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Recap : G(n(K) polynomial repres--summary
( Every f -

d . poly repn of GLm/C) is semisimple
-

*

missing
(a piece 0

T

Irreducible poly repr . of GLn(K)< EJ= (6 ,
= ...bm)3

(up to isomorphism(

(n = 161) Homs, /V ,
) (M)

* N

) = L
,

=> &

(3) (Schur)-Wyl character : Trace of [*. ]formula

acting on Ly = Sj(X , . ., Xm) .

O

Lialgebra perspective:
-

Let C : Glm(K) -> GL(V) be a polynomial repr.
We define Sij : -V as follows :

jfor i t j ↓
O

t -i/lo
,
3..... O

Sij = coff : of t in

-



Sij = d2(Imxm+ tEij)(t
= 0dt

where Eifis
the elementarymatric

1 at (i ,fl
O
every where else

(2) i = j i

si = 4(['i.)
Eg : if V =

C

= id : GLm(K) -> GL(CM)

Sij = Eij (j) + /2

Lemma : Let 4 : GLm(D)- GL(Ve)
-

(1 = 1
,

2)

be two polynomial repr . Let Ve- Ve

as defined. Let X = C
, 4 : GLm(K) -GL(V,

V2)

and Sij : V
, V - V

,
V

2 corresponding
operator as defined . Then,



Sij (n,N2) = (v) ~, (Ne·

Sij
·Leibniz rule)

Proof for ifj case :

(9d + tEij)(1d + tEij) = ideid + t(Eijid +

id * Eij) ...

---

Eq : SymP KP) = Span of [Xi, ... Xie : 'Wi
,

... bis.My
-

Then
, Sij acts byXio : Yo + Sp*

Eq : 1)(W) = Span Exi, Xi : /-i ,
< i < m3

The rest is the same argument as before.
Remark : If WCV is a GLm(K) -Subrepro,
-

then Sij(v) EW ,

FvEW

Hence
, if O and V are the only subspaces

invariant under Sij3: j ,

then Prediable-

↳ Wit Sij(WICW ,
Wi

, j

[This a hint for problem 21 on Homework]



Exercise : Let A be an algebra .

A derivation of
A is a linear map 8 : A-A st

d(ab) =
d(a)b + ab(b)

. [Derivation]

Show that 2
, da derivations => 0,

00
, -0 °0

, in

again a derivation

further
,

assume & : A-A is a locally milpotent
derivation. Show that ep(d) : A c A is an

algebra homomorphism .

* means VaEA
,

JN>> a st da =
O

Un > Na

Eq : &x &Q[x] is locally wilpotent but not
nilpotent .

Remark
:ESijki

, j satisfy relations of m ki

[Sij ,
Spe] = SjpSie-SiePrj

↑ Lie algebra glm(C)

Let's now look at G1
,
(D) case

e = S, 2 , f = S2 ,
h = 11-322 ,



I
= S , ,

+ Saz

Lie algebra gl , (C)

Se
,
f7 =

h
,
[2

,
23 = ze

,

[4
.
f] =

- If
,
[I

,
x] = 0

,
Ox

SECC) : Span of e
, f ,
h C gl(K)

Recall , for the case of GK(C
Irred poly repro E6, bal b 1. b El xo3

Id -> d

Trace of [" ? ] acting on 1

= Sj(x, x)

Further recall
,
5
,
(x

.... xm)
=distmt), ina

l(b) [m 1 i
,j = m

So
,
in our case m = 2

·
so we get

1
,

+ 1

J ,
,
Ja

si - Li is to



I dity-x, ie

- x
,

ba
x,

62 (bit-x
st

is
= X

,

b .

d 5x ,

di - 62+

1-8xxt)(
-> Set x

,
= X = 1

, dim( =
6

, -d + 1

using the fact him E.
For SLCD) ,

we get that the

irreducible polynomial reproo
(d ,

- ba)

In <-> n

#= n + 1

A concrete model for In-

In = degree n polynomials in([X , y]
E= Span x "

, x ""y . .

,y 3
-

n + 1



So
,
dimLn = n+

SICD) -action on In

e = X &
,
f = yet

dy
2 = x&x -

y by = deg wertx-deg wrt y
So in this basis :

e & &

one ...&
X

n x"y ....

xy
n - 1

Y
B

l · n n -2 ....
- n + 2 - n

acts
-

diagonally-n ... a
f f f

Exercise : This representation is irreducible.
-

Geometric perspective:

GL2(d)(PP(e)

In = M(IP
,
2n)



1P = /Q x () 1903 (1)

/k

iP = (4 ,
z) W(K ,

wh (2)

z worl

on CY

In model (2) of IP2 ,

In is a sheaf on IP2,

u -> 4 f : U - I/[vf(a) + n(0] > 03

We are looking at functions ,
↑ (IP4

, In) = Ef : K - & St f has at most

pole of ord n at a 3

= &poly's of deg n 3 n + /dim

In model (i) of IP" ,

& & K by

= +z" In
(QX D1(03) x K - (kx &1283) 4 x &

↓

KYCIQ -> IPI



Borel-Weil-Bott Theorem

If n > 0
,
then HYIP', In) is irreducible

SL(K) repn
.

HP (IP"
,
In) = 0. If n < O

, MY /" ,
2n) = 0,

HIP"
,
In) L

. n
irreducible.


