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Rotation On A 3-cube
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Swg,g/eafec/ mdwcg; Chap. 2.8
Tn “Gravitation and [nerlia”

7. aw&&fﬁ TA Wheeler



T. Rotafional Géam,g,c %dar,ea/fy, Curvalire

CO’/LAA:O[PJ‘/“Q 3-0&'07)&714&)%0[ domain o@ n 4-dimensimol ,é/ozweé}nw»:
X (U,78) ;a= 61,235 asush; csvsd, estsf

M eack pointevent = {x(wut)} e Were are three veclors

Z_W fao@f L

Y
R
ltu

X o

=—a—(A—'2x¢=a e‘x
ax* 2 . @
V= Bv-ﬁ—vep
ax? 3 4
bsz e =l &

Llso of eack W%/w[ condider a 3-d &nM’ Jesimal
egm&n/f%?m%m% o 5-cabe /J/)WZ%

o
all I =44 Ba’i SB'P = auu’e,

2<% 2 g
av V -A”Wa,u,—gzg =aDY €

¥
2X Y
Af t=Af—5? "‘—“gxy = Af ZL 6,

%W‘el&! 3-d cube in 4 aceleme JPOMW‘P/ILZ— p={x°‘(a,v;t)}
where i i3 Apammed. #y coordinale inorements suav;omd al.



Z(,%E/ﬂw%as—c«fre M/ymmmfédéawaé;wﬁa&)

eack ofu&ax%w% feafwr»ed a rolalim.
the boundary of eack me of Heese foces, wiltl be subgecled ly
o rolalimal hange . Eack change is proportimal s
Hhe veppectine arca of ack fuce, Is the alrongh of
corvalove Ll and to e oiye ond direclion of

Ec"gwe 23.2 %2 a 3-cube M/D@rmngc/é%a_
curvallime fleld, cack of its fces feaares @ rolaiiom,
I lypical foce inthe figure i qpammed by te tir vectors,

capy BX 2 P Yy
suu=au S-S and 8T V=V 22y,

bot# Mmgz%; lo e vecfar,é/aa,ce oA P.



The roulion uhick s foatured £y cvmy fuce,
www%mWé;Z%e £W~m&ea/,2—,£m
R(,)- eape R (),
%E?‘Mm g(Auu)M;V/)J W@pgdﬁt{f%w
Wa&f&%&wwe
Aw= J(E(Aul(:t)av\]/).w

ol . -
= Egy R TV LL/”W'?/[)' AUAU

MCM@ %@éfr‘% Q ’m’Zfo'WL) meaj/gmaﬁg,@a/ é;
Zﬁ{e év@é’h?@&@c{ oL %’)‘m)
?Z — eﬁgé.‘ia R“pﬂv ' dx”

THis is a Lenaov- O{’Yﬂ/ﬂ:g (‘%)) a’/ywvgﬁ'g'm,@afrmap.
T recsulled wevecall] from cvaliating the Lire inlopral

bdw=$3t ; w=gw, Si=dw
oA oA

avound The Wwyaﬂofazﬂddomam/q/dmd@
%@ mz’ré AUlL= AW axd—a— cmdAvV=AZl‘ 2 5;7.

Ju Qv
Use Lhe Wexg -2 verdim O/J%‘ﬁ%’i[&ﬂm/
%, $0) =% Eu) - T () d3 (wy), (23.1)

Uhor Cortanss 2™ slouitiore eguation tscabiuote d5.



gﬂMMWQ—W o (pun,avy)

Kw =fdw = ddw (suyavv) (232)
oh

=&, Rd,ﬂvu_" ?f"w"’?umr @?,3.3)
ondy o aingl lorm. for the dowlle inlogret

Lo = &dw = HeuRdoﬂvtL"U”w’ dw dur Qi‘f)

W%QWWMV\/@ZQ-CZOKWA A/Ua/mn.@o[ ﬁ;g @QI»{JAUY/).
Wl Wese Livor indoromediates sleps, Eps. 32 -03.3)

WLC/@M/Z}{%{ one wriles Eq. 23.4) as

W= fdw = [fdidw)
oA A




\ footmote §
e infinitusimal version of the veclovial 1-2 Lhohes’
Hizorermn forlds for ansy condomalion of veclirial r-formes
Weltkoal loss of g emerality Lot 5i~Fdy  This loads 2
e inlogral formukilion of the. 12 Lbkes Weorom.,

JZ =ffaz .
of R

1. Cuvvature-imduced Rotaliomal
(hamgeDue lo the 6 Faces of a Cube

Jf3-cwgeﬁa/.s 3/9%0{/@0%
of cppesing foces?

Ans: In 35f€y/.>:

Step: ?Jmﬂwzd A' amd B Lhe volatimal W&s
BW,+ B8 Wy =

dw— &dw=1455 | g ¢
:? g Df " {9' “’mzt Q@IPEW

- {[§ R wrflud — [{Rwnfludsfw
€

f+al &

Ai‘ALLA'U’}~W

{ 7 (% wn)
@




Stepa: Rpply ths mabkom aligalion b the o
pairdof faces, B'2Band Clandc:

a k) a
AW+ AWgHA 'M/B,+A 'M/B+A Wik Aw =

I 45 555+ 10 ] R

"l - ) %ﬂ——\__J ‘—ﬁ—T——'—’

Il

= FVt Ry + 4 Rye) + v ﬁ(tju)] Ai‘AbiA'lf}‘W
Back Trrm 16 @ covarianl direclimal deoyivalive of a
purm. of, Bivectors, lonoars of vamh (),
St€f>3 Take aﬂ(v-a/mfdgz Of%e Lovsorirl
2-3 vervdion of Dlokes’ Feorem
V. Ruw+ V, Rv,0)+ V Rz .0
~B([uv) 1) -R (Iv.lu) - ([£.4]v) = d B (uye)

and
&é Q_Z x(A"" A""At)}"{xd" C(x ’\,)‘3): Dé)\'JAz;Assl}

gef%eénzl/&mo’w o{%& 3-cibe




Lt 3 = oriented a2-o Wwyyoﬁﬂj e 3_
oriemled inlerior spcwme,e('ﬁg; L u ardv.
90@ cam,és/lL/.s Df Che aix m’owéui 7[&,&% o‘f D

c'=c = ClLAaAs) 1ig AL bach)
C=CY =C(9Aa,N,) Zaﬁf(W)

B’=C2+=C—U":"’\3) upper
B=C = C{A, 0 Ay fovser

A's c3*~c(,\ o, 1) Left (back)
A=C" =CLALA,0) YRt fronk)

%Wz‘\%@faaféowuﬁvygaa@ofﬁzh

o0 = Z @yt (c“—c

ﬁ(c'*-c) Ct) )
= (c'-c) -E-B)+@-A)

91)=2§§ (0% Face] = (P~ 9)—@’- B)+<c'— ¢)



APPe/n aﬁx

Cartan's 2™ adouctare equation

s = = 0o 4 64y 1) e Ry e
s lonbied o the physiallverbd oroiiphchsovadialion
Wﬁ’m %spw vecfcwofa/aae_,aﬁa%
sl and 82V depicled in Tigure 23,2, Uhon apply L 1o
the veclor W= e, w
The reantt ia rolstimal chomgewhick i enfoy ed
@ W%%ng;@z&

2 = T
A W:‘ ﬁ (AU.M’A'Z)’ V)‘W:—" e“£|eé

ANY
. dad? ;‘,dx (putt, 5v)-W.

%ijﬁﬁmwf?% anemey- is ZAE é evaly-
aja'ﬂg/ L one dees ot ifi e surmn 0{7»0%‘0,1’@2/.\
ineach of Lhe Eu-p plomes

R (ault,nrr v)= 2286 R (auryavv) 230D
= v
= —%4,—-" U adsv
4 w /UY »
—

o°*



%WWJ%M&&% which s in-
duced by Lhe curvalime i
6 = R“ﬁﬂv U v’aw s
This s mmalliemalically Lhe same ab
desoribed in Lectire (9 on page 19,10, bul wilk o
p%%‘wfd%m Undeed, there E55,(i9.2) amd (19.3)
refor intbed Lo rotations whick ave induced by Uhe
angular vebocily 5= g R wilk
69 = €%y cofat
as the amole of rolalion wn the €;~¢; plane
R A 8 T R
in the veclor w i ackined @ ’rmfﬁ'méz al
dxt ()= U and Hial &w =5 EuE 90 The vesnlt is
AW = R opr W "W susY
But thisis onlly the conlovibullim ts Lhe vectmial
cﬁmgem W=eaw”w%£c£cme¢%mn W;@@o@ af

z%e E—CWKQ/ M«:ﬂém,o/oa/m&d’% aull and AV on %:W:z&z.



Consicler- (i) the amili-symmelic. lonsor fictid
F = F.. dd'ads/al

permenling spacelime and. (&) o buwo- dimemsimal

awroce A /ownazi’n’g,ad by u and =, x™ (u, v).

The vectors limgent oA are

U = %’é 59;“5 u'e, | V=%"T?33?=7f’eg
,{fg - &[ Foo dx*adi/al (23.3)
= l{fﬁ(su,v) du dvr
= ((F., (Xwwm)dxxdx/at (V) dudo-
- Afj E,(6Cw») W v du dv

M@n %&LWM JMW&M
PeA MADWW&«QWZBM[

gf E= B (wn) wvsusr

ﬂﬁaﬂﬁl dxrdifai= F § T
A A M”

@34}

@ ={x(w v}




