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ABSTRACT. In this paper we introduce a new methodology for smooth rigidity
of Anosov diffeomorphisms based on “matching functions.” The main obser-
vation is that under certain bunching assumptions on the diffeomorphism the
periodic cycle functionals can provide such matching functions. For example
we consider a sufficiently small C! neighborhood of a linear hyperbolic auto-
morphism of the 3-dimensional torus which has a pair of complex conjugate
eigenvalues. Then we show that two very non-algebraic (an open and dense
condition) Anosov diffeomorphisms from this neighborhood are smoothly con-
jugate if and only they have matching Jacobian periodic data. We also obtain
a similar result for certain higher dimensional codimension one Anosov diffeo-
morphisms.

1. INTRODUCTION

Recall that a diffeomorphism f: M — M is called Anosov if the tangent bundle
admits a D f-invariant splitting TM = E°*@® E", where E* is uniformly contracting
and E" is uniformly expanding under f. Basic examples of Anosov diffeomorphisms
are toral hyperbolic automorphisms L: T — T¢ which are given by hyperbolic
matrices in GL(d,Z), i.e., matrices whose spectrum is disjoint with the unit circle
in C.

Let f1, fo: M — M be transitive Anosov diffeomorphisms which are conjugate
via a homeomorphism h, ho f; = fo oh. We will say that f; and fo have matching
periodic data if for every periodic point p = fF(p) the differentials (Dff), and
(D f5)n(p) are conjugate (in particular, they have the same spectrum). By differen-
tiating the conjugacy relation one immediately sees that matching of periodic data
is a necessary assumption for the conjugacy to be C'. A weaker assumption which
we will consider here is matching of Jacobian periodic data. Namely, we say that
f1 and f» have matching Jacobian periodic data if every periodic point p = fF(p)

(S f)p = (L5 fnpy  and (J“fE)p = (J“f5)nw)

where J?f; and J"f; stand for Jacobians of the restrictions of Df;, ¢ = 1,2, to
the stable and unstable distributions, respectively. If the equality holds only for
stable (or only for unstable) Jacobians then we will talk about matching of stable
(respectively, unstable) Jacobian periodic data.

The authors were partially supported by NSF grants DMS-1955564 and DMS-1900778,
respectively.
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In dimension 2 matching of periodic data implies smoothness of the conjugacy
by works of de la Llave, Marco and Moriyén [dIL87, MMS&7, dIL92]. In higher
dimensions a lot of work was devoted to periodic data rigidity (characterization
of smooth conjugacy class) of hyperbolic automorphisms, see e.g., [dIL04, KS09,
GKS11, DW21]. In particular, in dimension 3 the problem was solved for automor-
phisms with a pair of complex eigenvalues by Kalinin and Sadovskaya [KS09] and
for automorphisms with real spectrum by Gogolev and Guysinsky [GGO08, G17].
Further, in proximity of automorphism with real spectrum matching of periodic
data implies C1Th9der yegularity of the conjugacy on an open set of Anosov diffeo-
morphisms in dimension 3 and higher [GGO08, GO08].

In this paper we transfer some of ideas of [GRH20a] from the setting of expanding
maps to the setting of Anosov diffeomorphisms. In particular, we have open sets
of Anosov diffeomorphisms where we obtain optimal smoothness of the conjugacy
using less data, such as Jacobian periodic data, or stable Jacobian periodic data
as opposed to full periodic data which was commonly used before. To the best
of our knowledge the only prior result when C*® smooth conjugacy classes were
characterized on an open set of diffeomorphisms in dimension > 2 is the work of
Palis and Yoccoz [PY90] which gave a complete set of invariant of smooth conjugacy
for Morse-Smale diffeomorphisms.*

Our proof is based on matching functions technique. Namely, we look at pairs of
C" functions (®1, ®2) which are defined on the local unstable leaves W ; (x) and
W2 1oe(h(z)) and which are matching in the sense that they satisfy the matching
relation

q)l:q)goh

Roughly speaking, the idea of the proof is to find sufficiently many independent
matching pairs so that we can apply the inverse function theorem and conclude
that h is C" when restricted to the local unstable leaf.

In [GRH20a] the source of matching functions was given by normalized match-
ing potentials (logarithms of Jacobians), where normalizations came from transfer
operators associated to the expanding maps. In this paper we explore different
matching functions which are given by periodic cycle functionals. Periodic cycles
functionals were originally introduced by Katok and Kononenko [KK96] in order to
study the cohomological equation over partially hyperbolic diffeomorphisms.

1.1. Results in dimension 3. We present several results for Anosov diffeomor-
phisms in dimension 3.

11t is a classical KAM theorem of Arnold and Moser that the local smooth conjugacy class
of a Diophantine translation on T? is characterized by the rotation vector. Further, the Arnold-
Moser normal form [H79, Théoréme 2.2] implies that this smooth conjugacy class is codimension
d submanifold in Diffo(T?). However it is hopeless to characterize smooth conjugacy classes in
an open neighborhood of the Diophantine translation since even topological conjugacy classes are
not understood.
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Theorem 1.1. Let L: T3 — T3 be an Anosov automorphism with a pair of complex
conjugate eigenvalues. Then there exists a C' neighborhood U of L such that all C",
r = 2, Anosov diffeomorphisms f1, fo € U with matching Jacobian periodic data are
either C™* conjugate or the SRB measure coincides with the measure of maximal

entropy for fi.

Above ry = rif r is not integer and r, = (r—1)+ Lip if r is an integer. Note that
there is a unique topological conjugacy h which is C? close to idys, ho fi = fy o h,
coming from structural stability. The condition on matching of Jacobian periodic
data is imposed relative to this conjugacy h.

Remarks. 1. Recall that SRB and MME measures coincide if and only —log J* f;
is cohomologous to a constant [Bow75]. By the Livshits theorem [L72], we
know that —log J" f1 is not cohomologous to constant if and only if there
are two periodic points with different unstable Lyapunov exponents. Hence
the property of SRB measure being different from MME measure can be
detected from two periodic points with different unstable Lyapunov expo-
nents. Hence the above theorem solves the smooth rigidity problem in a
C' neighborhood of L on a C'-open and C®-dense subset. The obvious
remaining problem is to handle the case when —log J" f; is cohomologous
to a constant. It is not hard to see by perturbing L along unstable foliation
that the conjugacy is not necessarily smooth if we only assuming matching
of Jacobian periodic data. However, the problem that remains in this case is
establishing smoothness of the conjugacy under the assumption of matching
of (full) periodic data.

2. We can replace the assumption on C'-closeness to L by an appropriate
bunching assumption and existence of a periodic points with complex con-
jugate eigenvalues.

3. If both fi and fs are volume preserving then it is enough to assume matching
of unstable Jacobian periodic data because the stable Jacobian periodic data
are given by reciprocals and, hence, match automatically.

Given two conjugate Anosov diffeomorphisms f; and f, ho fi = fo 0 h, and
Holder continuous functions @1, @2 : M — R, we say that (f1,¢1) is equivalent to
(f2, p2) and write

(f1, 1) ~ (f2, p2)

if there exists a continuous function u : M — R such that

p1—p2o0h=u—wuofi
Then, by the Livshits theorem [L72], (f1,01) ~ (f2,92) if and only if for every
periodic point z € Fiz(f]")

n—1 n—1
e @) = ) ea(fF(h(x)))
k=0 k=0
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Also recall that a potential ¢: M — R is called an almost coboundary over
f+ M — M if ¢ is cohomologous to a constant, that is,

p=u—uof+c

for some function u and a constant c.
In fact, when f; and fy are at least C3, Theorem 1.1 is a consequence of the
following more general result.

Theorem 1.2. Let L: T3 — T3 be an Anosov automorphism with a pair of complex
conjugate eigenvalues whose absolute value is greater than 1. Fix a number k €
(%, 1]. Then there exists a C' neighborhood U of L such that if (f1,01) ~ (f2,92),
where fi,fa € U are C", v = 2 + K, and @1, ps € CYT5(T3), then either h is
uniformly C” along unstable leaves or ¢y is an almost coboundary over fi.

Corollary 1.3. Let L: T2 — T3 be an Anosov automorphism with a pair of complex
conjugate eigenvalues of absolute value > 1. Then there exists a C' neighborhood
U of L such that oll C", r = 3, Anosov diffeomorphisms f1, fo € U with matching
stable Jacobian periodic data are either C™* conjugate or the SRB measure coincides

with the measure of maximal entropy for f1_1

The next corollary established smooth conjugacy only assuming matching of full
Jacobian periodic data in the dissipative setting.

Corollary 1.4. Let L: T3 — T3 be an Anosov automorphism with a pair of complex
conjugate eigenvalues. Fix a number k € (%, 1]. Then there exists a C* neighborhood
U of L such that if f1 is not volume preserving and (f1,logJf1) ~ (f2,logJ f2),
where f1, fo el are C", r = 2 + k, and J f; is full Jacobian with respect to a fixed
volume form, i = 1,2, then f1 and fo are C™* conjugate.

To the best of our knowledge this is the first result which only uses full Jacobians
at periodic points. Analogous statement is unknown in dimension 2 and cannot be
proved with the method of this paper.

Our approach is also useful in the case of real spectrum. Namely, we can partially
improve results of [GGO08] by bootstrapping regularity of the conjugacy under an
additional bunching assumption.

Theorem 1.5. Let L: T? — T3 be a hyperbolic automorphisms with real spectrum
{0, where 0 < =t <1 < X < A\, Assume that o < HT‘/ﬁ. Then there
exists a sufficiently small C* neighborhood U of L and an open dense subset V < U
such that if smooth Anosov diffeomorphisms f1, fo € V have the same Jacobian
periodic data then they are smoothly conjugate.

The set V will be described explicitly in the course of the proof, in particular,
L ¢ V. Tt is interesting that this brings us rather close to full smooth classification
in the neighborhood of L. For full classification one of course would need to assume
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matching of complete periodic data not only Jacobians. Still some serious diffi-
culties remain, especially in the case when both stable and unstable Jacobians are
cohomologous to constants. However, the case when all three Jacobians, including
strong unstable are cohomologous to constants was already handled in [G17]. We
repeat here a restricted version of a conjecture from [G17].

Problem 1.6. In the setting of the above theorem prove that if fi, fo € U have
matching periodic data then they are smoothly conjugate.

1.2. A codimension one result. We will call a toral automorphism L: T¢ — T¢
generic if
1. L is hyperbolic, i.e., the spectrum of L is disjoint with the unit circle in C;
2. L is irreducible, i.e., its characteristic polynomial is irreducible over Q;
3. no three eigenvalues of L have the same absolute value;
4. if two eigenvalues of L have the same absolute value then they are a pair of

complex conjugate eigenvalues.

Local ClJrhijlder

conjugacy class of a generic automorphism L was characterized in
terms of periodic data by Gogolev-Kalinin-Sadovskaya [GKS11]. They also proved
that “most” automorphisms of T? are generic, that is, the proportion of non-generic
automorphisms of T¢ goes to 0 as |L| — +oo. The following result provides
Clthdlder conjugacy for very non-algebraic diffeomorphisms in a neighborhood of
L assuming coincidence of Jacobian periodic data. However, we need to impose

further restrictions on L — codimension one and a bunching condition.

Theorem 1.7. Let L: T — T? be a generic automorphism with one dimensional
stable subspace. Assume that

(log 11)* — (log &)? > log p(log & — log &1)

L is the absolute value of the stable eigenvalue, & is the smallest absolute

where =
value of the eigenvalues which are greater than 1 and & is the largest absolute value
of the eigenvalues of L.

Then there exists a C* neighborhood U of L in Diff" (T9), r = 3, and a C"-dense
C'-open subset V — U such that if fi, fa € V have matching Jacobian periodic data
then f1 and fo are C**¢ conjugate for some ¢ > 0.

Remark 1.8. The irreducibility of L is, in fact, automatic from the codimension
1 assumption.

Remark 1.9. We remark that the new methods are employed to obtain smooth-
ness of the conjugacy along the unstable foliation, while smoothness along the
1-dimensional stable foliation is standard [d1L92]. The assumption that the stable
foliation is 1-dimensional can be replaced with some more complicated assumption
where older methods apply. For example, assumption like those in [GG08, GO08] on
the stable subbundle would allow for a higher dimensional stable foliation with real
spectrum.
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The bunching assumption is a technical assumption which guarantees sufficient
regularity of the Anosov splitting (in particular, both stable and unstable distri-
butions are at least C'*) and C! regularity of periodic cycle functionals. Note that
the bunching assumption is satisfied by automorphisms which are sufficiently close
to conformal in the unstable subbundle. The set V consists of very non-algebraic
Anosov diffeomorphisms and will be explicitly described in the course of the proof.
Roughly speaking the very non-algebraic condition says that Jacobians restricted
along various invariant subbundles are not cohomologous to constants. Then, using
these Jacobians we can obtain a supply of non-trivial matching functions. This set
VY will not contain any volume preserving diffeomorphisms, however we have the
following addendum.

Addendum 1.10. In the setting of the above theorem there also exists a C' neigh-
borhood U' of L in the space of volume preserving diffeomorphisms Diff], ,(T9),
r >3, and a C"-dense C'-open subset V' < U’ such that if fi, f» € V' have match-
ing Jacobian periodic data then fi and fy are C'*¢ conjugate for some € > 0.

1.3. Organization. The next section is devoted to background material. We begin
by setting up the notation which will be used consistently throughout the paper
and by recalling well-known results on regularity of invariant foliations for Anosov
diffeomorophisms. Then we define periodic cycle functionals which are the primary
technical tool of this paper. We explain that periodic cycle functionals provide a
complete collection of obstructions to solving the cohomological equation over an
Anosov diffeomorphism. Then we establish a technical lemma on C' regularity of
periodic cycle functionals. The method of proof is standard, but this lemma is not
present in the literature, so we included the proof. Then we also discuss the relation
between periodic cycle functionals and Jacobians of stable holonomy maps. In the
last subsection we recall a result on non-stationary linearization which we will need
for bootstrapping regularity of the conjugacy.

Section 3 contains all the proofs for 3-dimensional Anosov diffeomorphisms with
a fixed point which has complex eigenvalues in the unstable subspace. This is the
simplest situation where our method yields new results. The proof is done in two
steps. First C! regularity of the conjugacy along the unstable foliation is derived
from matching periodic cycle functionals. Then the second step is to bootstrap
regularity along unstable foliation using non-stationary linearization theory.

In Section 4 we prove what we call the General Matching Theorem which is a
technical statement resulting from careful study of local spaces of matching func-
tions. Specifically we obtain certain invariant sub-foliations of the unstable foliation
associated to the local spaces of matching function and obtain a number of prop-
erties of this sub-foliation.

Then in Section 5 we apply the General Matching Theorem to Anosov diffeo-
morphism on the 3-torus with real spectrum at periodic points. We are able to
(partially) improve the previous rigidity result [GGO8] by bootstrapping regularity
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of the conjugacy. Besides the General Matching Theorem, the other technical ingre-
dient of this proof is that using appropriate bunching we establish some extra regu-
larity of periodic cycle functionals. Namely, we show that they are C (5:+V17)/(3+V17)
or better. This gives the same amount of extra regularity for the conjugacy which
is then sufficient to proceed with non-stationary linearization bootstrap argument.

Finally in the last Section 6 we (partially) generalize the 3-dimensional results to
Anosov diffeomorphisms on higher dimensional tori, especially for codimension one
Anosov diffeomorphisms. This generalization uses the sub-foliation of the unstable
foliation coming from the General Matching Theorem. Then the bulk of the proof
consists of analyzing all possible cases for the position of this sub-foliation relative
to the dominated splitting in the unstable subbundle. Unless, the conjugacy is C!
we show that presence of such a sub-foliation gives some extra rigidity which is not
consistent with our assumptions on Anosov diffeomorphisms.

We would like to thank the referee for many useful remarks which improved the
exposition.

2. PRELIMINARIES

We will denote by W* and W* the stable and unstable foliations which are tan-
gent to the stable distribution E* and the unstable distribution E* of an Anosov
diffeomorphism f, respectively. When it is necessary to indicate the Anosov dif-
feomorphism which is being considered we will write £, W7, etc. By Wi () and
W (x) we will denote local invariant manifolds centered at x whose size is given
by the local product structure constant.

2.1. Regularity of the stable foliation. We recall the definition of the stable
bunching parameter b°(f) which controls regularity of the stable foliation, which
defined in terms of exponential rates. Namely, for an Anosov diffeomorphism f
there exist constants py > p— > 1and Ay > A_ > 1 and C > 0 such that

1 -n s n(,s -n s

ohe 1 < IDf %) | < CuZ"[v*] and
1 n u n(, U n u
g vt < D) | < OAL o]

for all n > 0 and all v® € E*, v* € E*. Then the stable bunching parameter is given
by
_logA_ logp-—

b*(f)

If b°(f) is not an integer (which we can always assume) then the stable foliation
W* and the stable distribution E* are C* (/) regular [HPS77, H97]. In particular,
the stable holonomy maps are C*"(/). (In fact, a better point-wise version of this
result holds [H97].) Symmetrically, the unstable foliation W* and the unstable
distribution E* are C*"(/) regular, where the unstable bunching parameter is given

~log M. log Ay
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by
1 _  logA_
b(f) = b=+ 28
logpy  logpy
Note that if the Anosov automorphism L: T3 — T2 has one dimensional stable

subbundle corresponding to an eigenvalue p~!, |u| > 1, and a pair of complex
conjugate eigenvalues A, \, then for small perturbations f we have p—! > |u|~t or
p— < |p| =|A? Also we have \_ < |A\| < A\;. Hence

log A_ - log 11— -

< d <
log At an log Ay

For sufficiently small perturbations f the above ratio will be close to 1 and 2,
respectively, and, hence, the stable foliation is C3~¢, where € > 0 can be taken
arbitrarily small by controlling the size of the perturbation. In fact, we will only
need C?*¢ regularity for W#. Calculating b*(f) in this setting gives C 5 regularity
of W*.

2.2. Cohomological equation over Anosov diffeomorphisms and periodic
cycle functionals. Here we recall an alternative approach to solving the cohomo-
logical equation ¢ = u — u o f + const over and Anosov diffeomorphisms f. This
approach is due to Katok and Kononenko who introduced it to study the coho-
mological equation over partially hyperbolic diffeomorphisms [KK96]. For Anosov
diffeomorphisms this approach is much easier because local accessibility property
always holds due to absence of the center direction, however we will need to slightly
refine the argument in order to rely on a sub-collection consisting of null-homologous
periodic cycle functionals only.

A piecewise smooth path v: [0,1] — M is called a us-adapted path if each smooth
leg is entirely contained in a stable or unstable leaf of f. If v(1) = 7(0) then we
say that v is a us-adapted loop.

Given a Holder continuous function ¢: M — R the chain functionals are defined
in the following way. If 7 lies entirely in a stable leaf then let

PCF,(p) = Y, (f"(3(0))) = ¢(f"(v(1)))
n>0
If ~ lies entirely in a stable leaf then let
PCFE,(¢) = Y (/" (4(1))) = (" (7(0)))
n<0
Given a us-adapted path v = v; # 9 = ... % y,,, with each leg ; entirely contained
in a stable or an unstable leaf let

PCF,(p) = ), PCF,,(¢)

i=1

Note that the value PCF,(y) only depends on the sequence of endpoints of ~;. If
v is a us-adapted loop then PCF,(y) is called the periodic cycle functional.

If o = u—wuo f+ const then, by a direct calculation PCF,(¢) = u(y(0)) —

u(y(1)). Hence values of periodic cycle functionals on us-adapted loops provide
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obstructions to solving the cohomological equation. It turns out that vanishing of
these obstructions is a sufficient condition for existence of a solution.

Proposition 2.1 (Katok-Kononenko). If f: M — M is an Anosov diffeomorphism
and ¢ is a Holder continuous function such that PCF,(p) = 0 for every us-adapted
loop 7, then ¢ is an almost coboundary; that is, there exists a constant ¢ and a
Hélder continuous function u such that ¢ =u—wuo f + c.

Proof. Assume that f has a fixed point zg, f(29) = z¢ and let ¢ = p(xp). Given
a point x € M consider a us-adapted path v connecting xg to z and let u(z) =
PCF,(¢). Note that u(z) does not depend on choice of v because a different choice
would adjust the value of u(x) by a value of periodic cycle function on a loop, which
is zero by our assumption.

By a direct calculation we have

u(z) — u(f(x)) = PCFy(¢) — PCFfory(p) = p(x0) — ()

It is standard to check Holder continuity of u by checking that restrictions to stable
and unstable leaves are Holder continuous.

In general, it in not known whether every Anosov diffeomorphism has a fixed
point. However, every Anosov diffecomorphism has a periodic point f™(z¢) = .
Applying the same argument to f™ we can obtain

p(zo) — p(x) = u(z) —u(f"(x)) = i u(fi(@) = Y ulfi (@) = Ulx) = U(f())
1=0 i=1

where U = Z;:Ol wo f'. Hence we still that ¢ is an almost coboundary. ([l

We will need a version of the above proposition which is concerned with null-
homologous us-adapted loops, i.e., loops whose homology class vanishes in Hy (M, Z).
The next proposition can be easily derived from the abelian Livshits Theorem for
Anosov flows given in [GRH20b, Theorem 3.3], however, for Anosov diffeomor-
phisms the proof is more direct and we include it here.

Proposition 2.2. Assume that f: M — M is an Anosov diffeomorphism such that
fEkn # n for all non-zero n € Hy(M,Z) and all k > 1. Assume that o is a Hélder
continuous function such that PCF,(p) = 0 for every null-homologous us-adapted
loop ~v. Then v is an almost coboundary.

Proof. Let M be the universal abelian cover of M, that is, the cover which corre-
sponds to the commutator subgroup [m1 M, w1 M]; its group of Deck transformations
is given by Hy(M,Z). Assume that x is a fixed point for f (otherwise we can use a
periodic point to show that ¢ is an almost coboundary over f* for some k, then the
same trick as in the proof Proposition 2.1 yields that ¢ is also an almost cobound-
ary over f). And let Zy be a fixed point for a lift f: M — M of f. Also let ¢ be
the lift of (.
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Note that homologically trivial us-adapted loops on M are precisely those loops
which correspond to elements in the commutator subgroup of 71 (M) and, hence,
lift to loops on M. Therefore, the preceding proof can be repeated verbatim on
M. Namely, if ¢ = ¢(&p) and i(z) = PCF, (), where v connects xg to x, then we
have a solution to the cohomological equation on M:

p=u—1uof+c

Let w: Hy(M,Z) — R be given by w(T') = @(T(Zg)). Then, because periodic cy-
cle functionals are invariant under Deck transformations: PCFro (@) = PCF, (),
T € H{(M,Z), one can easily verify that w is a homomorphism. And also similarly,
aoT —a=w(T).

Now for any T € Hy(M,Z) we have

@oT =aoT—dofoT+c=ta+w(T)—iof—w(fu(T))+c=@+w(T)—w(fe(T))

Hence, because ¢ o T = @, we obtain that w(T") = w(f«(T)) or w((id — fx)T) =0
for all T'. By assumption ¢d — f; has trivial kernel, hence, we conclude that w = 0.
This means that @ is also equivariant under the Deck group and, thus, descends to
a function u: M — R and gives a solution to the cohomological equation on M:
p=u—uof+ec O

2.3. Regularity of simple periodic cycle functionals. The simplest PCF is
given by a quadruple of points. Here we show that under assumptions of Theo-
rem 1.2 such PCF is C' along unstable leaves.

Let a € W*(b). Then there is a canonical holonomy map Hol,,: W (a) —
W .(b) which takes a to b and which is given by sliding along stable leaves. If
stable and unstable foliations have global product structure (as is the case for
Anosov diffeomorphisms on tori), then the holonomy map can be continuously
extended to a continuous map Holgp: W¥(a) — W¥(b) in a unique way.

Let y(a, b, ) be a us-adapted loop with four legs connecting a to b, b to Hol, »(z),
to x and then back to a. Given a potential ¢ define py,: W"(a) — R via the
periodic cycle functional of v(a, b, x)

pfyb(m) = PCF"/(a,b,.r) ((P)
We will call such PCF a simple PCF.

Lemma 2.3. Let L: T3 — T3 be an Anosov automorphism with a pair of complex
conjugate eigenvalues. Fix a number k > % and assume let p: T3 — R is C1T7. Let
f be a sufficiently small perturbation of the automorphism L such that Ay < u”.
Then py,: W*(a) — R is C* regular.
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Proof. Recall that by definition

poy(@) = D e(f"(0) = (@) + 3 o(f™(@) = p(f" (Holay(x)))

n=0 n=0

+ > (@) — o(f™(a) + Y @(f7(b) — (£ (Holas()))

n<0 n<0

Note that the first series term is just a constant. The third series term can be
easily seen to be C' along W* by calculating the formal derivative and observing
that the resulting series converge uniformly and hence, by Weierstrass M-test, give
a bona fide derivative of the series. The last series term is of the same nature as
the third one, but precomposed with the holonomy map. Since Hol,; is Ct, we
conclude that the last term is also C'* along W*. Hence, it remains to analyze the
second series term.

We denote by D, f the restriction of derivative Df to E™ and calculate the

formal derivative of the second series term:

Z Duw(fn(x))Dufn(x) - Du(p(.fn(HOla,b(‘r)))Dufn(HOla,b(x))D HOlu,b(x)

n=0

We proceed with an estimate using the triangle inequality by splitting the above
series into a sum of two series. Note that the points f"(Holsp(x)) and f"(x)
are close and we can identify unstable subspaces at these points using the global
coordinates on T3. In this way the compositions of differentials which appear below
make sense.

Y Dup(f" (@) Duf™ (x) = Dup(f" (Hola,p(x))) Do f" (Holap(2)) D Holo ()

n=0

= D) (Dup(f"(@)) = Dusp(f" (Holap(@)))) Duf" ()

n=0

+ > Dup(f"(Holay(x))) (Duf"(x) — D f™(Holap(x))D Holg p(x))

n=0

We will see that both series above converge uniformly. This then implies that p(f’b
is indeed differentiable with a continuous derivative given by the above series.

For estimating the first series we use the fact that D" is Holder with exponent
k > 1/2. (Indeed, recall that E* is C! and ¢ is C17%.)

| (Dup(f™(2)) = Dup(f™(Holy p(x)))) Do f(2) ||
< Cdist(f" (@), f" (Holap()))"A} < Cp="" A}

Hence, because p_"\; < 1, the series converge uniformly.
To handle the second series note that D, is uniformly bounded and hence, we
need to estimate D, f"(x) — Dy f"(Holap(x))D Holgp(x). To do that notice that
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fn o HOla,b = Holfn(a)’fn(b) o fn Hence

| Duf"(z) = Duf" (Holas(2))D Holap(z) |
= | Duf"(x) = D Holyn(ay, ) (f" (%)) Duf" () |
< [Id =D Holgnay,pry (f" (@) | - [ Duf™(z) | < CuZ"AL
where for the bound
| 1d = D Holgn(q), ) (f"(2)) | < Cdist(f"(x), f"(Holap(x))) < CpZ"

we used the fact W* is a C? foliation and, hence, D Hol, ,, is uniformly Lipschitz in
ye Wg.(z), z€ T3 and D Hol, , = Id. Therefore, because Ay < p_, the second
series also converge uniformly.

We remark that to have C? stable foliation we strongly rely on the fact that
f is close to L and, hence, is close to conformal along the unstable subbundle as
discussed in detail in Section 2.1. O

2.4. Relation between the stable holonomy and simple periodic cycle
functionals. Consider a quadruple of points a, b € W#(a), x € W"(a) and Hol, ()
as in the preceding section. The Jacobian of Hol,; can be calculated using the
relationship f" o Holyp = Holgn(q), v © f*. Indeed, taking Jacobians of both
sides yields

J Hol () = J“f”(xﬂHOlfn(a),fn(b)(f"(fﬂ))

' Jufr(Hol, p(x))
Recall that J Holgn (), gnp) — 1 as n — +00 because holonomy is uniformly Cct

and Hol, , = Id, z € T3. Hence, by taking logarithms and passing to the limit as
n — 400 we obtain the following expression for the Jacobian of the holonomy
log J Hola(x) = Y. log J"f(f"(x)) — log J"f(f" (Holas()))
n=0
This formula gives the relationship between the Jacobian of the holonomy and the
simple periodic cycle functional. Namely, if ¢ = log J*f then we have

pi (@) =log J Holyp(2) —log J Holy,p(a)
+ 2, o1 (@) =@ (@) + 3, e(F"(0) = (f" (Holap(x)))

n<0 n<0
Remark 2.4. The formula above becomes much nicer if one considers the Jacobian
of holonomy relative to the conditional measures of the SRB measure of f. Recall
that the density of such conditional measure on W*(a) normalized to be equal to
1 at a, is given by
JU n

) - T7 21U (@)

neo (@)
Then the Jacobian of holonomy relative to the SRB conditional measures on W*(a)
and W*(b) is given by
917 (Hola’b(x))

JSEBHol, = JHol,
ola () ola () RS
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Taking logariths and using the formula for pf)b we have
log %P Hol, y(x) = py () +log JSRB Hol, 4 (a)

Hence, up to an additive constant simple PCF is the same as logarithmic Jacobian
of the holonomy relative to the conditionals of the SRB measure.

Note that for Lemma 2.3 to apply when ¢ = log J*f, we must have that ¢ is
C'**, which means that f has to be C?** regular. However we will also need to
have C' regularity of pf’b when f is merely C2. The above formula for pfyb in terms
of Jacobian of holonomy allows to do that.

Lemma 2.5. Let L: T2 — T2 be an Anosov automorphism with a pair of complex
conjugate eigenvalues. Let f be a C? diffeomorphism which is a sufficiently C* small
perturbation of the automorphism L and let ¢ = log JJ"f. Then pf}b: W (a) -> R
is C* regular.

Proof. The preceding formula expresses pf’b as a sum of four terms. Recall that
according to the discussion in Section 2.1 the map Hol, is C? (and this is why
we need f to be at least C?). Hence the first term J Hol,p is C' regular. The
second term is just a constant. Then, C"' regularity of the third and, similarly, the
last series term, are easy to see by observing that ¢ is C!, differentiating the series
formally with respect to x and observing exponential convergence of the resulting
series. g

2.5. Non-stationary linearization for expanding foliations. Let f: M — M
bea C", r = 2, diffeomorphism which leaves invariant a continuous foliation W with
uniformly C” leaves. Assume that W is an expanding foliation, that is | Df(v)| >
[v], for all non-zero v € E where E < TM is the distribution tangent to W.
The following proposition on non-stationary linearization is a special case of the
normal form theory developed by Guysinsky and Katok [GK98] and further refined
by Kalinin and Sadovskaya [S05, KS09].

Proposition 2.6. Let f be a C", r = 2, diffeomorphism and let W be an expanding
foliation as described above, E = TW. Assume that there exist v € [0,1] and
v € (0,1) such that
[(Ds"1)7 |+ - | Df"ls ] < €

for alln = 1. Then for all x € M there exists H, : E(x) > W"(z) such that

1. H, is a C" diffeomorphism for all x € M;
H.(0) = z;
DoH, = id;
HizoDof = foHy;
DH, is Lipschitz along W,
such family H,, © € M, is unique among linearizations satisfying the above

S Tvd Lo

properties; moreover, uniqueness still holds among linearizations which do
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not necessarily obey item 5 above, but with v-Holder dependence of DH,

along W ;
7. if y e W(x) then Hy' o Hy 2 E(x) — E(y) is affine;
8. the map x — H, from M to Imm"(E(xz), M) is Holder, in particular, the

map H : E — M, given by H(x,v) = H,(v) is continuous;

Such family {H,,x € M} is called non-stationary linearization/normal form or
affine structure along W.

3. PROOFS OF RESULTS IN DIMENSION 3

For all the proofs in this section we will assume that L has one real eigenvalue
of absolute value < 1 and a pair of complex conjugate eigenvalues of absolute value
> 1. If the real eigenvalue has absolute value > 1 then one can consider inverses
and conclude the same results.

3.1. Theorem 1.2 implies Theorem 1.1 with a caveat. The caveat is that we
need to make an additional assumption that f; are at least C?** regular. Under
this assumption we explain that Theorem 1.2 applies in the setting of Theorem 1.1.

Fix a Riemannian metric on T? and let ¢; = log J*f;, i = 1,2. Because unstable
Jacobian periodic data match we have (f1,¢1) ~ (f2,p2). In order to apply Theo-
rem 1.2 we also need to check that ¢; € C1+#%(T?) with £ > 1. Note that this is not
immediate because the unstable subbundle is merely C e, However, because the
stable foliation W7 is C? we can pick C?- coordinate charts on T? such that W
is “horizontal” with respect to these charts. Then the differential D f; has upper
triangular form in these charts. Taking the determinant of D f; yields the following
relation

pi =log J"f; =log Jfi —log J* f;
We have log Jf; € C1T%(T3) because we have assumed that f; are C?T*. And
log J® f; is also C*** because the stable subbundle Ef is C2. Therefore ; are
indeed C1**,

Applying Theorem 1.2 we obtain that log J“ f; is cohomologous to a constant or
the conjugacy h is uniformly C” along the unstable foliation. In the former case we
conclude that the equilibrium state for —log J“f; coincides with the equilibrium
state for the constant, which precisely means that the SRB measure coincides with
the measure of maximal entropy for f;.

In the case when h is uniformly C" along the unstable foliation we need to refer
to classical arguments [d1L92] to conclude that h is C™*. Indeed, from matching of
stable Jacobian periodic data de la Llave concludes that h sends the SRB measure
for f;' to the SRB measure for f,'. Same is true for conditional measures of
these SRB measures along the stable leaves. Further, de la Llave argues that
these conditional measures have C"~! densities. And because the stable foliation
is one dimensional we can conclude that A is uniformly C” along stable foliation
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by integrating. Finally, given that h is uniformly C™ along both the stable and the
unstable foliation, one employs the Journé’s Lemma [J88], to conclude that h is a
C™* diffeomorphism.

3.2. Proofs of Corollaries. Here we explain how Corollaries 1.3 and 1.4 follow
from Theorem 1.2.

Proof of Corollary 1.5. Let w; = logJ®f;, i = 1,2. Then, from regularity of
E* we have p; € C?(T3) and by the matching assumption (f1, 1) ~ (fa,©2).
Thus Theorem 1.2 applies and we have that either h is C” along the unstable
foliation, and we further get that h is C™* as explained in Section 3.1, or ¢ is
cohomologous to a constant. In the latter case, the equilibrium state for ¢; =
log J*f1 = —log J“(f; '), which is the SRB measure for f; ' coincides with the
equilibrium state for a constant which is the MME.

Proof of Corollary 1./. Here we can apply Theorem 1.2 to full Jacobians ¢; =
log J f;. Diffeomorphism f; being dissipative implies that ¢; is not cohomologous
to a constant. Hence, Theorem 1.2 implies that h is C” along unstable foliation.
Now we have matching of full Jacobian and matching of the unstable Jacobian.
Hence, the stable Jacobian also matches and we can coclude that h is C™* in the
same way as before.

3.3. Outline of the proof of Theorem 1.2 (and Theorem 1.1). By the as-
sumption (f1,¢1) ~ (f2,92) we have that ¢, is cohomologous to @9 o h over fi.
Because periodic cycle functionals vanish on coboundaries we have that

PCF,(p1) = PCF,(py 0 h)

for every us-adapted loop v for f;. Now we focus on simple PCFs given by four
legs py,: W"(a) — R as defined in the Section 2.3. The above equality of PFCs
can be written in the following way

Pf,lb = Pf,2b0h = Pf?a),h(b) © h|W’f“1 (a)
We call such relation matching of functions p}} and p;‘;?@ n(y)- This relation holds
for all @ € T3 and b e W#(a).

Now the proof splits into two cases. The first case is when all simple PCFs p¥}
are constant. In this case, we have, in fact, that pilb = 0 because pf,lb(a) = 0.
We will deduce that such vanishing implies that all PCFs on null-homotopic us-
adapted loops vanish. Then Proposition 2.2 allows us to conclude that ¢; is an
almost coboundary, which completes the proof in this case.

The second case in when pffb is non-constant for some a and b. Denote by
p a fixed point of f; such that Df; has a pair of (non-real) complex conjugate
eigenvalues. Such a point exists in proximity of 0 € T? because we have assumed
that f; is sufficiently close to L in C*! topology and L has a pair of complex conjugate
eigenvalues. Recall that by Lemma 2.3 pf}b is C'. Using minimality of the stable
foliation, we can adjust the locations of the points a and b on the stable manifold
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such that a € W (p) and p}} is has non-zero differential at p. Note that dynamics
produces another matching relation as follows

Pan°f1 ‘W}Ll (» = pi(Za),h(b) © h|W}"1 »°h |W}‘1 () = (pi(za),h(b) °f2 |W}-"2 (h(p))) © h|W}*1 (»)
Hence we have another matching pair (pf}b ofi \W;Ll (»)s pfﬁa),h(b) o f2|W;2(h(p))). The
differential D( pf’lb ofy |W;1 (p)) is also non-zero at p and has a kernel which is linearly
independent from the kernel of Dpffb. This is because D f1(p) is an “expanding ro-
tation” and doesn’t have any real eigenvalues. Hence we have two independent
matching relations on the neighborhood of of p in W*(p), which makes it possible
to apply the Inverse Function Theorem to conclude that h|W?1 (p) isaC ! diffeomor-
phism on a small neighborhood of p. Then we can use C* regularity of the stable
holonomy to spread this regularity everywhere and conclude that A is uniformly C*
along the unstable foliation W}‘l The last step in the proof is to use uniqueness of
the normal form for the unstable foliation to bootstrap regularity along W7, from
C! to C". Then concluding that h is a C™* diffeomorphism was already explained
at the end of Section 3.1.
In the following three sections we fill in the details for the above outline.

Remark 3.1. The proof of Theorem 1.1 is exactly the same working with the
specific potentials p; = log J“f;, i = 1,2, to conclude that h is C" along the
unstable foliation. The only difference is that due to possible lack of regularity of
fi one has to invoke Lemma 2.5 instead of Lemma 2.3.

3.4. Case I: vanishing of simple PCFs. We begin the proof of Theorem 1.2 by
considering the case when simple PCFs p(ffb =0 for all a e T? and b e W*(a). We
will prove, using induction, that PCF, (1) = 0 for all null-homologous us-adapted
loops vy, which handles this case by applying Proposition 2.2 and concluding that
1 is an almost coboundary.

Because v null-homologous, it lifts to a loop 4 on the universal cover R? and
we have PCF5(p1) = PCF,(p1), where ¢y is the lift of ¢; and the PCF on the
universal cover is defined in the same way using the lifted dynamics. The advantage
of working on the universal cover is that the lifted foliations W* and W* have global
product structure because they are close to the linear foliations for L. In particular,
the space of unstable leaves is homeomorphic to R and, hence, is linearly ordered.
We will denote by O(z) the R-coordinate of W*(x), z € R® (and similarly for
R-coordinates of paths which are entirely contained in unstable leaves).

We will write ¥ = 71 * 9 % ... % 79, and we can assume that the legs ~; are
contained in unstable leaves for even 7 and contained in stable leaves for odd i;
indeed, if there are two consecutive legs in the same stable (or unstable) leaf we
can just combine them into a single leg. We will run induction on k. If £ = 2 then
the corresponding PCF is simple and vanishes by the assumption.

Now assume vanishing for all 4 with 2k — 2 legs or less. Pick a maximal leg
Y2, that is, a leg such that O(ys;) = O(ye;) for all j = 1,... k. We can cyclically
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p 4

T,

FIGURE 1. Induction.

relabel the legs if needed so that 2i # 2k. By maximality we have O(y2;-1(0)) <
O(72:) and O(y2:+1(1)) < O(72;). For concreteness, also assume that O(y2,-1(0)) =
O(y2:+1(1)) (the other case is symmetric). Then, by global product structure the
leaf W*(7y;_1(0)) intersects the leaf W*(yo;41(1)) at a unique point ¢ with ¢ €
Yoir1- We use point ¢ to subdivide 79,41 into two legs 79,41 = &1 # 2. Also
consider a path e: [0,1] — W*(7y2;_1(0)) which connects y2;_1(0) to ¢ and let & be
the same path with reversed orientation which connects ¢ to y2;,-1(0). By adding
the legs € and € we can “decompose” 4 into two us-adapted loops

Q= ygi_1 %Yo ¥ 01 % €
and

B =1 #...% (Yoi_2 *€) * g % Y242 * ... Y2k

Note that « has only 4 legs and 8 has 2k — 2 legs (or 2k — 4 if J5 is a point). Hence
by the induction hypothesis PCF, (1) = PCFpg(p1) = 0. Also recall that from
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the definition of periodic cycle functionals we have PCFz(p1) = —PCF_.(p1). It
follows that

PCFry(ng) = PCF:Y(QDl) + PCFE((pl) + PCFg(ng) = PCFQ((,Ol) + PCFQ((pl) =0

Remark 3.2. For convenience we made use of global product structure and one-
dimensionality of W*. However, this is not essential. A more tedious argument,
which relies on local product structure only, can show that for any null-homologous
~ the corresponding PC'F' can be written us a sum of simple PC'F's corresponding
to loops of small diameter and, hence, vanishes.

3.5. Case II: non-constant simple PCF. Recall that the simple PCFs are C* by
Lemma 2.3. We assume now that there exists a € T3, b e W7 (a) and z9 € W, (a)
such that Dpf’ (x9) # 0. Then for any z in a sufficiently small neighborhood B of
zo we also have Dpf (x) # 0.

Let p be a fixed point of f; such that D fi| B (p) has (non-real) complex conjugate
eigenvalues. Such point exists for all f; which are sufficiently close to L in C!
topology. By minimality property of W7 we have T3 = Uge W3, (z). Hence, we
can pick x € B such that p € W} (x). The local stable holonomy Hol ;,: Wi (z) —
Wie.(p) uniquely extends to a global holonomy Hol, ,: W, (v) — W} (p) and we
let ¢ = Hol, ,(a). The point configuration is illustrated on Fifure 2. The following
relation can be verified directly from the definition of PCFs

Ply = PEL = pey o (Holyyp)™!
Recall that Dpf(z) # 0. Because Hol,, is a C' diffeomorphism and p =
Hol, p(z), the above relation implies that either Dp7;(p) # 0 or DpfL(p) # 0
(or both). These two cases are fully analogous and, for concreteness, we assume
that Dp[3(p) # 0.

Note that the leaf W} (p) is fixed by f1. Using the conjugacy relation we now

have matching pairs

Pf,}; = pﬁ(zc),h(b) °© h|W}”1 (»)
and
Pey @ filwe ) = (Phiey ney © Folwy, (n) © hlwe )
Further the differentials Dp} | EY (p) and D(pf} o fl\W;‘l (p))|E}‘1 (p) are linearly in-
dependent because D f| E% (p) does not have real eigenvalues. It follows that the
map
Pep = (0l 084 0 filwy )

has a full-rank differential at p and, hence, is a C' diffeomorphism when restricted

to a sufficiently small neighborhood U of p. We also define
(‘Pf(gc),h(b) = (/’f(gc),h(b)vpf(zc),h(b) © f2|W;2(h(p)))
and by the matching relations we have
(Pﬁ}J =P

h(e)h(b) © P
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loc(b)

(a)

F1cURE 2. Point configuration.

Taking the inverse, we obtain the following formula for the restriction

W ey = (PE) o PRL 1

By using a symmetric argument (and passing to an even smaller neighborhood U
if needed) we also have that hly is C' and, hence, hly is a C'* diffeomorphism.

Now let ¢ € W} (p) and let U, be the image of ¢ under the stable holonomy
Hol, ,: Wi (p) — W% _(q). Then, because h preserves the stable foliation we have
that

hlu, = Holpq o hly o (Holyq) ™

and, hence, is also a C'! diffeomorphism.

Finally, we will use minimality of the stable foliation to conclude that A is uni-
formly C! along W}Ll . Indeed, neighborhoods U, q € ijl (p), sweep out the whole
torus, so h is C' along Wi . To see uniformity, note that minimality actually

™= | U

qeWs(p,R)

implies that

where W#(p, R) is an segment of radius R in W?*(p) relative to the intrinsic metric.
Because the family of holonomies Hol,, 4, ¢ € W*(p, R), is uniformly C'* we, indeed,
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can conclude that the same is true for hly,, ¢ € W*(p, R), yielding uniform C*
smoothness along W# on the whole T°.

3.6. A bootstrap argument. Denote by H%, the affine structure for f; along the
unstable foliation Wi, i=1,2. The idea for bootstrap is to use uniqueness of the
normal form. Indeed, since we have that h is uniformly C' along unstable foliation
we can consider non-stationary linearization for fi given by H1 = (h\W;Ll (@) o
H2 o Dh| By (2)- Then, if the normal form for W} were unique, we would have
HL' = ! and conclude that hlwy 2y = HZ o Dhlpy () © (HL1)~=! is C". This
however, does not work so easily because the uniqueness guaranteed by item 6 of
Proposition 2.6 requires D?-li/ to be Holder with respect to x along the unstable
leaves. We do not have such regularity because h is merely C! along unstable
leaves. However, using this idea we can still establish smoothness along the leaf
with conformal fixed point and then finish using denseness of this leaf.

We will begin by bootsrtapping h from C' to C™ along the leaf with conformal
dynamics. We state the following proposition in somewhat more general context
for the sake of future reference, in particular, in the next section.

Proposition 3.3. Let fi: M — M be C", r = 2, diffeomorphisms which admit
2-dimensional expanding foliations W; and satisfy assumptions of Proposition 2.0,
i1 =1,2, E;, = TW,;. Assume that f1 and fo are conjugate, ho fi = faoh, and
h(W1) = Wy. Assume that p is a fived point for fi such that D fi|g, () does not
have real eigenvalues. Assume that h|w,, is differentiable at p. Then hlyw, ) is
cr.

Proof. Denote by H., z € M, the affine structures for (f;, W;) given by Proposi-
tion 2.6. To prove the proposition we will show that h|w, ) = ’Hi(p) o Dh|p, ) ©

(7—[;)*1, which is clearly C". For that we need the following elementary lemma.

Lemma 3.4. Let H : C — C be a continuous map of the complex plane C. Assume
that DoH exists. Assume that there is A € C, be such that |A| > 1 and H(A\z) =
MH (2) for every z € C. Then H(z) = DoH(z) for every z € C.

Proof. First note that H(0) = H(A0) = AH(0), hence, H(0) = 0. Let n; — 400
such that A"
z € C we have

A" — o, |o| = 1. Then, since H is differentiable at 0, for every

H(A ™ 2)
X
as n; — +00. On the other hand,
() A
N
Therefore 0~ H(0z) = DoH(z) for every z € C and hence H(z) = cDoH (0~ '2)
for every z € C which implies that H(z) = DoH (). O

H (A" A ™z2) = 0 'H(0z), n; = o
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Because eigenvalues of D fi|g, ) are complex, we can identify F(p) with C so
that Df1: E1(p) — E1(p) becomes z — Az. Note that |A| > 1. Let H: Ey(p) —
Ei(p) be given by H = (H}) ™" o (hw, ()" oH,QZ(p) o Dh|g, (). We check the main
assumption of the above lemma

P
= (H}g)_l o (hlw, () "o (H%L(p) o D fa|g,p)) © Dhlg, ()
= (1)~ o ((hlwy ) ™" © falwa(p) © Hipy © Dhle, )
= (Hy) 7" o filwi) © (Blwy ) ™" © Hirpy © Dhls, )
= Dfilp, ) © (Hp) ™ o (Blw, )" 0 Hikpy © Dhlp, ) = (2= Az) 0 H

Ho (2= Xz2) = (H,) "' o (Blwy() ™ 0 Hiygp) © (Dhlm, () © D il )

Also recall that DH! = id Ei(z) and hence DoH = idc. Therefore, by the lemma
1

H = idc, which precisely means that k|, ) = ’Hi(p) o Dh|g, ) © (H,) 7" O

By applying Proposition 3.3 in our setting for unstable foliations, we have

h\W}L ) = 'Hi(p) ° Dh\E}L (» © (H))~'. We would like to show a similar formula

h\W}L () = Hi(z) oC(z)o(HL)~! for all # € T2. To do that we can exploit denseness
1

of W (p). Given a point z¢ € T3 let 2, € W (p) be a sequence of points converging
to z9 as n — 0. For z € W} (p) we have

hlwy ) = Ha) © Dhley ) © (Hp) ™"
=Hy o (Himy) o Hpp © Dhlgy () © (Hy) toHy) o (Hy) ™!
and letting
C(z) = (Hi(m))_l © H}QL(p) © Dh|E}‘1 (p) © (H;)_l oM,

we obtain h|W}L (z) = ’Hi(x) o C(z) o (Hy)~" for z € W} (p). By item 7 of Propo-
1
sition 2.6 maps C(z): B}, () — E},(h(z)) are affine. One can easily check that
C(2)(0) = 0 and hence C(z), z € T3, are, in fact, linear maps.
Now we would like to take a limit as z,, — z¢ of

h|qu1 (I") = H}Zl(xn) © C(zn) °© (Halcn)71

o), however, in order to be able to take the

limit of the right-hand-side we also need the norm and conorm of C(z,) to be

We left-hand-side converges to h|W;L (
J1

uniformly bounded. If that is the case, then from uniqueness of the limit we have
that C'(z,,) converges to an invertible linear map C(xg), which has the same bounds
on the norm and conorm, and

hlwy (w0) = Hi(ag) © Cl@o) © (Hz) ™

Then from continuity property (item 8) of Proposition 2.6 and uniform bounds on
C(x), z € T3, we can conclude that h is uniformly C" along unstable foliation.
Thus, it remains to prove the following lemma.
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Lemma 3.5. There exists a constant C' > 0 such that for every x € W§, (p), the
linear maps C(z) : £ (x) — EY (h(x)) defined above satisfy the following bounds

IC@) | <C, [(C@)"| <C

Proof. Note that this lemma is not very obvious because the norm of (7—[11))_1 oH!L
could explode as x goes to infinity inside the leaf W} (p).

We shall bound uniformly |C(z) |, € T2. The bound on the norm of C(x)~*
follows from the same argument by interchanging the roles of f; and fy and working
with h~1.

Notice that C(z) = (’z’-[,zl(g;))*1 o h|wu(z) © HL. If there is no uniform bound on
| C(z) |, then there exist sequences x,, € W*(p;) and v, € E}(z,) with ||v, | — 0
and such that | C(x,)v, | = 1. Taking a subsequence if necessary, we have xy, =
limz, € T? and we, = im C(xy)vn € BY (h(2s)), |we | = 1. Let z, = H} (vn),
then z, — H}_(0) = zo. So we obtain that h(z,) — h(xy) and

Hi (o (Cl@n)vn) = i,y (wen) # Hii(, 1 (0) = h(2es)
On the other hand,
Hiy(an) (C(@n)vn) = h (Mg, (vn)) = h(zn) = h(z)

yielding a contradiction. (]

Remark 3.6. Once Proposition 3.3 is established one could argue in a more ad
hoc, but quicker way, using holonomies along the stable foliation, that

h|Wu(a;) = HOlh(a:p),h(x) 9) h,‘Wu(p) o Holz’xp
where x, € W*(z) n W"(p). Hence h|yu(y) is uniformly C? for every € T® due

to C? regularity of holonomies. After that one can use uniqueness of normal forms
as outlined at the beginning of this section to further bootstrap to C”.

4. THE GENERAL MATCHING THEOREM

We state a general matching theorem, which is a higher dimensional version of
Theorem 1.2. Recall the notation for hyperbolicity rates and the defintions of the
stable and unstable bunching parameters from Section 2.1.

Theorem 4.1. Let f;: M; — M;, i = 1,2, be topologically conjugate C", r = 2,
transitive Anosov diffeomorphisms, h o fi = fy o h. Fiz a number k € (0,1].
Assuming that both f; satisfy the following condition on the hyperbolicity rates and

bunching parameters
u—min{n,nb“(fz)ybs(fi)—l})\+ <1

Then there exist C regular, D f;-invariant distributions E;, such that
1. distributions E; integrate to f;-invariant foliations W;;
2. we have dim E; € [0, ...dim E}t]’ E; c E% and W; subfoliates Wi
3. the distribution E%, ® E; integrates to an fi-invariant Ct regqular foliation
which is subfoliated by both W and W;;
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4. conjugacy h maps Wi to Ws;

5. the restrictions of h to the unstable leaves are uniformly C transversely to
Wl,'

6. for any C1T% functions p;: M — R such that (f1,¢1) ~ (f2,¢2) the corre-
sponding simple PCF p7y: Wi | (a) — R vanish on Wi joc(a) € W ,.(a)
for all a € M; and be W7 (a).

Remark 4.2. The condition on the rates is used to establish property 6. Notice
that it implies that p— > Ay and b°(f;) > 1. Also note that u— > A, implies
asymmetry of stable and unstable Lyapunov spectra and dim E® < dim E".

Remark 4.3. Recall that Brin and Manning [B77, BM81] proved that Anosov
diffeomorphism lives on an infranilmanifold if at least one of the following pinching
assumptions is satisfied

logA_  logus logpu—  log At
> , or 1 >

logAy  logu— logpy  logA_
Our bunching assumption does not imply any of the Brin’s pinching assumptions.
For example take A, = (A_)%, u_ = (A_)? and p; = (A_)%. Then both of Brin’s
conditions are violated, b* = 2, b* = 2/3 and, hence, our condition is satisfied for
any k € (1/2,1]. Hence, at least in the current state of art, the above result is
indeed on abstract transitive Anosov diffeomorphisms.

We proceed with the proof of the matching theorem.

4.1. The construction. We will fix a regularity constant £ > 1, k& < r. The
foliations subordinate to the unstable foliations which will construct will depend
on the choice of this regularity constant. Later, for the proof of Theorem 1.2, we
will set k = 1.

We will consider matching C* functions on local unstable leaves. Namely, given
a point x € M consider the space of pairs

VE={(p1,02) : 01: U(p1) = R,z € U(p1) @ W} 1,.(2), 01 = ©20h, 1,02 € C*}

where U(¢p;) are open neighborhoods of = in W, .(z). Also denote by V¥, the
projections of V¥ to the i-th coordinate, i = 1,2. Define

Ei(x) = ﬂ ker d, ¢

ngVJkJ.

Denote m;(xz) = dim E;(z) and let m; = mingeps, mi(x). Note that if ¢; € ka,i
then the restriction of ¢; to a smaller open set which contains z is also in Vf;
From this observation and also using the conjugacy relation ho f; = fy o h, it is
straightforward to verify the first of the following properties.

L Dfi(Ei(z)) = Ei(fi(x)), v € M; i =1,2;

2. functions m;: M; — 7 are upper semi-continuous on unstable leaves;
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3. on the open set (with respect to the intrinsic topology of the unstable folia-
tion) {z : m;(x) = m;} where m; achieves its minimum the distribution FE;
is integrable to a foliation with C* charts.

To check the second property, first notice that if (o1, 2) € VF and y € U(p),
the domain of o1, then (91, p2) € Vy’C as well. The linear space E;(x) can be written
as a finite intersection of codimension 1 subspaces ker d, ¢!, ¢! € Vwkl Because ¢]
are at least C'* we have that ker dygo{ depend continuously on y and the intersection
N ker d:,;gog have equal or bigger dimension (the dimension could be bigger if some
of the kernels at  coincide) as N ker dycpz for all y which are sufficiently close to x.
For all y € W} ;,.(z) which are sufficiently close to z we have Ej(y) < nj ker dyl,
hence dim E;(y) < dim E;(x), i.e., the dimension function is upper semi-continuous
on unstable leaves. In particular, the set {z : m;(x) = m;} is open on each unstable
leaf.

Now, to check the third property take any x such that m;(x) = m;. We can
further refine the collection cp{ (if needed) so that the collection of differentials
{dmcp{ }d_m" is linearly independent. Here d = dim E% . Then, by the above discus-

j=1
sion (and minimality of the dimension function at z) we have

dfmi

Ei(y) = () kerdyy!

j=1
forallye U c Wi, (x). We can see now that that

d—m;
is a foliation chart on an open neighborhood of z, U. Indeed, by linear independence
of {dy¢] }?;{”i, y € U, the map @, , is a submersion, the level sets ®; , = const
have dimension m; and are tangent to E;.
Note that the assumption p~"Ay < 1 implies that b°(f;) > 1.

Lemma 4.4. If k < min{d*(f1),b°(f2)} then m;(xz) = m; for all x € M;, i =1,2.

Proof. Let y € W} (z) and denote by Holy,: W, .(x) — W§ ,.(y) the stable
holonomy map. By the assumption on k this map is at least C* diffeomorphism.
Because the conjugacy h sends V[/'fs1 to WJ?Z, it respects the holonomy maps. Namely,
ho Holy , = Holy) h(y) © h-

Now let (1, p2) € VF. Then

—1

pg 0 HOlh(m),h(y

)Oh=<p20hOHol;,; =¢1OHOZI_’Z

Hence <<p1 o Hol, 3,20 Hol;(lw),h(y» € Vy. Similarly, if (¢1,12) € V5 then
(1 0 Holg gy, 2 © Holy(z) n(y)) € Vi¥. It immediately follows that D Hol,, ,,(E;(z)) =
E;(y) and, in particular, m;(z) = m;(y). We can conclude that the set {z : m;(z) =
m;} is saturated by the stable leaves of W3 . Recall, that the stable foliation is min-
imal, hence, m;(x) = m; for all x. O
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By property 3 we conclude that E; integrates to a C* foliation W; < Wi (that
is, W; is C* when restricted to an unstable leaf).

Lemma 4.5. Foliations W; and W7 integrate together to an fi-invariant foliation.

Proof. Let ®;,: U, — R4~ be a foliation chart for W; as explained before.
Then ®;, o Hol,, (cf. the proof of Lemma 4.4) is a foliation chart for W; on a
neighborhood of z. This implies that Hol, , takes local leaves of W; in Hol , (U,)
to local leaves of W; in Uy, which implies that W; and W7, integrate together to
a CF foliation (provided that k < b*(f;)). The invariance is immediate from the
invariance of W; and W;Z O

Lemma 4.6. Foliations Wy and Wy have the same dimension and h(W1) = Ws.

dfml

Proof. Let @1, = (p1,¢7,...9] ) be a chart for W centered at x. Then we
can express the local leaf through x as the intersection of level sets

d—m ) ] d—m ) )
Witoelo) = (] (D7 @) = (] B (0D (Gh(hta))

Jj=1

d—my ,
=h_1<ﬂ (s@%)‘lwé(h(w)))) S [ @7 i)

j=1 peVE,
=17 (Waioc(h(2)))
Similarly, using a chart at h(z) we also have Wy joc(h(z)) D h(W1 i0c(z)). Hence

h(W1) = W5 and, by Invariance of Domain, m; = ma. O

Lemma 4.7. The restrictions of h to the unstable leaves are uniformly C*, trans-
versely to Wy.

Proof. Recall that W; is C* when restricted to unstable leaves and, by Lemma 4.6,
locally, h induces a homeomorphism h on the space of leaves of W;. We need to
prove that these local homeomorphisms h are uniformly C*.

Consider a foliation chart ®1, = (¢1,¢3,. %™ for Wy centered at z and
chart Wy () = (P, 2, ... ’21_"“) for Wy centered at h(x), which come from the

spaces V1k;c and V;fx, respectively. Then the induced homeomorphism A can be
expressed in charts as

et (), 91 ), - ™ (W) = W3 (h(), w3 (Ay)), - - v =™ (h(y)))
Recall that ¢ o h = 7 for some C* functions 7. Therefore,

he1(), 1), -1 ™ @) = (1), ¥ (), ™ (y))

which implies that h is C* because ®; , is a C* submersion. Symmetric argument
yields C* regularity of h~'. Finally it is easy to see uniformity (provided that k <
min{b*(f1),b°(f2)}) of the C* regularity by using finitely many unstable plaques
which are sufficiently dense and observing that C* regularity holds uniformly on
all plaques related to chosen ones via short stable holonomies. O
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4.2. Proof of Theorem 4.1. We apply the construction described above with
k = 1. Note that the preceding lemmas yield all the conclusions of Theorem 4.1
except for the last one. The proof of the last property is based on the following
variant of the lemma about regularity of simple periodic cycle functionals. Recall
the definition of simple PCF pf,b from Section 2.4. We will need the following
variant of Lemma 2.3.

Lemma 4.8. If o € C***(M,R) and f: M — M is an Anosov diffeomorphism

satisfying such that
M7 min{kc,nb“'(fi)’bs(fi)*l})\jL <1

then p¥ ,: Wit.(a) — R is C' regular.

Now the proof of property 6 follows easily. Recall that ¢; € C'**(M) and
(f1,%1) ~ (f2,p2). Therefore (p;}, pifa% h(b)) € V! because PCFs provide invariants
for cohomology (see discussion at the beginning of Section 2.2) and by the above
lemma, these functions are C'. Now, from construction of the foliation W; we
conclude that pffb is constant on local leaves of W;. Hence pi,lb‘wl‘loc(a) =0 and
Phta) h() | Watoe (h(a)) = O-

Thus it remains to establish Lemma 4.8. Note that Pf,b is only defined on the
local unstable manifold due to possible lack of global product structure.

Proof of Lemma /.8. The proof goes in the same way as the proof of Lemma 2.3 by
considering the formal derivative of the series and proving exponential convergence.
However the estimate for the following term in the formal derivative is more delicate
(the other terms of the formal derivative can be seen to converge easily)

> Dup(f" (@) Duf™ (x) = Dup(f ™ (Hola,(x))) D f" (Holap () DHol b ()
n=0

Recall that we identify tangent spaces at nearby points using finitely many smooth
charts. As before we split the sum into two sums and use the triangle inequality.

Y Dup(f" (@) Duf™ (x) = Dup(f" (Hola,p(x))) Do f" (Holap () D Holo ()

n=0

= D (Dup(f"(@)) = Dup(f"(Holay()))) D f" ()

n=0

+ Z Dyo(f"(Holgp(x))) (Duf" (x) — Dy f"(Holgp(x))D Holmb(ac))

n=0

For the terms in the first sum we have

| (Dug(f" () = Dup(f" (Holap(2)))) Duf" (@) |
< Cdist(E"(f"(x)), B“(f" (Hola,p())))" A}
< Cdist(f”(a:), fn(HOla,b(l‘»)Kmin{bu’l})\i < Cﬂ:nn min{b“’,l})\yfr

which converges by our assumption /iiﬁmin{bu’l})ur < 1.
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Now we use the fact that D, ¢ is uniformly bounded and also the commutation
relation between holonomy and dynamics to derive the following bound on the
terms of the second series

| Dup(f™(Holap(2))) (Duf"(x) = Duf" (Hola(x))D Holay(x)) |
S C| Duf™(@) = D Holn(ay, fn vy Duf" () |

Pick a unit vector v € E%(z), let v, = Df"(v), v = DHol, ,(v) and v° =

Df*(vHel). Also let w, = v,/ | v, | and wi° = v/ |v,||. Note that after
normalization we still have wf° = DHol tn (q), pn () (wy)-

We have

| Duf™(x) = D Hol gn(a), g5 Duf " () | = sup | on — vyl |

veE (x), v ]| =1
< OX} sup | wn —wil |

wn€BY(f7a), | wn || =1

Let W* be a foliation in a neighborhood of f™(x) which is uniformly smooth
(uniformly in n) and such that W*(f"(z)) = W*(f"(z)). Note that the angle
between W* and W* is C*"-Holder function of the point.

Accordingly consider the pseudo stable holonomy map given by sliding along the
leaves of W* which we denote by Hol: W (f™(z)) — W*(Holn(a), ) (f"(2)))
and define w1 = DH70Zf7L(a)7fn(b)(wn). Then, because W* is smooth and W* is
C" we have that DHol is C™»{0" =11} Holder along the stable leaf W*(f™(x)) and
hence,

1w = GHO | < Cdist(F"(2), " (Holy o))" 1 < €m0

Hol
n

—~Hol

Vectors w and w, ° are based at the same point and have length very close to

1 because w,, is a unit vector. Hence by Holder continuity of E* we have

| wi =@ < CL(wi @) < Cdist(f*(x), [" (Hola,p(2))™ ™"

—n min{b",1}

<Cpu

Hence, using the triangle inequality we estimate the terms of the second series as
follows

n n n —nmin{b®—1,1 —n min{b",1
| Duf™(@) = D Hol o a), pr sy Duf ™ () | < O (uZ" 10 4y mrmindththy
which also converges exponentially by our assumptions on the rates and bunching
parameters. ([l
5. PROOF OF THEOREM 1.5

We begin by calculating stable and unstable bunching parameters for L

8 1 4
—>2, L) =1+—>14+——>1
V17T+1 (£) l+a V17 +2

The eigenvalues =" < A < A correspond to the partially hyperbolic splitting
TT? = E; @ E¥ @ E¥*. Also recall the notation for exponential bounds Ay and

2
V(L)=1+—>1+
«

1
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p— introduced in Section 2.1. We fix a number 7 € (a, HT\/ﬁ) and a small § > 0
such that (A +8)® < (A —J)". We consider a sufficiently small C'! neighborhood U
of L such that

f € U are Anosov;

the partially hyperbolic splitting persists;

b*(f) > 2;

b (f) > 1

Ar < (A +0)%

A>A=0>1;

Ay < (A=6)7t

We will denote the partially hyperbolic splitting for f by Ef @ EY" ® EY and

write J? f, 0 = s, wu, uu, for corresponding Jacobians.

NSOt W

Define V in the following way.

V={fel:logJf logJ"" [ and log J""f are not cohomologous to constants}
This is indeed an open condition, because a Jacobian not being cohomologous to a
constant can always be detected from a pair of periodic points.

Remark 5.1. Alternatively we can consider a different set V.

V={fel:logJ’flogJ"f and log J*“f are not cohomologous to constants}
The proof would work in the same way.

We apply Theorem 4.1 to f; and fo with x = 1. However we have to apply the
construction of Section 4.1 rather than Theorem 4.1 per se. Namely, we use spaces
of matching functions V¥ with regularity

_ 2n +2
2n+1

This construction yields invariant distributions E; < E% which integrate to Cck

foliations W;. The strategy of the proof now is to obtain posited regularity in the
case when dim E; = 0 and rule out the case dim E; > 0.

5.1. Case I: dim F; = 0. Recall that by Lemma 4.7 restrictions of & to the unstable
leaves are uniformly C¥, transversely to Wi. In this case, it means that h is
uniformly C* along unstable leaves. We will now apply a bootstrap argument
using normal forms to gain optimal regularity.

Denote by H¢ , the affine structure for f; along the unstable foliation Wi,i=1,2.
Also consider non-stationary linearization for f; given by ’H}cl = (h|W;1 (w))*l oH2o
Dh|E}¢1 (z)- Note that HY is CF1 along the unstable leaves. Now we would like to
use uniqueness of normal form given by item 6 of Proposition 2.6 for the expanding
foliation and conclude that H; = H;’. Recall that according to Proposition 2.6 in
order for uniqueness to hold we need

[Df7 ) IF - | D ey,

| <Cy"
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for some C' > 0 and v < 1. We have
(DS ) IR 1D ey, | < COZF) (As)"
SC(A=8) " A+ <C((A=0)" )
Hence we need to have k > n which is equivalent to
M —n—2<0

It is easy to see what this inequality holds because n < ”T V17T Hence we obtain

H1'" = H. which means that h|W}m @) = H2 o Dh
1

smooth as diffeomorphisms f; along the unstable foliation.

B (2) © (H1)~!. Hence h is as

The proof in this case completes in the usual way. The matching of stable
Jacobian gives smoothness of i along ijl and then we can apply Journé Lemma
to finish.

5.2. Case II: dim F; = 1. Recall that the integral foliation W; of the distribution
E, is a C* sub-foliation of Wi, which integrates together with W3 . From invari-
ance of W7 we have that either W7 = W}’i“ or Wi = W}‘l“ If Wy = W}‘i“ then
by [G12, Lemma 3| Lipschitz property of We* implies that the strong unstable
Jacobian J“*f; is cohomologous to a constant, which contradicts to f; € V. If
Wi = Wgt then a similar result [GS20] implies that the weak unstable Jacobian
J™* f1 is cohomologous to a constant contradicting to f1 € V again. (In the proof of
Theorem 1.7 in the next section we will explain how arguments from [G12, GS20]
work in higher dimensional setting as well; see also [GS].)

5.3. Case III: dim F; = 2. We will need an improved version of Lemma 2.3.
Lemma 5.2. If f e U and ¢ € C*(T?) then pf ,: W"(a) - R is C*.

We postpone the proof of this lemma until the end of the section and complete
elimination of this case first.

Let ¢; = logJf;. Then we have (1, f1) = (2, f2) and because PCFs are
cohomology invariants (see Section 3.3) we have the matching relations

Pab = Pf(za),h(b) °© h|W}‘1 (a)

By Lemma 5.2 both p¥ and p(a),n@) are C*. Hence (0% Ph(a).h(v)) € V¥ and
item 6 of Theorem 4.1 applies and yields vanishing of p;} on Wi ioc(a) = W§ .
Now exactly the same arguments as in Section 3.4 apply and give vanishing of all
null-homotopic PCFs for ¢q, which, by Proposition 2.2, gives that ¢ = log J f1 is
an almost coboundary contradicting to f; € V again.

Thus it remains to prove Lemma 5.2.
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5.4. Proof of Lemma 5.2. While the setting is different (real eigenvalues rather
than complex) the proof of Lemma 2.3 with k = 1 applies without any change to
give uniform C' regularity of p?,. Hence we need to gain additional regularity by
establishing Holder property of Dpf’b with Holder exponent k — 1 =1/(2n + 1).

Recall that pf,b(gc) is a sum of four terms, the first being a constant and the third
one easily seen to be smooth. The forth term has the same nature as the third one,
but precomposed with Hol, ;. The stable holonomy map is C* () with b,(f) > 2
and, hence, this term is also at least C2. The second term

So(@) = 25 o(f"(@) = e(f" (Holap(x)))

n=0

is the difficult one and from the proof of Lemma 2.3 we have that it is C! with
D¢ () given by

Y. Dup(f" (@) Duf ™ (x) = Dup(f" (Holay(x))) Do f" (Holg () D Holy ()

n=0

Moreover we have an exponential estimate C;(pu”'A;)" on the absolute value of
the n-th term of the series (recall that k = 1), which we can further bound using
our definition of U

Clu=' )" <CA=8)""

Now pick two close-by points x and y € W}, .(z). We will write d for the metric
induced by the Riemannian metric on the unstable leaves. Let K be the integer
which satisfies

(A= 8)K < d(z,y) < (A—6) K+
Let N = |(k — 1)K| and we begin to estimate

N

|DEZ () = DEZ ()| < D [Duip(f™ (2)) D™ () = Dup(f" () D f" (9)]

n=0

N
+ 2 IDup(f™ (@) Duf ™ (@)D Hola () — Dup(f"(y')) Duf " (y')D Holap(y))|
n=0

+ 2 Dup(f" (@) Duf™ (x) = Dup(f" (Hola,(x))) Do f" (Holap(@)) D Holo ()|

n>N

+ 2 [Dup(f () D" (y) = Dup(f™ (Holay (y)) Duf™ (Holay(y)) D Hola,(y)]

n>N

where we write ' and y’ for Hol, ;(x) and Hol, (y), respectively. We can estimate
the last two sums using the above bound on the tail of the series. Namely, they are
bounded by Cy (A —48)~ V.
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We proceed to estimate the terms of the first sum using the triangle inequality
and Lipschitz property of D,¢ along unstable leaves.

|Dup(f™(2)) Do f™ (2) — Dup(f" (y)) Duf™ (y)]
< [Dup(f™(2))Duf"(z) — Dup(f"(y)) Du f" ()|
+ [Dup(f" () Duf" (x) = Dup(f" (y)) Duf" (y)]
< OALDup(f" (%)) — Dup(f" ()| + Co| Du f"(x) — Do f" (y)
< CsALd(f" (), " (y)) + C2| Duf"(x) — Duf"(y)]
< C’4)&"d($, y) + CgC’g,x\i"d(x,y) < C’@x\i"d(x,y)

where the estimate |D,, f™(z) — Dy f"(y)| < C5X3"d(x, y) can be easily established
by induction on n. Summing up to N we obtain

N
> IDu(f (@) Duf™(x) = Dup(f™(4)) Duf ™ (y)] < CoAZY
n=0

The terms of the second sum can be bounded in a similar way

[Due(f"(2")) D f™ (') D Holap () — Dup(f" (") Duf™ (y')D Holap ()]
< [Dup(f"(2')) Duf"(2")D Holap(x) — Dup(f" (")) Duf" (y') D Holap ()]
+ [ Dup(f" (4 ) Duf™ () D Holay(x) — Dup(f" (y') Duf " (4 ) D Hola b (y))|
< Cs|Dup(f"(2")) Duf"(2") = Dup(f" (")) Duf" ()]
+ CoN}|D Holgp(x) — D Holgp(y)]
To estimate the first summand has exactly the same nature as the one we have

estimated for the first sum, for the second summand we recall that Hol, is C?
and we can use Lipschitz property of D Hol, ;. Hence

|Dusp(f™(2")) Dy f™(2") D Holgp(z) — Dusp(f" (")) Duf™ (y') D Hola s (y)|
< CGAind(l’/, y/) + CloAﬁd(x, y) < CllAind(I, y)

Hence, summing up to N we have exact same bound CA%V for the second sum.
Thus, putting all that together we have

IDES () — DEZ(y)] < CraAZNd(a,y) + Cr(A = 6)~N
< Cro(A + 0)Nd(x,y)*Fd(w,y)* ! + Crad(z,y)F "
< (Cra(A+ 6N (A= 6) B PO 4 Crg)d(w, y) !
< (Ca(A = )M E (A = 8) "N 4 Ora)d(x, y)*

Hence, to establish the Holder property it remains to show that % —27 > 0.
Recall that k—il = 2n + 1 and that o > 1. So, indeed, we have
2—k 2n

n
— —2—=2n——>0
k—1 « " a>
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6. PROOF OF THEOREM 1.7

6.1. The setting. We begin by explaining how the choice of the neighborhood U
and the open dense V is made.

Let & < & < ... < & be the absolute values of unstable eigenvalues of L and
let ©~! be the absolute value of the stable eigenvalue. Clearly u > &. By the
definition of the stable bunching parameter we have
_ log& +1logp -

log &
because p > . The bunching condition in Theorem 1.7 can be rewritten as

b*(L) 1

W s g
The unstable bunching parameter is given by

log &1
log p1

By our assumption the subbundle Ei corresponding to the eigenvalues with ab-

bU(L) =1+ > 1

solute value &; is either one- or two-dimesional. Then for sufficiently C'-small
perturbations f this dominated splitting survives

u 1 2 l
Then neighborhood U is chosen such that f € U are Anosov diffeomorphisms ad-
mitting the above dominated splitting for E¥, with °(f) > 1 and b*(f) > 1, and

such that " (D=1 > ¢
Denote by J7 f the Jacobian of Df| i and define V in the following way.
¥

V={fel:logJf logJ'f,...logJ'f are not cohomologous to constants}

Note that J7 f not being cohomologous to a constant is indeed an open condition.
Indeed, the function log J7 f is not cohomologous to a constant if and only if there
exists a pair of periodic points with different sums over the smallest common period,
which is an open property in C' topology. Note that if logJf is cohomologous to
a constant then f is volume preserving and the constant has to be equal to 1. Also
it shouldn’t be very difficult to show that if log J7 f is cohomologous to a constant
then this constant has to be equal to log J7 L, but we won’t need this.

6.2. Outline of the proof. We apply Theorem 4.1 to f; and f, with k = 1.
Because k = 1, b*(f;) > 1 and p > & the assumption of Theorem 4.1 boils down to

PO

which is satisfied according to our choice of the neighborhood U.

Theorem 4.1 yields distributions E; < W} and corresponding foliations W;. If
dim E; = 0 then corresponding foliations are foliations by points and from conclu-
sion of Theorem 4.1 we obtain that h is uniformly C' along the unstable foliation.
In this case we have that h matches all the intermediate distributions (because they
are characterized by the speed) and one can conclude from this (see [GKS11]) that
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h is, in fact, C'*¢ smooth along the unstable foliation for some ¢ > 0. Matching of
the stable Jacobians give smoothness along the 1-dimensional stable foliation and
then Theorem 1.7 follows by applying the Journé Lemma.

Hence we need to rule out the case when dim F; > 0. From matching of full
Jacobians we have (f1,Jf1) ~ (f2,Jf2). Also note that Jf; are C? functions.
Hence, item 6 of Theorem 4.1 applies to J f; and we have vanishing of simple PCFs
pifbi along the leaves of W;. If dim E; = dim EY, then we have vanishing pifbi on
local unstable leaves, which implies, by Proposition 2.2, that J f; are cohomologous
to 1. But this means that f; are volume preserving contradicting our choice of V.

Thus it remains to address the case when dim £; € [1,dim EY, — 1] (recall that
dim E; = dim Fy). Because E; is D f;-invariant it must be a direct sum of some
sub-collection of E}

Remark 6.1. These sub-collections must be the same for F; and for E5, which
can seen from the fact that h(Wy;) = W5 and both f; and f, are C! close to L.

However, we will not need the above remark for the proof as we will proceed
working solely with f;. Namely, we will show that, in this case fi ¢ V which yields
a contradiction. We can lighten notation now by writing f for f1, E for Fj, etc.
We will split the argument into two sub-cases. The first case is when E} c F and
the second one is when E} ¢ E. Both will be treated using similar arguments
relying on an idea from [G12] which allows to obtain constancy of periodic data
transversely to a Lipschitz foliation, yet there are a few differences.

6.3. Case I: when E}c c E. Denote by j the smallest index such that E} ¢ F.
Such j exists because dim E' < dim E}. Denote by W7~"* and W7 the integral
foliations of E} ® E)% dD...® E?l and E} ® E)% D...d® E;, respectively. From
definition of j it is clear that W7/=1% = W n W/ %, Recall that by Theorem 4.1
foliation W is C" inside of the leaves of W§. This implies that W/~1* is C'! inside
W%, Indeed this is easy to see by looking at holonomy maps. If Hol : P, — P;
is a holonomy of WJ—1% between two transversals P, and P, in WJ%, then these
transversals can be embedded into transversals to W inside W} In this way Hol
becomes a restriction of a holomomy map for W and, hence, it is C*.

Lemma 6.2. If W/=Y% s Lipschitz inside W7 then the Jacobian J7f is coho-
mologous to constant.

Note the lemma immediately implies that f is not in V by the definition of V,
which rules out Case I. Hence it remains to prove the lemma.

Proof. Recall that the subbundle E} is either 1-dimensional or 2-dimensional by
the generic assumption on the model L. When dim E” = 1 this lemma was proved
in [G12]. (In the setting of [G12] the foliation W/~1* was also one dimensional, but
this is not affecting the argument as was remarked in [G12].) Thus we will focus
on the case when dim E} = 2 in which case the idea is the same, but the argument
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has to be modified. We will be brief when explaining the steps which are exactly
the same as in [G12].

Remark 6.3. In fact, a more difficult argument work to establish rigidity of peri-
odic data transversely to a Lipschitz foliation even when the codimension is greater
than 2 (in preparation, [GS]).

For the proof of the lemma we rename foliations now in order to avoid having
so many decorations: T = Wihu WWwe — Wi—Lv gnd Ewv = E} @ E? ®D... @E}_l
(here wu stand for “weak unstable"). Also denote by W** the integral foliation of
E}” Then recall that we have

1. W** and W** are transverse sub-foliations of T;
2. W** is conjugated to a minimal linear L-invariant foliation (this is standard
fact for weak unstable foliations of perturbations of L);
3. Wwtis C'in 7.
Using these three properties we will show that that J**, the Jacobian of Df|gsu
is constant. By Livshits theorem, it is sufficient to show that J*“ is constant on
periodic points, which is what we are going to do.

Let p be a periodic point, f™»(p) = p. Denote by \p” and ju,” the absolute
values of the eigenvalues of D f"?|gsu(p). We assume that A\, > p,,. We will show
that A, is a constant, which does not depend on p. Then an analogous argument
would yield that u, is independent of p. Because F*" is 2-dimensional we have that
Jacobian of D f"?|gsu(y) equals to (Apu,)"» and, hence J** has constant periodic
data completing the proof of the lemma.

Let A_ = inf, A, and A, = sup, A\,. If A_ = A, then we are done, so assume
that A\_ < A;. Given any ¢ > 0 consider an adapted Riemannian metric for which
we have

D
Ao —e< |”f(|v)|| <Ap +¢& ve E™
v

Now pick a periodic point b with A\, < Ay and a small § > 0 such that \y+J < A;.
Next we will pick a periodic point a with A\, > Ay + § very close to A. Namely, we
need that

v 1—y
V:(Ab+5) ()\)\++€) <1

For any v > 0 we can choose an € > 0 such that the above inequality holds. The

choice of the value of v > 0 will be explained later.

By Hartman’s Theorem [H60] the contraction f~"«: Wiy, (a) — Wiy, (a) is
C'-linearizable. Hence there is an invariant submanifold of WY, (a) corresponding
to the eigenvalue with absolute A, (if the eigenvalue is complex then this subman-
ifold is the whole W¢Y, (a), otherwise it is 1-dimensional). If @ is a point on this
submanifold then, using the linearization at a, we have,

d*“(f~*(a), f*(@)) < CA;*d*“(a,a), k=0
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Here d** refers to the intrinsic metric on the leaves of W;* induced by the Rie-
mannian metric.
Consider a large disk D**(D) = W (a), D > 0, given by

DY(D) = {x e Wy"(a) : d*"(,a) < D}

Let Hy be the conjugacy to the linear model Hy o f = L o Hy. Then we have
Hy(D¥“(D)) € W**(H¢(a)). Foliation W}** is an irrational Diophantine foliation,
which implies that H;(D*“(D)) is C D~P-dense in T? for some 8 > 0 and C > 0
which is independent of D. Since Hy is bi-Ho6lder continuous, the same is true on
the non-linear side — D¥*(D) is C D~“-dense for some « > 0 and C' > 0 which
are independent of D.

Pick a point ¢ € D**(D) which is C D~ close to b. We now explain the choice
of point @ on the submanifold of W;ffoc(a) corresponding to the eigenvalue with
absolute value \,. If 8 is the Holder exponent of subbundle E** then for points y in
a small neighborhood B(O(b),2K§7) of the orbit of b, we will have | Df Bou(y) | <
Ap+9. (Recall that the number ¢ was already chosen.) Point ¢ is extremely close to

b for all large D and we pick a point ¢ € ijfl‘oc(c) such that it satisfies the following

properties:
1. d*%(c,é) = K&v
2. ¢ = f:foc(c) o) W}”“(Ez), that is, point ¢ is related to a point point a €

oc(a) viaa Wi-holonomy, where @ belongs to the invariant submanifold
of W¢4,.(a) corresponding to the eigenvalue with absolute value A,.

We have that the pair of points (¢, ¢) is an image of the pair (a,a) under a long
weak-unstable holonomy inside T. We will iterate this quadruple of points N times
in negative time, where N is chosen in such a way that d*(f="(a), f~N(c)) ~ 1.
Then we have that log D ~ N, and, because dist(c,b) < C D~% we can conclude
that there is a positive proportion v € (0,1) of the orbit ¢, f~*(c),... f~¥(c) such
that the iterates ¢, f~'(c),... f~1"N(¢) remain K§#-close to the orbit of b. By our
choice of point &, the orbit of ¢ also stays K¢ 7-close to the orbit of b and using the
that | Df

Bou(y) | < Ap 4 d we can estimate
& (f70M(e), 7M@) = (A + 6) "M a (¢, ¢)

The number v depends on « and the expansion/contraction rates, but is indepen-
dent of D and, hence, N and also is independent of §, (for all sufficiently large
D). (The precise of the value of constant v can be calculated in terms of v and
hyperbolicity rates; such calculation appears in [G12], however we only need to
know that v > 0.).
Our goal now is to show that the ratio
d*(f~N(a), fN(a))
d*(f=N(c), f~N(@))

can be arbitrarily small. To show that we need one more observation.

d**(a,a) < ¢o(9)
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Wiloe(a)

FIGURE 3. Point configuration.

where ¢y(0) is a constant which is independent of D and N. Indeed, this follows
from d*“(c,¢) = K69 and the fact that the foliation Wi is conjugate to a linear
foliation via a map H; which is close to idra.

‘We have
d*“(f~N(a), f~N(a)) - CA\Nd*“(a,a)
d=u(f=N(e), f7N @)~ (A +0)" DN (A + e)NI=Ndsu(c, ¢)
N REARNEA
Ceo(0) (M +0) ™ (A +e)F Ceo(O) Ay +2 y
= K6/ ( Aa S K810 x, v =0, N—>oo

Recalling that d*“(f="(a), f~"(c)) ~ 1 we conclude that W™*“-holonomy is not
Lipschitz inside 7T, which yields a contradiction.
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A very similar argument works for showing that the smaller multiplier p, is a
constant independent of periodic point p. We illustrate it in the bottom half of
Figure 3. Define pu— = inf) p;, and py = sup,, pp. Then if py > p we can obtain
a contradiction is a very similar way. Namely we will pick periodic points a and b

such that
P S Ha < o — 0 < iy
Then the points @, ¢ and ¢ can be arranged in the same way as before, but re-
wu wu

quiring that @ is on the “weakest" invariant submanifold of f™: Wit — Wit
corresponding to p, so that

d*(f~"(a), f (@) = Cug'd**(a,a)

(In the case when p, = A\, there is no “weakest” submanifold and @ does not have
to be chosen in any special way in order to have desired control.) Using the same
estimates as before we would have that the ratio

d*(fN(a), f~N(a))

dsu(f~N(c), f=N(2))

is arbitrarily large contradicting the Lipschitz property again. As we mentioned

already A, and p, being constant implies that the Jacobian J** is cohomologous
to a constant. (]

6.4. Case II: when E} ¢ E. In this case let j be the smallest index such that
E} c FE. Such j exists because F is a non-trivial subbundle. If we denote by ]-"JZ the
integral foliation of E'} then, from definition of j we have F} = W nW3". Because
both foliations W and W3 integrate jointly with W3, so does their intersection
Fi.

Lemma 6.4. Let Hy be the conjugacy to the linear model, Hyo f = Lo Hy. If .7-";
integrates jointly with W3 then H (]—'}) is an L-invariant linear minimal foliation
on T?.

Proof. Denote by W;@}"} the foliation to which W and ]:} integrate jointly. Then
H(W; (—B]—'}) is an L-invariant C° foliation which is sub-foliated by a minimal linear
foliation W = H(W7). Then H(W}; @ F}) must be linear as well by [GS, Lemma
2.1] (which is a higher dimensional generalization of a lemma from [RGZ17]). Now
we can write H (]—'}) as an intersection of two linear foliations H (.7-'}) =HW;®
F4) n Wi, Hence H(F}) is linear. Minimality follows easily from irreducibility of
L. ]

Now consider the integral foliation of E}_l @ E} which we denote by T by
analogy with Case I. Then, by the same observation which we used in Case I, we
have that C' regularity of W inside W} implies C! regularity of the foliation ]—'}
when restricted to 7.
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Lemma 6.5. If]-"} is C1 inside T and H(]-"ij) is linear then J}_l is cohomologous
to a constant.

The proof of this lemma is exactly the same as the proof of Lemma 6.2. Indeed
we have all the properties on which the proof builds upon:

1. .7-"; and .7-';_1 are transverse sub-foliations of T;

2. ]-"ch is conjugated to a minimal linear L-invariant foliation by Lemma 6.4;

3. FisClin 7.
The only difference compared to the setting og Lemma 6.2 is the Lipschitz foliation
is not the weak foliation in T, but the strong foliation ]—'}7 however which foliation
is faster was irrelevant for the proof of Lemma 6.2.

Hence J]jfl is cohomologous to a constant which means that f is does not be-

long to the subset V), ruling out Case II as well, and, thus, finishing the proof of
Theorem 1.7.

6.5. Proof of Addendum 1.10. The strategy for the proof is exactly the same
but we cannot work with the full Jacobian anymore because it is cohomologous to
a constant for volume preserving diffeomorphisms. Instead we can work with the
stable Jacobian.

We define U’ to consists of volume preserving Anosov diffeomprhisms f which
are sufficiently C' close to L so that they retain the dominated splitting and such
that b°(f) > 1, b*(f) > 1, and such that p®" (=1 > ¢.

Recall that J7 f denotes the Jacobian of Df| Ei- Define an open dense subset V'
in the following way.

V' ={fel :logJ®f,logJ'f,...log J'f are not cohomologous to constants}

Now we apply Theorem 4.1 to diffeomorphisms f; and fo with x = min{d*(f1) —
1,b%(f2) — 1}. Because of our choice of xk and because b*(f;) > 1 and p > & the
assumption of Theorem 4.1 boils down to

ubs(fi)_l > é‘l

which is satisfied according to our choice of the neighborhood U'.

Now note that J*f; are C®()) regular with b(f;) = 1 + &, and by matching of
stable Jacobians we have (f1,J°f1) ~ (f2, J®f2). Hence item 6 of Theorem 4.1
applies to J? f;. These Jacobians are not cohomologous to a constant by our choice
of V' and we can proceed from here in exactly the same way as in the proof of
Theorem 1.7.
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