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Setting and some basics

» H" hyperbolic n-space
I' < Isom (H™) torsion-free discrete subgroup
A(T) limit set of T’

> the set of accumulation points of I - 0 (0 € H")
> C oH"

Hull(I") smallest convex subset in H" which contains all
the geodesics connecting any two points in A(T")

» convex core Cr of I' = I'\ Hull(T") ¢ T"\H"
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I" is called geometrically finite if Vol(1-nbhd of Cr) < oo



Example

H  Tsoms (1H)=PSL )

T=(a,by



Assume I" geometrically finite

» Patterson-Sullivan measures (PS measures)
{pz }zemn a family of finite measures on A(T)

» Bowen-Margulis-Sullivan measure on T*(T'\H")
(Hopf parametrization)
\I*
(OH" x OH™\A) x R — T*(H")
T‘UH") . A;\‘BMS _ JH,;(’V*) A“;{(‘ﬂ 4’6
d T D, V)

» by is T-quasi -inv

y=(vt N7, ‘\7) T'(Tl\lH“)‘ AMBMS
Thm(Sullivan, Otal-Peigné) mPMS is the unique measure
supported on the nonwandering set for the geodesic flow which
has the maximal entropy.



Main result

> H”»
» I' < Isomy (H") geometrically finite with parabolic elements
» TYT\H") & geodesic flow G;, mBPMS

Thm (Jialun Li-P.) There exists n > 0 such that for any
u,v € CHTHT\H")), we have

/ u(Gpa)v(2)dmBMS (2)
TY(T\H")

:/ udeMS(x)/ vdmBMS + O(||lul|cr|[v]|cre™™).
T(D\H") TH(T\H")



Some history

» Babillot proved the geodesic flow is mixing
» T convex cocompact: Stoyanov, built on Dolgopyat’s

framework (n = 2, Naud)
(T" convex cocompact, Sarkar-Winter: frame flow)

» I' geometrically finite and or > ”T‘l: Mohammadi-Oh
(frame flow), Edwards-Oh



Lax-Phillips: A negative of the Laplace operator on I'\H"
> or > ”T_l: there are finitely many eigenvalues of A on
L?*(T\H") in the interval [or(n — 1 — ér), (n — 1)2/4) —
representation theory

> op < 2-L: L2-spectrum of A is purely continuous

or < "51: Resolvent Ry of A== (A —s(n—1-3s))"!,s€C
fes?1L.



> R, has a meromorphic continuation to C: convex-compact
(Mazzeo-Melrose), geometrically finite
(Guillarmou-Mazzeo)

» (Patterson) I'(s — ”7*1 + 1)R, has a simple pole at ér and
no further poles on Re s = dor

!
| s,.:'vq/ 5
» Using exponential mixing of the geodesic flow, R, has no
poles in the strip r — ¢ < Res < dr
> Effective orbit counting #{vy € T : d(z,vy) < T}
(mixing — orbit counting: Margulis; Roblin (geo. fin.))
» Meromorphic extension of the Poincaré series
P(s,z,y) = Y, e sU@m)
» (Guillarmou-Mazzeo) relate P(s, z,y) with R



Ideas of the proof

» Code the geodesic flow

» Prove a Dolgopyat-like spectral estimate for the
corresponding transfer operator: Dolgopyat,
Avila-Gouézel-Yoccoz, Araujo-Melbourne, Naud, Stoyanov
(non-wandering set of the geodesic flow is a fractal set:
non-integrability condition; how to get the contraction of
transfer operator)



Coding
I geometrically finite
> A(T) = A, U Ay
» A parabolic fixed point £ € A(T") is said to be bounded if

Stabr (\A(T') — {¢}

is compact.
W, oo bounded :pambo\ic ‘fier v, T S"GLP ()
Gy R 2, Tu 27" () Tk 3 HZZ
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Coding
> H3
» I'\H? has one full rank cusp
> oco: a representative
» Starting idea: Poincaré section A for the geodesic flow

suspensien £luw
susporsion A x R/(r) — T'(T\H?) © geodesic flowr
S\J&Q
Poincaré section
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» Poincaré section A: thickening of Z* in the stable direction

» Reduction: get rid of the stable direction

A xR/(R) © suspension flow

Z" x R/(R) © suspension flow

(in this argument, require return time const. on each stable
manifold)



Proposition There exist a countable collection of disjoint, open
subsets A; C A and an expanding map 7' defined on the
union L;A; such that:

1225 m(4) = u(Ao).

2. Foreach j, T : A; — Ay is a diffeomorphism and there
exists 7; € I' such that Aj = y;Apand T' = ;' on A;.
Denote by H = {v;}, the set of inverse branches of T'.

3. There exists A\ € (0, 1) such that for every v € H,

Iy (z)] < Aorall z € A.

4. There exists C' > 0 such that for every v € H, T
|(log |7/ (2)])'|« < C.

5. (Exponential tail) Let R be the roof function given by
R(z) =log |T'(x)| for x € Ag. There exists ¢y > 0 such that

4

/eeoRd,u < 00. ”\
(compare with Bowen-Series coding)



Elementary Version
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"nice" partition to Z* (Lai-Sang Young,
Burns-Masur-Matheus-Wilkinson)
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Issue about the boundary
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Refined version
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Refined Version
> QO =z
> Q, = Iﬂ_m_‘ - ?L‘),P“ @
» P11 = {p parabolic fixed pts in Ao :
g[n,nJrl)Qn N Hp(nhp) #* @, d(p, 8Qn) > ln}
(ln—>0asn— o)
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Thm 3¢y > 0 and N > 0 such that for all n > N, we have

1) < (1 — €)™

Introduce a finer structure on €,,: inspired by Lai-Sang Young
> Qn = {p: GO, 1 0 Hy(nhy) # 0, d(p,00-1) < ln—1}
> B,=Q,N (UPGUISkSanB(p, rp’n)), rpn — 0@S N — 00
> A, =Q,— B,

(a key ingredient: prove two versions of doubling property of PS

measure: use the doubling property proved by
Stratmann-Velani, Das-Fishman-Simmons-Urbanski )



Energy exchange argument
> 1(Bn N Apy1)
> 1(An N (BpyaU 9“ )
» Al ¢ e A, £ away from 0Q,}
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Thank you!



