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ABSTRACT. We apply the matching functions technique in the setting of con-
tact Anosov flows which satisfy a bunching assumption. This allows us to gen-
eralize the 3-dimensional rigidity result of Feldman-Ornstein [FO73]. Namely,
we show that if two such Anosov flows are C° conjugate, then they are C”
conjugate for some r € [1,2) or even C® conjugate under some additional
assumptions. This, for example, applies to 1/4-pinched geodesic flows on com-
pact Riemannian manifolds of negative sectional curvature. We can also use
our result to recover Hamendstaddt’s marked length spectrum rigidity result for
real hyperbolic manifolds.

1. INTRODUCTION

Let M be a closed smooth Riemannian manifold. Recall that a smooth flow
' M — M is called Anosov if the tangent bundle admits a D¢'-invariant splitting
TM = E*® X @ E%, where X is the generator of ¢!, E* is uniformly contracting
and E“ is uniformly expanding under D¢?.

In this paper will always assume that M has an odd dimension 2d + 1 and that
M is equipped with a contact form «. Recall that a 1-form « is called contact
if & A (da)? is a non-vanishing top-dimensional form. We will consider Anosov
flows ¢! which are also contact. This means that ¢’ preserves a contact form a:
a(Dytv) = a(v) for all ve TM and all t € R or, equivalently, X«a = 0.

Basic examples of contact Anosov flows are geodesic flows in negative sectional
curvature and more sophisticated examples can be constructed, in particular, in
dimension 3 [FH13].

Recall that flows ¢} and ¢} are called conjugate if there exists a homeomorphism
h such that ho ¢! = @t oh for all t € R.

In the setting of 3-dimensional contact Anosov flows, Feldman and Ornstein
proved that any topological (merely C°) conjugacy is, in fact, C* smooth [FOT73].
To formulate our generalization recall that the distributions £F* @ X and F* @ X
are known to integrate to foliations W% and W% respectively, which are called
weak stable and weak unstable foliations.

Theorem 1.1. Let pi: My — My and ph: My — My be contact Anosov flows,
which are conjugate via a homeomorphism h: My — M,. Assume that the weak
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stable and unstable distributions of ¢t and @& are C" for some r = 1. Then h is
Cm*.

Here ry = r if r is not integer and 7, = r — 1 + Lip if r is an integer (if r = 1
we can set 7, = 1 as well). The latter means that h is C"~! diffeomorphism with
Lipschitz (r — 1)-jet. Note that M; and My are homeomorphic via h, but a priori
may carry different smooth structures. We then conclude that they are, in fact,
diffeomorphic once we know that h is C*.

We also recall the definition of a distribution £ < T'M being C”. This mean that
E is C" when viewed as a map from M into the grassmann bundle Gr®™ ¥ ().
Alternatively, E s locally spanned by dim E independent C" vector fields on M.

The main setup where this result applies is when the Anosov flows satisfy a
bunching condition, which guarantees C" regularity of weak distributions. Denote
by m(A) = || A= | ~! the conorm of a linear operator A. If for some ¢t > 0 and all
x e M;

I D(pﬂEf(m) |- | D} E(x) | < m(Dg; E;L(m))

then EY°, the weak stable distribution of ¢! is C1*¢ [H94a]. Similarly, if
[ DQOHEf(z) | < m(DSDHEg(x)) 'm(DSOHEg(x))T

then the weak unstable distribution E{“ is also C". In general, these conditions
are optimal for C” smoothness of weak distributions [H94a].

These bunching conditions can be verified for some specific examples. In particu-
lar, a geodesic flow on 1/4-pinched negatively curved Riemannian manifold satisfies
the above conditions with » = 1 and, hence, has C' weak stable and unstable dis-
tributions. The a2-pinching condition means that the sectional curvature function
K is bounded above and below as follows:

—c< K < —d?c

where c¢ is a positive constant. Hence, Theorem 1.1 applies to geodesic flows on
Riemannian manifolds which are C? close to a hyperbolic manifold. Also point-
wise 1/2-pinching implies that weak distributions are C'* [H94b].

Now we present some corollaries of our main result. Note that by taking the
product of the above bunching inequalities we can see that they are never simul-
taneously satisfied if » > 2. Hence, in practical terms, Theorem 1.1 only yields
a limited regularity of the conjugacy: somewhere between C' and C?. However,
we can remedy this under some additional assumptions. We need to introduce an-
other condition which we call conformal r-pinching. An Anosov flow (! satisfies
conformal r-pinching with r € (1, 2] if for a sufficiently large ¢ and all z € M

| Do | ey || < m(D@!|pu(z))” and  m(De'|ps ()" < | D@ |5 |

Corollary 1.2. Let pi: My — My and ph: My — My be contact Anosov flows,
which are conjugate via a homeomorphism h: My — M. Assume that the weak
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stable and unstable distributions of i and % are C” for some r > 1. Also assume
that oY and @Y are conformally r-pinched. Then h is a C* diffeomorphism.

Remark 1.3. In the above corollary one can replace the pinching assumption with
an assumption about existence of a conformal periodic point. This is a periodic
point p = ¥ (p) such that the linearized return map Dyl : T,M; — T,M; is
conformal on EY(p) and E7(p). This modified statement can be proved with a
different bootstrap argument recently used by the authors in [GRH21a]. While
more ad hoc, the assumption about existence of conformal periodic point does
cover some flows to which the above corollary does not apply.

Corollary 1.4. Let o : T'N; — T'N; be geodesic flows on negatively curved
manifolds (N;, g;), i = 1,2 which are C° conjugate. Assume that both metrics g
and go are 1/2-pinched. Then the conjugacy is C* smooth.

This, in particular, applies to geodesic flows of Riemannian metrics in a suf-
ficiently small C2-neighborhood of a hyperbolic metric: if two such metric have
the same marked length spectrum (or, equivalently, are C° conjugate) then the
conjugacy of geodesic flows is a C* diffeomorphism.

Corollary 1.5. Let ¢t be a geodesic flow on a negatively curved 1/2-pinched man-
ifold. Then there exists a C*-neighborhood U of ¢ such that if p}, o4 € U are
contact and conjugate, then the conjugacy is C* smooth.

We can also partially recover a geometric rigidity result of Hamendstadt [FH99].

Corollary 1.6. If M and N are closed negatively curved manifolds with the same
marked length spectrum and C' Anosov splittings, then M and N have the same
volume.

Our result is weaker than the result of Hamendstadt [H99] because Hamendstadt
only assumed that the Anosov splitting of 7T M is C' and didn’t have any assump-
tion on the Ansov splitting of TT'N. Still it is enough to recover marked length
spectrum rigidity of hyperbolic manifolds using the Besson-Courtois-Gallot entropy
rigidity theorem [BCG95]. Hence, following Hamendstiadt’s application of entropy
rigidity we arrive at a version of marked length spectrum rigidity for hyperbolic
manifolds.

Corollary 1.7. Let (M, g1) be a closed real hyperbolic manifold of dimension > 3
and let g2 be a 1/4-pinched Riemannian metric on M. Assume that (M, g1) and
(M, g2) have the same marked length spectrum. Then gy is isometric to g;.

1.1. Organization. In the next section we recall some facts about contact Anosov
flows and about the matching function technique. Then we introduce the main
technical tool which we call the Subbundle Theorem. In Section 3 we prove Theo-
rem 1.1 and in Section 4 we derive all the corollaries.

We would like to thank the anonymous referee for a thorough and beautiful
report.
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2. PRELIMINARIES

2.1. Basic facts about contact Anosov flows. Recall that we denote by W?,
W, W9 and WO the stable, unstable, weak stable and weak unstable foliations of
an Anosov flow. When needed, we will also use a subscript i to indicate dependence
on the flow ¢!, i = 1,2.

It is immediate from the definition of Anosov contact flow ¢! that a(X) is
constant; hence, we can normalize the contact form so that a(X) = 1. Also we
have ker a = E* @ E*. Indeed if v € E* then a(v) = a(Dy!(v)) — 0 as t — o0, and
similarly for v € E*. It is a simple exercise to check that if ! is a contact Anosov
flow then dim F° = dim E* = d.

Lemma 2.1. Let ot: M — M be a contact Anosov flow with C* stable and unstable
foliations. Assume that the stable foliation W* admits a C' subordinate foliation
F, F(x) c W3 (x), x € M, which integrates jointly with W*. Then F is a foliation
by points, that is, F(x) = {x} for all x € M.

Proof. We prove the contrapositive implication. The argument is local. Assume
that dimF = m > 0. In a small neighborhood we can pick 2d vector fields
Y, Y, Vs, YL Y which are C! regular such that

E® = span{Y,Yy,... Y]}, E" = span{Y{", Y5, ... Y}'}

and
TF = span{Y",Ys,... Y},

We will repeatedly use two basic facts about the Lie bracket. First, the bracket
is, in fact, a first order differential operator and, hence, is defined for C' vector
fields. The second one is this: if two vector fields are tangent to a foliation then their
bracket is also tangent to this foliation (easy direction of the Frobenius theorem).

Because E* is integrable we have [Y;*, Y] € E° < ker a. Hence

da(Y;,Y}) = Y a(Y)) = Yia(Y) — o([Y7, ¥7]) = 0

(2

Similarly de(Y;*,Y}") = 0. And by the same token, because JF integrates jointly
with W* we have [Y;*, Y] € TF@E" < ker aw when i < m and, hence da(Y}?, Y}") =
0 when i < m.

We can now calculate a A (da)?(X, Y, Ys, ... Y, Y%, ... Y*) using the permu-
tation formula for the wedge product. Recall that if w is a k-form and 7 is an I-form
then

(WAN(Z1, Za, .. Zist) = Y sign(0)w(Zo(r)s - Zo)N(Zotiar)s - - Do(ks)

O’ESk+1

1Alternatively one can use invariance of da and E*, and the fact that vectors in E° contract
to arrive at the same conclusion without explicitly using the integrability property.
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First, applying this formula for w = o and n = (da)? and using the fact that
YZ-S/ “ € ker o we have

a A (da) (X, Y7, Y YY) = a(X)(da)(YE, .. Y5 Y, . Y
= (da)(YE,..., Y3, Y, ..., YY)

Then to calculate this value we can inductively apply the wedge product formula
until we express (da)4 (Y, ..., Y5, Y, ..., Y ) as the sum over all permutations of
d-fold products of values of da. Note that by the above observations many of these
values vanish. Indeed, the only non-vanishing values have the form da(Y;?, YJ“) for
1 > m. Since for each permutation the corresponding product can have at most
d — m such non-vanishing factors, it has at least m zero factors and, hence, we
obtain that a A (da)?(X, Y5, ..., Y5 Y%, ..., Y#) = 0, contradicting the contact
property of a. O

2.2. Matching functions and the Subbundle Theorem. We first recall the
matching function technique which we have first introduced in [GRH20a] and fur-
ther developed in [GRH2la, GRH21b]. Then we explain the statement of the
Subbundle Theorem which was proved in [GRH21a, GRH21b].

Let ¢t: M; — M;, i = 1,2 Anosov flows with C" weak stable and unstable
foliations, 7 > 1. Assume that they are conjugate, h o ¢t = ¢4 o h. We proceed
to explain a certain construction of sub-bundles E; of the unstable bundles E}
via locally matching functions on the local unstable leaves. (Of course, the same
construction can be applied on local stable leaves yielding sub-bundles of the stable
bundle.)

Recall that the conjugacy h maps leaves of W{* to leaves of W3'. For each
x € My consider pairs of C", r > 1, functions (p', p?) where p! is defined on an
open neighborhood of = in W (z), p? is defined on an open neighborhood of h(z)
in W3'(h(x)) and such that

pt=p?oh.

This relation is what we call a matching relation. We collect all such pairs of
functions into a space V/

Vi ={(p",p"): p" = p* o h}.

The domains of definition of p' and p? can be arbitrarily small open sets. Also
denote by V;"; the collection of all possible pt, that is, projection of V" on the first
coordinate, and by V', the projection on the second coordinate.

Now we can define linear subspaces E;(x) < E!(x) by intersecting the kernels
of all Dp’ at z, i = 1,2. Namely,

Ei(x) = ﬂ ker Dp'(x).
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We note that subbundles E; also depend on 7, which can be taken to be any number
> 1. However in this paper we will only use for specific r given by regularity of
invariant distributions.

It turns out that all subspaces E;(z), © € M;, i = 1,2, have the same dimension
and give an integrable sub-bundle with certain pleasant properties. Namely, we
have the following Subbundle Theorem which was established in [GRH21b], (and
before that for Anosov diffeomorphisms [GRH21a, Theorem 4.1]).

Theorem 2.2 (Subbundle Theorem). Let pi: M; — M;, i = 1,2, be conjugate
Anosov flows, h o ¢t = o5 oh. Assume that both flows have C" stable foliations.
Then there exist C" reqular, Dyt-invariant distributions E; < EY, such that

i

1. the distributions E; integrate to pt-invariant foliations F; < W;

2. the distributions Ef @ E; integrate to an pt-invariant C foliation which is
sub-foliated by both W and F;;

3. the conjugacy h maps Fi to Fa;

4. the restrictions of h to the unstable leaves are uniformly C” transversely to
.Fl 5

5. if (p',p?) € VI is a matching pair then p' is constant on connected local

leaves of F;.

Remark 2.3. In [GRH21b] we have defined the matching functions on local weak
unstable manifolds instead of local unstable manifolds. We observe that any match-
ing pair on local weak unstable manifolds can be restricted to local unstable man-
ifolds and any matching pair on local unstable manifolds can be pulled back to a
matching pair on weak unstable manifolds using local projection along the flow.
Also, as explained right after the statement of [GRH21b, Theorem 2.1], the sub-
bundles defined through the matching functions on weak unstable manifolds are
contained in unstable bundles. Hence, both of these definitions yield the same
subbundles Fj;.

2.3. Non-stationary linearization for expanding foliations. Let ©t: M — M
be a smooth flow which leaves invariant a continuous foliation W* with uniformly
smooth leaves. Assume that W*" is an expanding foliation, that is, for a sufficiently
large t | Dot(v)| > |v|, for all non-zero v € E“, where E* = TW*" is the distri-
bution tangent to W*. The following proposition on non-stationary linearization is
a special case of the normal form theory developed by Guysinsky and Katok [GK98]
and further refined by Kalinin and Sadovskaya [KKS09, K21]. We will denote by D*
the restriction of the differential to E™.

Proposition 2.4. Let r € (1,2] and let o', W* and E“ be as above. Assume that
there exist a sufficiently large t such that

| D! (x) | <m(D"p'(z))",x € M.
Then for all x € M there exists H, : E*(x) - W*(x) such that
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H, is a smooth diffeomorphism for all x € M;
H,(0) = z;
DO’HQC = id,‘

Hcp"m o Dwﬁpt = (Pt ] Hm fOT all t,'
DH, has (r — 1)-Hélder dependence along W*;
if y e W(x) then H,' o H, : E*(x) — E“(y) is affine.

S Tuds Lo o o=

Such family {H,,x € M} is called non-stationary linearization (also called nor-
mal form or affine structure) along W*.

It is well-known that non-stationary linearization is unique in appropriate class
of linearization. We had difficulty finding a reference for the uniqueness statement
which we need. Hence, we provide a precise uniqueness addendum with a proof.
We formulate a somewhat more general point-wise uniqueness statement than what
we need for the sake of optimality and ease of future reference.

Given a point z, let k; to be the infimum of all v so that

D 1+v
lim inf 7H 57| =0
t=—0  m(Dypy)

Note that the conformal pinching assumption of Proposition 2.4 implies that k, <
r—1.

Addendum 2.5. Given x € M assume that Hye, : E%(ptz) — W(ptz), t <0,
is a family of C* diffeomorphisms satisfying items 2,3,4 (where 4 will only be used
fort <0) and assume that there exists k > Kk, such that
D, H,tp — 1d
wp 1DAs—1d]

t<0,|z|<1 ||~

Q0

)

then Hy = Ha.

Remark 2.6. In the case k. is a minimum instead of an infimum, 7.e., the infimum
is achieved, we can also take k = k, in the above addendum.

Proof. Let H] = H_! o Hyue, : E*(ptz) — E"(p'x) and observe that Hj is C?,

Ptz
H,(0) = 0, DyH; = Id. Using the main assumption of the addendum, uniform

regularity of H; ! and applying the triangle inequality we can easily verify
| D-H; —1d|
sup ————— <
t<0,|z|<1 |2
Also we have the following relation
Hy = (D3e')™" o Hi o Dy¢',
which is easy to differentiate since two maps are linear and we obtain
DzH6 = (D;th)—l © DD;«pt(z)Hé © D;@t

Hence
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| D-Hy —Id| = [(Dg¢")™" o Dp,gi(o) Hy o D" — Id|
< @) Dp,gr (o Hi — 1d] | Dy |

For t < 0, D% is a contraction, consider ¢ so that |[D¥¢!(2)| < 1, then we get that

| D-Hy —Id| < [(DF¢") ™ | | Dpyyr (o) Hi — 1d] | Dy |
< ClDee" ) 1 Da(2) |7 ]| Dat' |
< @)D 1T | 121

and the latter goes to 0 when taking a liminf;_,_,, according to the definition of
k. So D,Hj = Id for every z, |z| < 1, and hence since Hy(0) = 0 we get that
H}, = Id, which means H, = H,. O

3. PROOF OF THEOREM 1.1

Recall that the weak distributions are C” by the assumption. Since the strong
distributions are given by intersecting with the kernel of the contact form, they are
also C" regular. Hence we apply the Subbundle Theorem 2.2 to ¢} and ¢4 and
obtain C" distributions E; < E}* and corresponding integral foliations F; < W}*.
By item 2 of the Subbundle Theorem we have that W’ and F; are jointly integrable.
Hence, by Lemma 2.1 we have dim F; = 0, that is, F; are foliations by points. Then
item 4 gives uniform C" smoothness of h along the unstable foliation.

Entirely symmetric argument yields C” smoothness of h along the stable folia-
tion. Applying the Journé Lemma first for the unstable and flow foliations we have
that h is C™* along the weak unstable foliation, then applying Journé Lemma [J8§]
to weak unstable and stable foliations we obtain that h is C"*. Reversing the
roles of the flows we obtain in the same way that h~! is C™*. Hence, h is a C"*
diffeomorphism.

4. PROOF OF THE COROLLARIES

Proof of Corollary 1.2. The conformal r-pinching assumption of the Corollary en-
ables us to apply Proposition 2.4 to both ! and 5. In this way we have normal
forms H, i = 1,2, for ! along the unstable foliation W,

By Theorem 1.1 the conjugacy is C", r > 1. Define

H, = (h|W1“(:v)>

It is routine to verify that H! satisfies properties 2-4 of Proposition 2.4. Also, since

1
o H2 0 Dhlpy(ry: BY () — Wi'(a)

h is C" we have that DH. is uniformly C"~' at 2 and, hence, verifies the main
assumption of the Addendum 2.5. We invoke the Addendum 2.5 and conclude that
HL =HL, v e M;. Hence

h|W1"(z) = Hi o Dh|Ei‘(z) o (Hi)il’
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which is C® regular as the normal forms are smooth for each x. Applying the same
argument to the stable foliation and then using the Journé Lemma in the same way
as in the proof of Theorem 1.1 we establish that h is a C* diffeomorphism. (|

Proof of Corollaries 1./ and 1.5. We will verify that the geodesic flows are bunched
with r = 4/2 and conformally /2-pinched. Then applying Corollary 1.2 finishes
the proof of Corollary 1.4. Also notice that both bunching and conformal pinching
conditions are open in C* topology, hence, Corollary 1.5 also follows.

So let ¢! be a a%—pinched geodesic flow with ¢ = 4/2. We can rescale the
metric so that all sectional curvatures lie the interval (—a?,—1]. Then we can
use the description of stable (unstable) subbundle as the space of bounded in the
future (past) Jacobi fields (see, e.g., [E01, Chapter VI]) and, by comparison with
constant-coefficients Jacobi equations J” — J = 0 and J” — a®>J = 0 we have

e! < | Dyt <e™t>0, and e ™ < | Dp'|ps | <e ft>0.

Eu

These give bounds on all needed norms and conorms. One can then easily see that
bunching with parameter r is implied by e7te" < e! and conformal r-pinching is
implied by e® < e, which are equivalent to ra < 2 and a < r. Taking r = a = /2

finishes the proof. O

Proof of Corollaries 1.6 and 1.7. Derivations of these corollaries follow closely [H99].
It is well known that negatively curved homotopy equivalent manifolds have orbit
equivalent geodesic flows. Then, by the classical application of the Livshits Theo-
rem [KH95, Theorem 19.2.9], same marked length spectrum implies existence of a
C° conjugacy h of the geodesic flows. Thus, because we have assumed that stable
and unstable foliations are C' we can apply Theorem 1.1. Formally speaking, it
only yields Lipschitz regularity of h. However, in fact, it is easy to overcome the loss
of regularity in this case and show that h is a C! diffeomorphism. Indeed, recall
that the loss from r to r, happens at the very end of the proof of Theorem 1.1
which is due to application of Journé Lemma. However this problem only occurs
for integer r > 2. It is an easy calculus exercise to check that if h is C' along a
pair of transverse foliations then h is a C'! diffeomorphism.

Now denote by «; the canonical contact form for ¢!. That is, a; is a Dyl
2 1 =1,2. Since h is c!

t
invariant contact form such that o;(X;) =1, X; = g;"

the pull-back form h*qs is well-defined and we have
has(X1) = as(Dh(X1)) = as(Xs) =1
Also
ker h*ag = Dh™*(ker an) = Dh™ Y (E3) ® Dh™ Y (EY) = E; ® B} = ker oy

But the value on X; and the kernel determine a 1-form uniquely. Hence h*ag = ;.
We have the same for volume forms w; = a; A (da;)®:

h¥*wy = h*ag A h*(dag)? = aq A (day)? = wy
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which implies that total volumes are the same

vol(M) = | wi=| h*ws=| w =vol(N)
M M N

finishing the proof of Corollary 1.6.

For the last corollary, notice that since M is hyperbolic and N is 1/4-pinched

they have C! Anosov splitting and, hence, the above proof applies to conclude that

they have the same volume. Since geodesic flows are conjugate they also have the

same topological entropy which is well-known to coincide with the volume entropy

on the universal covers M and N. Hence, by the main result of [BCCG95] we can

conclude that M and N are isometric. (Il
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