ALGEBRA 2. HOMEWORK 11

Problem 1.— Consider the following subgroups of C*.
wn(C):={z € C: 2" =1}, poo(C) :={2 € C: 2" =1 for some r € Z>,}.
Let Z = Z>, with partial order given by divisibility.
(1) Show that {1,(C)}nez is a direct system, and peo(C) = lim 11, (C).

nez
(2) Show that e (C) = Q/Z.
(3) Show that Q(j1uc) = lim Q(s1,).
nez
(4) Using G (Q(un)/Q) = (Z/nZ)*, show that G (Q(pw)/Q) = lim (Z/nZ)™. Describe a
nez

fundamental system of open neighbourhoods of Id € G (Q(px)/Q).

Problem 2.— Recall the definition of cyclotomic polynomials. Let P, C Q be the set of
primitive n'® roots of unity. Then {®,(x)},>; is defined as:

D, (z) = Hx—a

CLEPn
Note that ®;(z) =z — 1.

(1) Show that z" — 1 = H ®4(x). Use this to show that ®y4(x) € Z[z].
dn

(2) Let p > 2 be a prime number. Compute ®,(x). Show that ®,(z) = ®,(2?").

(3) Let pu: Z>1 — {0,£1} be defined by:
0 if k; >2forsomel <j<h
plor' - py) = { (—1)h othjerwise

Prove that ®,(z) = H (zd — 1)u(d).

din
(4) Compute ®1g(x) and Po(z).

Problem 3.— Let L/K be a finite Galois extension. For o € L, prove that L = K («) if and
only if Stabgr/k)(a) = {Id}.

h

Problem 4.— Let K be a field of characteristic p, such that K contains a primitive n'" root

of unity. Prove that p does not divide n.

Problem 5.— Show that # — x — a € F,[] is irreducible for every a € F;.
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Problem 6.— Give an example of a finite field extension L/K such that there are infinitely
many intermediate extensions K C £ C L.

Problem 7.— Let K =F,(\) and L = F,(p) where ¢” = A. Show that, for o € L:
NL/K(Oz) :ap, TrL/K(a) =0.

Problem 8.— Let E/K be a finite extension. Show that E/K is separable if and only if
ExE — K, (z,y) = Trg/k(zy) is a non-degenerate, symmetric K-bilinear form. Show
that the above condition is equivalent to the existence of a € E such that Trg,x(a) # 0.

In Problems 9 and 10 below, m € Z>,, K 1s a field, and we assume that K contains a
primitive m'™ root of unity. Thus, pi,(K) = Z/mZ.
Problem 9.— Let a € K* and define:
r=Min{l: a* = 2™, for some z € K*}.

Note that r divides m. Let B = {z € K* : 2™/" = a}.

(1) Prove that for every b € B, 2" — b € K|z] is irreducible.

(2) Show that 2™ —a = H " —b.
beB
(3) Let L/K be the splitting extension of 2™ — a. Prove that G (L/K) is cyclic of size r.

Problem 10.— Let G be a cyclic group of size m. Show that we have a (not natural)
isomorphism:

Homgy (G fim (K)) 2 G.
(Hint: an isomorphism can be written upon choosing a primitive m'® root of unity ¢ € fi,,(K)
and a generator o of G.)



