Yau'’s proof of the Calabi Conjecture

Mathew George

1 Introduction

Calabi conjecture can be stated as follows.

Let M be a compact Kihler manifold with Kihler metric g,zdz* @ dzP. Let R zdz* © dzP be a tensor whose
associated (1,1)-form 5=R «pdzeA dzP represents the first Chern class of M. Then we can find a Kihler metric
Jpdz™® dzP which is cohomologous to the original metric and whose Ricci tensor is given by R «pdz* ® dzP.

This was proposed by Eugenio Calabi in 1954 and a proof was published in 1978 by S.T. Yau. One
direct consequence of this theorem is the existence of Ricci flat Kdhler manifolds, now also called as
Calabi-Yau manifolds. These are Kdhler manifolds with trivial canonical line bundle. These special
surfaces find applications in String theory as well. In these notes we go through Yau’s proof in detail.

2 Proof of the Calabi conjecture
The proof can be divided into four steps:

1. Reformulating the statement in terms of a PDE called the complex Monge-Ampere equation.

N

. Finding apriori estimates for all derivatives of the solution upto the second order.

. Finding apriori estimates for the third order derivatives of the solution.

(S8

. Using the method of continuity to solve the PDE.
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The complex Monge-Ampere equation can be written as
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det (91;’ + ) = det(g;5) exp(F)

where the function F € C¥(M) with k > 3 is given and satisfies
J exp(F) = Vol(M)
M

It can be seen by integrating both sides of the previous equation that this condition on F is necessary.
We will be showing that this indeed is sufficient for the existence of a solution ¢. Since the proof as a
whole can be rather disorienting to read all at once, let’s break down the main ideas of each section.

1. Reformulating the statement in terms of a PDE

Observe that the first Chern class of M, by definition, represents the real cohomology class
containing i times the Ricci form. So the conjecture now implies that the given tensor differs

from the Ricci tensor of the given metric by an exact form (say 93F). For Kahler manifolds there
- : 0’ : ,

is a simple identity for Ricci tensor given by 3705 log(det(g5)). Since the Kahler metrics

z10z

mentioned in the theorem are cohomologous to each other, we can relate them by an exact form

00¢, for some scalar-valued function ¢. Note that any exact form can be globally written in this

form as a consequence of the dd-lemma. So if we were to have the above tensor R as the Ricci

tensor of a the new Kahler metric (say g’), then it is clear that the following has to be satisfied.

o> log(det ( g;: 029 (det(g:)) ! (=F)| =0
aziop | 0Bl 9y T 5 55 ) detlgyg)) Texp -

This implies that
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by maximum principle on a compact manifold. Now the above condition [,, exp(F) = Vol(M)
would imply that C = 0, and the resulting expression is the complex Monge-Ampere equation.

We can now see that if there is a function ¢ satisfying this equation, then the metric g’ defined
2

0°d . .
as gi5 + 32195 has all the required properties.

The difficult part of the proof is finding apriori estimates for the derivatives. So we focus on that first.

2.1 Estimates upto the second order
We will be studying the equation

2
det (gﬁ + ﬂ) (det(gy;))" = exp(F) (1)

0210z
. 3 . . % .
where T is assumed to be C°(M). We want solutions ¢ of (1) such that the matrix ( g;; + 305 ). 8
D]
positive definite Hermitian. Then this would define another Ké&hler metric on M. Denote

I —q.- 0°¢
gij—gij'i_a 19z



We assume that ¢ € C°(M). The aim of this section is to obtain estimates on all derivatives of ¢ upto
the second order. To guarantee that the solutions are unique, we impose the normalization

| o0 2)
M
Differentiating (1) wrt z* we have
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This differentiation is done by first taking log on both sides and then using the formula for the deriva-
tive of log of determinant of a matrix . Differentiating (3) again wrt z!
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1j . ..0g;-
=—g'tig a—_tl] for the derivative of the inverse of a matrix.

Here we used the formula

Let A’ be the Laplacian associated with the metric g’. Then

- 2 .32
A'(Ag) = g™ 0 (9” oy )
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Since LHS is defined independent of the co-ordinate system, we compute the RHS by picking normal

dinates at a point so that g — 5¢;, 220 — 291 _
co-ordinates at a point so that g5 = 8ij, 33" = 35 =
Multiplying (4) by g*! and adding over k, 1 gives

E - P T a7 azgi sz T azg~7
AF + 9/t] gllngkld)tﬁiq)ijk — gklgucbijki + gklgll] Walil _ 91] gkl azkalz]], (6)
Plugging this in (5) gives
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In the last step we used the fact that g} = 6ij and Ryspp = -
) azka,n
Now choose a co-ordinate system so that in addition to g;; = 8ij, we also have ¢; = 8ij¢;;. This is

possible because these are symmetric matrices and hence are simultaneously diagonalizable. Then we
have

1

0+ 610 ®)

g/i]T _ 51]

and



k1
z QURuu 2 Rim"‘z 9" Risr1di5
¥

d> diz
- Z 1111] 1(11)11 + Z 11111 +11
lr

i,1
biz(Pr — dix)
= — R.z 5
% 1111(1+¢i{)(1+¢li) (9)

Now using the symmetry of this expression wrt i and 1,

$iz(d1r — dig) bri(diz — o)
_ R _ R.x s
z Z I+ o +ow) 4 T +e)0 +¢a)]
. (11 — bi5)?
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From (9) and (7) we see that
A(A AG R g . . T+ dy3 2
$) > AF+ Z 979 braidi (12{ Rizit) Z 15 by —-—m (10)
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This is true because
_ &7 (prp — big) _ 1 +¢’iz{+¢’1i+¢i{ 1
M+o)T+dy)  (+di)(T+dyp)

When ) is taken, we get terms of the form
il

O+ OL+T+T1+ b+ big+ g+ b
(] +¢11)( +d)[[)

Then we rearrange and factor this as needed.
On the other hand

1
:m—ZlJr(bﬁ (11)

Let C be a positive constant. Then we have

A/ (exp(—Ch)(m + Ad)) = C? exp(—Ch)(g"T bidb5) (m + Ad) — Cexp(—Ch)g Tz (m + Ad)
— Cexp(—C)g"I5(Ad); (12)
— Cexp(—C)g' T pi(Ad)s; (13)
+exp(—Ch)A' (Ad)

Now using g’iJTdJi(Acb)Jv < \/g’ﬁd)id)]f\/g’ﬁ(Adﬂi(Ad)); on (12) and (13), followed by

2 2
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ab < % + 7 with e = C(m+ A¢), we get a cancellation with the first term. We are left with

_ n"Hj . .
N (exp(—C)m + Ap) > - SV ii“’%m%

+exp(—Co)A'(Ad) (14)

— Cexp(—Co)A dp(m+ Ad)



Using gi5 = 84j and ¢y; = $;784 at a point, (14) can be simplified using (10)

—(m+Aa0) g (AP)i(AD); + A (AD) = —(m+AP) T Y (1+ i)Y bl
i k

+ AF+ Z(] + o) T+ ) ! PrijPikj
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1
lnf Rull |:Z 1 Iiu ] (15)

Here we used

(AD)1(Ad); = (g dy7)i(gkTo1);
= (g~ d)kii)(gkl(bkij) =) PrriPrk;
i,k
kl
since = =0.
But

M+AG) "D (T+di) 1D dppil? =m+Ad) ") (1+di) ! %(1 + i)'

i X T = 1+ dyi)
< (m+4p)~! (;U"_d)ﬁ)1(]+¢’kk)1¢kki¢kki) (%(1+¢kk)>
_Z + i) (04 bur) ™ brri Pt
= Z +051) 7 (1 + b) ™ bigrdix (16)

The second line is using the Cauchy-Schwarz inequality and in the third line we just wrote ) (1+
k

b)) = m+ Ad. The last two lines follow from

(bkfd = d)Rkl d)k,lk d)lkk

and

brii = Pt = Prik
As a side note, the third covariant derivatives of a function commute with the second one only if they
are of the same type. When these derivatives are of the opposite type an extra curvature term will
appear. This does not happen with first and second covariant derivatives though. Continuing the
computation above

<Y (+b) (14 i) dggding (17)

i,j,k

since we are just adding extra positive stuff with (1+¢;)~" = ¢/t > 0 and 55 = Py;-
So plugging this into (15) gives (after cancellation)

—(m+Ap)~! ’”(Adl) (Ad); +A'(AD) = AF + (mfRuu) [Z +éu ] (18)
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Inserting this into (14) we get

/ . 1+¢
Al(exp(=Ch)(m+Ad)) > exp(—Cdh) [AF—i— <£{Rim) (Z 1 +¢: )]

— Cexp(—Co)(A'd)(m + Ad) (19)

Inserting (11) into this gives

A’ (exp(—Co)(m+ Ad)) = exp(—Cd) (AF m mfRuu)—i-exp( Cd))mfRuu (Z:iii)

—Cexp(—Coh)m(m + Ad) + Cexp(—Cod)(m + Ad) (Z 1+¢>‘>

=exp(—Cd) (AF —m? %2{ Rmi) — Cexp(—Cd)m(m+ Ad)

+ (C+g}{Ri{li)eXP(_C(b)(m‘f‘Ad)) (; ] +]¢ii> (20)
where we used 31+ ¢ =m+A¢.
' L yme S 1+ by
Notice that the expansion of (; T d%{) would contain m and everything else is posi-

tive. This gives the following inequality

Therefore

where we have used

det(gi’]f) = exp(F) det(g;3)
[T0+¢i0) = exp(F)

i

(HU - dm)) T exp (—%)

1

Choose C so that
Then it follows from the previous computation that
A(exp(—Cd)(m + Ad)) > exp(—Cd)(AF — m? 12{ Rizi1) + (C+ 12{ Rizip) exp(—Cé)
1 1

X exp (—%) (m+Ad) T — Cexp(—Ch)m(m + Ad) (22)



Now we use this to estimate exp(—C¢)(m + Ad). In fact it must achieve its maximum at some point p
so that the RHS of (22) is non-positive (since A’(...) has to be non-positive. This does no depend on
the metric used to compute the Laplacian). At this point

0> AF—m? {2{ Rizit — Cm(m +Ad) + (C+ %th Rif11) exp (— ) (m+Ap) '+t

m—1

This implies that (m + A¢)(p) has an upper bound C; depending only on sup{—AF}, sup| 12{ Rizigl, Cm
M M i

1

and sup F. This is because y' " #7 < ay + b would imply that either y' ™ #1 < 2ay or y' =T < 2b.

M
Since exp(—Cd)(m + A¢) achieves its maximum at p, we have the following inequality

0<m+Ad <Cy eXp(C(d>—i]{1Afd>)) (23)

The first inequality is true because (1 + ¢;5) > 0 for all 1.

We use this to estimate sup|$|. Since Ap+m = Y 1+ ;3 = gﬁgi’]: > 0, we can estimate sup ¢ as
M i M
follows.

Let G(p, q) be the Green’s function of the operator A on M. Let K be a constant such that

G(p,q)+K=0
Then

——| 6,01+ K1Aba)g (24)
since [, Ad = 0.

Therefore

sup() < m sup jM(G(p, q)+K)dg

M PEM
|sup ¢ <msupj IG(p, q) + Kldq (25)
M peM M

since Ap > —m. So we get

JM Pl < jM sup(#) - +JM |sup(6)|

M

< (sup $)Vol(M) + |sup()[Vol(M) — J o
M M M

< 2mVol(M) sup J (G(p,q) +K)dg (26)
peEMJIM

Note that the right hand sides of the above estimate does not depend on ¢, since the Green’s function

is prescribed for the manifold independent of ¢. So far we have estimated sup(¢) and [|$ll;1(pqy- To
M

estimate i)\r/\lf(dy) two different proofs are offered. The first one works for the case when m = 2 and the

second one works in general. We show both the proofs here.
*



For m = 2, we renormalize (by adding a constant) ¢ so that sup(¢) < —1. This is possible because of

M
(25). Let p be any positive number greater than or equal to 1. Then

Mo =plp-1) Y L2 ppTarg
— T+ byt
e M. MRS I (W (27)
1 1+¢1{ 1 1+¢l{
When m = 2 we find that
A=) = plp—T)(~0)P" zzl'fld) < 2p(— )P p(- )P (14 6y) (14 022) ! (24 A0)

=Pl 1) ZZ]'T(D ~2p(—0)P 4 2p(~)P !+ 2p()7 " exp(—)
+exp(—F)(—A(=)P +p(p — 1) (—d)P*IVPI?) (28)

since

P(=)PTAG = —A(=d)P +p(p—1)(—)P 2|V
(1+d17)(1+ dy3) =det(g’) = exp(F)

Multiplying (28) by exp(F) and integrating wrt the volume form of the original metric g we have

—1 _ o (il ~2(g42
| o explF) =pp- | (072 (- expR) < a0 cpm-1 | o2l
_ . _yp—2 |2 > 4p—1) B2
=) (=012 ({Hexplr))expr)+ M2 [ via®
Since ¢ is negative this implies that for p > 2
B2 p? p—1
[, meoie < s [ - expi-e)
<pCa | 1oP! (29)
M

where C, depends only on sup(F).
M

Now we use the Sobolev inequality. It states that for any g € W™ with r < dim(M) = n, we have the
following inequality

ligllLa(my < Cligllir (my + 11Vl (M)

for some constant C that depend only on M. Here q can be any number in [p,

] Observmg that
the real dimension of M is 2m = 4 and then applying Sobolev inequality to the function g = |b|? with
r=2and q =4, we can find a constant C3 depending only on M such that

1

<J \¢|2P) <C3J |¢|P+C3JM\V(—¢J%|2
< ¢ jM BIP +pCaCs JM P! (30)

The last line follows from



P

J IV(fd))%Iz:—J' A=) E (—) 2 (Green'’s identity)
M M

and ; )
A=) 7 (=9)% =2 (B =1) (—oP2v0P - D (-7 20

Since ¢ < —1, we derive another constant C4 depending only on M such that

2
J B2 < Cap? (J |¢|P)
M M

(31)

In order to use (31), we need another estimate of [,, |p|2. But this follows from the estimate of v

combined with the Poincare inequality and (29) as follows

jM 2 = JM(—d»)z

<CJ V()2

M

<2CC, J 0|
M

We now claim that we can find a constant Cs depending only on M such that

P\
J [bP < CE (7) for all integers p > 1
M 2

In fact, let py be the first integer such that for p > po

N e\
C4(1+ Vol(M)) (%) < (%)
()
This is possible because lim -———— = co.
p—>eo (p+2) 2
7

(32)

(33)

(34)

Notice there are only finitely many values that p cannot assume. So we can choose a constant Cs such
that (33) is valid for all 1 < p < 2pg. This can be done because ||$l|; 1 (M) and |I¢|IL2(M) are estimated

above and ||$[/;p(m) can be bounded by using (31) repeatedly with Holder inequality.

We prove (33) for all integers p > 1 by induction. There are two cases. If p + 1 is divisible by two, then

from (31) we have

Now apply (34) to this to get

P+l
2

1 +1(pt]
o (25)
M

which is (33) for p + 1.
On the other hand, if p + 1 is not divisible by two, then by (31)

2 +1\ 2
) cpt <p—> by induction hypothesis



J lpIPTT < Cy (pz—H)z (J |(1>|%])2 since (31) is true for non-integers as well
. 2 " 2(p+1)
=G (¥> (J o) " (voim))rz
M
+1
<Cy <¥ ’ cpH! ("IZ)% (Vol(M)) 72
Py

The second inequality is using Holder inequality with conjugate exponents z 1 ?

and p + 2. The second

to last line follows by induction hypothesis since (Vol(M))vzﬁ < Vol(M) if Vol(M) > 1. So we get (33)
for all p.
Using this we have the following

2 o kP 2
JM exp(k¢p) < Z WJ I[P
iy .

By Stirling’s formula

for all positive integers p. This implies that

N

J exp( (kdp?) < Z kCZe)Pp—2 (36)
M b

When
k< Cg2e™! (37)

the RHS of (36) is finite and we have thus obtained an estimate of [,, exp(kcbz) with any k satisfying

(37)-
We can now estimate sup |¢p|. Rewrite
M

Ap =f (38)

where

—m < f < Cyexp(sup(d)) exP(—Ciﬁf(dﬂ) (39)
M

We will now use Schauder estimates which essentially gives gradient estimates for the solution of
(38) in terms of C(M)-norm of f and [|§ll; 1(p1). So there is a constant C¢ depending only on M and
C1 exp(Csup(d)) such that

M

sup [Vl < Cq (eXp(*Ci&fdﬂ +J \d)l) (40)
M M

10



Since we have already proved estimates for sup(¢$) and [, I$|, we have a constant C; depending only
M
on M and C such that

sup [Vé| < C7(€Xp(fCi7{1Af(d>)) +1) (41)
M

Let q be a point in M where ¢(q) = i’{}lf(d)). Then in the geodesic ball, with center q and radius

—% i’r\l/lf(c]))C;1 (exp(—C i){‘l/lf(d))) +1)71, ¢ is not greater that % iTr\l/lf(d)), because of the mean value theorem

applied with (41).
Since we may assume that — i]\I}[f((b) to be large, we can take the radius of the geodesic ball to be smaller

than the injectivity radius of M. If —i]\r}lf( ¢) was too small for this, then we have an estimate in terms

of the injectivity radius anyway. Therefore the integral of exp(k$?) in this ball is not less than

2m
Caexp(kinfl0)?) (~3infl®)) ¢, 2™ lnfle) +1) 2"

where Cg is a positive constant depending only on M. Here we have used exp(kd)Z) < exp (% (il\r/llf(dn )2)

and comparing to the volume of the corresponding ball in TqM. Since we have estimated [,, exp(k$?),
the last quantity is estimated. This, of course gives an estimate for \i{l/lf ¢l.

*

Now we give an estimate of Iizr\l/lf(cb)l without assuming m = 2. Let N be any positive number. Then

(20) shows that

A'(exp(—No)(m + Ad)) > exp(—No)(AF — m?2 ijL)Rim —Nexp(—N¢)m(m + Ad)

1
N + inf Riz 1 —N A -

+ (N +inf Ryzyr) exp(-No) (m + A¢) (;H%) (42)

Choose N so that

. 1
N+ nfRi > 5N (43)
Then by (21)

(N inf R m+Ad) () > Nexp () (m+ ap)wr )
oy haptm T+oi) 7~ 2 P\=m—7) ™ 44

There is a constant Co depending only on sup(F) and m such that
M

1 F m
EN exp <—m) (m+Adp)™m—T > 2Nm(m+ Adp) —NCo (45)

since the function (any — byﬁ) attains a minimum that depends only on n, a and b. Inserting (43),
(44) and (45) into (42) we find

A'(exp(~N§)(m +Ad)) > exp(~N)(AF —m? inf Rigy ~NCo) + Nexp(-Np)m(m +40)  (46)

Therefore

11



exp(F)A’(exp(—Nd))(m +Ad)) > exp(—Ndo) exp(F)(AF — m2 11;{ Rizit —NCo) + Nexp(—Ndo)
X exp(i)\r}lfF)m(m—i- Ad)
= exp(—No) [exp(F) (AF — m? 12{ Rizip — NCo) +m2N exp(i{\/lfF)}

—mN exp(ir\r/llfF) exp(—No¢)Ad

(47)
=exp(—N¢) [exp(F)(AF —m? 12{ Rizii — NCo) + m?N exp(i{}lf F)}
+ mexp(il{lAfF)(—A exp(—Ndo) + N? exp(—NdJ)\Vd)\z)
> —Cioexp(—N¢) + mexp(i’{lAfF)(—A exp(—No)
+N?exp(—N¢)[Vol?)
where C;¢ depends only on N, F and M. In the second to last line we used
Aexp(—Nd¢) = exp(—Nd))NZIVd)I2 + Nexp(—Nd)Ad
Integrating we obtain
| wexp (—%Mb) =N [ expl-NgIToR
M M
< lCmm*] exp(—ian)J exp(—Ndo) (48)
4 M M

since [, A’ = [(4 A =0and exp(F —il\r}LfF) >1.
We claim that for each N satisfying (43), the inequalities (48) and (26) furnish an estimate of

JM exp(—No)

that depends only on N, F and M. We are going to prove this statement by contradiction.
Suppose that there exists a sequence {¢;} satisfying (26) and (48) such that lim [,, exp(—N¢;) = oo.
1—0

Then we define

-1
exp(—Né;) = exp(—No;) UM exP(—NCbi)} (49)

It follows from (48) that the sequence
1 \]2
J ‘Vexp (—de)i)
M 2

is uniformly bounded from above by a constant depending only on N, Fand M. Since [,, exp(—N¢;) =
1 for all i, this last fact implies that a subsequence of {exp (—3N@)} converges in L?(M) to some function
f € L?(M). This is a consequence of W'? cc L?(M). We assume that this subsequence is denoted
using the same indices.

On the other hand, we know that, for any A > 0

Vol {x A < exp (—%N(ﬁi>} = Vol {x

Since lim [,, exp (—3N¢;) = co we conclude that for i large enough
1— 0

Vol {x

2 1
N log(A) + N log <J eXp(*Nd)i)) < *¢>i} (50)

M

1. .~ 2 1
A < exp (_ENd)i) } < Vol {x 0< N log(A) + N log (JM exp(—Ncbi)) < |d>i|} (51)

12



By (26) { [ $il} is uniformly bounded and the inequality (51) implies that

< exp (—%N(ﬁi)} =0 (52)
1<‘fex (]Nd;'>’}+\/01{x|] ex ( Nd))}
7S P 7 i 7S P i

1
2
<iJ f—ex —1N¢;- 2+ve1 x1<ex Ncb (53)

First inequality is true because if A < f, then JA can lie either between f and exp (—3Nd;) or be less
than exp (**Ndh) The last line is just the Chebyshev’s inequality.
Since exp (— Ndh) converges to f in L2(M), (52) and (53) shows that

lim Vol {x A
1—00

for all A > 0. Clearly

Vol {x‘?\ < f} < Vol {x

Vol {x|]A < f} =0 (54)

Since f is the L2-limit of exp (—3N¢;), this implies that f = 0 almost everywhere. This is a contradiction
because [, 2 =1.

So we get the conclusion that whenever N satisfies (43), [y, exp(—N¢) has an estimate above that
depends only on N, F and M.

We can now repeat the previous argument to find an estimate for IiI\r/\lf(d))\. (41) is valid for any dimen-
sion. As before, we find a geodesic ball with radius —% i{}lf(cl))C;1 (exp(—C i]\r}lf(dD)) + 1)~ (which is not

greater than the injectivity radius), such that ¢ is not greater than } i’\l’/llf(d)) in this ball. Then we choose

N so large that (43) is satisfied. Now the integral of exp(—N¢) in the above geodesic ball is not less
than

2m
Craexp (~Ninfl0)) (~3infl@)) (€7 fexp(-Cipfla)) +1) 2"

since ¢ < —1 and ¢ < j 1’\r}Lf(cb) in this ball. Here Cy; is a positive constant depending only on M. Now
if we make N larger than 4mC, this gives an estimate for —i&f{d)). Since we had already found an

estimate for sup(¢), we combine this to get an estimate for sup $|. (41) and (23) then gives estimates
M M

for sup|V| and sup(m + Ad). on the other hand, since (5;; + $y5) is a positive-definite Hermitian
M M

m
matrix, we can find upper estimates for 1+ ¢;; for each i. The equation [] (1 + ¢;;) = exp(F) then

i=
gives a positive lower estimate for 1+ ¢;; for each i. In conclusion, we have proved the following;:

Proposition 2.1. Let M be a compact Kihler manifold with the metric g;;dz* © dz). Let ¢ be a real-valued
2
function in C*(M) such that Jm® =0and <gi]= + aaid)_

2107 > (det(g;5))~'dz' ® dzJ defines another metric on
M. Suppose that ¢ satisfies

aZ
(05 + 5210 ) (detlony) " = exp(P)

Then there are positive constants Cq, C;, C3 and Cy4 depending only on i’\r}lf F,supF, il\r}lf AF and M such that
M
sup | < C;
M
sup Vol < C2

0<C3<T+¢45 <
forall i.
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2.2 Third order estimates

In this section we find estimates for third order derivatives, ¢;5,, of the solution ¢. We assume that
F € C3(M). Consider the following function

S =g""g"¥ g di5p brsi (55)

We are going to compute the Laplacian of S. For convenience, we shall introduce the following
convention. We say that A ~ B if |JA—B| < C; V'S4 C, where C; and C, are constants that can be
estimated. We also say that A = B if |A —B| < C3S + C4V/S + C5 where C3, C4 and Cs are constants that
can be estimated.

As before, we diagonalize the metric and the Hessian (d)i;) at a point under consideration. Then by
computation x+ we have

A'S=DY (14w) (14 d5) 11+ die) ™ (14 baa) ™!

2 2
X { bk — D Siprdpia1 +Ppp) |+ | Djra — D _(Ppiadpji T PpirPpia) (1+ dpp) ! ] (56)
P P
where the first summation is over all the indices.
On the other hand by (10)
AAG) =) (T+dpp) T (1+ i) dyl? — Co (57)

where Cg is a constant that can be estimated. Therefore, by letting C; be a large positive constant we
find

A'(S +C7A¢) > CsS —Co (58)

where C7, Cg and Cy are positive constants that could be estimated. This is true because the first term
in the RHS of (57) is greater than S and /S can be estimated by §$ itself (S + b? > 2bV/S for any positive
constant b).

Observe that at the point where S + C;A¢ achieves its maximum, (58) shows that CgS < C¢ and hence

Cg(S+C7Ad) < Co+ C3CrAD (59)

Since we already have estimates for A¢, this gives an estimate for the quantity sup(S + C;A¢) and
M

hence of sup(S). This in turn gives estimates of ¢35, for all i, j and k. So we have proved the following
M
proposition.

Proposition 2.2. Let M be a compact Kihler manifold with metric g;;dz' © dz). Let ¢ be a real-valued funtion
02

02197

in C>(M) such that [, & = 0 and (gi)f + ) dz' ® dz) defines another metric on M. Suppose that

) =T _
(gij + aziaij) (det(g;5)) " =exp(F)

Then there are estimates for the derivatives ¢35, in terms of g;5dz* ® dz), sup[F|, sup [VM|, sup sup |Fi;| and
M M M i
sup sup [Fizyl.
M ik

Note that the last two factors in the proposition comes from the computation of A’S.
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2.3 Solution of the equation

With the estimates so far we can now solve the equation

) -1
(gij + aziaii) (det(g;5))~" =exp(F)

where F € C3(M).
If O is the Kdhler form of M, then the above equation is equivalent to

(Q+00d)™ = (exp(F))Q™ (60)

Hence integrating (60) we immediately see that

J exp(F) = Vol(M) (61)
M

Conversely, we shall now prove that if F € Ck(M) with k > 3 satisfies (61), then we can find a solution
¢ of (60) with ¢ € C**+1-*(M) for any 0 < a < 1.
For this we use the continuity method. Let

22 ~ !
S= {t € [0,1]’ det (gﬁ + aziad;') (det(g;5)) T =Vol(M) UM exp(tF)] exp(tF)
has a solution in C*T"*(M) and (1+ ¢;;) >0 Vi} (62)

Note that 0 € S, since ¢ = 0 is a solution in this case. Hence we need to only show that § is both closed
and open in [0, 1]. This will imply that 1 € S and that our original equation has a solution in Ck+1.
To see that S is open, we use the inverse function theorem. Let

A:{c{)eCkH'“(M)’(]—i—Cbﬁ) > 0Viand JMcb:O} (63)

B= {f € Ck_1’°‘(M)H f= Vol(M)} (64)

M
Then A is open in the Banach space Ck*1'*(M) and B is an affine subspace of the Banach space
Ck=T%(M). We have a map G : A — B given by

2
G(¢) — det (gﬁ n ﬂ) (det(g;5)) ! (65)

02197

Its clear that G maps to B since all the metrics in the same cohomology class has the same volume.The
differential of G at a point ¢y is given by

2o
0z19z)

det <gﬁ + ) (det(gi5)) ' Ag, (66)

This can be seen as follows. Let ¢t = ¢g + tn. Then

d d R0 3
EG(d)t) o T det (gij + aziazi) (det(gij))
%o 1 %, 5
= det (915 + aliaij ) (det(gli)) aliaij 9¢o o

=Agpon

15



92
where the subscript ¢ is used to denote quantities defined using the metric det (gﬁ +3 i?;(_)j )
z'0z

Note that B is the affine space corresponding to the vector space {f € CkL"‘(M)‘ Imf= 0}. So the

tangent space of B is same as this vector space.
It is well-known (using Fredholm alternative for instance) that the condition for Ay ¢ = g to have a
weak solution on M is that [, gdV4, = 0. Hence the condition for

2o
0z10z)

det (gﬁ + ) (det(gi;)) "Agy =f

to have a weak solution is that [, f =0, since Ay, = (det(gq,o))*1 f det(gi]v) is solvable if and only if
0= [(det(gg,))~"fdet(gi;)dVe, = [, FdVq.

Schauder theory makes sure that ¢ € C*¥*1'*(M) when f € Ck~1*(M). The solution is clearly unique
if we require that [, ¢ = 0 (by maximum principle two solutions will always differ by a constant).
Hence the differential of G at ¢y is bijective and hence invertible. So G maps an open neighborhood
of ¢p to an open neighborhood of G(¢) in B. All solutions ¢ described in the set S that also satisfy

Jam & = 0 are contained in the set A, since we can write Vol(M) UM exp(tF)]f] exp(tF) as fy € B. Let

to € S and ¢ be the corresponding solution with fo = Vol(M) [ [, exp(toF)] - exp(toF). All functions
fy with |t —tg| < e denote an open set in B around f, and hence is the image of an open set in A
around ¢ under G. This shows that |t —to| < € is contained in S and S is open.

It remains to prove that the set S is closed. For this, we will set up a well-known bootstrapping
technique in PDE, whereby we successively improve the regularity of the solution. If {t} is a sequence
in S, then we have a sequence ¢4 € C¥*1'*(M) such that

% dg 1 !
det (gi]f + aziazi> (det(gﬁ)) = Vol(M) UM exp(th)} exp(tqqF)

Normalizing we can assume that [, ¢4 = 0. Differentiating the above equation we have

2 = 2 —1
det (gi)er 0" bq ) gry 0 (%) = Vol(M) UM exp(th)} o [exp(th)(det(gﬁ))} (67)

0z10zi J 79 9zlaz) \ 9zP JzP

.z aZ
where (gq’) is the inverse matrix of (gﬁ + azida);i ) for each q.

Proposition 2.1 shows that (¢4);’s are uniformly bounded and hence the operator on the LHS of (67)
is uniformly elliptic. Proposition 2.2 shows that the coefficients are Hoélder continuous with exponent

. . . 0 ..
0 < « < 1. Then the Schauder estimate gives an estimate on the C%%-norm of %. Similarly we can
z

. 0 .. . ..
estimate the CZ*-norm of %. From this information, we deduce that the coefficients of the LHS of

. . . . . 0 0

(67) are C'"*. The Schauder estimate again provides better differentiability for % and %
this, one finds C**!*-estimates of ¢4. Therefore, the sequence is uniformly bounded with a uniform
bound on its derivatives. So it (a subsequence to be precise) converges in C*¥*1*-norm to a function

¢ by the Arzela-Ascoli theorem. Now taking limit as ¢ — oo on the equation gives

. Iterating

02

0z10z)

-1
det (gi)v + ) (det(gﬁ))_1 =Vol(M) “M exp(toF)] exp(toF) (68)

where tg = qlgn tq. This proves that S is closed. So we have proved the following theorem.

Theorem 2.3. Assume that M is a compact Kihler manifold with metric g;;dz' © dz). Let F € C*(M) with
k > 3 and [\, exp(F) = Vol(M). Then there is a function ¢ € CkT1: (M) for any 0 < o < 1 such that

92 i . . .
. Z) 7l
<91] + 305 > dz' ® dZ) defines a Kihler metric and
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2

0
det <gi]f + Wg;) = exp(F) det(gy3)

As a consequence of Theorem 2.3, we can prove the Calabi conjecture. We restate it here

Let M be a compact Kihler manifold with Kihler metric g ,5dz™ @ dzP. Let R «pdz* ® dzP be a tensor whose
associated (1,1)-form ﬁﬁoﬁdz"‘ A dzP represents the first Chern class of M. Then we can find a Kihler metric

Jopdz*® dzP which is cohomologous to the original metric and whose Ricci tensor is given by ﬁ(xgdz"‘ ® dzP.

To see this, notice the following well-known formula for Ricci curvature

aZ
Rup =~ 3578 108(det(gyy)) )

Since the given tensor iﬁ «p dz% A\ dzP represents the first Chern class of M, we can conclude that

N 02
Roup = Rop = a2 (70)
for some smooth real-valued function f. This is because the first Chern class of M is the real cohomol-

ogy class represented by the Ricci form of M. Now using Theorem 2.3, we can find a smooth function
2

0
¢ so that (g“[g + ﬁ) dz* ® dzP defines a Kahler metric with

det | g5+ LA (det(g;)) " = Cexp(F)
where [, Cexp(f) = Vol(M).
Now the Ricci tensor of this metric is given by

02
Rep = ~ 375336 log(Cexp(f)det(g,p))
o%f
= Rap 0z%0zP

This proves the theorem.
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