] (see Section
4.3) is given explicitly by

S(z2 [ = Ra(S(52)) € S(52)IA],
where R;(S(33)) is completed with respect to its natural grading. The quantized
enveloping algebra dual of S(35)[R] can then be identified with the trivial deforma-
tion of the graded dual S(33)" = @,,c S"(37)*- Explicitly, there is an isomorphism
0:5(:3)"[7] = S(33)[A]° uniquely determined by
O(f)(h"x) = f(z) VaeS"(32) and f€S(Gz)"
Since the symmetrization map o : S((35)*) == S(33 )", defined on S™((33)*) by

O—(flf2"'fn)(zlz2'"ZM) = 5n,m Z Hfj(zﬂ(j)) vz 63;7

TeES, j=1
is an isomorphism of Hopf algebras over C, it extends trivially to an isomorphism
of topological Hopf algebras o : S((33)*)[A] = S(33)*[h]. Collecting all of the
above facts, we obtain the following.
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Corollary 6.2. For each non-degenerate bilinear form (, ) : 35 x 35 — C, there is
an isomorphism of topological Hopf algebras 9 : S(37)[h] = S(33)[R]° satisfying

n

mESy j=1

In particular, Sp(3y,) is the quantized enveloping algebra dual of Sp(37).

6.2. Quasitriangularity. With Lemma 6.1 and Corollary 6.2 at our disposal, we
are now prepared to formulate and prove the main result of this section.

Theorem 6.3. Ur(g) is quasitriangular if and only if the underlying g-module V
has no repeated composition factors. In this case, one has

Ur(g) = D(Ugr(b)) = D(Usb @ Sk(31))-

Proof. Suppose that Ug(g) is quasitriangular. Then, by Theorem 5.7, D(Uxb) ®
Sh(37;) ® Sk(3y,) is as well. Consider the Hopf subalgebra Sy (37,). Since it is con-
tained in the center of D(Upb) ®S(37) ®Sn(31,), the quasitriangularity assumption
implies that it is cocommutative. Indeed, we have

(A= AP)(2) =RA(R™ = A%(2) =0 V2 € Sn(3y),

where R is the associated universal R-matrix of D(Uzb) ® Sp(37) ® Sr(3y,). By
Lemma 6.1, this is only possible if V' has no repeated composition factors.

Conversely, if V' has pairwise non-isomorphic composition factors, then Sy (37)
and S;(3y,) are both cocommutative (by Lemma 6.1), and the universal R-matrix
RP of D(Upb) defines a quasitriangular structure on D(Upb) ® Sy (37,) ® Si(3y,), for
instance. Hence, Ug(g) is quasitriangular.

The last assertion of the theorem follows from the observation that, when V has
no repeated composition factors, Ur(g) = D(Urb) ® Si(37,) ® Sn(3y) satisfies the
defining properties (1)—(3) of the quantum double D(Uxb ® Sp(377)) = D(Ug(b))
spelled out in Section 4.4. In detail, first observe that

(Unb @ Sh(33)) = Unb” @ Su(33)" = Unb” @ Si(3y)-

where the last isomorphism is due to Corollary 6.2, and depends on a fixed choice
of perfect pairing (, ) : 37 x 3; — C; see Corollary 6.2. It follows that the Hopf
algebra D(Urb) ® Si(3%,) ® Sn(3y,) satisfies the defining properties (1) and (2) of
D(Upb @ Sp(377)). As for the property (3), the canonical element

R € (Unb @ Si(31)) © (Unb @ Si(31))* € D(Unb @ Sy (57)) %>

admits the factorization R = RPe%2, where Q7 € 33 ®35 C Si(37,) @Sn(3y,) is the
canonical element associated to (, ). Since 35 and 35 consist of primitive central
elements and RP is a universal R-matrix for D(Uxb), the element R indeed defines
a quasitriangular structure on D(Uzb) ® Sk(317) ® Sr(31,), as required. O

Remark 6.4. The problem of characterizing the quasitriangularity of R-matrix
algebras defined similarly to Ug(g) (or, more precisely, Ug(g)’) has been considered
from several different perspectives, perhaps most notably in the work of Majid; see
Corollaries 4.1.8-4.1.9 and Lemma 4.1.10 of [M4], in addition to [M1,M2, M3|.
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The characterization provided by Theorem 6.3 is particularly natural from the
point of view Lie bialgebra quantization. Indeed, Ug(g) is a quantization of the
Lie bialgebra g, (see Theorems 3.6 and 5.7) which, as a Lie algebra, coincides with
the trivial central extension g & (h @ 37, @ 3,,). By Proposition 3.13 and Remark
3.14 of [FJ], such an extension is a coboundary precisely when the Lie cobracket
&, annihilates b EB;,'{} @ 3y, As the central copy of h satisfies d,(h) = 0, this occurs
exactly when 33 is trivial as a Lie coalgebra or, equivalently, precisely when gl(V)®
is commutative.

6.3. From diagonal entries to central elements. To conclude this section, we
obtain an explicit description of the coefficients of the central matrices £+ defined in
Theorem 5.11 in terms of the diagonal entries of L* and T*, under the hypothesis
that the composition factors {V;};cs of V are pairwise non-isomorphic.

Let {1;}jes C gl(V)® be the basis consisting of the orthogonal idempotents
1; : V — Vj associated to the decomposition V' = ;. ; V;. We may then write
T-Y(Z%) = diesrli® z+, where Z* is as in (6.1) and Y is the isomorphism of

‘7 )
Theorem 5.7. It follows that

[+hft:ﬁ;y@f:§:%®qﬁ_
J
In particular, {z]jE }jeg are primitive, central elements in Ug(g) which topologically
generate a Hopf algebra isomorphic to S(g; @ 35 )[7], and generate the kernel of
T : Ur(g) - D(Uxb) as an ideal; see Theorem 5.11 and Section 6.1 above.

Corollary 6.5. The h-invariant part LS—L of L* admits the block diagonal form
Ly =Y €5 -idy,, =T+hY_th, -idy,,,
A JA

where the summation runs over all pairs (j,\) € J x b* such that V; x # 0, and
{€irx=1+ ﬁt;:)\}m are grouplike elements generating a commutative subalgebra of
Ur(g). Moreover:
. +

L (205 = =55 ey,

Aeb*
where d; x = dim V; . In particular, z;t 18 given explicitly by

2d; \

+ , + .
Aeh*

Proof. We have seen in the proof of Lemma 5.13 that
T(LE) = ¢F Tiar 7@@RT 3+ _ (F Tier m(w @R Y10 e
JjET
Hence, on each weight space V; x of Vj, we have
Y(LiElv,,) =q" Sier /\(wiv)hiiqiT(zji) “idy, .

The first assertion of the corollary therefore follows by taking € j{[)\ and tjf)\ to be
the elements uniquely determined by the formulas

(6.2) %ﬁ =1+ hti\ =7t (qu e A(“iv)hii) qizii.
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The second assertion of the corollary now follows from the observation that, for
each j € J, we have

H T(fjiAq$zJi )dj** = H q$ Dier dJ‘:A)‘(‘*’f,v)hii — q:F Yier Try; (’”(Wiv))'h,:,t ~-1. 0O
reh AEbh*

Remark 6.6. Suppose that the underlying basis {v;}icz of V is taken to be a
weight basis which is compatible with the g-module decomposition V = € e V.
That is, T admits a partition T = | |; Z; = | |; , Z;, for which {v;};ez; and {v;}iez;
are bases of V; and Vj , respectively, and is ordered so that, for each j € J, the
elements of Z; 5 precede those in Z; ., if v — A € Q4. Theorem 5.7 then implies
that, with respect to the basis, L™ and L~ are lower and upper triangular matrices,
respectively, and Lg and L; are the diagonal factors in their Gaussian decomposi-
tions
LT =L§ (I+nXT) and L™= (I+8mX")Lg,

where X and X~ are strictly lower and upper triangular, respectively. Then, by
Corollary 6.5, the diagonal entries €f and €,i of L* (resp. t& and tfk of T%)

k43
coincide for any 4,k € Z; 5, and are equal to €f)\ (resp. tji’)\). In particular, one has

+ +dim V; -z
H €” =q I35 ,

(1SN
2 (—h)k-1
+ +\k
= =+ T |
% T T dimy, i T (T,
k>0

for each j € J. By Theorem 5.11, D(Upb) is isomorphic to the unital associative
C[h]-algebra topologically generated by {ti}i,kez’ subject to the relations (5.1)—
(5.3) and

(=" ! kY -
> T, (T5)) =0 VjeJ.
k>0
Moreover, by Theorem 5.14 and (6.2), to recover Urg as a quotient of Ur(g) one

imposes the additional family of relations
htfity = —(tf +t;) =ht;;tf, Viel

2171 12 711

In particular, in this quotient one has the familiar identities
+ - _
I ti=1 and ¢t =1=2¢,65

i€T; A
for all k € Z, and pairs (j,A\) € J x h* for which Vj x # 0 (¢f. [FRT, §2.2]).
Remark 6.7. If A =0 is a weight of V}, then by (6.2), we have

6;3 — 1! (qu zielx(wy)h}) qizji _ qiz].i.
For example, if V' is the adjoint representation of g, then we may write €/\i = fﬁ\
and z* = zji, and the diagonal part L(T of L* decomposes as

LE=q* idy + Y (62 -idg, + 65, -idg_,).

aedt
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7. THE VECTOR REPRESENTATION OF sl,

In this final section, we narrow our focus to the special case where V is the vector
representation of Upsl,, (see Section 7.1) with the intention of providing a detailed
example of our main results and illustrating how they recover some well-known
constructions.

7.1. The natural representations of sl, and Ujsl,. Let us now restrict our
attention to the special linear Lie algebra g = sl,, where n > 2. We take I =
{1,...,n — 1}, so that the Cartan matrix (a;;); jer is given by

Q5 = 261’]’ — (51‘_‘_1,]‘ — 51‘_1)]‘ A4 i,j el
In addition, we henceforth fix V' = C™ to be the natural representation of g = sl,,,
with {v; };ez C C™ taken to be its standard basis. That is, Z=1IU{n} and v; = ¢;
for each 1 < i < m. The associated algebra homomorphism 7 : U(sl,,) — End(V)
outputs the standard realization of sl,,, and is given explicitly by

n(hi) = Eii = Bivviv1, ©(2]) = Eiip1, 7(@;) = Eip1s Vi€l

where h; and xli are as in Sections 2.1 and 2.3, respectively.

In this case, the action of g = sl,, on the general linear Lie algebra gl(V) = gl,,
introduced in Section 3.2 coincides with the standard adjoint action of sl,, on gl,.
In particular, one has the sl,-module decomposition gl(V') = ad(sl,) ® CI, with
weight space decomposition

(7.1) gl(V) = @g[(v)el’fq»

where gl(V)o = gl(V)? = h @ CI is the space of all diagonal matrices, and
0l(V)e, o, = Hom(V,,,Vo,) = CEi; Vi #j.
Here {€;}icz C h* are defined by €;(h;) = d;; — 0; j41 for all j € I, so that
o+ = {e; —¢; : i < j} is the standard set of positive roots.
Consider now Upsl,,. By the results recalled in Section 4.7, there exists a (unique,

up to isomorphism) Upsl,-module structure on ¥V = C"[A] with the property that
the associated algebra homomorphism

7y Upsl, — Endc[[hﬂ V) = End(C")[[ﬁ]]
has semiclassical limit 75 = . In fact, the assignment
Tn(hi) = Eii — EBipriv1, ma(Ei) = Biiv1, m(Fi) = Eipay Vi€l

uniquely extends to an algebra homomorphism with the desired property, as is
readily verified using Definition 4.3; see [CP, Ex. 8.3.17|, for instance. Note that
7y, also satisfies the auxiliary conditions 7|y = 7|y and 7 (Upsl,) C w(U(sl,))[A]
imposed in Section 5.1. Moreover, in this particular case, the evaluation R, =
(mh @ ) (R) of the universal R-matrix of Upsl, is not difficult to compute using
the explicit factorizations established in [KR] and [LS], and is given by

(7.2) ¢"/"Ry = ZqéijEii ®@Ej;+(q—q ") Z E;; ® Ej;.

i i<j
We refer the reader to [CP, §8.3.G] or [KS1, §8.4.2] for a detailed derivation of this
formula, in addition to equation (3.7) of [FRT, Thm. 18] and [J2].
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7.2. The R-matrix realization of Ujsl, associated to C". We now focus on
illustrating some of the main results of this paper in the special case where g, V,
{v;}iez and R, are as in the previous subsection.

To begin, note that Definition 5.1 for Ug(sl,) collapses to the following concrete
definition: Ug(sl,) is the unital associative C[h]-algebra topologically generated
by {t?;}iez, subject only to the relations

(7.3) th=0=t5; Y i>}
qémt;f];tglz _ q6j1,tgl2t§fj;
= Sjk _ 511k-)t{7} + 6i5( dir _ 5ik)t0’2
(74) ki\q q (%) ij\q q kl
W=7 (5, 00249 — 5t 4 61y (ButE — Gt
T Qg — Qickly by ¥ i<j(Outys; — Okt )
where (01, 02) takes value (£, %) or (4, —), 65 =05 + htlij for all 4,5 € Z, and we

recall that ¢ = ™2

Indeed, from (7.1) and the remarks that follows it, the projection Tf of T* onto
gl(V)x ®c Ugr(sly,) is zero unless A = ¢; — ¢; for some 1 < ¢,j < n, in which case

Ty =Y Ex;@th and TZ  =E;®t5 Vi#j

€;—€j
i=1
Hence, the set of relations (7.3) is equivalent to the triangularity relations (5.1).

Remark 7.1. In particular, TT and T~ are upper and lower triangular, respec-
tively. Note that this is opposite to the situation described in Remark 6.6; this is
due to the fact that the natural ordering on the standard basis of C" is dual to the
partial ordering on sl,-weights: Indeed, if i > j then ¢; —€¢; € Q_ and so ¢; < ¢;.

Similarly, the relations (5.2) and (5.3) are equivalent to (7.4) with (o, 02) =
(4,4+) and (01,02) = (+, —), respectively. This is easily seen by inputting R, =
A=Y (R, —1) into (5.2) and (5.3), with R as in (7.2), and then taking the coefficient
of F;; ® Ey; in both relations and simplifying.

Next, since C" is an irreducible representation of sl,, the space of g-invariants
gl(V)? coincides with CI. Theorem 5.7 therefore outputs an isomorphism of topo-
logical Hopf algebras

UR(EIH) = D(Uﬁb) & (C[Z+,Z_][[h]],
where b C sl, is the standard Borel subalgebra of upper triangular matrices in sl,,
and we have used that S;(335) = S(33)[] = C[z*][A]; see Section 6.1. Moreover,
by Corollary 6.5 and Remark 6.6, the primitive central elements z*+ are uniquely
determined in Ug(sl,,) by the formulas
4 n
¢ = et =[] f
i=1

nn

In addition, by Theorem 6.3, Ug(sl,) is isomorphic to the quantum double of
Upb ® C[z1], which itself is isomorphic to the subalgebra of Ug(sl,) topologically
generated by {ﬁ;—}i,jez; see Corollary 5.16.
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Finally, as a consequence of the above conclusions, the formulas for the Hopf
algebra structure maps given in Theorem 5.7, the statement of Theorem 5.14, and
Remark 6.6, we obtain the following characterization of the quantized enveloping
algebra Upsl,,.

Corollary 7.2. Upsl, is isomorphic to the unital, associative C[h]-algebra topo-
logically generated by {tfj}i,jez, subject to the relations

th=0=1t; VY i>j

qéikt;?:jl t;:lz _ qéjltO'Ztl?'}

kl “ij
=6 (g% — NI+ 855(q7 — " )H?
(q - q_l) S 502 o1 ) 01502 5 5 g2 K} o2
(7.5) + h 1<t — Gickty;€® + dic(Gutys — Onsts?) )
htfits = — (65 +t5) = htgt,
~ 1
k—1/,4\k
> W ED =,
i=1 k>0

where (01,02) takes value (£,+) or (+,—), and 6’5 = 0;; + htiij foralli,j € T.
Moreover, the coproduct A, counit € and antipode S on Upsl,, are determined by

n
At =t5@1+1@t5+hY thotr, =(t;) =0,
a=1
+ + + + +
S(5) = ~t5— D (Wt e ta
b>0

1<ay,...,ap<n

7.3. Remarks. We conclude our analysis of the R-matrix algebra Ug(sl,) associ-
ated to the natural representation V = C" of sl,, with a sequence of remarks:

(1) The topological generators {1‘35}1-7]-61 of the quantum formal series Hopf
algebra (Upsl,,) C Upsl, (see Section 4.3 and Remark 5.8) satisfy the alge-
braic relations

+ _ _ — . .
fij —0—€ji vV o>,
PHETHT — T = (g —q) (5l<j€g;€51 — 5i<k€,g;€52) ,

€;€i; =1=¢; fﬁr’

€ﬁ€2€ '”€nin = 1’

where (01, 03) takes value (&,4) or (4, —). In addition, one has S(L*) =
(L*)~L, while

AeE) = ttetd and c(6F)=1 Vijel
a=1

It is these relations that have predominantly appeared in the literature,
rather than those of Corollary 7.2; see §2.2 and Theorem 12 of [FRT], in
addition to [KS1, §8.5], [GM, §2.1], [MRS, §2] and [DF, §2], for example.
We emphasize that they are not defining relations for the quantized en-
veloping algebra Upsl,. However, they are defining relations for its C(q)



[AMR]
[ATL]
[CP]
[D1]
(D2]
(D3]
[DF]
[EK]
[ES]
[F]
(FJ]
[FRT]
[FST]
[FT1]
[FT2|

[G1]
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form U,(sl,,), and this is the context in which they have primarily arisen in
the literature.

Removing the last relation in (7.5) of Corollary 7.2 yields a presentation of
the quantized enveloping algebra Upgl,, of the general linear Lie algebra gl,,;
see [J2, §2] and [DF, Thm. 2.1]. It may also be realized as the subalgebra
of Ur(sl,) consiting of those elements fixed by all automorphisms of the
form ¢ o yp, for h € h and C € GL;(V)? 2 1 + hC[h]. Here vy, is as in
(5.16) and we have set X¢ = X¢ with 8 = (C,C~1) (see Proposition 5.4).
Explicitly, X¢ o yp is uniquely determined by
Li N q—fr(h)/2Liq—7r(h)/2 . Cil.

Finally, we note that it is possible to repeat the analysis carried out in this
section in the special case where g is of symplectic or orthogonal type and
V' is its vector representation. In this setting, all the underlying data is
available; see (1.9) and (3.7) in [FRT], [CP, §8.3.G], [KS1, §8.5] and the
articles [JLM1, JLM2, GRW]. It is worth emphasizing that in this setting
the underlying V' is again irreducible and all the observations from Remark
6.6 apply (¢f. [FRT, Rem. 21] and [KS1, Prop. 8.28|).
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