
 

LECTURE 26
26.1

I Tsogramsof a function
vs

Curvesof the flowfieldofa vectorfield

II Taylor series on a curve oftheflowfield
I Theexponentialmap
I Vectoras a displacementgenerator

In MTW readBox8.4Sect9.29.6

In Singer Thorpe readp126inP142 intheSpringeredition



26.2In mathematics theimportanceofa concept
can begaugedby thenumberofcontextswhere it
plays a central role Avector u at P becauseofits
multi facednature is such a concept It is
e an elementinT.IM Lecture 23
in a derivation atP Lecture 24
iii the tangentto a curve at Lecture 25
to a vectorialdisplacementgenerator Lecture 26
theexponent in theexponentialmapé Lecture 26

I ScalarFieldus VectorField

Salarproperties on amanifold are mathematizedbyscalar
functions on amanifold Iffe.mx is ascalarfunctionon M
thenits physicalreferents are in theformofmathematical
isograms

Bycontrast theflowfieldof agivenvectorfieldon M
U x U x Ñ

ismathematizedby means ofthecontinues familyoforbits
or trajectories i e integralcurves whose tangents are vectors

ofthatpreexisting vectorfield
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Figure26.1 Integralcurves cw t passingthrough the
isogramsof the scalar function f x

Theobservedexistenceofscalarisograms andintegral curves trace
their originsbackto the

Definition Scalar field
Asmoothscalarfield fe M R is theassignment
toeachpointPEM a scalarf P ER it is a familyof
In 1 dimensional isogramsparametrizedby asingle
variable sayYER P Q P

f8 frep Q P free x P XP Y fnepli.mx f Him

and is asmoothfunctionthecoordinatizedpointsinM



ReminderfromP21.5 frepki.EE fffia frep.qoqlxinxnj 26 4

Definition Flowfield
Thesmoothflowfieldofa smoothvectorfield
UEC MT M namely theassignmenttoeachpointPEM a

vectorU P Tp M is afamilyofintegral curves
parametrizedby we Rⁿ

cult c It w in w t

II Taylor series ofa scalarfunction on a curve

In non linearmathematics a scalarfieldandavector
field arepairedconcepts corresponding to theduality
between linearfunctions correctors and vectors in
linearmathematics
This scalar vectorpairing is achievedby themethodof
theTaylorseries asfollows

6 Considerthesolution curve say clt to thedifferential
equation

dye LU

i e to
adf.la g ui d t C t

with startingpoint
Cw to w w in w
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III FÉa
Figure 26.2 Integral curve chpassingthroughtheisogramsoff
2 Considerascalarfieldfa Evaluateitonthesolution curve cult and
obtainthesinglevariablefunction

towel Kt
3 Consider its Taylorseriesexpansionaround to atone w

fluid has t I Esta't

Haiti flcwobttljfle.at dtddElto

Interns ofthe directional derivative
of É U D U

eh

flagafuttDufin EDubufut

flu tufts 12uuf w t

I tht autre fix
X W

Thus thevaluefalongy.pointalongthecurvec.it
is

flc.lt exptulfiw 26.1



26.55
Comment 1
Recall that cult is a curve whichstarts at w culo andpushes

thispointforwardto cult w i e cult wii ii in Let few wk

Apply Eq26.1tothisfunction One finds that
wk exp t a wk wk

or w me xp ta w w 6.1 b

Thus eᵗ is thetranslationoperatorwhichpushesthe initialpointw
w Cw o along the curve Cwto thepoint w Cult



26.6
Comments
Thejustificationforintroducing the exponential
operator eᵗ comesfrom its additiveproperty

expletive exp exp n 26.2

From Egs 5 2 and 5.12 inLecture 25 we have
Cwt 41W

Meta w 454 w

In ordertoverifyEq 26.2 useEq 26.1 three times in
conjunction with these twoequationsfrom Lecture 25

expletive few if Curtis fly
1 f 41m

f 4,4 tw
f 4 Yaw
folk Cw 1

a

exp f 4 w

explain f Yew
explain f Cw

3

exp a expect f w
Thisholdsfor all smoothfunctionsatthepointweM.i.e.VEMw.R
ThusEq 26 2 is trueindeed



26.7
II Vector as a displacementgenerator
Consider twopoints

Cwb W P

Cut P P op displacedpoint
on the curve cult whosetangentat w p is

u lx'i t
I w

and the function
fx's a x

with its twoisograms f ak and f ak ak.tox running
throughthese twopoints as depicted in Figure26.3

www.p

Y

7Eop

f Ak aktoxk

f ak
Figure26.3 Twopoints P and thedisplacedpoint Ptop

on a given curve cult with two is agramsofthecoordinate
function fix it x runningthroughthem



26.8
Thevalueof f 8 is relatedto thatoff P by means
of theTaylor series expansion
f P exp Eu fP
f PHP f P Euf P auf P

flwilttuiff.lu u 8 wet
Letting f xk one obtains

xkΔXK xʰ Eu EW U 84

or
oxk Euk Ef Ui 41

Thus oxk are the coordinatedifferencesofthe
displacementfrom P to PtΔP If they lie on theintegral
curve whosetangent at Pisa then

ΔXk ΔP Xk E U Xk MUCH t n

or leaving thexk's asyet unspecified
P EU pt flpt

neglegible for15141
Thefirstterm of the displacementΔ P is theprincipal
linearpart It is avector For 15141 the 2ⁿᵈ non linear
term isnot a vectorThis is because it is nota derivation

au fg fun g au f g


