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PREFACE

The complexity of mathematics is a reflection of the causal relation- ships
that exist in the world. This fact is predicated on the observation that the
universe is ruled by natural laws and, therefore, is stable, firm and absolute
— and knowable.

Knowledge is of course not automatic. Its acquisition is a matter of choice,
of the right way of using one’s mind, and of the perseverance to do so.

When it comes to Einstein’s geometrical mathematization of gravitation,
its formulation is wrought with a complexity which at first sight seems be-
wildering. Fortunately, however, Charles Misner, Kip Thorne, and John
Wheeler have reduced that complexity into digestible form. Their book
GRAVITATION, informally known as MTW, is by far the best for STEM!
and philosophy students who wish to grasp and understand gravitation in
physical and mathematical terms.

GRAVITATION is the result of an integration of physics, astro- physics,
and mathematics at its best. The thoroughness of the process can be mea-
sured by the fact that the book’s weight due to gravity is more than 5 pounds
and it has more than 1,300 pages, which give rise to a PDF of more than 50
Megabytes. This can be an embarrassment of riches even for an advanced
student.

The purpose of “A COMPANION TO THE TRACK 2 MATHEMATICS
OF MTW?” is to deal with this “embarrassment” by focusing primarily on
the modern mathematical methods for understanding Einstein’s geometrical
formulation of spacetime and gravitation.

In Volume I this focus starts with the spacetime physics of Special Rela-
tivity, then integrates linear algebra with multivariable calculus on manifolds
before it derives and then applies the two Cartan structure equations of mod-
ern differential geometry to a problem in astrophysics.

One of the most glaring elements missing from KEinstein’s original 1916
line of reasoning is the physical and geometrical meaning of the tensor on
the Lh.s. of his field equations

1 G

R/“, — EgMVR = 7TMV .

That element was supplied by Cartan and Wheeler who identified the Lh.s.
as

R, — 3 g R = “moment of rotation per spacetime 3-volume” .

1Science, Technology, Engineering, and Mathematics



The underlying concept which made this possible is the “moment” concept,
which is familiar from physics in other contexts.

In order to mathematize this concept geometrically and make it gener-
alizable to 4-d spacetime, Volume II, the ensuing lecture notes, traces the
inductive path of reasoning leading to the field equations, and then chews
and rechews the “moment of rotation per spacetime 3-volume” in order to
integrate it with the already-familiar physics knowledge about the concept
of a moment. This fact is already evident from the lecture content as spelled
out in the ensuing table of contents.
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Lecture ()

How Newton was led to his universal law of
gravitation: a road map

U.H. Gerlach
January 17, 2021

Abstract

We identify the roots and the fundamental premise of Newton’s
scientific achievements: to grasp the nature of the world, one’s thinking
must begin with information received from the world. Adopting it, we
apply elementary calculus to three pieces of information, Kepler’s three
laws, to obtain Newton’s universal law of gravitation.

1 Newton’s fundamental premise and its origin

1.1 The fundamental premise

Q: What was the fundamental premise which paved the way towards
Newton’s unprecedented achievement?
Why was he successful, while others (like Descarte) were not?

A: Newton stated it thusly:

-+ I frame no hypotheses; - - -

The word “hypothesis” is here used by me to signify only
(i) such a proposition as is not a phenomenon

(i) nor deduced from any phenomena,



but assumed or supposed — without any experimental proof |whatso-
ever].

To be more explicit!, he used “hypothesis” to refer to an arbitrary statement,
i.e. a claim unsupported by any observational ewvidence. Here are some
examples:

(1) The works of Plato are being studied by a reading group of gremlins on
the planet Venus (to pick an obvious example).

(ii) Colored light is produced by rotating particles and white light is less
produced by nonrotating particles (Descarte).

(iii) White light is a symmetrical wave pulse (Robert Hooke).

(iv) Quarks are composed of strings in a 26-dimensional space (20th century
string theorist), etc.?

As Wolfgang Pauli would say, none of these statements is right; they aren’t
even wrong.

Following Newton, what Pauli was directing attention to was that there are
three types of claims:

1. Right ones, which are true because they have a positive relationship to
reality,

2. false ones, which are untrue because they have a negative relation to
reality, and

3. arbitrary ones, for which there is no evidence whatsoever: they are
detached from reality.

and it is the arbitrary ones “which aren’t even wrong”.

Q: What cognitive value, if any, did Newton see in one’s contemplation of
arbitrary claims?

!'Newton did not mean to reject out of hand all hypotheses that lacked full experimental
proof.

2A continuation of this list would include astrology, intelligent design, clairvoyance,
ESP, God, an afterlife, reincarnation, and other misintegrations.



A: Newton must be credited with being the first one to identify what in
20th century vernacular is called Garbage In Gargage Out (G.1.G.O.).
Writing to a friend, he said:

“If anyone may offer conjectures about the truth of things
from the mere possibility of hypotheses, I do not see by what
stipulation anything certain can be determined in any science;
since one or another set of hypotheses may always be devised
which will appear to supply new difficulties. Hence I judged that
one should abstain from contemplating hypotheses, as [one does|
from improper argumentation.”

In other words, one’s thinking (“contemplation”) should not start with Garbage,
i.e. arbitrary claims (“hypotheses”) because the output, “conjectures about
the truth of things,” will also be Garbage, just as one gets “from improper
argumentation” .

Furthermore, as David Harriman puts it® , one cannot even achieve the mis-
guided goal of disproving an arbitrary idea. Such a claim can always be
shielded by further arbitrary assertions (“one or another set of hypotheses”)
There is only one way out of such a proliferating web of arbitrary conjec-
tures, and that is to dismiss them outright as uncognitive and unworthy of
attention.

This is why Newton insisted that the arbitrary be rejected without contem-
plation.

With this Newton introduced a new epistemological principle into the
theory of knowledge:
The outright dismissal of arbitrary claims, without contemplation!
For this principle alone Newton deserves to be regarded as the greatest epis-
temologist of his era.

Q: What, then, is Newton’s fundamental premise stated positively?

A: To grasp the nature of the world one’s thinking has to
start with information received from the world.

STHE LOGICAL LEAP: Induction in Physics, by D. Harriman, With an Introduction
by L. Peikoff (New American Library, New York, N.Y., 2010), page 65.



a) What is the nature of the world? The world is a causal realm ruled by
natural law. It is not a realm of inexplicable miracles ruled by a supernatural
power, nor is it an unintelligible chaos ruled by chance. Instead, the nature
of the world is expressed by the observation that

“Things are what they are because they were what they were, and
things will be what they will be because they are what they are”

This is the law of causality, Aristotle’s law of identity (everything has a spe-
cific nature; things are what they are; A is A)
applied to actions.

b) That one’s thinking “start with information received from the world”
is the starting point of Aristotle’s epistemology, the evidence of the senses,

be they aided or unaided by specialized instruments.

1.2 Its origin
Newton did not arrive at his fundamental premise in a cultural vacuum.

Q: What was the frame of reference — the context — that led to the achieve-
ments of Newton, those before him, and those after him?

A: Here it is essential to realize that Aristotle, whose works Newton had
studied as a college student, may be considered as the cultural barom-
eter of Western History.

Whenever his influence dominated the scene it paved the way towards
histories most brilliant eras, whenever it fell so did mankind.

Aristotle’s revival in the 13th century brought men to the Renaissance,
and the Renaissance led to the Age of Reason, the Enlightenment.
Indeed, Galileo was born in the year that Michelangelo died (1564),
and Newton was born on the day that Galileo died (1642).

2 Newton’s universal law of gravitation

The Enlightenment was ushered in by Newton’s unprecedented achievements.
There were three of them:



1. His Opticks, an inspiration and exemplar of Induction and the Experi-
mental Method.

2. His infinitesimal calculus.
3. His universal law of gravitation.

All three of them illustrate Aristotle’s dictum which Newton adopted as his
basic premise:

“To grasp the nature of the world one’s thinking has to start
with information received from the world”.

To grasp the nature of gravitation, Newton’s thinking started with informa-
tion about the dynamics of moving bodies,

\

; 7
m X acceleration = Force,

applied to the motion of planets as given by Kepler’s three laws.

2.1 Kepler’s three laws

(1) The radius vector sun-planet sweeps out equal areas in equal times.

(2) The trajectory of each planet is an ellipse with the sun located at one

focus,
p

TZl—ecosQ'

(The parameter p is called the semi-latus rectum of the ellipse. It is
the vertical distance from the focus to ellipse. The parameter € is the
eccentricity of the ellipse.)

(3) The square of the planets’ orbital periods vary as the third power of the
major axes of their ellipses:

T2

— = same const. for all planets .
a



2.2 Newton’s first step: acceleration of a moving body
Using his second law of motion,

2R

m g
dt? ’

Newton determined ? by evaluating the acceleration along the trajectory of
a moving body.
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2.3 Newton’s second step: use Kepler’s laws

Applying ? =md to Kepler’s three laws yields both the direction and the
magnitude of the gravitational force on a planet.

2.3.1 Kepler’s first law

Equal areas in equal times, A(area) oc At , implies d(area) _

1
dt 2
Consequently,
ayg = 0.

Thus the acceleration, Eq.(2), is purely radial along the direction sun-planet:

PR

— = au,.

dt?

This is the first key result.

2.3.2 Kepler’s second law

Next consider one of Kepler’s ellipses having semi-latus rectum p and eccen-
tricity e. Calculate the radial acceleration a, using Kepler’s first and second
laws:

r = —£ < Kepler (2)
dr _ pe sin 6 de
dt ~ (1—ecos Ggedt
inf 2
_ __¢€s - <« Kepl 1
ki epler (1)
~——
— —%c < Kepler (1)
% = —iecos@%
:§<$_1>Z_§ < —ecos =2 —1 <« Kepler (2)
,%(’;’—1)7% ¥ o < Kepler (1)
a2 _ &

W)

T(dt = < Kepler (1)
Subtracting the last two lines, one finds that the radial acceleration a, in

Eq.(2) is
dr do\? 21
——r|l—=) =——.
dt? dt p r?



Thus, not only is the acceleration, Eq.(2), of a moving planet purely radial,
but its magnitude is inversely proportional to its squared distance, with a
constant of proportionality constant (¢?/p) that depends on the square of the
planet’s areal velocity and the shape of the planetary ellipse.

Question: Is this acceleration the same for all planets?
The answer depends on the orbital periods of the planets.

2.3.3 Kepler’s third law

Kepler’s first law implies that the orbital period is proportional to the plan-
etary ellipse. This ellipse has major and minor axes a and b. Consequently,
¢ d(area) c
— = ———+% = -1 = area = mab
2 dt 2 "

Hence

2mab
C =
T

Q: What is the relation between the semi-latus rectum p and the two axes a
and b7

A: Passing through the two foci of the ellipse are its two lati recti (“straight
sides”), the vertical chords through the two focal points located at +ea =
++v/a? — b%. The size of each latus rectum is 2p. Thus one has a right triangle
whose two sides are 2ea and p, and whose hypotenuse is 2a — p. Pythagoras
tells us that



p* + (2¢a)* = (2a — p)*.

Using (ea)? = a® — b?one finds that the semi-latus rectum is

p=—.
a

By applying the two boxed expressions to the radial acceleration a,

21 2rab\? a 1
CLT = _—— = — —_
T b2 r2

Using Kepler’s third law, one obtains

~

a, = ——
r2

where 7 = v(M) is a constant which is the same for all planets, but which
depends on the mass M of of the sun in an as-yet-unspecified way.

2.4 Newton’s third step: use his 2nd and 3rd law of
motion.

Q: What is the value of that planet-independent constant ~?
Newton answers this question by resorting to his second and third law of
motion.

(1) Applying his second law to a planet of mass m,
m X (acceleration; —F :

one obtains the purely redial gravitational force,

~my(M)

SP __
FsP = T

r




acting on the planet. This is the force with which the sun attracts the
planet.

(ii) On the other hand, by his third law there is an equal but opposite force
acting on the sun,

PS __ SP
FPS = _FSP

which is to say that the weight of the planet towards the sun is equal
to the weight of the sun towards the planet. Consequently,
MT(m) m~y(M)

o 2

72 r

This equality holds for all pairs of masses m and M. Consequently,

Mm

F.=—k
r2

Here k, Newton’s gravitational constant, is a universal constant inde-
pendent of M and m. The boxed equation is a mathematical statement
of Newton’s universal law of gravitation.

2.5 The Cavendish Experiment (1789)

The universal constant s has the value

B 1 em?
T 15000000 | gr sec?

in c.g.s. units. This constant is determined by measuring the attractive
force between masses separated by a known distant . One suspends two
small masses m from a torsional balance.

10



m By bringing large masses M to

each of the masses m, Cavendish measured the gravitational force F, by
measuring the angular deflection of the pendulum.
Newton’s third law of motion, “For every action there is an equal and opposite
reaction”; applied to his law of gravitation, implies that the weight of an apple
attracted by the earth’s gravity equals the weight of the earth attracted by
the gravity of the apples. This equality determines the mass of the earth
once the weight of the apple and its distance from the (center of the) earth
have been measured.

11
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Taken from A Journey Into Gravity And Spacetime by John A. Wheeler

EOTVOS’'S EXPERIMENT

To medsure the travel time of a falling body more precisely demands
more time. So realized Baron von Edtvos, who therefore devised an
experiment of a new kind that offered unlimited time for measure-
ment. It tocused on the central issue: Is there for any substance any
such distinction, as old writers assumed, between its “‘gravitational
mass,”” on which the center of the Earth is conceived to pull, and its
“inertial mass™? The “inertial mass”—today simply “‘mass’’—resists
being set in motion or, if already endowed with a velocity, resists any
change in the magnitude or the direction of that velocity.

Imagine an object endowed with inertial mass but no gravita-
tional mass, hanging at the end of a fiber and carried around and
around in a circle by the spin of the Earth. With no gravity to hold it
down, it will pull the fiber straight out from the axis (red line in the
diagram). On the other hand, an object that has no inertial mass at all
will not be thrown outward from the axis of spin of the Earth. In-
stead—if it has any gravitational mass—it will tug the supporting
fiber to a position where it points straight down to the center of the
Earth (blue line). An object deprived neither of gravitational mass or
of inertial mass will pull the supporting fiber neither straight out nor
straight down, but instead to an N
angle of uprise’(green line). Docs :
the ratio of inertial to gravitational
mass differ from onc¢ substance to
another? Then the angle of uprise
will differ, too. And for measuring
it. there’s all the time in the world!

This beautiful idea Edtvos put
into action. He and his colleagues,
in experiments extending over some
thirty years, on a variéty of sub-
stances, were able to establish that
there is an angle of uprise: that angle
is greatest at latitudes 45°N and
45°S, and amounts there to a tenth
of a degree. They found to an accu-
racy of 5 parts in 10” that the angle
of uprise was identical for every
substance tested.

Baron Roland von E6tvos

. Born July 27, 1848, Budapest. Died

April 8, 1919, Budapest.

The experiment of
Edtvds and his
Budapest colleagiies.
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192 DOC. 16  FOUNDATIONS OF GRAVITATION

Doc. 16,
Physical Foundations of a Theory of Gravitation'
by Albent Einstein
[Naturforschende Gesellschaft in Ziirich, Vierteljahrsschrift 58 (1914); 284—290]

By the word “mass” of a body one denotes two things that are very different
according to their definitions: on the one hand, the inertial resistance of the body and,
on the other hand, the characteristic constant that is the determining factor for the
effect of the gravitational field on the body. It is one of the most remarkable
.empirical facts of physics that these two masses, the inertial and the gravitational,

I"”‘ il o3 "Hg ag;reefgxacuj:, with cach other as regards their magnitude. This agreement was proved

13]

11

most exactly by Edtvos’s experiments. A body on the surface of the Earth is acted
upon by two generally differently directed forces, which together constitute the
apparent gravily of the body: one of these forces, the gravitation proper, depends on
the gravitational mass, while the other, the centrifugal force, depends on the inertial
mass. By experiments with the torsion balance, Edtvés established that the ratio of
these two forees is independent of the nature of the material; in that way he proved
the agreement of the two masses of a body with an accuracy that rules out deviations
of the relative magnitude of 1077,

This empirical law can also be expressed in the following way. In a gravitational
field all bodies fall with the same acceleration. This suggests the view that, with
regard to its influence on mechanical and other physical processes, a gravitational
ficld may be replaced by a state of acceleration of the reference body (coordinate

«'system). This conception does not follow with necessity from the experiments
' mentioned, but it is of great heuristic interest all the same. For, since the course of

physical processes relative to an accelerated reference system can be determined
theoretically, this equivalence hypothesis permits us to predict the influence of a
gravitational field on physical processes of cvery kind. The experimental test of the
conclusions so reached must then show whether the underlying hypothesis was
correct.

In the way indicated, one comes to the conclusion that the speed with which a
physical process oceurs in a gravitational field is greater the greater the gravitational
potential at the location where the physical system in question is situated. For that
reason, the spectral lines of solar light should, for example, experience a small shift
toward the red end of the spectrum as compared with the corresponding spectral lines

'Based on a lecture delivered on 9 September 1913 at the annual meeting of the
Schweizer Naturforschende Gesellschaft in Frauenfeld.
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of terrestrial light sources, namely, a shift of about two millionths of the wa\.-e!cnglfl,
A further consequence of this equivalence hypothesis is the bending of light ra)'s. in
a gravitational field, which amounts to 0.84 seconds of arc for a light ray passing
near the sun and is thus not inaccessible to experimental test. This bending of light
rays implies that the velocity of light is not constant, but depends, instead, on the
location. This forces us to generalize the theory of space and time, known as the
theory of relativity, since the latter was based on the assumption of the constancy of
the velocity of light. ‘

According to the familiar theory of relativity, an isolated material point moves
rectilinearly and uniformly according to the equation

b(fas) = 0,
where
ds? = ~dv? - dy? - dz? + c2dth,

and ¢ denotes the (constant) velocity of light. The equivalence hypothesis permits the
conclusion that in a static gravitational field (of special kind) a material point moves
according to the above equation, in which now, however, ¢ is a function of location
and is determined by the gravitational potential. From this special case of. the
gravitational field, one can arrive at a general case by passing to mov‘m{; coordinate
systems by means of coordinate transformation.? In this way one recognizes (h.al the
only sufficiently encompassing invariant-theoretical generalization of the indicated
law of motion consists in assuming that the “line element ds™ has the form

ds? = 3 g dv,dx, (ik = 12,34)
ik
where the g, are functions of x,, x,, x;, and x,, while the first three coordinates

characterize the position, and the last one the time, and the equation of motion is
again to have the form

5( f ds) = 0.
If one considers that in this view, instead of the customary line element of the

original theory of relativity,
ds? = ¥ dx}
i

one has the more general

2We postulate that we arrive at an equally justified description of Lh.c process if \er
refer it to an appropriately moving coordinate system; in that way we abide by the basic
idea of the theory of relativity.

[4]
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ds? = ¥ g, dx,dx,
ik

as the absolute invariant (scalar), then one sees at once how one attains a generaliza-
tion of the theory of relativity that encompasses gravitation on the basis of the
equivalence hypothesis. While in the original theory of relativity the independence
of the physical equations from the special choice of the reference system is based on
the postulation of the fundamental invariant ds? - Y dx/’, we are concerned with

L
constructing a theory in which the most general line element of the form

ds® = 3" g dx,dx,
1k

plays the role of the fundamental invariant. The concepts of vector analysis needed
for that purpose are provided by the method of the absolute differential calculus,
which will be explained in the lecture by Grossmann which is to come next,

It follows from the idea outlined above that the ten quantities g;, characterize the
gravitational field; they replace the scalar gravitational potential ¢ of Newtonian
gravitation theory, and form the second-rank fundamental covariant tensor of the
gravitational field. The fundamental physical significance of these quantities g,
consists, i.a., in the fact that they determine the behavior of measuring rods and
clocks.

The method of the absolute differential calculus allows us to generalize the
systems of equations of any physical process, as they occur in the original theory of
relativity, in such a way that they fit into the scheme of the new theory, The
components gy of the gravitational field always appear in these equations. The
physical meaning of this is that the equations provide information about the influence
of the gravitational field on processes in the region under study. The previously
indicated law of motion of the material point may serve as the simplest example of
this kind. Otherwise, we shall confine ourselves to the formulation of the most
general law known to physics, namely, the law that corresponds to the momentum
and energy conservation law in the original theory of relativity. As is well known,
one has there a symmetric tensor Tuv, the components of which, the stress
components, yield the components of the momentum, and the components of energy
flux density and energy density. These quantities can be specified for phenomena in
any domain. The laws of momentum and energy conservation are contained in the
cquations

)
) ¥ 2 o,

v

(v,o0 =1,234)

since by integrating with respect to the spatial coordinates over the whole system, one
can obtain from these equations the conservation equations
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(1) %(f?‘,‘m) =0,

where dt denotes the three-dimensional volume element. . .
In the general theory, the following equations correspond to equations (1):

A%Tov 1 08,
@ Y S T3 g Ywew

(0=1234)

uvr
Here

Tov = V8% 8 uvr
"

where g is the determinant gy |, and y, is the subdeterminant adjo%m to‘ g.m
divided by this determinant; @y is the symmetrical secund-.nmk contravariant lm:ﬁr
that characterizes the behavior of energy in the domain of ph‘cnurm:na under
consideration. The quantities Tov have the same physical meaning here asf l:c
quantity Tov in the original theory of relativity; the stress-energy components of the
gravitational field are not contained in them. . . »
The right-hand side of equations (2) vanishes if the {?unnhllcs guv are com:.t.fn -
i.c., if no gravitational field is present. In that case, cqu.:mon (2) reduces to tqua!:?:;
(1) and can therefore be brought into the form (la); in other words: the malcs.w.
process satisfies the conservation laws all by itself. If, on the conum, the g,’u. -m:
variable, i.c., if a gravitational field is present, then the right-hand side o.f cqudl‘lr‘:ﬁ‘n:‘s
(2) expresses the energetic influence of the gravitational field on l_hc malc‘rlal pru.um
It is clear that no conservation laws can be deduced from equation (2) in t]lmt case,
because the stress-energy components of the material process cannot satl‘sfy‘ any
conservation laws all by themselves, without the components of the gravitational
field. . o
The method sketched up to this point shows how the equation systems of phy.‘,nf.tj

can be obtained when the influence of a given gravitational field on the processes is
taken into account. But this does not solve the main pm_b?cm of the theory of
gravitation, since the latter consists in determining the quantities g; when El:e ::;Id—
generating material processes (including the electrical oncs}_ are to be considered as
given. In other words, the generalization of Poisson’s equation

(3) Ay = dwkp

Ig : . .

) Soct;lbthlll.w one hand, the proportionality of energy and inertial mass that is uhta.uf]crd
from the ordinary theory of relativity, and, on the uther' hand, lht_e cll['l]fl:"l:;dE
proportionality of inertial and gravitational mass ]tl.‘iid necessarily to Lhnf \Tlct\iv‘l a m:::
same quantities that determine the energetic behavior of a system must also ; em 2e
the gravitational effects of the system. From 1]11:- ‘wc Iconcludc lhalfe:nsor ; pvu::ilo.“
appear in equations of gravitation we are secking, in licu of the density p of eq

(8]



9

(o)

fai
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(3). We are therefore looking for equations that express the equality of two tensors,
one of which is the given tensor Tuv, while the other comes from the fundamental
tensor guv through differential operations.

It has now tumed out that the conservation laws of momentum and energy make
possible the derivation of these equations. It has already been emphasized above that
the material process alone cannot satisfy the conservation laws; but we must demand
that the conservation laws be satisfied for the material process and the gravitational
field rogether. According to the arguments presented above, this means thai there
must exist four equations of the form

“ E az @ov + tov) = 0.

Here the tov characterize the stress-energy components of the gravitational field in
a manner analogous to the way in which the quantities Tov characterize those of the
material process. In panicular, the quantities Tov and tov must have the same
invariant-theoretical character. It turmned out to be possible to show by means of a
general argument that the equations that completely determine the gravitational field
cannat be covariant with respect to arbitrary substitutions. This fundamental discovery
is especially noteworthy because all other physical equations, such as, e.g., equations
(2), possess general covariance. In accordance with this general result, the postulated
cquations (4) are also covariant only with respect to linear substitutions, but are not
so with respect to arbitrary substitutions, Hence, we will have to demand covariance
only with respect to linear transformaticns from the gravitation equations that we are
sceking. It has turned out that one is led to completely determined equations if one
adds to these considerations the demand that when these equations are applicd to the
relevant special case and an approximate solution is sought, they must yield Poisson’s
equation (3). Using the way indicated, one cbtains the following equations:

(0 =1234)

- 8 ri— 01,

(0) -%‘ br, (' T3 Va3 Gas '6%) v ﬂ(z,"-.“‘t.,,): @retag
Here

6) —2x.f v O, Oy 1 8gr. Oy,

6) —2x.4, =y y(I%'rﬂ. BVze Tay ~ T e Pun ass);

K is a universal constant that corresponds to the gravitational constants; &y is 1 or
0, depending on whether ¢ and v are different or equal.

One can see from the system of equations (5), which corresponds 10 equation (3),
that along with the stress-cnergy components Lov of the material process, those of
the gravitational field (namely, tov) appear as an equivalent ficld-inducing cause, a
circumstance that obviously must be demanded; for the gravitational effect of a
system may not depend on the physical nature of the system’s field-producing encrgy.
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. . threc-
Since only lincar substitutions are admissible, ccnau_l one-, t\\«:u-t,mzim](:t linc::
dimensional manifolds are privileged, which may be designated as straig R
4 i es.
p|m$l;eanthflecl:rl;e:rlces::al:d here overcomes an epistemological defect that ::‘t‘acul;s not
igi ivil Galilean mechanics, t was
the original theory of relativity, but also to c
::ly litlly strmsedg by E. Mach. It is obvious that one‘ cannot ascribe ua: ab::l:al:
meamnpec' g 1o the concept of acceleration of a material point, no more t_soed a:o,-e o can
ascribe it to the concept of velocity. Acceleration ca.n o.nly be defin o ladve
acceleration of a point with respect to other bodies. Thlstcma:m:‘t;n:l:;::m o
. . o
tsimlascnbetoabodyarcslswnce_ : lerat
semtla:‘:c o‘:' the lfo:l'y in the sense of classical mechanics); mst.ead, it will ham:luii t:
mnded that the occurrence of an inertial resistance be linked ‘f’ lhlc n:at ve
acceleration of the body under consideration with respect to b:tl}er bodies. b; mhl:, e
L, . 1
that the inertial resistance of a body cou : .mcreased havir
dcn::a:e‘li:;ted inertial masses arranged in its vicinity; and this mcwase. of the b:l:ru.';:
gaislance must disappear again if these masses ncceler:te along w‘;:u‘hl t::elaﬁw ;" o
i i ineti istance, which we may
tumns out that this behavior of inertial resis! ce, . 2
inertia, actually follows from equations (5). This circumstance constitutes cne o

strongest pillars of the theory skeiched.
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Z%ec,ancepl" 'S e dm&?—%x s—ﬁm,
It is ale/mealég %&expmm

Nu“e, wpy w"/\szjo’/\ w’ _*¢ @’ 3)

w rwre’ m E?. (£2)

%\%o-atwfe{% P LRCL, wad idenidi-
fied amd woed $y Aym Rand | “/nlroduclio 1o Obgeclivisl

Epislean o ”) o KE/%M conc,e,o/l" Won
ﬁ%mnmwmm%mf /s

W%Wgacmcezoff
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L xpliclh the concept of the dmsidy x5~ frm S22
w a W.@wrmp a scalur-valued lembor ofmz (?),
ol

;ﬂvﬁ/mﬁm (Dm«é Hlax 3 form)

St VaVxV — R (#of partidiy)
(4.8,0) ~"G(A80)= N U €, 1y WA (A BC).

Ong of Lhe volume spanming veclovs /) B and C
camZeZ:me K!e This is WZ&/@

(# ofpartictles)

" (oeget- unspecified 3-wolume)
%‘mpéwzz@z%ew of, volime, besides eing
MSF&CZ“%&CM Ma@m%ﬂwf
W%MW@M&& Lime-tite.
Bolhe coses play atey roleinlle molim of malbr from the
spacelime perqpeclive.

Case (1)
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The AWM3-WM&390W§ ka’?)\-ee‘}o‘zw%

In the COMOVING frame one fas

4
7
u

i
At %/ /4-—1/(/
V %!

IX H /I':’“’"“’/

/
s

Tigure “@WMWWMM%/MWM&W
wilh, parlicle worll fnes, bl -l , pussing Ul
We a-dvendilion of the 3-d spalial votume eloment spammed
by A wndC,
#"S(ABQ) = Nue,.,, ABC
= N W€, ABC
—y———

| COMOVING Ut
arlicle

5"~ Gomorie solum) Gemsity

Inthe LAB frame consider the &rzaa’o{A,oace bhe veclors
A—O—g—z—: —%(_—4-0 }-I—O'—'—: %&’

(wmww-?

N— —
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— — _‘-‘Rﬁ

B=0og+0 %*A‘a‘g?w?a}_ =B %"" (84
~ p) 2 ,-—'T'Za

(= 04+0 % 0930837 =C %

écw{me[da SWMM@WC:»M% a pavp Of
cveonds (1) aimullomeous inthe LAB and (b) on the boundary
of the parlile world Lube.
Consequently, tie number of world bnes intorcepled by & e.zss IBC
ie. e numberof parliclos observed in vofume elomont
apammed by £ 8 and C, is le ame as before, bl Liie
componends are velalive tv the LAB basis (€.~

‘ 5 g’ # = N U,Felaapz A*B*(

5 # pafrﬁLfe, de/n/ufi (37, 5)
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L 23 World lube filled wilk slraishil wold bines o L Uat
o pass through the LAB wflmea/mif%;apg |
Case Q)

The slmcell"wne s-volime & A/bwrmec{ %& ome lime-life
veclor () amd Lwo S/nce-%e veclors(EC) Aba

Z/Vwa/ramvﬁ/na&m of, the LAB Hasis [E:}-25
hese veclirs ave

= _ =%
AEZQ‘.%Jr 0.%+o§‘?+o-%—sﬂ 21;~°_‘

= - 3 ’_:.:3(

B: O--g-;_J—O'%—FAg—g?-FO'S? :B é%;‘—( (9,6)
C= O'%’z‘ﬂ’fo