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PREFACE

The complexity of mathematics is a reflection of the causal relation- ships
that exist in the world. This fact is predicated on the observation that the
universe is ruled by natural laws and, therefore, is stable, firm and absolute
– and knowable.

Knowledge is of course not automatic. Its acquisition is a matter of choice,
of the right way of using one’s mind, and of the perseverance to do so.

When it comes to Einstein’s geometrical mathematization of gravitation,
its formulation is wrought with a complexity which at first sight seems be-
wildering. Fortunately, however, Charles Misner, Kip Thorne, and John
Wheeler have reduced that complexity into digestible form. Their book
GRAVITATION, informally known as MTW, is by far the best for STEM1

and philosophy students who wish to grasp and understand gravitation in
physical and mathematical terms.

GRAVITATION is the result of an integration of physics, astro- physics,
and mathematics at its best. The thoroughness of the process can be mea-
sured by the fact that the book’s weight due to gravity is more than 5 pounds
and it has more than 1,300 pages, which give rise to a PDF of more than 50
Megabytes. This can be an embarrassment of riches even for an advanced
student.

The purpose of “A COMPANION TO THE TRACK 2 MATHEMATICS
OF MTW” is to deal with this “embarrassment” by focusing primarily on
the modern mathematical methods for understanding Einstein’s geometrical
formulation of spacetime and gravitation.

In Volume I this focus starts with the spacetime physics of Special Rela-
tivity, then integrates linear algebra with multivariable calculus on manifolds
before it derives and then applies the two Cartan structure equations of mod-
ern differential geometry to a problem in astrophysics.

One of the most glaring elements missing from Einstein’s original 1916
line of reasoning is the physical and geometrical meaning of the tensor on
the l.h.s. of his field equations

Rµν −
1

2
gµνR =

8πG

c2
Tµν .

That element was supplied by Cartan and Wheeler who identified the l.h.s.
as

Rµν −
1

2
gµνR = “moment of rotation per spacetime 3-volume” .

1Science, Technology, Engineering, and Mathematics
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The underlying concept which made this possible is the “moment” concept,
which is familiar from physics in other contexts.

In order to mathematize this concept geometrically and make it gener-
alizable to 4-d spacetime, Volume II, the ensuing lecture notes, traces the
inductive path of reasoning leading to the field equations, and then chews
and rechews the “moment of rotation per spacetime 3-volume” in order to
integrate it with the already-familiar physics knowledge about the concept
of a moment. This fact is already evident from the lecture content as spelled
out in the ensuing table of contents.
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Lecture 0

How Newton was led to his universal law of

gravitation: a road map

U.H. Gerlach

January 17, 2021

Abstract

We identify the roots and the fundamental premise of Newton’s

scientific achievements: to grasp the nature of the world, one’s thinking

must begin with information received from the world. Adopting it, we

apply elementary calculus to three pieces of information, Kepler’s three

laws, to obtain Newton’s universal law of gravitation.

1 Newton’s fundamental premise and its origin

1.1 The fundamental premise

Q: What was the fundamental premise which paved the way towards
Newton’s unprecedented achievement?
Why was he successful, while others (like Descarte) were not?

A: Newton stated it thusly:

· · · I frame no hypotheses; · · ·
The word “hypothesis” is here used by me to signify only
(i) such a proposition as is not a phenomenon
(ii) nor deduced from any phenomena,
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but assumed or supposed – without any experimental proof [whatso-
ever].

To be more explicit1, he used “hypothesis” to refer to an arbitrary statement,
i.e. a claim unsupported by any observational evidence. Here are some
examples:

(i) The works of Plato are being studied by a reading group of gremlins on
the planet Venus (to pick an obvious example).

(ii) Colored light is produced by rotating particles and white light is less
produced by nonrotating particles (Descarte).

(iii) White light is a symmetrical wave pulse (Robert Hooke).

(iv) Quarks are composed of strings in a 26-dimensional space (20th century
string theorist), etc.2

As Wolfgang Pauli would say, none of these statements is right; they aren’t
even wrong.
Following Newton, what Pauli was directing attention to was that there are
three types of claims:

1. Right ones, which are true because they have a positive relationship to
reality,

2. false ones, which are untrue because they have a negative relation to
reality, and

3. arbitrary ones, for which there is no evidence whatsoever: they are
detached from reality.

and it is the arbitrary ones “which aren’t even wrong”.

Q: What cognitive value, if any, did Newton see in one’s contemplation of
arbitrary claims?

1Newton did not mean to reject out of hand all hypotheses that lacked full experimental
proof.

2A continuation of this list would include astrology, intelligent design, clairvoyance,
ESP, God, an afterlife, reincarnation, and other misintegrations.
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A: Newton must be credited with being the first one to identify what in
20th century vernacular is called Garbage In Gargage Out (G.I.G.O.).
Writing to a friend, he said:

“If anyone may offer conjectures about the truth of things
from the mere possibility of hypotheses, I do not see by what
stipulation anything certain can be determined in any science;
since one or another set of hypotheses may always be devised
which will appear to supply new difficulties. Hence I judged that
one should abstain from contemplating hypotheses, as [one does]
from improper argumentation.”

In other words, one’s thinking (“contemplation”) should not start with Garbage,
i.e. arbitrary claims (“hypotheses”) because the output, “conjectures about
the truth of things,” will also be Garbage, just as one gets “from improper
argumentation” .
Furthermore, as David Harriman puts it3 , one cannot even achieve the mis-
guided goal of disproving an arbitrary idea. Such a claim can always be
shielded by further arbitrary assertions (“one or another set of hypotheses”)
There is only one way out of such a proliferating web of arbitrary conjec-
tures, and that is to dismiss them outright as uncognitive and unworthy of
attention.

This is why Newton insisted that the arbitrary be rejected without contem-
plation.

With this Newton introduced a new epistemological principle into the
theory of knowledge:
The outright dismissal of arbitrary claims, without contemplation!
For this principle alone Newton deserves to be regarded as the greatest epis-
temologist of his era.

Q: What, then, is Newton’s fundamental premise stated positively?

A: To grasp the nature of the world one’s thinking has to
start with information received from the world.

3THE LOGICAL LEAP: Induction in Physics, by D. Harriman, With an Introduction
by L. Peikoff (New American Library, New York, N.Y., 2010), page 65.
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a) What is the nature of the world? The world is a causal realm ruled by
natural law. It is not a realm of inexplicable miracles ruled by a supernatural
power, nor is it an unintelligible chaos ruled by chance. Instead, the nature
of the world is expressed by the observation that

“Things are what they are because they were what they were, and
things will be what they will be because they are what they are”

This is the law of causality, Aristotle’s law of identity (everything has a spe-
cific nature; things are what they are; A is A)
applied to actions.

b) That one’s thinking “start with information received from the world”
is the starting point of Aristotle’s epistemology, the evidence of the senses,

be they aided or unaided by specialized instruments.

1.2 Its origin

Newton did not arrive at his fundamental premise in a cultural vacuum.

Q: What was the frame of reference – the context – that led to the achieve-
ments of Newton, those before him, and those after him?

A: Here it is essential to realize that Aristotle, whose works Newton had
studied as a college student, may be considered as the cultural barom-
eter of Western History.
Whenever his influence dominated the scene it paved the way towards
histories most brilliant eras, whenever it fell so did mankind.

Aristotle’s revival in the 13th century brought men to the Renaissance,
and the Renaissance led to the Age of Reason, the Enlightenment.
Indeed, Galileo was born in the year that Michelangelo died (1564),
and Newton was born on the day that Galileo died (1642).

2 Newton’s universal law of gravitation

The Enlightenment was ushered in by Newton’s unprecedented achievements.
There were three of them:
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1. His Opticks, an inspiration and exemplar of Induction and the Experi-
mental Method.

2. His infinitesimal calculus.

3. His universal law of gravitation.

All three of them illustrate Aristotle’s dictum which Newton adopted as his
basic premise:

“To grasp the nature of the world one’s thinking has to start
with information received from the world”.

To grasp the nature of gravitation, Newton’s thinking started with informa-
tion about the dynamics of moving bodies,

m×
−−−−−−−−→
acceleration =

−−−→
Force,

applied to the motion of planets as given by Kepler’s three laws.

2.1 Kepler’s three laws

(1) The radius vector sun-planet sweeps out equal areas in equal times.

(2) The trajectory of each planet is an ellipse with the sun located at one
focus,

r =
p

1− ǫ cos θ
.

(The parameter p is called the semi-latus rectum of the ellipse. It is
the vertical distance from the focus to ellipse. The parameter ǫ is the
eccentricity of the ellipse.)

(3) The square of the planets’ orbital periods vary as the third power of the
major axes of their ellipses:

T 2

a3
= same const. for all planets .
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2.2 Newton’s first step: acceleration of a moving body

Using his second law of motion,

m
d2
−→
R

dt2
=

−→
F ,

Newton determined
−→
F by evaluating the acceleration along the trajectory of

a moving body.

Planet

uθ

Sun

ur

θ

r

a) Location:
−→
R = r−→ur ;

−→ur =
−→
i cos θ +

−→
j sin θ

−→uθ =
−→−i sin θ +

−→
j cos θ

b) Velocity:
d
−→
R
dt

= dr
dt
−→ur +r d−→ur

dt

= dr
dt
−→ur +r−→uθ

dθ
dt

∣
∣
∣
∣
∣

−→uθ = d−→ur

dθ
d−→uθ

dθ
= −−→ur

c) Acceleration:

d
−→
2R

dt2
=

d2r

dt2
−→ur +

coriolis acc′n
︷ ︸︸ ︷

2
dr

dt
−→uθ

centripetal acc′n
︷ ︸︸ ︷

−r−→ur

(
dθ

dt

)2

+r−→uθ

d2θ

dt2
(1)

=

[

d2r

dt2
− r

(
dθ

dt

)2
]

︸ ︷︷ ︸

ar

−→ur +
1

r

d

dt

(

r2
dθ

dt

)

︸ ︷︷ ︸

aθ

−→uθ (2)
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2.3 Newton’s second step: use Kepler’s laws

Applying
−→
F = m−→a to Kepler’s three laws yields both the direction and the

magnitude of the gravitational force on a planet.

2.3.1 Kepler’s first law

Equal areas in equal times, ∆(area) ∝ ∆t , implies d(area)
dt

= 1
2
r2 dθ

dt
= c

2
.

Consequently,

aθ = 0.

Thus the acceleration, Eq.(2), is purely radial along the direction sun-planet:

d
−→
2R

dt2
= ar

−→ur .

This is the first key result.

2.3.2 Kepler’s second law

Next consider one of Kepler’s ellipses having semi-latus rectum p and eccen-
tricity ǫ. Calculate the radial acceleration ar using Kepler’s first and second
laws:

r = p
1−ǫ cos θ

⇐ Kepler (2)
dr
dt

= − pǫ sin θ
(1−ǫ cos θ)2

dθ
dt

= − ǫ sin θ
p

r2
dθ

dt
︸︷︷︸

c

⇐ Kepler (1)

= − ǫ sin θ
p

c ⇐ Kepler (1)
d2r
dt2

= − c
p
ǫ cos θ dθ

dt

= c
p

(
p
r
− 1

)
dθ
dt

⇐ −ǫ cos = p
r
− 1 ⇐ Kepler (2)

= c
p

(
p
r
− 1

)
c
r2

⇐ dθ
dt

= c
r2

⇐ Kepler (1)

r
(
dθ
dt

)2
= c2

r3
⇐ Kepler (1)

Subtracting the last two lines, one finds that the radial acceleration ar in
Eq.(2) is

d2r

dt2
− r

(
dθ

dt

)2

= −
c2

p

1

r2
.
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Thus, not only is the acceleration, Eq.(2), of a moving planet purely radial,
but its magnitude is inversely proportional to its squared distance, with a
constant of proportionality constant (c2/p) that depends on the square of the
planet’s areal velocity and the shape of the planetary ellipse.

Question: Is this acceleration the same for all planets?
The answer depends on the orbital periods of the planets.

2.3.3 Kepler’s third law

Kepler’s first law implies that the orbital period is proportional to the plan-
etary ellipse. This ellipse has major and minor axes a and b. Consequently,

c

2
=

d(area)

dt
⇒

c

2
T = area = πab

Hence

c =
2πab

T

Q: What is the relation between the semi-latus rectum p and the two axes a
and b?

︸ ︷︷ ︸

ǫ a






=p

a
a

b

A: Passing through the two foci of the ellipse are its two lati recti (“straight
sides”), the vertical chords through the two focal points located at ±ǫa =
±
√
a2 − b2. The size of each latus rectum is 2p. Thus one has a right triangle

whose two sides are 2ǫa and p, and whose hypotenuse is 2a− p. Pythagoras
tells us that
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p2 + (2ǫa)2 = (2a− p)2.

Using (ǫa)2 = a2 − b2one finds that the semi-latus rectum is

p =
b2

a
.

By applying the two boxed expressions to the radial acceleration ar

ar = −
c2

p

1

r2
= −

(
2πab

T

)2
a

b2
1

r2

= −4π2 a
3

T 2

1

r2
.

Using Kepler’s third law, one obtains

ar = −
γ

r2

where γ = γ(M) is a constant which is the same for all planets, but which
depends on the mass M of of the sun in an as-yet-unspecified way.

2.4 Newton’s third step: use his 2nd and 3rd law of
motion.

Q: What is the value of that planet-independent constant γ?
Newton answers this question by resorting to his second and third law of
motion.

(i) Applying his second law to a planet of mass m,

m×
−−−−−−−−−→
(acceleration) =

−→
F ,

one obtains the purely redial gravitational force,

F SP
r = −

mγ(M)

r2

9



acting on the planet. This is the force with which the sun attracts the
planet.

(ii) On the other hand, by his third law there is an equal but opposite force
acting on the sun,

F PS
r = −F SP

r ,

which is to say that the weight of the planet towards the sun is equal
to the weight of the sun towards the planet. Consequently,

M Γ(m)

r2
=

mγ(M)

r2
.

This equality holds for all pairs of masses m and M. Consequently,

Fr = −κ
Mm

r2
.

Here κ, Newton’s gravitational constant, is a universal constant inde-
pendent of M and m. The boxed equation is a mathematical statement
of Newton’s universal law of gravitation.

2.5 The Cavendish Experiment (1789)

The universal constant κ has the value

κ =
1

15 000 000

[
cm3

gr sec3

]

in c.g.s. units. This constant is determined by measuring the attractive
force between masses separated by a known distant r. One suspends two
small masses m from a torsional balance.

10









=r
m

M

m

M

By bringing large masses M to
each of the masses m, Cavendish measured the gravitational force Fr by
measuring the angular deflection of the pendulum.
Newton’s third law of motion, “For every action there is an equal and opposite
reaction”, applied to his law of gravitation, implies that the weight of an apple
attracted by the earth’s gravity equals the weight of the earth attracted by
the gravity of the apples. This equality determines the mass of the earth
once the weight of the apple and its distance from the (center of the) earth
have been measured.
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Taken from A Journey Into Gravity And Spacetime by John A. Wheeler
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Stress tensor as the area force
relation
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Decomposition of
The Momenergy Density-Flux

















Conservation of Momenergy
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Relativistic Hydrodynamics
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The Gravitational Field 
Equations: 


Einstein versus Cartan





(Here "metaphysical" means: that which pertains to reality, to the nature of things, to existence.)
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Curvature-induced Rotation on
the Faces of aThree-
dimensional Cube

























The Bianchi Identities



















Curvature as rotation 
permeating a  contour-enclosed 

area via Stokes and Cartan
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Lecture 24

(Purpose: Attain mastery of using modern multivariable calculus
methods for mathematizing a constellation of key concepts from

electrostatics to be exteded to gravitation physics)

I.) EINSTEIN’S EQUATIONS: WHAT THEY MATHEMATIZE
The Einstein field equation

Rµν −
1

2
gµνR =

8πG

c4
Tµν (1)

mathematizes two facts:

(i) geometry controls the motion of matter (via T ν
µ ;ν = 0), and

(ii) matter controls the geometry of spacetime.

Einstein’s line of reasoning for arriving at his tensorial equation was guided
primarily by the physical and geometrical properties of the right hand side.
The l.h.s. came out as a deductive consequence of his inductive line of reasoning
applied to the right hand side. Although the l.h.s was a tensorial consequence,
Einstein never identified its physical or its geometrical meaning and origin. This
gap was filled later by Cartan and Wheeler. They filled it with the geometrical
concept of “moment of rotation”. Among other things, this resulted in the
conservation of momenergy principle to be mathematized by them in terms of
the topological principle that “the boundary of a boundary is zero”.

The concept “moment of rotation” is an extension of the one familiar from
mechanics in 3-d Euclidean space: torque, the moment of force. Both force and
torque cause motion of bodies, translation and rotation. But in order to bring
out its relevance to the Einstein field equations, both force and the moment of
force need to be geometrized in the form surface and volume densities.

II.) DIELECTRIC IN A STATIC FORCE FIELD)
To this end consider a rigid parallelopiped (which for shorthand we
will call a “cube”, a “3-cube”, or a “3-d cube”) composed of an ar-
ray of uniformly distributed and rigidly aligned permanent molecular
dipole moments,

"p = q "d = q "emdm

Figure 1: A dielectric parallelopiped of volume ∆x1∆x2δx3 subjected to an
external electrostatic field.
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The volume of this cube is spanned by the triad of vectors

"u = ∆x1 ∂

∂x1
≡ ∆x1 "e1, (2)

"v = ∆x2 ∂

∂x1
≡ ∆x2 "e3, (3)

"t = ∆x3 ∂

∂x1
≡ ∆x2 "e3. (4)

The electrostatic polarization in this 3-d cube is

→
P = N "p = qN "d

(

=
(dipole moment)

(volume)

)

(5)

≡ "emdm qN (6)

Here

N =
(# of molecules)

(volume)
(7)

is the density of molecules in this cube. The total polarization is

→
P ×(volume) =





total
dipole

moment



 (8)

The molecular dipoles in their uniform alignment yield surface charge
densities on each of the six oriented faces of the cube, namely

q





surface density
of molecules



≡ σ3

︷︸︸︷

Nd3 ε312 ∆x1∆x2|x3+∆x3 = qNdmεm|ij|dx
i ∧ dxj("u,"v)|x3+∆x3 ,

q Nd3 ε312 ∆x1∆x2|x3 = qNdmεm|ij|dx
i ∧ dxj("u,"v)|x3 ,

and similarly for the other two pairs of faces.
III.) THE FORCE FIELD

Upon subjecting the cube to an electrostatic field

→
E= "ekE

k, (9)

the force field acting on the charged surfaces is mathematized by

→
F = "ekE

k q















surface density
of molecules on an
as-yet-unspecified

area















︷ ︸︸ ︷

σmεm|ij|dx
i ∧ dxj (10)

= "ekE
k q Ndmεm|ij|dx

i ∧ dxj

︸ ︷︷ ︸














surface charge
density on an

as-yet-unspecified
area















(11)
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or more economically by

→
F ≡

→
F ij dx

i ∧ dxj , (12)

the vectorial force field (surface density) acting on the faces of a 3-
cube. This is the momentum flux 2-form, a vectorial flux across an
as-yet-unspecified element of area1. It is a vector-valued 2-form, a
tensor of rank

(
1
2

)

.
The forces on the opposing oriented faces spanned by {"u,"v} are

→
F ("u,"v)|x3+∆x3 =

→
F 12 |x3+∆x3∆x1∆x2 (16)

= force on ("u,"v)-area at x3 +∆x3

and

→
F ("v, "u)|x3 = (−)

→
F 12 |x3∆x1∆x2 (17)

= force on ("v, "u)-area at x3,

with similar expressions for the other faces spanned by {"v,"t} and {"t, "u}.
IV.) SURFACE FORCES VS. VOLUME FORCE

The total force on these opposing faces, all six of them, is

→
F total =

→
F ("u,"v)|x3+∆x3+

→
F ("v, "u)|x3

+
→
F ("v,"t)|x1+∆x1+

→
F ("t,"v)|x1

+
→
F ("t, "u)|x2+∆x2+

→
F ("u,"t)|x2 (18)

which in light of Eq.(12) and Eqs.(2)-(4) becomes

→
F total = ∇"t (

→
F 12 ∆x1∆x2) (19)

+∇"u (
→
F 23 ∆x2∆x3) (20)

+∇"v (
→
F 31 ∆x3∆x1). (21)

1The force field exerts stresses on the faces of the electretized cube in Figure 1. These
stresses are mathematized in terms of the stress tensor familiar from continuum mechanics.
Let

d2Σm = εm|ij|dx
i ∧ dxj m = 1, 2, 3 (13)

be the 2-form of an element of area spanned by an as-yet-unspecified pair of vectors. The
stress tensor is a vector (force) valued surface-density 2-form

"ekT
kmd2Σm ≡

→
F |ij| dx

i ∧ dxj . (14)

Its components, in light of Eq.(11) are

T km = EkNqdm = Ek × (dipole moment)m (15)

This stress-tensor is not symmetric: T km $= Tmk. This happens when the dipole vector
density is not collinear with the applied electrostatic field. Consequently, the stresses acting
on the cube exert a non-zero torque on it. This, as we know, imparts angular momentum to
the cube.
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By introducing the vector valued three-form

d
→
F = d (

→
F |ij| dx

i ∧ dxj) (22)

= d (
→
F 12 dx1 ∧ dx2) (23)

+ d (
→
F 23 dx2 ∧ dx3) (24)

+ d (
→
F 31 dx3 ∧ dx1), (25)

one recognizes that the total force vector, Eqs.(19)-(21), condenses
into the value of that three-form evaluated on the vectors that span
the volume of the cube,

→
F total= d

→
F ("u,"v,"t). (26)

Physically this is the total volume force acting on and averaged over
the cube’s interior domain, which is spanned by the three vectors

"u,"v and "t. Mathematically d
→
F is the familiar exterior derivative of

→
F . Next substitute Eq.(12) into Eq.(26), use the triad of vectors
Eqs.(2)-(4) and thus obtain

→
F total = ∇"en

→
F |ij| dx

n ∧ dxi ∧ dxj("u,"v,"t) (27)

=
(

∇"e1

→
F 23 +∇"e2

→
F 31 +∇"e3

→
F 12

)

×∆x1∆x2∆x3 (28)

=

(
(force)

(volume)

)

×∆x1∆x2)∆x3, (29)

the volume force experienced by the cube in its interior. Here

→
F ij= "ekE

k qNdmεmij (30)

are the surface force densities acting on the ij-labeled faces of the
cube.

By equating Eq.(18) to Eq.(28) one obtains

(

total force on
all 6 faces

)

≡
6
∑

#=1

→
F ('thface) (31)

=
(

∇"e1

→
F 23 +∇"e2

→
F 31 +∇"e3

→
F 12

)

×∆x1∆x2∆x3 (32)

The l.h.s. of this equation refers to the totality of the surface forces
acting on the (6-faced) boundary of the cube. The r.h.s. of Eq.(32)
refers to the volume force on the interior of the cube. Thus the
6 conditions on the surface boundary of the cube are sufficient for
inferring the mean condition inside:

6∑

#=1

→
F ('thface)

∆x1∆x2)∆x3
= ∇"e1

→
F 23 +∇"e2

→
F 31 +∇"e3

→
F 12 . (33)

When the electrostatic field
→
E, Eq.(9), is homogeneous, i.e.

∇"ei

(

"ekE
k
)

= 0, (i = 1, 2, 3), (34)

4



Eq.(33) becomes

6
∑

#=1

→
F ('thface) = "ekE

k[∇"e1(Nqdmεm23)

+∇"e2(Nqdmεm31)

+∇"e3(Nqdmεm12)]∆x1∆x2∆x3

= "ekE
k

3
∑

n=1

∂(
√
g Nqdn)

∂xn
∆x1∆x2∆x3

= "ekE
k (N q dn);n

√
g∆x1∆x2∆x3

︸ ︷︷ ︸




invariant
volume





(35)

Here "ekEk (N q dn);n is the force density relative to an physical/orthonormal
frame.

V.) ENERGY INJECTED INTO THE CUBE

If the cube undergoes displacement, say
→
w= "e# w

#, then each of its
6 faces receives mechanical energy from the force field. The amount
of that energy is

→
w ·

→
F ('thface), ' = 1, · · · , 6, (36)

the work done by each of the respective forces listed in Eq.(18). The
union of the 6 oriented faces is the boundary ∂D of the cube’s interior
domain D:

6
⋃

#=1

('thface) = ∂D.

The function
→
F (· · · ) = ·

→
F i,j dx

i ∧ dxj(· · · ) (37)

=
→
E N q dmεmijdx

i ∧ dxj(· · · ) (38)

is a linear vector-valued function on its components:

→
F total

(
6
⋃

#=1

('thface)

)

=
6
∑

#=1

→
F ('thface)

From this line of reasoning one arrives from Eq.(36) that

"w·
→
F=

→
E ·"wNq dmεmijdx

i ∧ dxj (39)

is the translational energy injected into the cube’s interior through
one of its as-yet-unspecified faces of its boundary.

The total change in mechanical energy of the dielectric cube is
therefore

→
w ·

→
F total =

→
w ·

[
6
∑

#=1

→
F ('thface)

]

, (40)

In light of Eqs.(32) this total is

→
w ·

→
F total =

→
w ·
(

∇"e1

→
F 23 +∇"e2

→
F 31 +∇"e3

→
F 12

)

×∆x1∆x2∆x3, (41)
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or, equivalently, because of Eq.(26),

→
w ·

→
F total =

→
w ·d

→
F ("u,"v,"t). (42)

VI.) TRANSLATIONAL EQUILIBRIUM
Even though the opposing faces carry non-zero charges, the total

charge on the 3-d cube is zero. Such a cube, when subjected to an
→
E-field, which we take to be homogeneous (∇"u

→
E= ∇"v

→
E= ∇"t

→
E= 0),

exerts no net force on the cube. The sum total of the forces on the
cube’s 6 faces vanishes:

→
F total=

6
∑

#=1

→
F ('thface) =

→
0 . (43)

Thus the cube is in a state of translational equilibrium. It gains no
translational energy. In light of the fact that Eq.(43) holds for any
set of spanning vectors in Eq.(26), one concludes that

d
→
F= 0 (44)

mathematizes that condition for translational equilibrium. In light of
Eq.(33) this is equivalent to

∇"e1

→
F 23 +∇"e2

→
F 31 +∇"e3

→
F 12= 0 (45)

or more compactly

∇i

→
F jk +∇j

→
F ki +∇k

→
F ij= 0 (46)

VI.) DIVERGENCELESS VECTOR FIELD
The internal charge structure of the cube consists of dipoles dis-

tributed uniformly throughout its interior. If "emdm(
→
E)q is the molec-

ular dipole moment2, then

→
P= "end

nq N ≡ "enP
n

in Eq.(6) is the macroscopic polarization vector field. Compare its
components with those in the volume force, Eq.(35), experienced by
the cube under the condition of translational equilibrium, Eq.(43).
Based on this, the conclusion is that the divergence of the polarization
vector field vanishes:

0 = (N q dn);n ≡ Pn
;n ≡ ∇·

→
P≡ div (polarization) (47)

2The molecular charge separation vector {dm(
→
E)} is typically a linear, but not necessarily

a coliniear, function of the externally applied electrostatic field.
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VII.) CONCLUSION
Mathematically the Einstein field equations (EFE), Eq.(1), is a

geometrical extension3 of the interaction between a dielectric body
and the electrostatic forces acting on it. The forces in Euclidean space
have two types of causal attributes:

1. those that result in translational motion and

2. those that result in rotational motion.

For Einstein’s field equations (EFE) both types need to be extended
to the 4-d spacetime. Moreover, both of them require the conserva-
tion laws stated in the form of the generalized vectorial and tenso-
rial Stokes’ theorem, the relation between vectorial, as well as tenso-
rial, physical attributes inside a given 3-d domain to those on its 2-d
boundary.

Electrostatics Gravitation

Eq.(#) Electrostatic-induced force field: Curvature-induced rotation field:

Eq.(12)
→
F=

→
F i,j dx

i ∧ dxj
↔
R=

↔
Ri,j dx

i ∧ dxj

Eq.(11) =
→
E N q dmεm|ij|dx

i ∧ dxj = "eµ ∧ "eνR
µν

αβdx
αdxβ

Volume force:

Eq.(26)
→
F total= d

→
F ("u,"v,"t) d

↔
R (u,v, t)

Change in energy due to Rotational change in movement
displacement shift "w: due to displacement shift w = eνwν :

Eq.(39)
→
F ·"w =

→
E ·"wNq dmεmijdx

i ∧ dxj
↔
R ·(eνwν) = "eµw

νRµ
ναβdx

αdxβ

Translational Equilibrium: Bianchi Identity:

Eq.(44) d
→
F= 0 d

↔
R= 0

Eq.(46) ∇i

→
F jk +∇j

→
F ki +∇k

→
F ij= 0 ∇γ

↔
Rαβ +∇α

↔
Rβγ +∇β

↔
Rγα= 0

Table 1 above highlights the extension of vectorial concepts from
electrostatics in a 3-d Euclidean environment to tensorial concepts in
4-d spacetime necessary for the EFE.

3The extension is one from vectors in Euclidean space to tensors in 4-d spacetime.
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The boundary of a boundary=0
implies the Bianchi identities











Appendix
Chipped Cube: Jacobi Identity
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Surface force density
mathematized. Translational

equilibrium.





















Firefox about:blank

1 of 9 5/24/23, 16:31



Firefox about:blank

2 of 9 5/24/23, 16:31



Firefox about:blank

3 of 9 5/24/23, 16:31



Firefox about:blank

4 of 9 5/24/23, 16:31



Firefox about:blank

5 of 9 5/24/23, 16:31



Firefox about:blank

6 of 9 5/24/23, 16:31



Firefox about:blank

7 of 9 5/24/23, 16:31



Firefox about:blank

8 of 9 5/24/23, 16:31



Firefox about:blank

9 of 9 5/24/23, 16:31



Firefox about:blank

19 of 19 8/24/2022, 10:57 PM



Firefox about:blank

1 of 8 5/24/23, 16:40



Firefox about:blank

2 of 8 5/24/23, 16:40



Firefox about:blank

3 of 8 5/24/23, 16:40



Firefox about:blank

4 of 8 5/24/23, 16:40



Firefox about:blank

5 of 8 5/24/23, 16:40



Firefox about:blank

6 of 8 5/24/23, 16:40



Firefox about:blank

7 of 8 5/24/23, 16:40



Firefox about:blank

8 of 8 5/24/23, 16:40



Firefox about:blank

1 of 8 3/24/2023, 2:34 AM



Firefox about:blank

2 of 8 3/24/2023, 2:34 AM



Firefox about:blank

3 of 8 3/24/2023, 2:34 AM



Firefox about:blank

4 of 8 3/24/2023, 2:34 AM



Firefox about:blank

5 of 8 3/24/2023, 2:34 AM



Firefox about:blank

6 of 8 3/24/2023, 2:34 AM



Firefox about:blank

7 of 8 3/24/2023, 2:34 AM



Firefox about:blank

8 of 8 3/24/2023, 2:34 AM



EFEs: Moment of Rotation per
3-volume = Momenergy per

3-volume





































The 2plus2 Decomposition
of

Spacetime
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Integration of the Einstein Field
Equations using

a conservation law
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In MTW’s chapter 23 read Section 23.8

Non-Euclidean Geometry in
the

Equatorial Plane of a Star

















In MTW’s chapter 23 read Sections 23.2-23.7
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H-J theory: Equation
and the

Principle of Constructive
Interference
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Reconstruction of classical
worldlines from the Principle of

Constructive Interference





















Read in MTW Box 25.4, and Section 25.5

Particle orbits in a static, spherically symmetric 
spacetime environment
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Schwarzschild Spacetime:

It’s topological and


causal structure





a
^

for
^

XXXX
amount

(in previous lecture)

,

----



Fourth, the
XXXXX
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Spacetime geometry of a

spherical black hole and


“white hole”















x
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