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Lecture 12

The Law of Momenergy
Conservation

I Mmm%%.ff«/&%e g/%»m

I e momergy a’m&{;-/ﬁu S—W *T.
1. Consorvalion ofmommw% via'T = d"T =0

InMTW vead (ie. g/mA/D) § 54 and Box 54
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L. dlomenorgy of « dlidre of Srlies

Ve 19" conliory. domic themy. of mattor, asswell 0 ils 204 conliny
vordion, comadonse e fact thal, wilkin tfe velovant conledd,
mallor comes in Uee form of difforent binds of, prliles, and poritilis
bave Ue dlribale of being corriers of momemengy. Honce tie
uestion : Whal & Ue momenergy caomied by am aggrepali of differont pariticles
moving will diforont 4 -vebocitlen?
Mrsswer: Considen 5-5 spucelime eloment of volomme punmed by a Lisd of 4-0

veclovs (A 5C) MW&J@WM& M%wmr@wcfwe
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Figure 12,1 Coplicles wilh their respeclins

4~ velociiiad on @ 3-3 voltwme elemend
Afwn/mzolg? e Lriad (A BC) rféf-—ﬁ veclorsone
of wﬁcfmaf Ve lime-life.
%efoﬁ/momfofmmw o/éfede/)wﬁéAmlfﬁo
(QB,C)—A}DW voleme eboment s e sprm ofé{e
conbribulions, pa’S,, (ABC), ﬁmn eack pa/rf{c& pecies.
"T(ABC)- ZRS6AEY

- ; Pe Nalt €,upy X dxPrdx/51 (R B.C)
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T. The //fmenm«% Densily-Flux 3-¢orm™T
Following e intvoduclim ofﬁm
3 ~e.%5-e.c,, dxndxtrdx/3!
im EqCu1), page 1.9 (f/aédll«fr&/g WWMMMZZ&;%M; c/&,m;?-/'&x
#es the sume inmor product decomprsilim

T(ARBO-6.T g€ L (A80)

T /iaad%‘ra,ﬁ[;wadd of +-veclors (A, BC) Comufum,éﬁ
Lhe momemergy demsily- flux is mathemaliged by

T-T°% (12.1)
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Here T= 6.2 PrNlld Eyapy dx XA a/x%ntJ (12.2)
a bngor af ramek (),
o e mamenrgy a{m,;é-%xl where
T7= 2 peN.t
ae the components of the momeneryy 4-current

T- e T"e,), (12.3)
atnsor of ramA (5) and

G);‘r: Erdlgaz C{X dA C{Xﬁ/\ O[Xa’

meadure (3,2 : efa);d— ) (1014)
w%cf U a Z?/mw vf ra/n{ (é)
%WPMMJMWm Eqa) of the

(nvariam momenergy densily- f&x(*T Eq(2.3)) inkgralss
(i) lhe WW%W (ﬂ: E7.<11.3)) o{mQZZErr, amd
@) the s-volume measwre (“L, Ep24) of any3-d for bounded
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The 3-votume measure ,Eg. (a.4), # cwrgoafuﬂfe wilte
melwic - mc/twea’/aamwﬁéyfémnwfm*f THhis meams
@) does nof C/{axnge wnder /xwa%/@ Lrand-

mlbmggcﬁmecﬁm %Mm %w%eﬂnaj;g,ea/
Zy%emwﬁn?ofutamw

d3)-0 (12.5)
the melric =9 dx ' @dd™ amd pcwa/@fef

lramapri, namedy

‘(g)=0
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]E.Cmmafﬂammw
%WWQ&W o%f{e Mtg Hax
JW@MQW%’Y’W%&W(WW
amd fov momenorgy
T-T%
Consequently, te evaliation of d(T) porallies that of

G{C‘S) in Leclure |l;
467 d(T5)

= dI) A°3+TAdET)

-d@e.ee )L+ 0 (12.6)
The covariant differontil of Tollows e some rulls”
s Uhase ofs, Eq. (1.1) in Lecture 11. %@

d(™e.ee)-e.06 T, d* (12.7)
Hene T are the compments of Hhe covariant devivalove
a{l%e momenergy 4-curmreml T aka e enevgy-momen -
Lum Tonsor: Join Eq. (115), the wedpe product dx's &,”%
simplicfies conpiler-ably .

A" Ay = dX*A e, €% ey dihdiFr dx¥/5]

= €, §77 €pupy AXNAXNDEALY5!
= e, 973 85 dxAdxndindy é 2 8)
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wrmé/'ng wilh lendor-valued ("T) veclor-valied
(°3 ) and scalar-vabued (*5) three -forma
namedy the wedge producl '\ belureon. diffe-
il forma ancl i) e immer product
é&vf’ﬂﬂ. a vecfm*a/nc{a mzcéﬂ; ora [anAor(é.e. @
“&«»ecfov?mdavﬁdo?] or Z%esmf%/:wvﬁwfo{
a ocalor wilk a veclar | tewsar:
U these sljecs (ocalums, veclom loaons) are b be
S—W) whase besis i { i dofn d* §. Thiese scalan
vedor and lomsor- valied 3-frms are mullidirear mapsof rank
()(5) and B, Jtn inner productoperatim bolureon
T-¢T%, and *¥-e. G’g; els) ¢ lo be viewed a4 W
a/ne%cfmv%/ on e mﬂ’d«d"ofl%e 3-%7%"’; Lo lial

*Tz-r_mz - eﬁ—,—,uv?yre); € (‘é)

5-5-7)= 59,7} e(3)
Both ge/angt foﬁ{k,n,mcz dpanned by §dchdxi ax’} one I Uhie Subspace
(), the ol 14 subipace (3)
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%:&/ncar%e ex levior deviv-alive o/%ea—}&?m)ﬁ%m) e
uAuo/rwé d(Fy)= df/\@*fa/ﬁ). ﬁppfec/fbeMOfZ%eszv
5- dorms one fonds Hat
d (T-3)- dT-A?)  +Td™)
. BT e diA"E  +TdOS
- T"re, diAg L  +Td®)
Eor Z%emdgcafg,effm,c{w lo be viecwred as a mere
"%MW@%J% W/ﬁclga/fy%ewedfz
product speralim dx; and one findo thal
=@#TW50—€V'£}Q’X’/\“’;‘> +Td®)

» a veofw—va/ﬁbed/h—)ﬁ'rm‘, am&ém,%/foz ("f')-}

Combine £9. (12,7 wth E9.(12.8), insent Hhe resuld ints E9.(12.5) and

d(T)= Cc@e T u-e,97Fg &, dirdirdirdd
= € T o I dxndiadind? (LSL,?)

orealed on

= | the invare 'a/»zZ"A/Da.ceZZ'Ane (IQ..IO)
b-volumme g dx’A dx'ndyady’
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