LECTURE 31

(31.0) Summary of the results so far.— Let K be a field and L/K be a field extension.

e /K is either algebraic or transcendental.

e If L/K is algebraic, then it is called (i) normal if it is a splitting extension of some
set P C Klz] (ii) separable if for every o € L, the minimal polynomial m,(z) is
separable (i.e, has distinct roots in its splitting extension).

e In most fields (called perfect fields, which include fields of characteristic zero, finite
fields and algebraically closed fields) every irreducible polynomial is separable. In
some cases (for imperfect fields) this doesn’t have to be the case.

e We say L/K is a Galois extension if L¢(*/%) = K. Last time we proved that an
algberaic extension is Galois if and only if it is the splitting extension of a set of
separable polynomials.
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Note that for perfect fields, inseparable extensions do not exist. So, if K is perfect, then
every algebraic extension is separable. It is Galois if and only if it is a splitting extension.

In this lecture, without further mention, we will only focus on algebraic extensions.

Recall the following two important results from the last lecture.

e For afield L and a group G, every distinct set of group homomorphisms Homg, (G, L*)
is linear independent over L (Dedekind’s independence of characters).
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e For a field L and a finite subgroup I' C Aut iea(L), the extension L/L' is finite of
degree |I'| (Artin’s theorem).

It is perhaps worth recalling Theorem 27.0 here:

Theorem. Let K be a field and let P C K|x].

(1) There exists a splitting extension L/K of P.
(2) Let L'/K' be another field extension, and assume that there is a homomorphism
f: K — K'. Further assume that for every p(z) € P, f(p(a:))~splz't3 into a product

of linear factors in L'[x]. Then there exists a homomorphism f : L — L' such that
flk =1
In particular splitting extensions are unique up to (non-unique in general) isomorphism.
We will denote this field extension by E(P, K).

As an application of this theorem, we have the following:

Corollary. Let f(x) € Klx]| be a monic, irreducible polynomial. Let L/K be a Galois
extension such that f(x) = (x —ry)...(x —ry) in Llx]. Here, n = deg f and r;’s are
necessarily distinct. For any g € G(L/K), there exists a permutation o € &,, such that
9(r;) = repy. This gives a group homomorphism:
vr: G(L/K) = Gaeg(s)-
Let E/K be the subextension K (ry,...,r,) C L. Then we have a restriction homomorphism:
peL:G(L/K) = G(E/K),

which commutes with py:
PE,L

G(L/K) G(E/K)
g

Moreover, the action of G(FE/K) on {1,...,n} is tmnsz’tiv(ﬂ.

(31.1) Fundamental theorem of Galois Theory (finite case).— Let L/K be a finite
Galois extension. Let I' = G (L/K). Note that |I'| = [L : K].

Given a subgroup G C T, let F(G) = LY C L. This is a subextension of L/K. Conversely,
given a subextension K C E C L, let G(E) C I be the subgroup G (L/E) C G(L/K).

Theorem. F and G are mutually inverse of each other.

f

Subextensions | ———— | Subgroups

of LK ‘\g/ of G(L/K)

TA group G acting on a set X is said to act transitively if for every z,y € X, there exists g € G such that
9(z) =y.



LECTURE 31 3

Moreover, a subextension K C E C L is normal if and only if G(E) = G(L/E) is a
normal subgroup of G (L/K).

PRrROOF. Note that G(F(G)) = G, since F(G) = LY and by Artin’s theorem L/L% is a Galois
extension of degree |G|. Thus the canonical map G — G (L/L%) is an isomorphism.

Conversely, if K C F C L is a subextension, then L/E is also a Galois extension. This
is because L is the splitting extension (over K) of a separable set of polynomials P C K|x].
Thus LC/E) = E by definition. Hence, F(G(E)) = E as claimed.

Let us assume that E/K is a normal extension. As explained in Theorem 30.1, G(L/E)
is identified with the kernel of the restriction homomorphism pf : G(L/K) — G (E/K), and
hence is a normal subgroup.

Now assume that G (L/F) C G(L/K) is a normal subgroup. We want to prove that E
is a normal extension, that is for every oo € E, m,(z) € K|[z| splits into linear factors in
E[z]. Let {ry,...,r,} be the set of roots of m,(z) in L[z]|, with r; = . For each 2 <i <n,
there exist g; € G(L/K) such that g;(a) = ;. Thus, it is enough to show that for every
o € G(L/K), o(E) = E. Note that the following relation holds, for any subextension
L/E/K and ¢ € G(L/K):

70G(L/E) oot =G (L/o(E))

The two sides are equal, for every o, if and only if G (L/FE) is normal. Using the bijection
established above, we get £ = o(F) as we wanted. O

(31.2) Infinite Galois group.— Theorem 31.1, as stated above, is false when I' = G (L/K)
is infinite. A standard example for this is given as follows. Consider the following extension
of Q:
K =Q(\/p:p € Zsy prime) C R.
It is easy to see that:
G(K/Q) = [] z/2z.

PEL>2
prime

upon identifying Z/27 = G (Q(,/p)/Q), via o(\/p) = —/p. Consider the subgroup:
H=p z/22 ¢ G

PEL>2
prime

It is clear that K = Q = K, even though H # G.

To make the statement precise, we need to consider a canonically defined topology on
G (L/K), relative to which the bijection of Theorem 31.1 is restricted to closed subgroups
and subextensions.

(31.3) Topology on G (L/K).— Assume that L/K is a Galois extension. Let us choose a
set
I C {f(z) € K[x] monic, irreducible polynomial},
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such that L = £(I, K'). We define a partially ordered set Z:
I={JcClI:|J| <o}, partially ordered by inclusion.

For each J € Z, we denote by L; = £(J, K) the splitting extension of J C I. Recall that we
have an isomorphism of fields:

H

Jez
At the level of Galois groups, we obtain an inverse system of groups, labelled by Z. Recall
that, by Theorem 30.1, we have restriction maps:

GJ :G(LJ/K), VJl C JQ, we have PJi,Jo CGJ2 —>G]1

such that p;; = Idg, and for every J; C Jo C Js, we have py, s, © ps,.05 = py,75- Addition-
ally, each of the restriction homomorphism is surjective.

We also have (surjective) group homomorphisms ¢; : G = G (L/K) — G ; which commute
with restrictions, and hence define:

¢:G —lmG,, such that m;0¢ = ¢, for every J € Z,
JeT

where m; : lim Gy — G is the canonical group homomorphism.
J'eT

Proposition. ¢ : G — lim G is an isomorphism of groups.
JeT

The statement of this proposition is a direct consequence of L = lii)n Ly, and is left as an
JeT
exercise.

Definition. The Krull topology on G(L/K) is the coarsest topology such that for every
finite subset J C I, ¢; : G(L/K) — G(L;/K) is continuous, where G (L,;/K) is given a
discrete topology.

Remark. In general, for topological spaces {X,}.ca, and set maps from a fixed set Y,
{fa : Y — X }aca, there exists a unique coarsest topology on Y, making f, continuous, for
every a € A. For instance, when A is a finite set, and Y = [] _, X,, we get the product
topology:

a€A

Open sets in H X, = {H U, where U, C X, is open} )

acA acA
In general, for each a € A and U, C X, open, the following set:

U, =, (U,)CcY

a

has to be open. So we take the smallest topology generated by these sets. Since finite
intersections of open sets are open, the following sets are necessarily open as well:

Up = ﬂ Uy, where B C A is a finite set.

beB
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The topology on Y can be described more explicitly as follows. A subset Z C Y is open
if and only if for every z € Z, there exists a finite B C A such that z € Ug C Z. Similarly,

closure of a set W C Y is given by:

2 €W <= VB C A finite, such that z € Uy, we have W NUz # 0.

(31.4) Fundamental theorem of Galois theory (general case).— Let L/K be a Galois
extension. Recall that assignments F and G from §31.1. For a subextension K C ¥ C L,

and a subgroup G C G(L/K):

G(E)=G(L/E), F(G)=1L".

We have the following analogue of Theorem 31.1.

Theorem. F and G are mutually inverse of each other:

F

Subextensions

of LIK

g

Closed subgroups
of G(L/K)

Moreover, for any subgroup H C G(L/K), we have L7 = LY, where H is the closure of

H.

We will prove this theorem next time.

(31.5) Example.— Let us revisit the example from §31.2. We defined
K =Q(\/p: p € Z>5 prime).

Then, we have:

G(K/Q) = [] z/2z

PEL>2

prime

To describe topology on G, we consider finite subsets of P = {p € Z>5 : p is prime}. For

P C P, afinite set, set Gp =[]
define

peP

Z./27 finite discrete group. Given any element op € Gp,

U(O'P) :{O'p} X HZ/QZC G.

pgP

Let ep € Gp be the neutral element. Then we have:

(1) {U(ep) : P C P is finite} is the fundamental system of neighbourhoods of e € G.
Each U(ep) is a (normal) subgroup of G and is both open and closed.

By fundamental system of neighbourhoods, we mean that any subset X C G con-
taining e is open if and only if there exists a finite P C P such that U(ep) C X.

Note that

U(ep) = Ker (mp : G — Gp)

hence is a normal subgroup. Moreover, {ep} C Gp is open, which is the reason why
U(ep) C G is open. It is also closed since G — Gp is surjective and Gp has discrete

topology.
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(2) For every o € G, we have:
oU(ep) =U(ep)o = U(mp(0)), for every finite subset P C P,

which form a fundamental system of neighbourhoods of o.

(3) Recall that H = €D,cpZ/2Z. We claim that H = G. To see this let 0 € G

be arbitrary and let P C P be a finite set. Then 7 € H N U(wp(0)), where the
coordinates of 7 are given by:

Lo if pe P,
P\ e, otherwise.

Hence o € H (see Remark 31.3, page 4 above). Thus, H = G so they have the
same subfield of invariants consistent with Theorem 31.4 above.



